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Consistent conjectures in mixed oligopolies*  
V.E. Bulavsky1, V.V. Kalashnikov1,2, N.I. Kalashnykova3 

1CEMI RAS, Moscow; 2ITESM Campus Monterrey, Mexico; 
3UANL, San Nicolas, Mexico 

Consider ( )1n + producers of a homogeneous good with quad-
ratic cost functions ( ) 21 2 0 1, , , ,i i i i i if q a q b q i n= + = K , 2n ≥ , where 

iq  is the output by producer i .  Consumers’ demand is described by a 
continuously differentiable demand function ( )G p , whose argument p 
is the market price proposed by the producers. An active demand D is 
non-negative and does not depend upon the price. At an equilibrium, 
the following balance equality is assumed to be valid 
           ( )0

n
ii

q G p D
=

= +∑ .                                                         (1)  
Private producer   1, , ,i i n= K , chooses her output volume 0iq ≥  so as 
                                                
*R&D Department (Cátedra de Investigación) CAT-174 of the Instituto 
Tecnológico y de Estudios Superiores de Monterrey (ITESM), Campus 
Monterrey,  SEP-CONACYT grants CB-2008-01-106664,  I0010-2009-01-
118057 and I0010-2009-01-122315, Mexico; Russian Humanitarian Research 
Foundation (RGNF)  project RGNF 08-02-00271; PAICYT project No. 
CE250-09, Mexico.  
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to maximize her profit function ( ) ( ),i i i i ip q p q f qπ = ⋅ − . On the other 
hand, the public company with index 0i =  selects its production value 

0 0q ≥  so as to maximize domestic social surplus: 

        ( ) ( )0
2

0 0 0 0 01
0

1 .
2

n
ii

q
n

ii
S p x dx p q c b q a q

=

=
= − ⋅ − − −
∑

∑∫                

As in (Bulavsky, V.A., 1997), here we postulate that the agents assume 
that their choice of production volumes may affect the price value p. 
The latter could be reflected with a conjectured dependence of the price 
p upon the output values iq defined as i ip q v∂ ∂ = − . Then the first order 
maximum (equilibrium) condition would have the form: for the public 
company (with 0i = )             

        
0 0 0 0 01

0 0 01

 if 0

             if 0

, ;

, ,

n
ii

n
ii

p v q b a q q

p v q b q

=

=

⎧ = − + + >⎪
⎨
⎪ ≤ − + =⎩

∑
∑

                                    (2)    

whereas for the private companies, one has                          

        
 if 0

 for 1 2
                     if 0

, ;
, , , .

, ,
i i i i i i

i i

p v q b a q q
i n

p b q
= + + >⎧

=⎨ ≤ =⎩
K                          (3) 

After having defined an exterior equilibrium as a solution of system 
(1)–(3) with fixed conjectures ( )0 1 0, , , nv v v v= ≥K  and an active de-
mand value D as parameters, we establish its unique existence and con-
tinuous dependence upon the parameters. This allows us to analyze the 
expected behavior of the equilibrium price in absence of each agent and 
thus introduce the following concept of the conjectures’ consistency:   
Consistency Criterion.  At an exterior equilibrium ( )0 1, , , , np q q qK  
the influence coefficients 0 1, , , ,kv k n= K , are referred to as consistent 
if the following equalities hold: 

                  
( ) ( )0

1

1

1n
i ii

v
v a G p

=

=
′+ −∑

,                                           (4)  

and  

          
( ) ( ) ( )00 0 0

1  1
1,

, , , .
'

i n
j j j
j i

v i n
v a a v a G p=

≠

= =
+ + −∑

K          (5) 
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Definition.  The collection ( ) 2 3
0 0, , , , , , n

n np q q v v R +
+∈K K  is referred 

to as an interior equilibrium if the influence coefficients solve system 
(4)–(5), and the vector ( )0 1, , , , np q q qK  is the exterior equilibrium 
with these conjectures.        

Under standard assumptions, we establish the existence of an in-
terior equilibrium.  To extend our results to the case of non-
differentiable demand functions, we also investigate the behavior of the 
consistent conjectures in dependence upon a parameter representing the 
demand function’s derivative with respect to the market price. 

Product diversity under monopolistic competition *  
I.A. Bykadorov  

Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia 
Novosibirsk State University 

We analyze the shift from competitive retailing to a dominant re-
tailer in a standard industrial organization model of monopolistically 
competitive manufacturing. The model approximates the changing con-
ditions in retailing markets in contemporary Russia and other develop-
ing markets of the FSU.  

In 2000-s, Russia and other developing markets of FSU have 
shown dramatic growth of chain-stores and similar retailing firms. In-
spired by Wal-Mart and other successful giants abroad, Russian food 
traders have gained considerable shares of the market and noticeable 
market power. This shift in the market organization was suspected by 
newspapers for negative welfare effects, for upward pressure on prices 
and inflation. Public interest to this question is highlighted by anti-
chain-stores bill currently debated in Russian Parliament (Duma).  

Leaving aside the empirical side of this question, this paper fo-
cuses on constructing and analyzing the adequate model of vertical 
                                                
* The work on this paper was supported by an individual grant q R08-1071 
from the Economics Education and Research Consortium, Inc. (EERC), with 
funds provided by the Eurasia Foundation (with funding from the US Agency 
for International Development), The World Bank Institution, the Global De-
velopment Network and the Government of Sweden.   
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market interaction, suitable for Russian retailing markets of food, 
clothes and durables. We step aside from the traditional models of mo-
nopolistic or oligopolistic vertical interaction or franchising, and stick 
instead to more modern monopolistic-competition model of an industry 
in the Dixit-Stiglitz spirit, but combined with vertical interaction (this 
combination is rather new, being pioneered by Chen and Hamilton-
Richards). Our departure from the Chen- Hamilton-Richards approach 
is that it is the retailer who is exercising the monopsony power, while 
the production is organized as monopolistic-competition industry with 
free entry. This hypothesis seems rather realistic, at least for developing 
markets. Indeed, there are numerous evidences in economic newspapers 
that each of several big retailers has much stronger bargaining power 
than quite numerous manufacturers and importers of consumer goods 
like sausages, shirts, etc. (even such big international companies as 
Coca-Cola are not strong enough to enforce their terms of trade to Rus-
sian retailers).  

Therefore our stylized model of market concentration considers a 
monopsonistic /monopolistic retailer (as a proxy of an oligopsonis-
tic/oligopolistic retailer) dealing with a continuum [0, N] of Dixit-
Stiglitz manufacturers and a representative consumer. The consumer’s 
labor is supplied to the market inelastically, being the only production 
factor. There are two types of goods. The first “commodity” consists of 
many varieties, and the number of firms/varieties is determined en-
dogeneously by the free entry or similarly, taking into account the fixed 
and variable costs of manufacturers. The second commodity is the 
numéraire representing other (perfectly competitive) goods. The income 
effect is neglected. “Very many” similar manufacturers are playing a 
sequential game with one retailer. Each manufacturer has a fixed cost 
and a variable cost, he produces a single variety of the “commodity” 
and sets the price for this variety. The most natural timing of the model 
is when the retailer starts with announcing her markup policy correctly 
anticipating the subsequent manufacturers' responses, and simultane-
ously chooses the scope of varieties/firms to buy from. Then the manu-
facturers come up with their prices and the market clears the quantities. 
Both sides take into account the demand profile generated by a con-
sumer's quasi-linear utility function. This organization of the industry is 
compared to the pre-concentration situation, modeled as leading manu-
facturers. Another model version concerns the myopic (Nash) behavior 
of both sides being unable to predict and influence the market. 



 

11 
 

The questions addressed are: Does the emergence of the mo-
nopsonistic retailer enhance or deteriorate welfare, and how much? 
Which retailer is worse: the myopic or the wise one? What should be 
the guidelines for public regulation (if any) in this area? 

In the special case of quadratic valuations it turns out that gener-
ally the concentration enhances social welfare. In the case of the gov-
ernmental regulation of the monopsonistic retailer through Pigouvian 
taxes, it turns out that subsidies instead of taxes are needed, that also 
reminds similar effect known for a simple monopoly/monopsony. 

Price Dispersion in Online and  
Offline Markets* 

Shin Kawai 
Nagoya University 

Consumer electronics such as Liquid Crystal Televisions can be 
purchased at conventional stores or through the Internet online stores 
since late 90’s. On the Internet, consumers can compare the prices si-
multaneously at online price-comparing sites (e.g., kakaku.com in Ja-
pan). Thus, the prices are expected to become lower and less dispersed 
on the Internet. According to the quantitative analysis, the former result 
is supportive but the latter is not. 

The empirical studies of the existence and the persistence of price 
dispersion among online stores have been studied since late 90’s (see 
Pan et al. 2004). The early study in the research stream compared 
online and offline prices (Bailey, 1998), Bailey found that price disper-
sion among online stores was at least as great as that among the tradi-
tional conventional stores. Baye et al. (2004) studied the online 
monthly prices of popular consumer electronics products listed at shop-
per.com. Baye et al. concluded that the price dispersion is persistent 
across products and across time. Moreover, we found that the online 
minimum prices of several types of LCD-TVs are more likely to be 
listed by online shops in Tokyo, not in Osaka at kakaku.com. This fact 
implies that the equilibrium online price is lower in the larger city. 
                                                
* This research was supported by Grant-in-Aid for Asian CORE Program of 
Japan Society for the Promotion of Science (JSPS).  
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Since the seminal paper of Stigler (1961), there are lots of theo-
retical studies regarding the price dispersion. Stigler (1961) investigates 
the consumer search behavior given the price dispersion. Salop and 
Stiglitz (1977) consider the equilibrium price dispersion with the high 
and low price pure strategies for uninformed and informed consumers 
respectively. Varian (1980) introduces the mixed strategy to explain the 
persistency of price dispersion. These papers study mainly on offline 
retail market and suppose the incomplete information on the prices. On 
the Internet, to the contrary, there is no search cost to seek the lowest 
prices. Thus, Smith and Brynjolfsson (2001) claim that the difference in 
service quality among online stores is the main source of price disper-
sion. However, Pan et al. (2002) conclude that such difference is not the 
main source.  

This paper considers the price dispersion in online and offline 
market from a geographical aspect. We investigate the linear online 
rural market with two big cities on the edges. It is supposed that the 
access costs are heterogeneous among consumers, which include access 
fees, computer skill, and set-up costs to use the Internet infrastructure 
like a home computer, credit card and so on. We show that the price 
dispersion among online stores is larger than that among the offline 
stores, and that the larger the population in the city, the lower the equi-
librium prices are. The key source is the set of transportation cost, the 
access fee of Internet, and the differences in population. 

References 
1. Bailey, Joseph.P (1998), “Intermediation and Electronic Markets: Ag-

gregation and Pricing in Internet Commerce,”Ph.D. Thesis, Technology, Man-
agement and Policy, MIT. 

2. Baye, M.R., Morgan, J., and Scholten, P.(2004), “Persistent Price Dis-
persion in Online Markets,” In D. Jansen (Eds.), The New Economy. Chicago: 
University of Chicago press. 

3. Pan, X., Ratchford, B. T., and Shankar, V.(2002), “Can Price Dispersion 
in Online Markets Be Explained by Differences in e-Tailer Service Quality?” 
Journal of the Academy of Marketing Science, Vol.30, Issue 4, pp.433-445. 

4. Pan, X., Ratchford, B. T., and Shankar, V.(2004), “Price Dispersion on 
the Internet: A review and direction for future research,” Journal of Interactive 
Marketing, Vol.18, Issue 4, pp.116-135. 

5. Salop, S. and Stiglitz, J. E., (1977), “Bargains and Ripoffs: A Model of 
Monopolistically Competitive Price Dispersion,” Review of Economic Studies 
Vol.44, pp.493-510. 

6. Smith, Michael D., and Brynjolfsson, Erik (2001), “Consumer Decision-



 

13 
 

Making at an Internet Shopbot: Brand Still Matters,” The Journal of Industrial 
Economics, Vol.49, No.4, pp.541-558. 

7. Stigler, George J., (1961), “The Economics of Information,” Journal of 
Political Economy, Vol.69, No.3, pp.213-225. 

8. Varian, Hal R.(1980), “A Model of Sales,” American Economic Review, 
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Environmental Taxes and the Choice of Green 
Technology  

Dmitry Krass1, Timur Nedorezov1, Anton Ovchinnikov2 
1Joseph L. Rotman School of Management, University of Toronto 

2Darden School of Business, University of Virginia 
We study several important aspects of using environmental taxes 

or pollution fines to motivate the choice of new, innovative and 
``green" emissions-reducing technologies. In this talk we will discuss 
two related papers: one that considers the case of a monopoly, and an-
other that discusses the case of a Cournot oligopolistic industry.  

In our monopoly model the environmental regulator (Stackelberg 
leader) sets the tax level, and in response to it a profit-maximizing firm 
(Stackelberg follower), facing price-dependent demand, selects emis-
sions control technology, production quantity and price. The available 
technologies vary in environmental efficiency, as well as in the fixed 
and variable costs. In the oligopoly model the setup is identical except 
that there are several heterogeneous firms that differ with respect to 
their costs and operational efficiency. 

In the monopoly paper we find that a firm's reaction to an in-
crease in taxes is in general non-monotone: while an initial increase in 
taxes may motivate a switch to a greener technology, further tax in-
creases may motivate a reverse switch. This reverse effect can be 
avoided by subsidizing the fixed costs of the green technology; other-
wise it could lead to cases under which a given technology cannot be 
induced with taxes. 

We then analyze the socially optimal tax level and the technol-
ogy choice it motivates. We find that when the regulator is moderately 
concerned with environmental impacts, the tax level that maximizes 
social welfare simultaneously motivates the choice of clean technology, 
resulting in a so-called double dividend. Both low and high levels of 
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environmental concerns lead to the choice of dirty technology. The lat-
ter effect can be avoided by subsidizing the capital cost of green tech-
nology. Overall, providing a subsidy in conjunction with taxing emis-
sions is generally beneficial: it improves technology choice and in-
creases social welfare; however it may increase the optimal tax level. 

In the oligopoly paper we focus on understanding firm’s equilib-
rium market and technology response to taxation. First, we focus on the 
market response for a given set of technology choices. We show that 
every partition of the firms into active and non-active admits at most 
one equilibrium, and then show that there exists a unique partition that 
corresponds to the equilibrium in the overall game. This implies that 
the equilibrium is unique for each tax rate. For some tax rates, though, 
certain firms may be forced out of the market. 

There exists, however, an interval of tax rates that admits what 
we call a positive equilibrium where all firms are in the market. Such 
equilibrium is unique and could correspond, for example, to the starting 
point of the regulatory activities. We find that (1) there exists a sub-
interval on which profits of the firms with “good” (here, in some sense, 
cleaner than average) technologies increase with the increase in tax 
rate; this finding has an important “political” value as it contradicts a 
common belief that taxes decrease profits. We also find that (2) the 
same is not necessarily true for the market shares: a firm with cleaner 
technology may lose market share when tax increases. In addition to 
having an inexpensive and clean technology, to be rewarded by envi-
ronmental taxation the firm must also be otherwise operationally effi-
cient. This finding is also valuable, because it links environmental regu-
lation with operational efficiency – the pillar of operations research as a 
field. In addition, this finding implies that the total emissions may in-
crease as tax increases (because “dirty” firms gain market share) – very 
counterintuitive.   

Finally, we consider the case with both market and technological 
response. Although simultaneous move equilibrium in this case is not 
unique, interestingly, allowing firms to choose technologies sequen-
tially leads to a unique equilibrium that is independent of the order in 
which firms decide. We characterize this equilibrium and provide ma-
nagerial insight regarding the industry response and ultimately the poli-
cies of the regulator. 
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SFE at the uniform price auction* 
Alexander Vasin, Marina Dolmatova 
Lomonosov Moscow State University 

An important problem for electricity markets is limitation of 
large producers’ market power. The demand at these markets is ran-
dom. For this case, Klemperer and Meyer (1989) propose a promising 
auction model where a bid is a monotone smooth function of the price, 
and the demand function depends also on a random parameter. Supply 
function equilibrium (SFE) is a bid profile where a bid of each firm 
maximizes its profit under fixed bids of other producers and any pa-
rameter value. The question we aim to answer to is whether SFE is ap-
propriate for auction outcome predictions. For this we consider best 
reply dynamics for two variants of a symmetric oligopoly with a linear 
demand function: A) with a linear marginal cost, B) with a fixed mar-
ginal cost and a limited production capacity. Our purpose is to find out 
for each case if the dynamics converges to any SFE. 
A) The market with a linear marginal cost function. Cost  function 
is 0 1 0 1( ) ( 0.5 ) , 0, 0C q c c q q c c= + > > , and demand function 

dp - D(t)  t)D(p, = , d> 0, D(t) is  a maximal demand depending on 
random parameter t with a given distribution function. According to 
Klemperer and Meyer (1989), an equilibrium supply function for this 

case should meet differential equation 
1

( )'( )
( )o

S pS p d
p c c S p

= −
− −

. 

If sup D(t)= s then there exists a unique SFE and the bid function is 
linear:  

0
1

4( ) 0,5( ) ( 1 1)S p p c d
dc

= − − + +                      (1) 

Consider best reply dynamics for the repeated auction in this case. At 
every stage t =1, 2, .. each firm sets bid S(p, t) that is the best reply to 
its competitor’s bid S(p, t-1) at the previous stage. (S(p,0)=0).At every 
stage there exists a bid maximizing the profit under any value of t. 
                                                
* The research was supported  by Spanish Ministry of Culture and Science and 
by Grant of Russian Foundation of Basic Research for project #08-01-00249. 
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Proposition 1. Bid 
)(1
))((

)(
1

01

kdc
kdcp

pS
++

+−
= is the best reply to bid )()( 0

2 cpkpS −= , 

0dcD(t)>∀ . Thus, the best reply bid at stage t is )(),( 0cpkpS −= ττ  

where
)(1 11

1

−

−

++
+

=
τ

τ
τ kdc

kd
k . And the unique fixed point )114(

2
*

1
−+=

dc
dk  

corresponds to the SFE(1). 
Proposition 2. Best reply dynamics for model A converges to the SFE 

(1). Moreover,  1
1

1 ))(1(|1
*

||1
*

| −++−≤− τ
τ

τ kdc
k
k

k
k

. 

B) The market with a fixed marginal cost and a limited pro-
duction capacity: C(q)= cq, c > 0, and q<=Q. SFE bid for this case is a  
continuous monotone function that meets equation S’(p)=S(p)/(p-c)–d 
until S(p)=Q for some p. A general solution here is 

( , ) ( ln( ) )( )S p A d p c A p c= − − + − .We determine the corresponding bid as 

maxS(p,A) min(S(p,A),Q) if  p p(A), S(p,A)  min(S (A),Q), p p(A)= < = > , 
where ( ) max ( , )p A S p A→ . 

B1). If D*=max (D(t)-dc)<Q then the capacity constraint is not 
essential. In this case, cdDApA +>∀ )3/(*)(:  the bid S(p,A) de-
termines SFE. In particular, for A= s the SFE coincides with Walrasian 
equilibrium. Now consider best reply dynamics. 

Proposition 3. Best reply dynamics for model B1 converges to 
the SFE corresponding to Walrasian equilibrium. 

B2). Let Q<D*<3Q. Then bid ( , )S p A  determines SFE if the ca-
pacity constraint is not binding ( max( )S A Q< ) and the maximal cut-off 
price is less than p(A). However, best reply dynamics do not converge 
to any of these equilibria. For 3τ =  a monotonous best reply function 
that maximize the profit for any t  doesn’t exist. If we define best reply 
dynamics in terms of the expected profit maximization then the dynam-
ics is cyclic under general conditions.  

Jumps of the marginal cost are typical for real markets because 
the production capacities are limited and heterogeneous. Proceeding 
from the latter model, we presume that actual behavior at the supply 
function auction would not converge to any SFE for such markets. 
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SPE of the forward market* 
Alexander Vasin, Agatha Sharikova 
Lomonosov Moscow State University 

Forward market is a known instrument for reduction of large 
producers’ market power. This opportunity is of special interest in con-
text of electricity markets development. Bushnell (2005) considers a 
symmetric oligopoly and a two-stage market with Cournot competition 
at the spot market and no arbitrage condition. For a constant marginal 
cost, he shows that introduction of the forward market with known for-
ward positions reduces the market power as well as increasing of the 
number of producers from n  to 2n . His model assumes a special order 
of consumption (individuals with higher reservation prices buy at the 
forward market) and equal forward and spot prices. However, the real 
markets do not meet these assumptions. The spot prices are typically 
less than the forward prices, but sometimes essentially exceed them. 

The present paper aims to study a dynamic oligopoly model with 
a random outcome at the spot market. In this case no arbitrage condi-
tion means that forward price fp  is equal to the mathematical expecta-
tion of spot price sp . At the first stage, producers Aa∈  set volumes 

f
aq  supplied at the forward market, f

def

Aa

f
a qq =∑

∈

. At the second stage 

those consumers who decide to bid at the forward market determine 
demand function )( pD f . Each consumer b  is characterized by re-
serve price br  and risk-aversion parameter 

maxminmaxmin 0],,[ λλλλλ <<∈b , and aims to maximize his utility 
function ),( bb UU λΔ= , where prb −=Δ , 0)),((ln '' ≤Δ

Δλ
λU . The 

forward price fp  proceeds from the balance )( fff pDq = . At the 
third stage the producers meet the residual demand at the Cournot auc-
tion using correlated mixed strategies dependent on an observable ran-
dom factor. Price 1p  occurs with probability w , and price 2p  - with 
                                                
* Research supported by Grant of Russian Foundation for Basic Research for 
project #08-01-00249. 
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probability w−1 . We determine rational strategies of the agents in this 
game according to the subgame perfect equilibrium concept. 

Proposition 1. a) All consumers with reserve prices 
f

b prp <<1 , as well as risk neutral ( 0=bλ ) or preferring ( 0<bλ ) 

consumers with 2prp b
f << , buy the good only at the spot market 

under low price 1p . b) For 2prp b
f <<  there is a threshold )(rλ  

such that consumers with )(rb λλ >  buy the good at the forward mar-
ket, and those with )(rb λλ <  act as in case a); )(rλ  decreases from 

maxλ  till 0 in this interval. c) For 2prb > , risk preferring consumers 
buy the good at the spot market and the rest – at the forward market. 

Proposition 2. Consider a symmetric oligopoly with n  firms and 
fixed marginal cost c . Let the share α  of risk preferring consumers be 
fixed for 2prb > .Then the SPE prices and production volumes meet the 

following relations: ))1(/(*
1 +−= ndqpp f , 

)))1(/(()( *
1

1 +−Δ=−= ndqndcpndq fs , 1
*

2 ppp >= , 

1*2 ss qdnq <Δ= α , 
)1(

)21)(1(
2

*

+
−++Δ=

nw
wnnndq f  , where *p  is a 

Cournot price for one-stage auction, cp −=Δ ** , dpDpD f −=)( . 
The ratio )/()( * cpcp f −−  is very close to Bushnell’s value 

)1/()1( 2 ++ nn . The SPE exists iff )],(),,([ 21 αα nwnww∈ , the 
bounds of the interval for different n  and α  are as follows: 
 
 0 0.1 0.2 0.3 0.4 

 1w  2w  1w  2w  1w  2w  1w  2w  1w  2w  
2 0.667 0.667 0.74 0.772 0.81 0.837 0.874 0.9 0.944 0.963 

3 0.75 0.75 0.828 0.864 0.909 0.941 0.987 1 - - 

4 0.8 0.8 0.88 0.917 0.968 1 - - - - 

5 0.833 0.833 0.92 0.94 - - - - - - 

6 0.857 0.857 0.948 0.976 - - - - - - 

 

n
α
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Game-theoretical model of quality choice  
Nikolay A. Zenkevich, Margarita A. Gladkova, 

Graduate School of Management, St. Petersburg State University 
zenkevich@gsom.pu.ru , gladkova@gsom.pu.ru. 

In the paper a game-theoretical model of quality choice under 
competition is suggested. The game-theoretical model is presented as a 
two-stage game where production companies compete on an industrial 
market. From a practical perspective, the aim of the paper is to check 
the validity of the suggested game-theoretical model. 

Thus, three firms are assumed to produce homogeneous product 
differentiated by quality on some industrial market. The game consists 
of the following two stages: 

1.  At the first stage companies simultaneously define quality 
level; 

2. At the second stage they choose product prices. At this stage 
both simultaneous and sequential choices are analyzed. 

Each consumer buys at most one unit of the good. Consumers 
differ in their willingness to pay for quality level s , which is described 
by the parameter  θ . This parameter is called “taste for quality”. The 
utility of a consumer with a willingness to pay for quality   when buy-
ing a product of quality  s  at a price p  is equal to:  

,
( )

0,
s p p s

U p
p sθ

θ θ
θ

− ≤⎧= ⎨ >⎩
 . 

The investigated industrial market is considered to be partially 
covered.  

The payoff function of the firm  i  which produces the product of 
quality  is , where ],[ sssi ∈ , is the following: 

),,,(),(),,,( 2121212121 ssppDsspssppR iii = ,  2,1=i  , 
where ),,,( 2121 ssppDi - the demand function for the product of quality  

is , which is specified. 
The Nash equilibrium in the investigated game was obtained in 

the explicit form which allowed us to evaluate prices, companies’ mar-
ket shares and revenues in the equilibrium.  

The paper includes a case study for the market of mobile opera-
tors in Saint-Petersburg which was used to approve the suggested 
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game-theoretical approach to quality choice. Processing an empirical 
data obtained from consumer survey, we evaluate mobile service qual-
ity and, using the model, we can show the ways of performance im-
provement to production companies. 
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*,'!1* f!H+6 !H#!0'%7%##!, * <!<6!+#*% *,': !N'%H%4+%6<+ 6!45-
1! f!H-7* *,'!1!0 #- N'%H:H2M%7 _-,%. 5 (minority games, ?]'-
P4))Q' ?T+4T'-==, 1-+4)=V'))4f +48=1)467)1?T7). Q2<65 *,'!1 
*7%%6 #-?!' ;*<6:f <6'-6%,*> { }ks  * N2<65 ( )..., ,...kU s  - 0:*,':_ 
*,'!1- N'* 0:?!'% *7 <6'-6%,** ks , N'* h6!7 <6'-6%,** !<6-45#:f 
*,'!1!0 !N'%H%4+P6<+ 6%12M*7 <!<6!+#*%7 *,': (#-N'*7%', 0:-
?*'-P6<+ 6-1*7* O%, 1-1 #- N'%H:H2M%7 _-,% (<7. N. 4)). [!,H- 
<0!> f!H *,'!1 0:?*'-%6 <!,4-<#! <7%_-##!> <6'-6%,** (0 #%/-0*-
<*7!<6* !6 0<%f !<6-45#:f): < 0%'!+6#!<65P 

( ) ( )( )1 exp ..., ,...k k kp n U s T Zγ= ⋅ +  
0:?'-65 <6'-6%,*P ks  ( 0T > , 0 1γ< ≤ ), < 0%'!+6#!<65P 1 γ−  H%>-
<60!0-65 <!,4-<#! *<N!45/!0-##!> #- N'%H:H2M%7 _-,% <6'-6%,**. 
eH%<5 ,H% kn  - 1!4*;%<60! *,'!1!0, 0:?'-0_*f #- N'%H:H2M%7 
_-,% <6'-6%,*P ks , - ( ) ( )( )1 exp ..., ,...i i

i
Z n U s T= +∑ . Q-'-7%6' γ  - 

f-'-16%'*/2%6 4P?!N:6<60!, 1!#<%'0-6*/7 (“-7?*)**”) *,'!1-: 
;%7 ?!45_% γ , 6%7 ?!4%% -7?*)*!/#:> *,'!1; “6%7N%'-62'-” T  
f-'-16%'*/2%6 !6#!_%#*% *,'!1- 1 '*<12 (“,!'+;#!<65”): ;%7 
?!45_% 6%7N%'-62'-, 6%7 ?!4%% “,!'+;*> *,'!1”, <14!##:> 1 ?!4%% 
'*<1!0-##:7 H%><60*+7.  -1 N'-0*4!, #2O#! <;*6-65, ;6! T  /-0*-
<*6 !6 k , N'*;%7 0kT → +  N'* k →∞ . 8 !N*<-##2P <f%72 4!O*6-
<+ '+H 2O% */0%<6#:f '%/2456-6!0. K-N'*7%', 7!O#! “H*#-7*;%-
<1*” N'!*#6%'N'%6*'!0-65 '-0#!0%<*% Kh_- – 8-'H'!N- 0 7!H%4* 
'-<N'%H%4%#*+ N!6!1!0 GO. 8-'H'!N- (<7. 1#*,2 Q. S6%#?'*#1-). 
E06!': ?4-,!H-'+6 X.]. 8*#!,'-H!0-, E.E. B!42?)!0-, X.S. 
@%#5_*1!0-, ].E. K2'7*#<1!,!, S.Q. [-'-<!0-, K.d. b-7'-> * 
E.E. b-#-#*#- /- N!4%/#:% !?<2OH%#*+ '+H- 0!N'!<!0, ?4*/1*f 1 
6%7% '-?!6:. 
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O72(+7E,$&7, +"/,97 +(3&,<72D( *  
X.E. d:1-H!'!0 

$)?T=TFT ]4T']4T=3= =]. Y._.Y1*16'94 Y` W ", 
"191?=*=+?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

8 [2]-[4] *<<4%H2%6<+ #%4*#%>#-+ H*#-7*;%<1-+ 7!H%45 )%-
#!!?'-/!0-#*+ 0 <6'2162'% «N'!*/0!H*6%45 – N!<'%H#*1 - N!6'%?*-
6%45»:  N'!*/0!H*6%45 N'*04%1-%6 N!<'%H#*1-, N'%H!<6-04++ %72 
6!0-' < T1+-19Q] O=?31)T1]; ;-<65 6!',!0!,! H*<1!#6-, pass-
through, *<N!45/2%6<+ N!<'%H#*1!7 H4+ <#*O%#*+ '!/#*;#!> )%#: 
6!0-'-. Q'* h6!7 0 [2] '-<<7-6'*0-%6<+ !N6*7*/-)*!##:> 0-'*-#6 
7!H%4*, 0 1!6!'!7 N'!*/0!H*6%45 7-1<*7*/*'2%6 N'*?:45 N'* 
N!<6!+##!7 pass-through; 0 [3] */2;-%6<+ '-0#!0%<#:> 0-'*-#6: 
)%4%0:7* $2#1)*!#-4-7* +04+P6<+ N'*?:4* N'!*/0!H*6%4+ * N!-
<'%H#*1-; 0 [4] 7!H%4*'2%6<+ H*#-7*1- '%14-7#!> H%+6%45#!<6* 
$*'7: < )%45P 7-1<*7*/-)** %% h$$%16*0#!<6*. Q'%HN!4-,-%6<+, 
;6! N'%HN'*#*7-%7:% $*'7!> '%14-7#:% 2<*4*+ <N!<!?<602P6 
20%4*;%#*P %% -FO9=64, 1!6!':> N!4!O*6%45#! 04*+%6 #- N'!)%<< 
N'!H-O*. c%45P +04+%6<+ 7-1<*7*/-)*+ =)O'3?4 ^ii'3T=9)1?T= 
$*'7:, 1!6!':> 0:;*<4+%6<+ 1-1 !6#!_%#*% 7%OH2 H!f!H-7* * 
/-6'-6-7* $*'7:. @!H%45 $!'724*'2%6<+ 1-1 /-H-;- H'!?#!,! 
!N6*7-45#!,! 2N'-04%#*+, H4+ %% '%_%#*+ *<N!45/2%6<+ N-'-7%6-
'*;%<1*> N!Hf!H [6].  

8 H!14-H% '-/0*0-P6<+ '%/2456-6: [2] – [4]. 
G4+ '-/4*;#:f 0-'*-#6!0 */7%#%#*+ H*<1!#6#:f N!4*6*1:  

- */2;%#: <0!><60- 7!#!6!##!<6* * (!?!?M%##!>) 0!,#26!<6* )%-
4%0:f $2#1)*!#-4!0 ('-<<7-6'*0-%7:f 1-1 $2#1)** !6 2'!0#%> 
6!',!0!,! H*<1!#6- * pass-through); 
- #->H%#: 2<4!0*+ <2M%<60!0-#*+ '-0#!0%<*>; 
- 0:+04%#: 1!7?*#-)** N-'-7%6'!0 (*#H*1-6!':), /#-1 1!6!':f 
!H#!/#-;#! 21-/:0-%6, 1!,H- N'!*/0!H*6%4P * N!<'%H#*12 0:,!H-
#! ?!'!65<+ /- N'-0! ?:65 4*H%'!7 *4* 0%H!7:7 (N'* «_6-1%45-
?%',!0<1!7» 0/-*7!H%><60**); H4+ <42;-+ 12<!;#!-N!<6!+##:f 
H*<1!#6!0 N!1-/-#!, ;6! %<4* N%'%14P;%#*% !H#! * N'!*<f!H*6 0 
<%'%H*#% *#6%'0-4- N'!H-O, 6! ?!'5?- /- N'-0! #% ?:65 4*H%'!7 
(6.%. ?:65 0%H!7:7) 7!O%6 6!451! 2<*4*65<+;  
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IBKZ (q 09-02-00337).  
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- !N*<-#: <*62-)**, 1!,H- 0!/7!O%# N%'%<7!6' <!,4-_%#*+.  
Q'*0!H+6<+ !?!?M%#*+ * 7!H*$*1-)** 7!H%4* */ [4]. 8 ;--

<6#!<6*: 2'!0%#5 N'!H-O '-<<7-6'*0-%6<+ +0#!, 0 1-;%<60% $-/!-
0!> N%'%7%##!>; */2;-%6<+ <42;-> #%<1!451*f 0*H!0 '%14-7:;  
N'!0%H%# -#-4*/ ;20<60*6%45#!<6* '%/2456-6!0 1 */7%#%#*P 0f!H-
#:f N-'-7%6'!0 7!H%4*. 

 '!7% 6!,!, N'%H4-,-%6<+ H'2,!> N-'-7%6'*;%<1*> N!Hf!H 1 
'%_%#*P /-H-;*, #% *<N!45/2PM*> *H%* [6]. Q'* h6!7 !1-/:0-%6-
<+ 0!/7!O#:7 ?!4%% h$$%16*0#! N'!0%'+65 0:N!4#%#*% 2<4!0*+ 
!?M#!<6* N!4!O%#*+, - 6-1O% *<N!45/!0-65 '%/2456-6: [1] * [5] ! 
6*N% !N6*7-45#:f 2N'-04%#*> * ! 6!;#!7 ;*<4% N%'%14P;%#*> 0 
'%4%>#:f !N6*7-45#:f 2N'-04%#*+f.  
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>"<,267(9?2(* &"2&03,267* $,<,'LV 7 
D,2,3730:F7V &"+8(27; 2( 3L2&, 8,3,/(E7 

X9,&<3"X2,3D77 
@.W. 8-<*45%0, E.W. Z*4-6!0 

$)?T=TFT ?=?T'] ^)'+-'T=3= =]. _. .:'6')T7'94 Y` W " 
8 '%/2456-6% '%$!'7*'!0-#*+ h4%16'!h#%',%6*1* 0! 7#!,*f 

<6'-#-f N'!*<f!H*6 N%'%f!H !6 0%'6*1-45#! *#6%,'*'!0-##!> 
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<6'2162': !6'-<4*, <!;%6-0_%> ,%#%'-)*P, N%'%H-;2 * '-<N'%H%-
4%#*% h4%16'!h#%',** 0 '-71-f !H#!> 1!7N-#**, 1 H%/*#6%,'*'!-
0-##!> <6'2162'%, 14P;%0:7 h4%7%#6!7 1!6!'!> +04+%6<+ N'*#-
)*N !6H%4%#*+ N%'%H-PM*f * '-<N'%H%4+PM*f <%6%> !6 ,%#%'--
)**, <?:6- * N!6'%?4%#*+ h4%16'!h#%',**. 

8 <!!60%6<60** < h6*7 N'*#)*N!7 1!7N-#*+ #% 7!O%6 04--
H%65 * 2N'-04+65 ,%#%'*'2PM*7* * N%'%H-PM*7* 7!M#!<6+7* 
!H#!0'%7%##!. ]<4* 1!7N-#*+ 04-H%%6 ,%#%'*'2PM*7* * N%'%-
H-PM*7* -16*0-7*, !#- H!4O#- N%'%H-65 <%6* 0 2N'-04%#*% <N%-
)*-4*/*'!0-##!72 <2?u%162 (<%6%0-+ 1!7N-#*+, <*<6%7#:> !N%'--
6!' * 6.H.), 4*?! H!4O#- ?:65 '-/H%4%#- #- ,%#%'*'2PM2P * '%,2-
4*'2%72P <%6%02P 1!7N-#**. 

8 '-?!6% */2;-%6<+ <6'-6%,*;%<1!% 0/-*7!H%><60*% 1!7N--
#*> #- ':#1% N%'%H-;* h4%16'!h#%',** 0 '-71-f N'!<6%>_%> 
H02f2/4!0!> llS. X<<4%H2P6<+ ;%6:'% 0!/7!O#:f 0-'*-#6- 
$2#1)*!#*'!0-#*+ '-<<7-6'*0-%7!,! ':#1-: ,-'-#6*'!0-##-+ '%-
,24*'2%7-+ (I) * #%'%,24*'2%7-+ (@) <%6%0-+ 7!#!N!4*+, <%6%0-+ 
7!#!N!4*+ 0 2<4!0*+f N!6%#)*-45#!> 1!#12'%#)** < #%/-0*<*7!> 
<%6%0!> 1!7N-#*%> (@+KS ) * ,%#%'*'2PM%> 1!7N-#*%> (@+B ). 
S!N!<6-04%#*% 0-'*-#6!0 !<2M%<604+%6<+ < 6!;1* /'%#*+ 7*#*7*-
/-)** '-/#*): )%# 0 ,%#%'*'2PM%7 2/4% * 2 N!6'%?*6%4+, - 6-1O% 
7-1<*7*/-)** N'!N2<1#:f <N!<!?#!<6%> <%6%> * !?u%7!0 N%'%H--
;* h4%16'!h#%',**. 

S'%H* !<#!0#:f 0:0!H!0 0:H%4*7 <4%H2PM*%: 
1. S 6!;1* /'%#*+ !?M%<60%##!> h$$%16*0#!<6* (7-1<*-

7-45#:% !?u%7: N%'%H-;* h4%16'!h#%',** N'* <-7!> #*/1!> )%#%) 
#-*?!4%% 6*N*;#- <*62-)*+ «@ < @+KS  < @+B  < I». ]<4* *<-
14P;*65 6'2H#!'%-4*/2%7:> #- N'-16*1% 0-'*-#6 ,-'-#6*'!0-#-
#!> '%,24*'2%7!> 7!#!N!4**, 6! 7-1<*7-45#:% !?u%7: N%'%H-;* 
h4%16'!h#%',** N'* <-7!> #*/1!> )%#% N%'%H-;* H%7!#<6'*'2%6 
7!#!N!4*+, #-f!H+M-+<+ 0 2<4!0*+f N!6%#)*-45#!> (*4* '%-45-
#!>) 1!#12'%#)** < ,%#%'*'2PM%> 1!7N-#*%>. 8 6! O% 0'%7+ N!-
6%#)*-45#-+ 1!#12'%#)*+ < #%/-0*<*7!> <%6%0!> 1!7N-#*%> (!<!-
?%##! N'* 0:<!1*f */H%'O1-f <6'!*6%45<60- #!0!> DlQ) ;-<6! */-
/- <4-?!<6* N!<4%H#%> #% N'*0!H*6 #* 1 1-1!72 242;_%#*P !6#!-
<*6%45#! <*62-)** ,-'-#6*'!0-##!> #%'%,24*'2%7!> 7!#!N!4**. 

2. C0%4*;%#*% *7%PM%><+ N'!N2<1#!> <N!<!?#!<6* H-4%1! 
#% 0<%,H- ?4-,!N'*+6#! <1-/:0-%6<+ #- *6!,!0:f !?u%7-f N%'%H--
;* h4%16'!h#%',** * )%#-f #- N%'%H-;2. G!0!45#! ;-<6: (!<!?%##! 
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N'* #%'%,24*'2%7!> 7!#!N!4** *4* %% N!6%#)*-45#!> 1!#12'%#-
)** < KS ) <*62-)**, 1!,H- */#-;-45#!% 20%4*;%#*% N'!N2<1#!> 
<N!<!?#!<6* <%6* N'*0!H*6 1 #%O%4-#*P <%6%0!> 7!#!N!4** '-<-
_*'+65 !?u%7: N%'%H-;* * <#*O-65 )%#:. 

3. K%<7!6'+ #- !?M2P 6%#H%#)*P 1 N'%*72M%<602 <6'2162-
': «@+B » N%'%H «@+KS », N'* #%?!45_*f */H%'O1-f '-<_*'%-
#*+ <%6* #% *<14P;%#- <*62-)*+, 1!,H- KS  !1-/:0-%6<+ ?!4%% 
h$$%16*0#!>, ;%7 ,%#%'*'2PM-+, 0 2<4!0*+f N!6%#)*-45#!> 1!#-
12'%#)** < <%6%0!> 7!#!N!4*%>. jH#-1!, 0%'!+6#!<65 h6!,! 0%<57- 
#%0%4*1-, - < '!<6!7 */H%'O%1 N-H-%6 %M% <*45#%%. 

4. Q'* 0:<!1*f */H%'O1-f 0!/7!O#- 2#*1-45#-+ <*62-)*+, 
1!,H- <6'2162'- «@+B » N'*0!H*6 1 '%/2456-6-7 ?!4%% h$$%16*0-
#:7 < 6!;1* /'%#*+ !?M%<60%##!,! ?4-,!<!<6!+#*+, ;%7 ,!<2H-'-
<60%##!% '%,24*'!0-#*% <%6%0!> 7!#!N!4**. 

5. j<#!0#!> N'*;*#!> N'%*72M%<60- <6'2162': «@+B » 
+04+%6<+ *#6%'#-4*/-)*+ N'*?:4*: ,%#%'*'2PM-+ 1!7N-#*+ 7!-
O%6 !<2M%<604+65 N%'%H-;2 h#%',** <%?% 0 2?:6!1 (0 ;-<6#!<6*, 
*#0%<6*'2+ 1'2N#:% <277: 0 <6'!*6%45<60! #!0:f DlQ), %<4* h6* 
N!6%'* 1!7N%#<*'2P6<+ '!<6!7 N'*?:4* !6 N'!H-O* 20%4*;*0_%-
,!<+ 1!4*;%<60- h4%16'!h#%',**. K* <%6%0-+ 7!#!N!4*+ (0#% /-0*-
<*7!<6* !6 O%<61!<6* '%,24*'!0-#*+), #* #%/-0*<*7-+ <%6%0-+ 
1!7N-#*+ N!H!?#:f N'%*72M%<60 #% *7%P6. 

8<% <H%4-##:% 0:0!H: <N'-0%H4*0: N'* #-4*;** N!6%#)*-
-45#!> 1!#12'%#)**. ]<4* *7%PM-+<+ <%6%0-+ 7!#!N!4*+ #% ?2H%6 
!,'-#*;%#- 0!/7!O#!<65P 0:f!H- #- ':#!1 1!#12'%#6-, *#6%,'--
)*+ 0 '-71-f !H#!> 1!7N-#** ,%#%'*'2PM*f * N%'%H-PM*f 7!M-
#!<6%> N'*0!H*6 1 1'->#% #%,-6*0#:7 < 6!;1* /'%#*+ !?M%<60- 
h$$%16-7 0 <42;-% #%07%_-6%45<60- ,!<2H-'<60- * 2<4!O#%#*P 
'%,24*'!0-#*+ N'* -16*0#!> ,!<2H-'<60%##!> N!/*)**. 

I 83,7+0F,$<', +,2?],; 2,"83,/,9,22"$<7 
8.@. B!'?-;211, X.E. I2<-#!02 

1$)?T=TFT 3=*'+)'T=3= =]. ..:. H6FP3194 " " e3+4=)Q 
2S1)O [1OO'+j3= =)i+4?T+F3TF+)Qg ]'+1[+=fT=% 
G-##-+ '-?!6- H!1-/:0-%6 N'%*72M%<60- N'!,#!/*'!0-#*+ * 

N4-#*'!0-#*+ 0 2<4!0*+f ':#!;#!> 1!#12'%#)** [1–4]. 
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Q2<65 !H#!'!H#:> N'!H216 0:N2<1-P6 * N'!H-P6 6!451! 
$*'7: 1 * 2 0 1!4*;%<60% 1q  * 2q  <!!60%6<60%##! N! )%#% 

QbaP −= , ,H% 21 qqQ += , a , b  – #%1!6!':% N!4!O*6%45#:% 
N-'-7%6':. Z*'7- 2,1=i  7-1<*7*/*'2%6 N'*?:45 iii qcP )( −=π , 
,H% ic  – %% <!?%<6!*7!<65 N'!H216- ( aci < ). Q'%HN!4!O*7, 1q  * 

2q  – #%/-0*<*7:% <42;->#:% 0%4*;*#:, - iq  *7%%6 p-0#!7%p#!% 
p-<N'%H%4%#*% #- (#%0:p!OH%##!7) !6p%/1% ],[ ii Dd  < N4!6#!<65P 

]},[,0];,[,){()( 1
iiiiiiiii DdqDdqdDqf ∉∈−= − , 2,1=i . 

Z*'7- 2,1=i  0:?*'-%6 <0!> !O*H-%7:> 0:N2<1 iq , N:6-+<5 
7-1<*7*/*'!0-65 !O*H-%7!% /#-;%#*% <0!%> N'*?:4* 

)()( iiii qcPqEE −=π 3/])(4[)( 2
iiijiii dDqbqqbqca −−−−= , 

2,1=≠ ji . I-0#!0%<*%7  2p#!–Hh_- (Cournot–Nash) Np* 
<42;->#:f 0:N2<1-f !?%*f $*p7 #-/:0-%7 6-1*% !O*H-%7:% 0:-
N2<1* 2/)( C

i
C
i

C
i Ddq += , 2,1=i , ;6! 

1( )CE π y 1 1 1 1 2 2 2[ ( , , , , , )]C C C C C CE q d D d D qπ ≥

1 1 1 1 2 2 2[ ( , , , , , )]C C CE q d D d D qπ≥  01 ≥∀q , 

2( )CE π y 1 1 1 1 2 2 2[ ( , , , , , )]C C C C C CE q d D d D qπ ≥

2 1 1 1 2 2 2[ ( , , , , , )]C C CE q d D d D qπ≥  2 0q∀ ≥ . 
]<4* H%6%p7*#*'!0-##:> p-0#!0%<#:> N!  2p#!–Hh_2 0:-

N2<1 C
iq  $*p7: i  [2] N'*#-H4%O*6 !6p%/12 ],[ ii Dd , 6! 

)55(/)]38(2)835(3[ bddbccaq jiij
C
i −+−+= , 2,1=i  [3]. 

]<4* ≥−+− )( 1212 ddbcc 0 , 6! Cq2 z
Cq1 ; %<4* a 12 bdc +≥ , 

a )2( 211 ddbc ++≥ , 6! 0%pf#++ ,'-#*)- CD1  <42;->#!,! 0:N2<1- 
$*p7: 1 0 2<4!0*+f 0/-*7#!> #%!N'%H%4%##!<6* [3] #% 7%#5_% 
0%pf#%> ,'-#*): 1

1
CD  0:N2<1- h6!> $*p7: 0 2<4!0*+f -<*77%6p-

*;#!> #%!N'%H%4%##!<6* (N'* 22 dD = ) [4]: 
≥+−−+= )55/()]1223()835(6[ 21121 bddbccaDC

1
1121 )13/(]5)2(6[ CDbdbcca =−+−≥ . 

C6%N%#5 H%6%p7*#*'!0-##!<6* 0:N2<1!0 $*p7 2N!p+-
H!;*0-%6 p-0#!0%<#:% /#-;%#*+ p:#!;#:f 0:N2<1!0: 
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≥=+ CCC Qqq 21 ≥+= 1
2

1
1

1 CCC qqQ CCC qqQ 21 += . ]<4* 
≥− 21 dd bcabca /)(195.0)39/()12183)((5 −>−− , 

6! !O*H-%7-+ N'*?:45 $*'7: 1 N'%0:_-%6 %% N'*?:45 0 H%6%'-
7*#*'!0-##!7 <42;-% ( ii dD = , 2,1=i ): ≥CE )( 1π

C
1π . I-0#!0%<*% 

 2p#!–Hh_- Np* 0/-*7#!> #%!N'%H%4%##!<6* +04+%6<+ !?!?M%#-
#:7 p-0#!0%<*%7  2p#!–b6-1%45?%p,-–Hh_-: $*p7- < ?!4%% !N-
'%H%4%##:7 0:N2<1!7 N!42;-%6 ?!45_2P N'*?:45 [4]. 

X6-1, -<*77%6'*+ 0/-*7!H%><60*+ H2!N!4** <6-0*6 $*'72 < 
7%#%% #%!N'%H%4%##!> <6'-6%,*%> 0 N!4!O%#*% 4*H%'-, - H'2,2P 
$*'72 – 0 N!4!O%#*% N!<4%H!0-6%4+. 8 !?M%7 <42;-% -<*77%6-
'*;#-+ *#$!'7-)*+ <!/H-%6 N'%HN!<:41* 1 '-/0*6*P *%'-'f*;%-
<1!> !',-#*/-)**. 

Z7<,3(<03( 
1. Q%6'!0 E.E., Q!<N%4!0 X.B., b-#-#*# E.E. jN:6 7-6%7-6*;%<1!,! 

7!H%4*'!0-#*+ h1!#!7*1*. – @.: l#%',!-6!7*/H-6, 1996. – 544 <. 
2. B!p?-;21 8.@. j?!?M%##!% p-0#!0%<*%  2p#!–b6-1%45?%p,-–

Hh_- //  *?%p#%6*1- * <*<6%7#:> -#-4*/. –  2006. – q 1. –  S. 3–9. 
3. B!'?-;21 8.@. I-0#!0%<*%  2'#!–Kh_- 0 2<4!0*+f 0/-*7#!> #%!N-

'%H%4%##!<6* // Q'!?4%7: 2N'-04%#*+ * *#$!'7-6*1*. – 2008. – q 4. – S. 
58–69. 

4. B!p?-;21 8.@. I-0#!0%<*%  2'#!–Kh_- 0 2<4!0*+f -<*77%6'*;#!> 
#%!N'%H%4%##!<6* 1-1 !?!?M%##!% p-0#!0%<*%  2p#!–b6-1%45?%p,-–
Hh_- //  *?%p#%6*1- * <*<6%7#:> -#-4*/. – 2007. – q 4. – S. 3–10. 

M,<,'(* +"/,9? 3L2"E2"D" $"D9($"'(27** 
8.X. e!'1-45)%0, X.8. @!1':> 

$Yk: Y` W " 
I-<<7-6'*0-P6<+ 0-'*-#6: 7!H%4*, *7*6*'2PM%> N'!)%<<: 

<!,4-<!0-#*+ <N'!<-, N'!*/0!H<60- * 6'-#<N!'6- h4%16'!h#%',** , 
/-H-##!> 0 0*H% ,'-$-. C/4: j=1,…,n N'%H<6-04+P6  N'!*/0!H*6%-
4%> * N!6'%?*6%4%> h#%',**. G2,* – <0+/* N! 6'-#<N!'62 h4%16'!-
h#%',** . Q2<65 G  – 7#!O%<60! #-N'-04%##:f H2, ,'-$-.  -OH-+ 
H2,- /-H-%6<+ N-'!> #!7%'!0 2/4!0 ),( ji , ,H% i – #!7%' 2/4- #-;--
4- H2,*, j – #!7%' 2/4- 1!#)- H-##!> H2,*. j?!/#-;*7: 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX, N'!%16 q 00306- 



 

 30

}),(:{ GjijVi ∈= , }),(:{ GjiiW j ∈= . 
Q'*0%H%7 H0- 0-'*-#6- 7!H%4*. Q%'%7%##:7* 0 #*f +04+P6-

<+ !?u%7: N'!*/0!H<60- iq  * N!6'%?4%#*+ 
iQ  h#%',** 0 !6H%45#:f 

2/4-f, N%'%6!1* h#%',** ijx  */ 2/4- i 0 2/%4 j. e-H-##:7* +04+P6<+ 
0 1-OH!7 2/4%: 1) !?'-6#-+ $2#1)*+ <N'!<- )( ii QP , 2) N'%H%45#:% 
*/H%'O1* #- N'!*/0!H<60! h#%',** )( ii qMC . 8! 0<% 7!7%#6: 0'%-
7%#* 0tt ≥  0:N!4#+P6<+ ?-4-#<!0:% <!!6#!_%#*+ 

i

ij i
j V

x q
∈

=∑   ,     

∑
∈

=
jVi

iij Qx .8<% N%'%7%##:% 0! 0<%f 7!7%#6-f 0'%7%#*,*7%P6 #%!6'*-

)-6%45#:% /#-;%#*+.. @!H%4* !64*;-P6<+ N'-0*4-7 */7%#%#*> 0! 
0'%7%#* N%'%6!1!0 7%OH2 2/4-7*.  

1. @!H%45 “8-45'-<”. X/7%#%#*% N%'%6!1!0 0! 0'%7%#*  /-0*-
<*6 !6 '-/#*): 7%OH2 )%#!> 0 2/4% N!6'%?4%#*+ * N'%H%45#:7* 

*/H%'O1-7* 0 2/4% N!<6-0M*1- ))()(( iijjij
ij qMCQPx

dt
dx

−=  

  (1) 
2. @!H%45 “ 2'#!”. X/7%#%#*% N!6!1!0 0! 0'%7%#* /-0*<*6 

!6 '-/#*): 7%OH2 N'%H%45#!> 0:'2;1!> 0 2/4% N!6'%?4%#*+ 
ij

Vl
ljjijijij dxxPxdxMR

j

/))(()( ∑
∈

=  

* N'%H%45#:7* */H%'O1-7*, ;6!  0:'-O-%6 <4%H2PM%% N'-0*4! 

))()(( iiijijij
ij qMCxMRx

dt
dx

−=    (2). 

8 H!14-H% $!'724*'2P6<+ <0!><60- )( ii QP  * )( ii qMC , ,--
'-#6*'2PM*% <f!H*7!<65 N'!)%<<- (1) 1 6!;1-7 '-0#!0%<*+  8-45-
'-<-, N'!)%<<- (2) – 1 6!;1% ':#!;#!,! '-0#!0%<*+  2'#!. j?<2O-
H-P6<+ '-/4*;*+ * !<!?%##!<6* h6*f 0*H!0 ':#!;#:f '-0#!0%<*>.  

j67%6*7, %<4* N'* '%,24*'!0-#** N%'%6!1!0 0 7!H%4* 
“8-45'-<” 1'!7% N'%H%45#:f */H%'O%1 6'%?2%6<+ /#-65 6!451!  
<14-H:0-PM*%<+ 0 <7%O#:f 2/4-f )%#:, 6! 0 7!H%4* “ 2'#!” 6'%-
?2%6<+ %M% '-<N!4-,-65 *#$!'7-)*%> ! /#-;%#** N'!*/0!H#!> !?-
'-6#!> $2#1)** <N'!<-, 6-1 1-1 

iiiijiiijij QdQPdxQPxMR /)()()( −= 8 h6!7 <42;-% N'* '-<N'%H%4%-
#** N!<6-0!1 7%OH2 2/4-7* 1'!7% )%# 2/4!0 2;*6:0-%6 6-1O% #--
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<1!451! */7%#*6<+ H!f!H !6 0<%,! !?u%7- ijx N!<6-0!1 0 H-##:> 
2/%4 */ /- */7%#%#*+ )%# iii QdQPd /)(  0<4%H<60*% N'*'!<6- N!<6--
0!1. 

I-<<7!6'%#: 6-1O% <7%_-##:% 0-'*-#6: 7!H%4*, 0 1!6!':f 
;-<65 N'!*/0!H*6%4%> 0%H%6 <%?+ 0 <!!60%6<60** < 2'-0#%#*%7 (1), 
- H'2,-+ ;-<65 0 <!!60%6<60** < 2'-0#%#*%7  (2). 8 ;-<6#!<6* N!1--
/-# 6-1!>, #- N%'0:> 0/,4+H N-'-H!1<-45#:> $-16. 8 #%1!6!':f 
<42;-+f #%1!6!':% N!<6-0M*1* h#%',** 7!,26 N!42;*65 ?!45_2P 
N'*?:45 H%><602+ N! N'-0*42 (1), ;%7 N! N'-0*42 (2), 1!,H- !<-
6-45#:% N!<6-0M*1* H%><602P6 N! N'-0*42 (2). Q'*?:45 !N'%H%-
4+%6<+ 1-1 '-/#*)- 7%OH2 0:'2;1!> ∑

∈
=

iVj
jjiji QPxR )( * 0%4*;*#!> 

N%'%7%##:f */H%'O%1  

∫=
iq

iii dzzMCqVC
0

)()(  

X<<4%H2P6<+ ?!4%% '%-4*<6*;#:% 0-'*-#6: 7!H%4* < '%,2-
4+'#:7* * <42;->#:7* 1!4%?-#*+7* 0 $2#1)*+f <N'!<-, *7%P-
M*f !,'-#*;%#*+ #- N'!*/0!H<60! * N'!N2<1#:% <N!<!?#!<6* 
DlQ 7%OH2 !6H%45#:7* 2/4-7*. 

I U(/(E(V, 'V"/*F7V ' ^`I 8"  
5"3+73"'(27: 3L2&( '"/L b,2<3(9?2"; 

SU77 7 +,<"/(V 7V 3,],27* 
E.B  !0-4%#1!, E.B. S-6N-%0, 8.I. v-;-62'!0 
<4&4g?T4)?31-E+=T4)?3=% T'g)=V'?3=% F)=9'+?=T'T,  

 6]4TQ, <4&4g?T4) 
$)?T=TFT -=O+1-'161-== = ^3161-== =] e.:.  g]'O?4i=)4, 

 6]4TQ, <4&4g?T4) 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8=)4 W " 

e-H-;*. I-<<7-6'*0-%7-+ 6%7- N! '-/'-?!61% [lj $!'7*'!-
0-#*+ ':#1- 0!H: c%#6'-45#!> E/** N'!H*16!0-#- <2M%<602P-
M*7* '%-4*+7* h6!,! '%,*!#- * !67%;%#- 0! 7#!,*f H!14-H-f III 
7%OH2#-'!H#!> #-2;#!-N'-16*;%<1!> 1!#$%'%#)** «l1!4!,*;%-
<1-+ ?%/!N-<#!<65 2'?-#*/*'!0-##:f 6%''*6!'*> 0 2<4!0*+f 2<-
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6!>;*0!,! '-/0*6*+». j?M%*/0%<6#- N'!?4%7- E'-45<1!,! 7!'+. 8 
#-<6!+M%% 0'%7+ 1 h6!72 H!?-0*4-<5 N'!?4%7- !/%'- d-4f-_, '%1 
X4*, S:'H-'5+, E72H-'5+ * H'. X/-/- *<N!45/!0-#*+ 0!H#:f '%-
<2'<!0 !H#!0'%7%##! H4+ #2OH h#%',%6*1*, <%45<1!,! f!/+><60-, 
#-<%4%#*+, N'!7:_4%##!<6* 0!/#*1-P6 6%''*6!'*-45#:% 1!#-
$4*16:. 8 2<4!0*+f SSSI h6* N'!?4%7: '%_-4*<5 )%#6'-4*/!0--
#!, 0/0%_%#!, ;%,! #%45/+ <1-/-65 ! #-<6!+M%7 0'%7%#*. S6-4! N!-
#+6#:7, ;6! 0!H-, h6! 6-1!> O% 6!0-', 1-1 * #%$65, ,-/, 2,!45 * 6.H., 
N!h6!72 0!/#*1-%6 0!N'!< ! <!/H-#** ':#1- h6!,! 6!0-'-, * 0 <*42 
6%''*6!'*-45#!> 2H-4%##!<6* <2?u%16!0, '-<<'%H!6!;%##!,! ':#-
1- [2].  

Q'* !',-#*/-)** h6!,! ':#1- #%!?f!H*7! '%_*65 /-H-;*: 
1. Q'!,#!/ !?u%7- 0!H!N!6'%?4%#*+ !6 7!M#!<6* h6*f <2?u-

%16!0 h1!#!7*1*.  
2. Q!*<1 <!?<60%##:f *<6!;#*1!0 0!H: * 7%<6 N!12N1* 0!H: 

0 <!N'%H%45#:f 6%''*6!'*+f. 
4. Q!*<1 <N!<!?!0 * N26%> H!<6-01* 0!H: H! N!6'%?*6%4%>. 
5. I-<;%6 <N!<!?!0 * /-6'-6 #- 0!H!N!H,!6!012. 
6. Q!*<1 7%<6 N%'%'-?!61* * 26*4*/-)** !?'-/!0-0_*f<+ 

!6f!H!0. 
7.  !7N4%1<#-+ !)%#1- 04*+#*+ N!42;*0_%><+ <*<6%7: #- 

!1'2O-PM2P <'%H2. 
8 2<4!0*+f ':#1- 0!/#*1-P6 H!N!4#*6%45#:% /-H-;*: 
8. I-/?*%#*% S*<6%7: #- !6H%45#:% N!H<*<6%7:, 2N'-04+%-

7:% !H#*7 <2?u%16!7. 
9. I-/'-?!61- N'!*/0!H<60%##!-6%f#!4!,*;%<1*f * h1!#!7*-

;%<1*f 6'%?!0-#*> 0/-*7!H%><60*+ <2?u%16!0. 
10. I-<;%6 H*#-7*1* 00!H- 1-N*6-45#:f 04!O%#*> * h1!#!-

7*;%<1!> h$$%16*0#!<6* !6 !6H%45#:f !?u%16!0 S*<6%7:.  
 
@%6!H*1- *<<4%H!0-#*+. 8 N'!,'-77#!> <*<6%7% *<N!45/2-

P6<+ '-/4*;#:% N'*%7: *<<4%H!0-#*+, 014P;-PM*% *7*6-)*!#-
#2P 7!H%45 '-/'-?-6:0-%7!,! !?u%16-, !<#!0-##2P #- 7!H%4+f * 
7%6!H-f '%,*!#-45#!,! N'!,'-77*'!0-#*+, -#-4*/- <%6%>, 6%!'** 
,*H'-04*;%<1*f <%6%>, 6%!'** '-<<'%H!6!;%##:f ':#1!0, H*#-7*-
;%<1!,! N'!%16*'!0-#*+, ,*H'!,%!4!,** * ,%!h1!4!,**. 

I-/'-?!6-##!% 7-6%7-6*;%<1!% * N'!,'-77#!% !?%<N%;%#*% 
N!/0!4+%6, '-/'-?!6-65 * N'!-#-4*/*'!0-65 '-/4*;#:% <)%#-'** 
'-/0*6*+ S*<6%7:.  
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jN:6 '-?!6: 0 ?4*/1*f #-N'-04%#*+f. G4+ !N6*7*/-)** #--
/%7#!,! !?2<6'!><60- 7!O%6 ?:65 *<N!45/!0-# !N:6 N'!%16*'!0--
#*+ B%#%'-45#:f <f%7 #-/%7#!,! !?2<6'!><60- #%$6+#:f 7%<6!-
'!OH%#*> * ,-/!0:f 7%<6!'!OH%#*>, N!42;%##:f N'* !<0!%#** 
#%$6%,-/!#!<#:f 6%''*6!'*> e-N-H#!> S*?*'*,  !7* ESSI, S--
f-4*#-,  -4*#*#,'-H<1!> !?4-<6* * H'. [3]. jN:6, #-1!N4%##:> 
N'* -#-4*/% 0!H!N'!0!H#:f <%6%> ,!'!H!0 S'%H#%> 8!4,* S-7-'-, 
[!45+66*, E457%65%0<1. jN:6, #-1!N4%##:> N'* h1<N42-6-)**, 
0#%H'%#** N'!,'-77: Gidra * -#-4*/% <%6%>  6%N4!<#-?O%#*+ ,!-
'!H!0 S'%H#%> 8!4,*: S-7-'-, [!45+66*, C45+#!0<1, S-'-6!0, d--
4-1!0!.  

Z7<,3(<03( 
1. l1!4!,*;%<1-+ ?%/!N-<#!<65 2'?-#*/*'!0-##:f 6%''*6!'*> 0 

2<4!0*+f 2<6!>;*0!,! '-/0*6*+. - ['2H: III 7%OH2#-'!H#!> #-2;#!-
N'-16*;%<1!> 1!#$%'%#)**, 4-5 *P#+ 2008, E<6-#-. 

2. <1946')31,  .H. @-6%7-6*;%<1*% 7!H%4* !H#!N'!H216!0!,! '-<-
<'%H!6!;%##!,! ':#1- * *f *<<4%H!0-#*% // X/0%<6*+ IEK. – [%!'*+ * 
<*<6%7: 2N'-04%#*+. – 2005. q 3. S. 41–54. 

3. M4V4TF+19, .. W., .'?'619?3=% .. J., 061T19  . .., <46OQ*4'9 
Y. e., <46='9 J. l., <1946')31  . H., :1)T6'9=V .. :., Y=-46 $. M., M4V4-
TF+19 W. ..  !7?*#-6!'#:% 7%6!H: * -4,!'*67: '%_%#*+ /-H-; H*<1'%6-
#!> !N6*7*/-)** ?!45_!> '-/7%'#!<6*. – @.: K-21-, 2000. – 360 <.  

K$8"9?U"'(27, <,V2"9"D77 @,2,3(<"3 >3",&<"' 
/9* $"U/(27* 9(="3(<"32LV $,<,'LV (0&67"2"'* 

S.E. S1*#H%'%0, X.S.@%#5_*1!0 
.m W " 

G4+ N'!0%H%#*+ <%6%0:f -21)*!#!0 *<N!45/2P6<+ '-/4*;#:% 
7%f-#*/7: 0/-*7!H%><60*+ %,! 2;-<6#*1!0. Q%'0:> – #%N'%':0-
#:> H0!>#!> -21)*!#. j<#!0#:% 6'%?!0-#*% h6!,! -21)*!#- – 
!?%<N%;*65 '-?!62 <*<6%7: 0 '%-45#!7 0'%7%#*, ;6!?: ?%/ /-H%'-
O%1 !6!?'-O-65 <!<6!+#*% 6!',!0!> <%<<**, * 2H!?#:> N!45/!0--
6%45<1*> *#6%'$%><, ;6!?: 7*#*7*/*'!0-65 #%0:#2OH%##:% 
!_*?1* 2;-<6#*1!0 -21)*!#-. 

86!'!> – -21)*!# < H*<N%6;%'!7. j<#!0#!> !<!?%##!<65P 
<%6%0!,! -21)*!#- < H*<N%6;%'!7 +04+%6<+ *<N!45/!0-#*% 7%f--
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16 10-01-00321--). 
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#*/7- )%#6'-4*/!0-##!,! <?!'- /-1':6:f /-+0!1 N'!,'-77!>-
H*<N%6;%'!7, 1!6!'-+ '%_-%6 /-H-;2 7-1<*7*/-)** #%1!6!'2P /--
H-##!,! $2#1)*!#-4- 0:*,':_-.  

['%6*> – -21)*!# < #-0%H%##:7* /-+01-7. S%6%0!> -21)*!#-
#:> 7%f-#*/7 < #-0%H%##:7* /-+01-7* N! !6#!_%#*P 1 N'%H:-
H2M*7 7!O#! #-/0-65 1!7N'!7*<<#:7 0-'*-#6!7, <!;%6-PM*7 0 
<%?% N'!/'-;#!<65 )%#!!?'-/!0-#*+ * !',-#*/!0-##!<65 0/-*7!-
H%><60*+ 2;-<6#*1!0 -21)*!#- [1].  

E21)*!# < #-0%H%##:7* /-+01-7*, <!;%6-+ 0 <%?% N4P<: !<-
6-45#:f 7%f-#*/7!0, N'%Hu+04+%6 ?!4%% O%<61*% 6'%?!0-#*+ 1 
N'!,'-77#!> '%-4*/-)**. S !H#!> <6!'!#: !# 6'%?2%6 0 '%O*7% 
'%-45#!,! 0'%7%#* !?'-?-6:0-65 <%6%0:% /-N'!<: * N'!*/0!H*65 
<4!O#:% ':#!;#:% '-<;%6:, - < H'2,!> !?%<N%;*0-65 2H!?#:> 
N!45/!0-6%45<1*> *#6%'$%><. 

Q'!,'-77#:> 1!7N4%1< H4+ N'!0%H%#*+ <%6%0:f -21)*!#!0 
!?:;#! <!<6!*6 * N'*14-H#!,! <%'0%'- (H*<N%6;%'-) * 7#!O%<60- 
14*%#6<1*f 7!H24%> 2;-<6#*1!0 -21)*!#-. [-1O% 0 #%1!6!':f 
<42;-+f 7!O%6 ?:65 #%1!6!':> 2N'-04+PM*> 7!H245 (1!6!':> 
7!O%6 ?:65 <!07%M%# < 2N'-04+PM*7 <%'0%'!7). [-1-+ -'f*6%1-
62'- 214-H:0-%6<+ 0 ?-/!02P 7!H%45 «,%#%'-6!'- N'!%16!0»  (BQ), 
N'*;%7 <*45#:7* <6!'!#-7* BQ +04+P6<+ !?%<N%;%#*% ?:<6'!,! 
* #-H%O#!,! <%6%0!,! 0/-*7!H%><60*+, - 6-1O% H!<6-6!;#! #*/1!-
2'!0#%0-+ '-?!6- < '%<2'<-7* l8@, N!/0!4+PM-+ N'!*/0!H*65 
<4!O#:% '-<;%6: 0 '%O*7% '%-45#!,! 0'%7%#*. 

[%f#*;%<1* '-?!6- H*<N%6;%'- /-14P;-6<+ 0 N'*#+6** N!6!-
1- /-+0!1 !6 2;-<6#*1!0 -21)*!#-, N%'%'-<;%6- <!<6!+#*+ ':#1- * 
0:H-;* !60%6- 0<%7 2;-<6#*1-7. [-1-+ 7!H%45 -21)*!#- 4%,1! '%--
4*/2%6<+ < N!7!M5P _6-6#:f <'%H<60 BQ – /-N'!<!0 * !N!0%M%-
#*>. ]M% !H#- !<!?%##!<65 7%f-#*/7- < #-0%H%##:7* /-+01-7* – 
0<% /-+01* 2;-<6#*1!0 H!4O#: N!<62N-65 #- !?'-?!612 <6'!,! N!-
<4%H!0-6%45#!. [%f#!4!,*+ BQ N!/0!4+%6 2H!04%60!'*65 * h6!72 
6'%?!0-#*P, 6.1. <%'0%' 2<6'!%# 6-1*7 !?'-/!7, ;6! 0<+ N'*14-H-
#-+ 4!,*1- %,! '-?!6: N'!*/0!H*6<+ 0 !H#!7 N!6!1%. 

]H*#<60%##:7 <4-?:7 7%<6!7 BQ 0 '%-4*/-)** <%6%0!,! 
-21)*!#- +04+%6<+ !,'-#*;%##:> $2#1)*!#-4 N! <!/H-#*P N!45-
/!0-6%45<1!,! *#6%'$%><-. K! 6%f#!4!,*+ BQ N'%H!<6-04+%6 N'!-
,'-77#:> *#6%'$%>< H4+ '-/'-?!61* 0#%_#*f 7!H24%>, *#6%,'*-
'2%7:f 0 <*<6%72. [-1*7 !?'-/!7, N!45/!0-6%45<1*> *#6%'$%>< 
?:4 '%-4*/!0-# <*4-7* <62H%#6!0 (2;-<6#*1!0 h1<N%'*7%#6!0), 
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1!6!':> 2H!?%# * ?!4%% N'*0:;%# H4+ #*f N! H'2,*7 <%6%0:7 
-21)*!#-7.  

K-4*;*% 0<6'!%##!,! 0 BQ 4%1<*;%<1!,! -#-4*/-6!'- N!/0!-
4*4! <!/H-65 +/:1 !N*<-#*+ <%6%0:f -21)*!#!0, 6%7 <-7:7, N!-
/0!4++ < N!7!M5P '-/'-?!6-##!> <*<6%7: N'!0!H*65 _*'!1*> 
<N%16' h1<N%'*7%#6!0, 7!H%45 1!6!':f 214-H:0-%6<+ 0 -21)*!# < 
#-0%H%##:7* /-+01-7*.  

Z7<,3(<03( 
1. S.E. S1*#H%'%0, X.S. @%#5_*1!0. E21)*!# < #-0%H%##:7* /--

+01-7* H4+ 4-?!'-6!'#:f 1!!N%'-6*0#:f *,'. [%/*<: H!14-H!0 @%OH2-
#-'!H#!> 1!#$%'%#)** N! *<<4%H!0-#*P !N%'-)*> ORM-2010. 

2. b*'!1!0 K.X. B%#%'-6!' N'!%16!0. S?. «E06!7-6*/-)*+ N'!%1-
6*'!0-#*+ $*#-#<!0:f *#$!'7-)*!##:f <*<6%7». @.: 8c IEK 2004. 

S0&67"2 $ 2(',/,22L+7 U(*'&(+7 /9*  
9(="3(<"32LV &""8,3(<7'2LV 7D3 * 

S.E. S1*#H%'%0, X.S.@%#5_*1!0 
.m W " 

80!H*6<+ N!#+6*% N'!%16#!> *,':. G!1-/:0-%6<+,  ;6!  H!<-
6-6!;#! !,'-#*;*65<+ <2N%'-HH*6*0#:7* N'!%16#:7* *,'-7*.  

Q'%H4!O%# #!0:> 7%f-#*/7 '-<N'%H%4%#*+ 0:*,':_%> 0 
1!!N%'-6*0#!> *,'% (<7. [1]). 8 1-;%<60% 7%f-#*/7- 0:?'-# #%N'%-
':0#:> H0!>#!> -21)*!# < #-0%H%##:7* /-+01-7*. K%N'%':0#:> 
H0!>#!> -21)*!# N'%HN!4-,-%6 *,'!12 0!/7!O#!<65 0 1-OH:> 7!-
7%#6 6!',!0!> <%<<** N!H-0-65 /-+012 #- ':#!1, - 6-1O% 0*H%65 
0<6'%;#2P /-+012 <*<6%7:. Q'* h6!7 0<% 2;-<6#*1* -21)*!#- 0:-
<6-04+P6 /-+01* #- N!42;%#*% <!!60%6<602PM%,! 0:*,':_- !6 
N'*<!%H*#%#*+ 1 #%1!6!'!> 1!-4*)**. K-0%H%##-+ /-+01- 0 H-##!7 
<42;-% !/#-;-%6 !<6-6!1 !6 0:*,':_- 1!-4*)** * 0<%f !<6-45#:f 
2;-<6#*1!0. 

G!1-/-#- 6%!'%7-, ! 6!7, ;6! -21)*!##:> 7%f-#*/7 <!0%'-
_-%6 <H%41* 6!,H- * 6!451! 6!,H-, 1!,H- !#* 0!/7!O#: (6.%. 0<% 
/-+01* 2H!04%60!'+P6<+ N! <0!*7 )%#-7, *4* N! )%#-7, ?!4%% 0:-
,!H#:7 H4+ -,%#6!0-/-+0*6%4%>). ]<4* 0!/7!O#! <!0%'_%#*% #%-
<1!451*f <H%4!1, 6! <!0%'_-%6<+ 6-, 0 1!6!'!> 7-1<*7-45#2P N'*-
?:45 N!42;-%6 6!6 -,%#6, 1!6!':> N!H-4 <0!P /-+012 N!<4%H#*7. 8 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16 10-01-00321--). 
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<42;-%, 1!,H- * 6-1*f 0!/7!O#!<6%> <H%4!1 #%<1!451! 0:?*'-%6<+ 
6- <!0!12N#!<65 1!#6'-,%#6!0, 1!6!':% '-#5_% 0<%f !?%<N%;*4* 
0!/7!O#!<65 6-1!> <H%41* (0 <7:<4% 4%1<*7*##!,! N!'+H1-). 

80!H*6<+ N!#+6*% !?!?M%##!> N'!%16#!> *,':, 1 1!6!'!> 
7!O#! <0%<6* <%6%0!> ':#!1 h#%',%6*;%<1!,! 6*N-, * #-0%H%##:% 
/-+01* ?2H26 <!!60%6<60!0-65 #-0%H%##:7 /-+01-7, !N*<-##:7 0 
[2]. S'-0#%#*% '-/4*;#:f 7%f-#*/7!0 0/-*7!H%><60*+ 2;-<6#*1!0 
<%6%0:f -21)*!#!0 !N*<-#! 0 [3].  

S%6%0!> -21)*!##:> 7%f-#*/7 < #-0%H%##:7* /-+01-7* <!-
;%6-%6 0 <%?% N'!/'-;#!<65 )%#!!?'-/!0-#*+ * !',-#*/!0-##!<65 
0/-*7!H%><60*+ 2;-<6#*1!0 -21)*!#-. j<#!0#-+ *H%+ -21)*!#- < 
#-0%H%##:7* /-+01-7* <!<6!*6 0 6!7, ;6! H4+ 1-OH!,! -,%#6- <!-
0!12N#!<65 /-+0!1 0<%f !<6-45#:f -,%#6!0 N!'!OH-%6 H4+ #%,! 
0<6'%;#2P /-+012. 8 !<#!0% '-?!6: H-##!,! 6!',!0!,! 7%f-#*/7- 
4%O*6 <!<6-04%#*% H4+ 1-OH!,! -,%#6- #-0%H%##:f /-+0!1 N! <!0!-
12N#!<6* /-+0!1 !<6-45#:f <! <0!%> /-+01!>. l6! N!/0!4+%6 1-O-
H!72 -,%#62 '-?!6-65 6!451! #- !H#!7 ':#1%. Q'!/'-;#!<65 )%#!-
!?'-/!0-#*+ <!f'-#+%6<+, N!<1!4512 0<%,H- 7!O#! 4*?! <!,4-<*65-
<+ < #-0%H%##!> /-+01!>, 4*?! */7%#*65 <0!P, N'!H!4O-+ 6!', < 
0*'62-45#:7 N-'6#%'!7. I!45 H*<N%6;%'- 0 H-##!7 7%f-#*/7% 
<0!H*65<+ 1 1!''%16#!72 '-<N'!<6'-#%#*P #-0%H%##:f /-+0!1.   

G4+ N'!0%H%#*+ 4-?!'-6!'#:f h1<N%'*7%#6!0 < *<N!45/!0--
#*%7 7%f-#*/7- #-0%H%##:f /-+0!1 ?:4 <!/H-# N'!,'-77#:> 
1!7N4%1< (N'* h6!7 *<N!45/!0-4-<5 6%f#!4!,*+ «,%#%'-6!' N'!%1-
6!0» [4]).  !7N4%1< <!<6!*6 */ N'*14-H#!,! <%'0%'- * H02f 14*%#6-
<1*f N'*4!O%#*>: 2N'-04+PM*> 7!H245 * 7!H245 2;-<6#*1- h1<-
N%'*7%#6-. CN'-04+PM*> 7!H245 <42O*6 H4+ *#*)*-4*/-)** 6!'-
,!0 * #-?4PH%#*+ /- *f f!H!7. @!H245 2;-<6#*1- /-N2<1-%6<+ #- 
1-OH!7 */ 1!7N5P6%'!0 2;-<6#*1!0, 0<% *,'!1* H!4O#: /-'%,*<6-
'*'!0-65<+ 0 <*<6%7%, - /-6%7 0 f!H% 6!',!0 0 '%O*7% '%-45#!,! 
0'%7%#* 7!,26 N!H-0-65 N'!<6:% /-+01* * 0 !60%6 N!42;-65 
0<6'%;#:% #-0%H%##:%. 

S *<N!45/!0-#*%7 H-##!,! 1!7N4%1<- ?:4- N'!0%H%#- <%'*+ 
h1<N%'*7%#6!0 0 4-?!'-6!'** h1<N%'*7%#6-45#!> h1!#!7*1* 8c 
IEK * @Z[X. E#-4*/ '%/2456-6!0 h6*f h1<N%'*7%#6!0 N!1-/-4 
h$$%16*0#!<65 H-##!,! -21)*!##!,! 7%f-#*/7- H4+ !N'%H%4%##:f 
6*N!0 1!!N%'-6*0#:f *,'. 
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Z7<,3(<03( 
1. @24%# l.  !!N%'-6*0#!% N'*#+6*% '%_%#*>: -1<*!7: * 7!H%4*. – 

@.: @*', 1991. 
2. Y2'-0%45 W.W., @%#5_*1!0 X.S. G0!>#!> -21)*!# H4+ <%6%0:f 

':#1!0. – @.: 8c IEK, 2003. 
3. @%#5_*1!0 X.S., Q4-6!#!0 8.8., S1*#H%'%0 S.E., x-?-# E.K. 

S'-0#*6%45#:> -#-4*/ h$$%16*0#!<6* 4-?!'-6!'#:f <%6%0:f -21)*!#!0. 
– @.: 8c IEK, 2007. C. 23-42. 

4. b*'!1!0 K.X. B%#%'-6!' N'!%16!0. S?. «E06!7-6*/-)*+ N'!%16*-
'!0-#*+ $*#-#<!0:f *#$!'7-)*!##:f <*<6%7». @.: 8c IEK 2004. 

M<3(<,D7E,$&", 'U(7+"/,;$<'7, 573+ 
' 6,2"'"; "97D"8"977 

$ 2,$"',3],22"; X9($<7E2"$<?: $83"$( 
E.W. Z*4-6!0 

$)?T=TFT ?=?T'] ^)'+-'T=3= =]. _. .:'6')T7'94 Y` W " 
K%H!<6-61!7 N'!<6%>_%> 7!H%4* H2!N!4** < H*$$%'%#)*-

'!0-##:7 N'!H216!7 +04+%6<+ 6!, ;6! <277-'#:> <N'!< #- ':#1% 
!H*#-1!0! '%-,*'2%6 #- <#*O%#*% )%#: 1-1 0 H%_%0!>, 6-1 * 0 H!-
'!,!> $*'7%. Q'* h6!7 *#62*6*0#! N!#+6#!, ;6! '-<_*'%#*% ':#-
1- N'!*<f!H*6 0 N%'02P !;%'%H5 N'* 2H%_%04%#** N'!H21)** 0 
$*'7% < 7%#5_%> )%#!>, !'*%#6*'!0-##!> #- 7%#%% !?%<N%;%##:f 
4PH%>. Q!#*O%#*% O% )%#: 0 H!'!,!> $*'7% N'*0!H*6 0 !<#!0#!7 
1 N%'%'-<N'%H%4%#*P N!12N-6%4%> 7%OH2 $*'7-7*. 8 <0+/* < h6*7 
0 [1] ?:4- N'%H4!O%#- -456%'#-6*0#-+ 7!H*$*1-)*+ 7!H%4* )%#!-
0!> !4*,!N!4**, 0 1!6!'!> N'%HN!4-,-4!<5, ;6! <N'!< #- N'!H216 
/-0*<*6 *7%##! !6 «#*O#%>» )%#: (#-*7%#5_%> */ )%# 0<%f 
$*'7). 8 [2] !<2M%<604%#! !?!<#!0-#*% <H%4-##!,! N'%HN!4!O%-
#*+ #- !<#!0% 7!H%4%> N'!<6'-#<60%##!> H*$$%'%#)*-)** 6!0-'-. 
[-1O% N'%HN!4!O%#*% N!H60%'OH%#! N'!0%H%##:7 7!H%4*'!0-#*-
%7 04*+#*+ #- <N'!< */7%#%#*+ )%# 0 1-OH!> */ $*'7 < N!7!M5P 
7%6!H- @!#6%- -'4!. 

8 2<4!0*+f N'%H4!O%##!> 7!H%4* */2;%#: [3] '-/4*;#:% 
<6'-6%,** N!0%H%#*+ !4*,!N!4*<6!0 * N!42;-%7:% N'* h6!7 '-0-
#!0%<#:% <*62-)**. K-*?!4%% *#6%'%<#:> 1-;%<60%##:> '%/2456-6 
<0+/-# < <2M%<60!0-#*%7 '-0#!0%<*+ Kh_- N'* #%<!0N-H-PM*f 
)%#-f * !?u%7-f N'!H-O !H*#-1!0:f !4*,!N!4*<6!0. K-N'*7%', 
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N'* H2!N!4** !H#!> $*'7% h1!#!7*;%<1* 0:,!H#! 2<6-#!0*65 ?!-
4%% #*/12P )%#2, 20%4*;*0 6%7 <-7:7 N'!H-O* <0!%> N'!H21)**, - 
06!'!> 0:,!H#! N!H#+65 )%#2 < )%45P N!42;%#*+ ?!4%% 0:<!1!> 
2H%45#!> N'*?:4*. Q'* h6!7 !?% $*'7: N!42;-P6 N!4!O*6%45-
#2P h1!#!7*;%<12P N'*?:45. 8 6! O% 0'%7+, N'* <*45#!> '%-1)** 
N!6'%?*6%4+ #- '-/#*)2 )%# 7-1<*7*/-)*+ N'*?:4* !,'-#*;%#- 
6-1 #-/:0-%7!> «*#0%'<*%> $*'7» – <*62-)*%>, 1!,H- !H#!> */ 
H!'!,*f $*'7 7!O%6 !1-/-65<+ 0:,!H#! 0 !H#!<6!'!##%7 N!'+H1% 
/-#+65 7%<6! #- H%_%0!7 )%#!0!7 <%,7%#6%. Q!<6'!%#: '-0#!0%-
<*+ Kh_- 0 H02f2'!0#%0!> *,'%, +04+PM*%<+ -#-4!,-7* '-0#!0%-
<*+ b6-1%45?%',- H4+ )%#!0!> !4*,!N!4**. X/2;%#- <*62-)*+ 
!?u%H*#%#*+ $*'7 0 1-'6%45 * <*62-)*+ 7-1<*7*/-)** N'*?:4* 
#- !<#!0% )%#!0!> H*<1'*7*#-)**. Q'*0%H%#: '%/2456-6: '-<;%-
6!0 #- ;*<4%##!7 N'*7%'%. 

Z7<,3(<03( 
1. Z*4-6!0 E.W. «@!H%45 !4*,!N!4** d%'6'-#- < #%<!0%'_%##!> )%-

#!0!> h4-<6*;#!<65P <N'!<- H4+ N'!*/0!45#!,! ;*<4- $*'7» // «X#<6'2-
7%#6: -#-4*/- * 2N'-04%#*+ N%'%f!H#:7* <!<6!+#*+7* 0 h1!#!7*1%»: 
<?!'#*1 <6-6%>. – ]1-6%'*#?2',, 2008, <.111–123. 

2. Z*4-6!0 E.W. «c%#!0-+ !4*,!N!4*+ < #%<!0%'_%##!> h4-<6*;#!-
<65P <N'!<-. @*1'!h1!#!7*;%<1!% !?!<#!0-#*%» // «S!0'%7%##:% 6%f-
#!4!,**. S*<6%7#:> -#-4*/. @!H%4*'!0-#*%», 2009, q4(24), <.215–219. 

3. Z*4-6!0 E.W. «@!H%45 )%#!0!> !4*,!N!4** < #%<!0%'_%##!> h4--
<6*;#!<65P <N'!<-» // «[%!'*+ * 7%6!H: <!,4-<!0-#*+ '%_%#*>», K!0!-
<*?*'<1: «K-21-», 2009, <.130–145. 
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Re-hypothecation of securities  

Jean-Marc Bottazzi1, Jaime Luque2, Mário Páscoa3 
1J.P. Morgan and Paris School of Economics (FRANCE) 

2University Carlos III of Madrid (SPAIN) 
3University NOVA of Lisbon (PORTUGAL) 

By introducing repo markets we understand how agents need to 
borrow issued securities before shorting them: (re)-hypothecation is at 
the heart of shorting. Non-negative amounts of securities in the box of 
an agent (amounts borrowed or owned but not lent on) can be sold, and 
recursive use of securities as collateral allows agents to leverage their 
positions. A binding box constraint induces a liquidity premium: the 
repo rate becomes special, the security price higher than expected dis-
counted cash-flows. Existence of equilibrium is granted under limited 
re hypothecation, a situation secured by (current or proposed) institu-
tional arrangements. 

Advances in Linear Programming  
and Column Generation 

Jacques Desrosiers 
HEC Montréal and GERAD, Canada 

Column generation embedded into a branch-and-bound scheme 
is established as a leading solution methodology for large-scale integer 
programming problems. This talk proposes the use of a new simplex 
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algorithm within column generation. 
Given a degenerate solution to a linear program, we first identify 

a reduced basis and a reduced problem. The IPS method (Improved 
Primal Simplex method) contains two main ideas. (1) A variable is 
compatible with the current reduced basis and selected to be part of the 
current reduced problem if the objective value strictly decreases when 
this variable enters the basis: this is a non-degenerate pivot. (2) When 
the reduced cost of all compatible variables is greater than or equal to 
zero, a complementary pricing problem is solved to select a convex 
combination of non-compatible variables such that the objective value 
also strictly decreases when they all enter into the current reduced prob-
lem. Geometrically speaking, at a given degenerate extreme point of the 
linear problem, all but one basis is kept and the next iteration moves to 
a different extreme point. When the degenerate variables are removed 
from the basis, several rows become linearly dependant such that we 
only keep a set of independent ones to construct the current reduced 
problem. Although the comparisons with CPLEX were done in a very 
simple manner, that is, an external loop choosing the entering variables, 
CPU reduction factors of 4 and 12 were obtained for the linear pro-
gramming solution of bus driver scheduling and aircraft routing prob-
lems, respectively.  

Since the solution by column generation is essentially an adapta-
tion of the primal simplex method, we propose an adaptation of IPS to 
this decomposition scheme. The classical restricted master problem of 
the column generation method does not contain all the variables and 
these are generated as needed by the solution of a pricing sub-problem. 
In this presentation, we show how to use a dynamic row-reduced re-
stricted master problem to solve the linear relaxation of the master 
problem. Two types of sub-problems are needed: one to generate col-
umns compatible with the current reduced basis and one to generate 
columns that are not compatible with that reduced basis. The first type 
of sub-problem, i.e., the sub-problem generating columns compatible 
with the current reduced basis, is the original sub-problem augmented 
with a set of linear constraints imposing compatibility requirements. 
This pricing sub-problem selects compatible columns as long as they 
are useful for non-degenerate pivots in the row-reduced restricted mas-
ter problem. When the reduced cost of all the compatible columns is 
greater than or equal to zero, a complementary pricing sub-problem 
must be solved to select a convex combination of non-compatible col-
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umns such that the objective value of the master problem strictly de-
creases when they all enter into the current reduced problem. In this 
case, the sub-problem itself can be solved by column generation. 

The classical column generation method works with a restricted 
master problem, that is, a subset of the columns. The improved column 
generation method works with a reduced restricted master problem, that 
is, it additionally reduces the size of the current basis. This additional 
row reduction of the master problem should have a large impact on the 
solution time of degenerate linear and integer programs solved by col-
umn generation. 

O72(+7E,$&7; (2(97U $<,3,"<78"' 8"',/,27* 
3"$$7;$&7V &"++,3E,$&7V =(2&"' ' 8,37"/  

572(2$"'"D" &37U7$(*  
Z.[. E4%<1%'!0, 8.W. d%4!2<!0-, E.E.  #2'!0-, 

8.@. S!4!H1!0 
H1?FO4+?T9'))Q% F)=9'+?=T'T – .Q?P4f P3164 ^31)1]=3= 

I!<<*><1*> ?-#1!0<1*> <%16!' N!#%< /#-;*6%45#:% N!6%'* 0 
<0+/* < $*#-#<!0:7 1'*/*<!7, #-;-0_*7<+ 0! 06!'!> N!4!0*#% 
2008 ,!H-. Q'*;*#!> h6!,! <6-4*, N'%OH% 0<%,!, 0#26'%##*% $-1-
6!':, <0+/-##:% < 1'%H*6#!> N!4*6*1!> ?-#1!0, <6'2162'!> *f 
1-N*6-4-, N!4*6*1!> 2N'-04%#*+ '*<1-7* * 6.H. E#-4*/ 1'%H*6#!> 
-16*0#!<6* ?-#1!0, !<2M%<604+%7:> !6H%45#! !6 -#-4*/- H'2,*f 
N!1-/-6%4%>, 6-1*f 1-1 N'*?:45#!<65, 4*10*H#!<65, ;20<60*6%45-
#!<65 1 ':#!;#:7 1!4%?-#*+7, ;-<6! #% H-%6 N!4#!> 1-'6*#: 
<4!O*0_%><+ 0 ?-#1!0<1!7 <%16!'% <*62-)**. 8 <4%H<60** h6!,!, 
#%!?f!H*7 ?!4%% 1!7N4%1<#:> N!Hf!H 1 *<<4%H!0-#*P ?-#1!0 * 
*f H%+6%45#!<6* #- '-/4*;#:f ':#1-f. 

8 '-?!6% N'!0!H*6<+ -#-4*/ <6%'%!6*N!0 N!0%H%#*+ '!<<*>-
<1*f 1!77%';%<1*f ?-#1!0, 1-1 0 N%'*!H 1'*/*<-, 6-1 * N!<4% #%,!; 
N'!*/0!H*6<+ 0:H%4%#*% ,'2NN N!6%#)*-45#! #%2<6!>;*0:f ?-#-
1!0. G4+ h6!,! *<N!45/2%6<+ 7%6!H*1- H*#-7*;%<1!,! -#-4*/- N-6-
6%'#!0 0 N%'*!H < -N'%4+ 2007 ,!H- N! 7-'6 2009 ,!H-. 

X<<4%H!0-#*% 014P;-%6 0 <%?+ #%<1!451! h6-N!0. 8!-N%'0:f, 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% D-?!'-6!'** 
-#-4*/- * 0:?!'- '%_%#*> BC-8bl  
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*<N!45/2+ H-##:> c%#6'-45#!,! ?-#1- I!<<*><1!> Z%H%'-)**, 7: 
!6?*'-%7 #-*?!4%% -H%10-6#:% 1!4*;%<60%##:% N!1-/-6%4*, /-H--
0-%7:% 0 '-71-f 7!H%4* CAMEL. 8!-06!':f, 7: '-<<7-6'*0-%7 
<2M%<602PM*% 0 '!<<*><1!7 ?-#1!0<1!7 <%16!'% 6%#H%#)** N! 
1-OH!72 */ !6!?'-##:f N!1-/-6%4%> 0 !6H%45#!<6* * N! <*<6%7% 
N!1-/-6%4%> 0 )%4!7 * 0:+04+%7 N-66%'#: *f N!0%H%#*+. G4+ h6!,! 
*<N!45/2%6<+ 7%6!H*1- H*#-7*;%<1!> 14-<6%'*/-)** ?-#1!0. e--
6%7, 7: '-<<7-6'*0-%7 6!, 1-1 ;-<6! ?-#1* 7%#+P6 <0!> N-66%'# *, 
0 <!!60%6<60** < h6*7, '-/?*0-%7 ?-#1* #- ,'2NN: N! 6*N-7 2<-
6!>;*0!<6*. 

8:?!'1- <!<6-04+%6 432 '!<<*><1*f 1!77%';%<1*f ?-#1-. 
 !7N4%1<#:> -#-4*/ N'!0!H*6<+ #- !<#!0% <*<6%7: N!1-/-6%4%>, 
2;*6:0-PM%> <6'2162'2 !N%'-)*> ?-#1!0, 2'!0%#5 $*#-#<!0!,! 
N!<'%H#*;%<60-, H!<6-6!;#!<6* 1-N*6-4- * 4*10*H#!<6*, - 6-1O% 
1-;%<60! 1'%H*6#!,! N!'6$%4+ (7!H%45 CAMEL).  

E#-4*/ 7!H%4%>  * H*#-7*;%<1*f 6'-%16!'*> N!0%H%#*+ '!<-
<*><1*f 1!77%';%<1*f ?-#1!0 0 N%'*!H 1'*/*<- N!/0!4+%6 0:H%-
4*65 #%<1!451! !H#!'!H#:f ,'2NN, 0 6!7 ;*<4% *H%#6*$*)*'!0-65 
?-#1*, N!0%H%#*% 1!6!':f 7!O#! !N*<-65 1-1 #%<6-?*45#!% (!1!4! 
16% 0:?!'1*) *4* «-#!7-45#!%» (7-8% 0:?!'1*). l6* ?-#1* 7!O-
#! '-<<7-6'*0-65 1-1 *<6!;#*1 N!0:_%##!> 0!4-6*45#!<6* 0 '!<-
<*><1!7 ?-#1!0<1!7 <%16!'%, !<!?%##! 0 N%'*!H 1'*/*<-.  

Q-66%'#: N!0%H%#*+ '!<<*><1*f 1!77%';%<1*f ?-#1!0 #- 
N'!6+O%#** '-<<7-6'*0-%7!,! N%'*!H- 0%<57- #%!H#!'!H#:. E#--
4*/ * 14-<6%'*/-)*+ N!/0!4*4* 0:H%4*65 23 N-66%'#- H4+ 432 ?-#-
1!0 */ 0:?!'1*. jH#-1! ?!45_-+ ;-<65 ?-#1!0 f-'-16%'*/2%6<+ 
H!<6-6!;#! #%?!45_*7 1!4*;%<60!7 N-66%'#!0, ;6! ,!0!'*6 ! 6!7, 
;6! H!7*#*'2PM*% N-66%'#: 7!O#! '-<<7-6'*0-65 0 1-;%<60% 
H!4,!<'!;#:f 6%#H%#)*> 0 '-/0*6** 0<%,! ?-#1!0<1!,! <%16!'-.  

[-1O% 0 '-?!6% ?:4 N'!0%H%# -#-4*/ N! !6H%45#:7 N!1-/-6%-
4+7 <*<6%7: CAMEL < *<N!45/!0-#*%7 ,'2NN*'!01* ?-#1!0 N! 
'-/7%'2 -16*0!0. 8 '%/2456-6% ?:4! N!1-/-#!, ;6! 1'2N#:%, <'%H-
#*% * 7-4:% ?-#1* 7!,26 *7%65 <!0%'_%##! '-/4*;#:% 6'-%16!-
'**, ;6! 0! 7#!,!7 !N'%H%4+%6 *f H!4,!<'!;#:% <6'-6%,** '-/0*-
6*+. 
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I8<7+7U(67* $+,](22LV +,V(27U+"'  
837'9,E,27* 72',$<767; 7 U(/(E7  

"8<7+(9?2"; "$<(2"'&7∗  
8.X.E'1*#, E.G.S4-<6#*1!0  

:1?394, mk:$ W " 
X/0%<6#!, ;6! *<N!45/!0-#*% '-/4*;#:f 7%f-#*/7!0 <6*72-

4*'!0-#*+ *#0%<6*)*>  7!O%6 0 '+H% <42;-%0 N'*0!H*65 1 "#%7!-
#!6!##:7" h$$%16-7: ?)=j')=q *#0%<6*)*!##!> -16*0#!<6*, 
D-$$%'!0<1!72 h$$%162 H4+ #-4!,!0:f N!<62N4%#*> !6 '%-4*/!-
0-##!,! N'!%16- 0 ?PHO%6

c%45P H-##!> '-?!6: +04+%6<+ N!<6'!%#*% * *<<4%H!0-#*% 
7!H%4* N'*04%;%#*+ 1-N*6-45#:f 04!O%#*> #- *#0%<6*)*!##:% 
N'!%16: < N!7!M5P <7%_-##:f 7%f-#*/7!0, !<#!0-##:f #- #-4!-
,!0:f * #%#-4!,!0:f <6*724-f, 0 1-;%<60% 1!6!':f '-<<7-6'*0--
P6<+ #-4!,!0:% 1-#*124: (!<0!?!OH%#*% #- !N'%H%4%##:> <'!1 
!6 2N4-6: #-4!,!0) * $*#-#<*'!0-#*% ,!<2H-'<60!7 ;-<6* #-;-45-
#:f *#0%<6*)*> (0-'*-#6 ,!<2H-'<60%##!-;-<6#!,! N-'6#%'<60-). 

1. j<#!0#:7 !?u%16!7 7!H%4* +04+%6<+ #%1!6!':> *#0%<6*-
)*!##:> N'!%16 (#-N'*7%', N'!%16 <!/H-#*+ #!0!,! N'!*/0!H<6-
0%##!,! N'%HN'*+6*+).  

Q2<65 I  %<65 !?u%7 *#0%<6*)*>, #%!?f!H*7:f H4+ '%-4*/--
)** N'!%16-. I-H* N'!<6!6: ?2H%7 <;*6-65, ;6! !#* #% 7%#+P6<+ 
<! 0'%7%#%7, #!<+6 %H*#!0'%7%##:> f-'-16%' * 7,#!0%##! N'*0!-
H+6 1 <!/H-#*P (* #-;-42 $2#1)*!#*'!0-#*+) N'%HN'*+6*+, <'!1 
O*/#* 1!6!'!,! <;*6-%6<+ 0 H-##!> '-?!6% ?%<1!#%;#:7. Q!6!1 
N'*?:4* N'%HN'*+6*+ 7!H%4*'2%6<+ <42;->#:7 N'!)%<<!7 
( , 0)t tπ ≥ , /-H-##:7 #- <6!f-<6*;%<1!7 ?-/*<% ( , ,{ , 0}, )tF F tΩ ≥ P  
* <!,4-<!0-##:7 < N!6!1!7 σ --4,%?' tF  ("*<6!'*%>'' <*<6%7: H! 
7!7%#6- t ). e-H-##-+ H!4+ N'*?:4* *H%6 #- 2N4-62 #-4!,!0 (#-4!-
,!0-+ #-,'2/1-). Q2<65 ν %<65 H4*6%45#!<65 #-4!,!0:f 1-#*124, - 
H!4+ ,!<2H-'<60- 0 #-;-45#:f *#0%<6*)*+f <!<6-04+%6 , 0 1θ θ≤ < .  

X/2;-%7-+ <f%7- 0!<f!H*6 1 */0%<6#!> 7!H%4* @-1G!#-45-
H--e*,%4+, 1!6!'-+ 4%,4- 0 !<#!02 6%!'** '%-45#:f !N)*!#!0.  
                                                
∗ I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (N'!%16: q08-06-
00154, 10-02-00767) 
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2. e-H-;- *#0%<6!'- <!<6!*6 0 6!7,  ;6!?: #- !<#!0% *#$!'-
7-)** ! <4!O*0_*f<+ ':#!;#:f )%#-f * N'!,#!/% ?2H2M%,! N!-
6!1- N'*?:4* <!/H-0-%7!,! N'%HN'*+6*+ 0:?'-65 7!7%#6 *#0%-
<6*'!0-#*+ τ 6-1*7 !?'-/!7, ;6!?: !O*H-%7:> ;*<6:> N'*0%H%#-
#:> H!f!H (NPV) *#0%<6!'- !6 <!/H-0-%7!,! N'%HN'*+6*+ ?:4 
7-1<*7-45#:7: 

[ (1 ) ] maxV I e ρτ
τ

τ
θ −− − →E ,                                                   (1) 

,H%  Vτ  %<65 <'%H#++ (!O*H-%7-+) N'*?:45 N'%HN'*+6*+, N'*0%-
H%##-+ 1 7!7%#62 *#0%<6*'!0-#*+ τ , ρ  – 1!h$$*)*%#6 H*<1!#-
6*'!0-#*+, - 7-1<*727 ?%'%6<+ N! 0<%7 7-'1!0<1*7 7!7%#6-7 τ .  

jN6*7-45#:> 7!7%#6 *#0%<6*'!0-#*+ (N'-0*4! *#0%<6*'!-
0-#*+) *τ  +04+%6<+ '%_%#*%7 /-H-;* !N6*7-45#!> !<6-#!01* (1) * 
/-0*<*6 !6 N-'-7%6'!0 7%f-#*/7!0 <6*724*'!0-#*+: * *( , )τ τ ν θ= . 
]<4* N!6!1 N'*?:4* !N*<:0-%6<+ N'!)%<<!7 ,%!7%6'*;%<1!,! 
?'!2#!0<1!,! H0*O%#*+, 6! !N6*7-45#:> 7!7%#6 *#0%<6*'!0-#*+ 
*7%%6 0*H * min{ 0 : *}ttτ π π= ≥ ≥ .  

3. 8 1-;%<60% N!1-/-6%4+, N! 1!6!'!72 !)%#*0-P6<+ '-/4*;-
#:% 0-'*-#6: 7%f-#*/7!0 N'*04%;%#*+ *#0%<6*)*>, ?%'%6<+ ?PH-
O%6#:> h$$%16, N'%H<6-04+PM*> <!?!> '-/#!<65 7%OH2 !O*H-%-
7:7* H*<1!#6*'!0-##:7* #-4!,!0:7* N!<62N4%#*+7* !6 <!/H--
0-%7!,! N'%HN'*+6*+ 0 ?PHO%6 * !?u%7!7 ,!<N!HH%'O1* (;-<6* 
#-;-45#:f *#0%<6*)*>) N'* !N6*7-45#!7 N!0%H%#** *#0%<6!'-. 

8 '-71-f N!<6'!%##!> 7!H%4* *<<4%H!0-#: /-0*<*7!<6* 
?PHO%6#!,! h$$%16- ( , )B ν θ  !6 H4*6%45#!<6* #-4!,!0:f 1-#*124 
ν (N'* $*1<*'!0-##!> H!4% <!$*#-#<*'!0-#*+ θ ) * !6 H!4* <!-
$*#-#<*'!0-#*+ (N'* $*1<*'!0-##:f #-4!,!0:f 1-#*124-f).  

Q!1-/-#!, 0 ;-<6#!<6*, ;6! <2M%<602P6 ;*<4- 1ν  * 2ν  (0!/-
7!O#!, !6'*)-6%45#:%) 6-1*%, ;6! 0 !?4-<6* 1{ 0, }ν ν ν≥ <  ?PH-
O%6#:> h$$%16 ( , )B ν θ  0!/'-<6-%6 N! θ , 0 !?4-<6* 

2{ max(0, )}ν ν≥  ( , )B ν θ  2?:0-%6 N! θ , - 0 N'!7%O26!;#!> !?4-<6* 

1 2{ 0, }ν ν ν ν≥ ≤ <  ?PHO%6#:> h$$%16 ( , )B ν θ  <#-;-4- 0!/'-<6-%6 
N! θ , - /-6%7 – 2?:0-%6.  

Q!H!?#:% '%/2456-6: !N*<:0-P6 6-1O% * /-0*<*7!<65 ?PH-
O%6#!,! h$$%16- !6  H4*6%45#!<6* #-4!,!0:f 1-#*124. 
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I= "/2"; U(/(E, /72(+7E,$&"; 3,&"2$<30&677 ' 
2,972,;2"; $7$<,+, '<"3"D" 8"3*/&( *  

@.S. d4*/!'21!0-  
$)?T=TFT ]4T']4T=3= = ]'g4)=3= e+` W " 

I-<<7-6'*0-%6<+ <*<6%7- H*$$%'%#)*-45#:f 2'-0#%#*> 
06!'!,! N!'+H1- 

),)()(()()()( 2121 νλ −+= txtxtxtktx&                                         (1) 

)()())(()()()( 2122 ttxtxtxtktx γµλ ++−−=&  

< #-;-45#:7 2<4!0*%7 1001 )( xtx = ,  2002 )( xtx = . (e-7%6*7, ;6! 
<*<6%7- (1) !N*<:0-%6 N'!)%<< H*$$2/** *##!0-)*> [1]). Q'%HN!-
4-,-%6<+, ;6! N!<6!+##:% ,λ  ν * µ  */0%<6#:, - $2#1)** ),(tk  

)(tγ  #%*/0%<6#:. I-<<7!6'*7 <*62-)*P, 1!,H- $2#1)*+ )(tγ  (*/-
7%'*7-+ N! D%?%,2), 2H!04%60!'+%6 2<4!0*P  

],[)( ffPt −=∈γ ,  

],,[ 0 ϑtTt =∈  +∞<ϑ . eH%<5 ),0( +∞∈= constf . CN'-04%#*% )(tγ , 
6-1O% 1-1 * <!!60%6<602PM%% %72 '%_%#*% <*<6%7: (1) 

)}(),({ 21 txtx , #%*/0%<6#:. 8 H*<1'%6#:%, H!<6-6!;#! ;-<6:% 7!-
7%#6: 0'%7%#* Ti ∈τ , ,...,2,1=i  δττ += −1ii , ,0>δ  ,00 t=τ  */-
7%'+P6<+ < !_*?1!> 0%4*;*#: )(1 ix τ . I%/2456-6: */7%'%#*> – 
;*<4- h

iξ  – 2H!04%60!'+P6 #%'-0%#<60-7 

hx h
ii ≤− |)(| 1 ξτ  

,H% )1,0(∈h  – 2'!0%#5 *#$!'7-)*!##!,! _27-, <*70!4 |a| !/#-;--
%6 7!H245 ;*<4- a. ['%?2%6<+ 21-/-65 -4,!'*67,  N!/0!4+PM*> 
0!<<6-#-04*0-65 (<*#f'!##! < '-/0*6*%7 N'!)%<<-) #%*/0%<6#2P 
1!!'H*#-62 )(2 tx  * #%*/0%<6#!% 2N'-04%#*% )(tγ . 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (,'-#6 
q09–01–00378), Q'!,'-77: Q'%/*H*27- IEK «@-6%7-6*;%<1-+ 6%!'*+ 
2N'-04%#*+» (N'!%16 q09-Q-1-1013) * Q'!,'-77: N!HH%'O1* 0%H2M*f 
#-2;#:f _1!4 I!<<**. 
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jH*# */ N!Hf!H!0 1 '%_%#*P '-<<7-6'*0-%7!> /-H-;*, !<-
#!0-##:> #- 6%!'** N!/*)*!##:f H*$$%'%#)*-45#:f *,', ?:4 
'-/0*6 0 '-?!6% [2]. 8 <!!60%6<60** < h6*7 N!Hf!H!7  H4+ '%_%#*+ 
/-H-;* <*<6%7% (1) <!N!<6-04+%6<+ #%1!6!'-+ *<12<<60%##! <7!H%-
4*'!0-##-+ < N!7!M5P 1!7N5P6%'- 2N'-04+%7-+ <*<6%7- M (7!-
H%45) < $-/!0!> 6'-%16!'*%> )(twh  * 2N'-04%#*%7 )(tu h . e-6%7 
21-/:0-%6<+ N'-0*4! $!'7*'!0-#*+ 2N'-04%#*+ 0 7!H%4* N! 
N'*#)*N2 !?'-6#!> <0+/* [3]. l6! N'-0*4! 0:?*'-%6<+ 6-1*7 !?'--
/!7, ;6! 0:f!H )(twh  * 2N'-04%#*% )(tu h  7!H%4* «N'*?4*O-P6» 
#%*/0%<6#:% 0%4*;*#: )(2 tx  * )(tγ .  

8 #-<6!+M%> '-?!6% N!Hf!H */ [2] 7!H*$*)*'!0-# H4+ <*<-
6%7: (1). Q'* h6!7 21-/-# -4,!'*67, 1!6!':> +04+%6<+ 2<6!>;*-
0:7 1 *#$!'7-)*!##:7 N!7%f-7 * N!,'%_#!<6+7 0:;*<4%#*>. 8 
%,! !<#!0% 4%O*6 *H%+ <6-?*4*/-)** N!Hf!H+M*f $2#1)*!#-4!0 
6*N- D+N2#!0-. @%6!H 1!7?*#*'2%6 N'*#)*N <6-?*4*/-)** < 
N'*#)*N!7 h1<6'%7-45#!,! <H0*,- K.K. '-<!0<1!,! 0 <f%7% 
2N'-04%#*+ 7!H%45P [3]. 

Z7<,3(<03( 
1. Mahajan V., Peterson R.A. Models for innovation diffusion. London: 

Sage Publications, 1985. 
2. Osipov Yu.S., Kryazhimskii A.V. Inverse problems for ordinary differ-

ential equations: dynamical solutions. London: Gordon and Breach, 1995. 
3.  '-<!0<1*> K.K., S2??!6*# E.X. Q!/*)*!##:% H*$$%'%#)*-45#:% 

*,':. @.: K-21-, 1974.  

c"3+73"'(27, 72',$<767"22LV 8"3<5,9,; $ 
0E,<"+ D3088"'LV 'L89(< 
].@. d'!#_6%>#, B.I. @2<4*7!0- 

ei=]?3=% H1?FO4+?T9'))Q%  9=48=1))Q%  
c'g)=V'?3=% e)=9'+?=T'T 

8 '-?!6% '-<<7-6'*0-%6<+ /-H-;- $!'7*'!0-#*+ N!'6$%4+, 
<!<6!+M%,! */ *#0%<6*)*!##:f N'!%16!0 [1,2].  
X7%%6<+ #-?!' N'!%16!0 Y1 , Y2 , …, Ym (Ci=(ci0, ci1, …, cin )), */ 

1!6!':f *#0%<6!'2 #%!?f!H*7! 0:?'-65 #%1!6!':% *#0%<6*)*!#-
#:% N'!%16: H4+ $*#-#<*'!0-#*+. d2H%7 <;*6-65, ;6! <'!1* 0:-
N!4#%#*+ 0<%f N'!%16!0 <!0N-H-P6 – N'* #%!?f!H*7!<6* N'!%16: 
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7!O#! H!N!4#*65 #24%0:7* N4-6%O-7*. Q2<65 0:H%4%#: #%1!6!-
':% N!H7#!O%<60- N'!%16!0 Uj⊂{1,…,m} (j =1,…,s)  , H4+ 1-OH!,! 
*/ 1!6!':f !N'%H%4%# 0%16!' N4-6%O%> Pj = (Pj0 , Pj1 , … , Pjn), '%--
4*/2%7:> N'* $*#-#<*'!0-#** f!6+ ?: !H#!,! N'!%16- */ 7#!O%-
<60- Uj . @#!O%<60- Uj  7!,26 N%'%<%1-65<+. [-1O% H4+ N'!%16!0 
/-H-#: ,!H*;#:> 1!h$$*)*%#6 #-1!N4%#*+ N! ?-#1!0<1*7 014--
H-7 0 6%;%#*% n 4%6 (/- ,!H 014-H 0!/'-<6-%6 0 q '-/) * <6-01- r>q, 
N!H 1!6!'2P *#0%<6!' N'* #%!?f!H*7!<6* /-#*7-%6 <'%H<60-, 6.%. 
H!4, /- ,!H 0!/'-<6-%6 0 r '-/. K-;-45#:> 1-N*6-4 *#0%<6!'- !?!-
/#-;*7 ;%'%/ F-1.  

K%!?f!H*7!  0:?'-65 H4+ $*#-#<*'!0-#*+ N'!%16:, 1!6!-
':% !?%<N%;*0-P6 7-1<*7-45#! 0!/7!O#:> 1-N*6-4 #- 1!#%;#:> 
7!7%#6 0'%7%#*. 

e-H-;- <0!H*6<+ 1 /-H-;% ;-<6*;#! ?24%0<1!,! 4*#%>#!,! 
N'!,'-77*'!0-#*+, 1!6!'-+ 6-1O% 0<%,H- H!N2<6*7-: 

G4+ $!'7-4*/-)** 00%H%7 <4%H2PM*% !?!/#-;%#*+: 
Fk – 1-N*6-4 *#0%<6!'- (*4* H!4,, %<4* h6- 0%4*;*#- !6'*)--

6%45#-+) 0 7!7%#6 k N!<4% 0<%f 0:N4-6; 
gi - ?24%0<1-+ N%'%7%##-+, '-0#-+ 1, %<4* i-:> N'!%16 014P;-%6-

<+ 0 N!'6$%45 * 0 0 N'!6*0#!7 <42;-%; 
Fj - ?24%0<1-+ N%'%7%##-+, '-0#-+ 1, %<4* 0 N!'6$%45 014P;-%6-

<+ f!6+ ?: !H*# N'!%16 */ 7#!O%<60- Uj  * 0 0 N'!6*0#!7 <42;-%; 
Vi    (i=0,…,n) – 0<N!7!,-6%45#:% N%'%7%##:%. 
K->6* ;*<4- 
g1,…, gm∈{0,1};  y1,…,ys∈{0,1};   F1,…,Fn,V1,…,Vn∈R 

6-1*%, ;6! yj≥xi N'* i∈Uj; yjz

j

i
i U

x
∈
∑   N'* i∈Uj ; 

gi  { gk  H4+ /-0*<*7:f N'!%16!0; 
 

Vk+1≤qFk N'* k=0,1,…,n−1;  Vk+1≤rFk N'* k=0,1,…,n−1; 

Fk=Vk+
1 1

m s
i ik j jk

i j
x c y p

= =
+∑ ∑ N'* k=0,…,n;  Fn → max. 

Q'* h6!7 V0=F−1. 
G4+ '%_%#*+ /-H-;* N'*7%#+4*<5 6!;#:% 7%6!H:: 7%6!H 

0%60%> * ,'-#*), 7%6!H !6<%;%#*> (B!7!'*) [3]. l6* 7%6!H: H-P6 
6!;#!% '%_%#*%, #! N'* h6!7 +04+P6<+ 6'2H!%71*7*. [-1O% N'*-
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7%#+4*<5 h0'*<6*;%<1*% -4,!'*67::  h0!4P)*!##-+ <6'-6%,*+ 
N'!<6%>_%,! 0*H- ((1+1) –]E)[4] * 2N'!M%##:> 7%6!H 0%60%> * 
,'-#*).  

G4+ -#-4*/- h$$%16*0#!<6* !N*<-##:f -4,!'*67!0 ?:4 
N'!0%H%# ;*<4%##:> h1<N%'*7%#6. 

E#-4*/ N!42;%##:f '%/2456-6!0 N!/0!4+%6 <H%4-65 <4%H2P-
M*% 0:0!H:: 
- 6'2H!%71!<65 0:;*<4%#*> <4-?! /-0*<*6 !6 H4*6%45#!<6* N'!%1-
6!0, #! <2M%<60%##! /-0*<*6 !6 ;*<4- N'!%16!0; 
- 2N'!M%##:> 7%6!H 0%60%> * ,'-#*) * h0!4P)*!##-+ <6'-6%,*+ 
N!1-/-4* f!'!_*% '%/2456-6: 0 <!!6#!_%#** 0'%7+ '-?!-
6:/6!;#!<65, N'* h6!7 N%'0:> 7%6!H N!1-/-4 0 )%4!7 ?!4%% 0:<!-
12P 6!;#!<65 N'* N'-16*;%<1* 6%f O% 0'%7%##:f /-6'-6-f. 

Z7<,3(<03( 
1. Lorie J.H., Savage I.J.:, Three Problems in Rationing Capital // Journal 

of Business. v.XXVIII. q4, 1955.  
2. d'!#_6%># ].@., SN*0-1 S.X.,  -1 <$!'7*'!0-65 !N6*7-45#:> 

N!'6$%45 // WQ)13 8'))Qg *F]4-. q14,1997. 
3. G%!'H*)- W.S., K%$%H!0 W.@., X<<4%H!0-#*% !N%'-)*> 0 

N4-#*'!0-#** * 2N'-04%#**. C;%?#!% N!<!?*%.  .:8:M- _1!4-, 
1991. 

4. d!'*<!0<1*> Q.E., ]'%7%%0 E.8. j <'-0#%#** #%1!6!':f h0!4P)*-
!##:f -4,!'*67!0 // E06!7-6*1- * 6%4%7%f-#*1-, q2, 2004. 

M,D+,2<(67* $<(=79"D3(57E,$&7V 3*/"'  
$ 972,;2L+ <3,2/"+*  

].8. B-<#*1!0-, X.S. @%#5_*1!0 
:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT, 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
c%45P '-?!6: +04+%6<+ -#-4*/ H*#-7*1* N<*f!$*/*!4!,*-

;%<1*f f-'-16%'*<6*1 2;-<6#*1!0 4-?!'-6!'#:f ':#1!0 0 N'!)%<-
<% N'*#+6*+ h1!#!7*;%<1*f '%_%#*> * !?!?M%#*% -4,!'*67- <%,-
7%#6-)** ('-/'-?!6-##!,! X.S. @%#5_*1!0:7 * ].8. d2'#-%0:7 
[1]) #- <42;-> 4*#%>#!,! 6'%#H-. 

S N!7!M5P '-/'-?!6-##!,! 0 '-?!6% [1] -4,!'*67- N'!0!H*-
4-<5 <%,7%#6-)*+ '-/4*;#:f '+H!0 H-##:f, 0 N'!)%<<% ;%,!, ?:4- 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16 10-01-00321--). 
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0:+04%#- !H#- !<!?%##!<65. E4,!'*67 *M%6 2;-<61*, #- 1!6!':f 
H-##:% H!<6-6!;#! !H#!'!H#:, 0#26'* 1-OH!,! 2;-<61- *H26 1!-
4%?-#*+ !1!4! #%1!6!'!,! <'%H#%,! /#-;%#*+ (4!1-45#!,! N!<6!-
+##!,! 2'!0#+), #! ;-<6! ?:0-%6 6-1, ;6! H-##:% 0#26'* <%,7%#6-, 
1!4%?4%6<+ #% !1!4! 1!#<6-#6:, - <1!'%% !1!4! #%1!6!'!> 4*#%>-
#!> $2#1)**. Q!+0*4-<5 *H%+ #%<1!451! 2<!0%'_%#<60!0-65 -4,!-
'*67 <%,7%#6-)** #- <42;-> 4*#%>#:f 6'%#H!0. K%!?f!H*7! ?:4! 
'-/'-?!6-65 -4,!'*67, 1!6!':> ?: '-/?*0-4 $2#1)*!#-45#:> '+H 
#- <%,7%#6: 6-1*7 !?'-/!7, ;6! H-##:% 0#26'* !H#!,! <%,7%#6- 
1!4%?-4*<5 ?: 2O% !1!4! #%1!6!'!> 4*#%>#!> $2#1)**. e- !<#!02 
?:4 0/+6 *<f!H#:> -4,!'*67 <%,7%#6-)** 0'%7%##!,! '+H- * < N!-
7!M5P #%1!6!':f !?!?M%#*> ?:4 N!42;%# #!0:> -4,!'*67 <%,-
7%#6-)** 2O% < 2;%6!7 4*#%>#:f 6'%#H!0. 

d:4! N'!0%H%#! *<<4%H!0-#*% N!42;%##!,! -4,!'*67- #- #--
?!'% 6%<6!0:f '+H!0. X<<4%H!0-#*% N!1-/-4!, ;6! */ 16 '+H!0 < 
'-/4*;#:7* 0-'*-#6-7* '-<N!4!O%#*+ <!<%H#*f 6'%#H!0, *<f!H-
#:> -4,!'*67 #-f!H*6 <%,7%#6 4*_5 0 7 <42;-+f, - 7!H*$*)*'!-
0-##:> !N'%H%4+%6 <%,7%#6 0 12 <42;-+f. d!4%% 6!,!, %<4* 0 1-;%-
<60% 0f!H#:f N-'-7%6'!0 H4+ #!0!,! -4,!'*67- /-H-0-65 ?!45_%% 
/#-;%#*% ;*<4- <%,7%#6!0, 6! * 0 !<6-0_*f<+ <42;-+f #!0:> -4,!-
'*67 #-f!H*6 <%,7%#6: < H!<6-6!;#! ?!45_!> 6!;#!<65P. Q'-0H- 
/H%<5 0!/#*1-%6 #%1!6!'-+ <4!O#!<65 < 6%7, ;6! N!7*7! #2O#!,! 
<%,7%#6-, -4,!'*67 #-f!H*6 * #%1!6!':% H!N!4#*6%45#:%, 1!6!-
':% #% +04+P6<+ <2M%<60%##:7*, 6.%. #%!?f!H*7 ?2H%6 #%1!6!':> 
-4,!'*67 $*456'-)** N!42;%##:f <%,7%#6!0. 

[-1*7 !?'-/!7, #- !<#!0% -4,!'*67- <%,7%#6-)** 0'%7%##!-
,! '+H- (c 4!1-45#! N!<6!+##:7 2'!0#%7) 2H-4!<5 #-N*<-65 -4,!-
'*67 H4+ <%,7%#6-)** '+H!0 < 4*#%>#:7 6'%#H!7, 1!6!':> 7!O%6 
h$$%16*0#! *<N!45/!0-65<+ H4+ *<<4%H!0-#*+ 0/-*7!<0+/* N'!-
)%<<- N'*#+6*+ '%_%#*+ * $2#1)*!#-45#:7* <!<6!+#*+7* 2;-<6-
#*1!0 h1!#!7*;%<1!> <*62-)**. Q!7*7! 6!,!, H-##:> -4,!'*67 
7!O%6 ?:65 N'*7%#*7 * 0 H'2,*f !?4-<6+f, #-N'*7%', <0+/-##:f < 
*<<4%H!0-#*%7 N<*f!$*/*!4!,*;%<1*f f-'-16%'*<6*1 4PH%>. 

Z7<,3(<03( 
1. EF+)4'9 J..., :')7P=319 $.Y. S%,7%#6-)*+ <6-?*4!,'-$*;%<1*>f 

'+H!0 2;-<6#*1!0 4-?!'-6!'#:f ':#1!0 // ['2H: 51 –#-2;#!> 1!#$%'%#-
)** @Z[X «S!0'%7%##:% N'!?4%7: $2#H-7%#6-45#:f * N'*14-H#:f 
#-21». – 2008 –[. 1. – S. 42-45. 
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M<"V($<7E,$&(* (/(8<7'2(* /72(+7&( 7D3L SB*  
E.E. B!42?)!0 

.QV=?6=T'67)Q% 8')T+ W " 
I-<<7-6'*0-%6<+ 7!H*$*1-)*+ <6!f-<6*;%<1!> -H-N6*0#!> 

H*#-7*1*, N'%H4!O%##!> Q%>6!#!7 `#,!7 0 <6-65% «The Evolution 
of Conventions» [1] H4+ *,' ?%/ N'*0-6#!> *#$!'7-)**. Q'%H4-,--
%6<+ N! -#-4!,** 00%<6* H*#-7*12 H4+ *,' < N'*0-6#!> *#$!'7--
)*%>. 

8 '-?!6% <6!f-<6*;%<1-+ -H-N6*0#-+ H*#-7*1- *<<4%H2%6<+ 
N'*7*#*6%45#! 1 *,'% SB (seller-buyer), < H*<1'%6#:7* /-+01-7* * 
H*<1'%6#:7* /#-;%#*+7* N'*0-6#:f N-'-7%6'!0. Q'*0-6#:% N--
'-7%6': – h6! 0:12N#-+ <6!*7!<65 H4+ N!12N-6%4+ * /-6'-6: H4+ 
N'!H-0)-. I-<N'%H%4%#*% h6*f N-'-7%6'!0 !?M%*/0%<6#!, - 1!#-
1'%6#!% /#-;%#*% #- 1-OH!7 _-,% */0%<6#! 6!451! 6!72 *,'!12, 
1!6!'!72 <!!60%6<602%6 h6!6 N-'-7%6'. 

EH-N6*0#2P H*#-7*12 7!O#! !N*<-65 <4%H2PM*7 !?'-/!7. 
K- 1-OH!7 _-,% *,'!1 0:?*'-%6 !N6*7-45#2P <6'-6%,*P, '-<<;*-
6:0-+ %% #- !<#!0% H%><60*> H'2,!,! *,'!1- */ #%<1!451*f N!-
<4%H#*f N%'*!H!0. 8 H-##!7 <42;-% "*,'!1" #% +04+%6<+ *,'!1!7 0 
6!7 <7:<4%, 1-1 h6! N!#*7-%6<+ 0 6%,!'** *,', 6.1. <-7 #% N'*#*-
7-%6 '%_%#*+, - H%><602%6 N! /-'-#%% /-H-##!72 -4,!'*672. 

G4+ 6-1!,! <6!f-<6*;%<1!,! N'!)%<<- <2M%<602%6 N!#+6*% 
c6!f-<6*;%<1* 2<6!>;*0!,! '-0#!0%<*+, 1!6!'!% ?:4! 00%H%#! H4+ 
*,' ?%/ N'*0-6#!> *#$!'7-)**. 8 '-?!6% [2] N'%H4-,-%6<+ '-<_*-
'*65 h6! N!#+6*% #- *,': < N'*0-6#!> *#$!'7-)*%>. l6! 7!O#! 
<H%4-65 %<6%<60%##:7 !?'-/!7, %<4* /-H-65 ?-><!0<12P *,'2 0 
7-6'*;#!> $!'7%. d:4* #->H%#: <6!f-<6*;%<1*% '-0#!0%<*+ H4+ 
*,' < '-/4*;#:7* N-'-7%6'-7*, N'!-#-4*/*'!0-#: *f <0!><60-. 

G!1-/-#- <f!H*7!<65 * N!42;%#- !)%#1- <1!'!<6* <f!H*7!-
<6* *6%'-)*!##!,! N'!)%<<-. Q!1-/-#!, 1-1 04*+P6 #- <f!H*7!<65 
#-;-45#:% H-##:% * N-'-7%6': ('-/7%' N-7+6*, 0%4*;*#- «_2-
7-»). Q'%H4!O%#: -4,!'*67: ;*<4%##!,! #-f!OH%#*+ <6!f-<6*;%-
<1* 2<6!>;*0:f '-0#!0%<*>. 

G4+ */2;%#*+ f-'-16%'- H*#-7*1* ?:4 N'%H4!O%# <4%H2P-
M*> N!Hf!H: N'!-#-4*/*'!0-65, 1-1 7%#+P6<+ <6'-6%,** *,'!1!0, - 
#% H%><60*+. 8 <-7!7 <6!f-<6*;%<1!7 N'!)%<<% 7: #-?4PH-%7 
6!451! H%><60*+, #! 7: 7!O%7 '-<<;*6-65 1-1*7 7!,4! ?:65 H%>-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16 10-01-00321--). 
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<60*% N'* 0<%f /#-;%#*+f N'*0-6#!,! N-'-7%6'-. X, 6-1*7 !?'-/!7, 
N!42;*7 H*#-7*12 <6'-6%,*>. 

8 '-?!6% 0:H%4%#: N!H14-<<: *,' SB. G4+ h6*f N!H14-<<!0 
#->H%#: '-0#!0%<*+ d->%<--Kh_- 0 <7%_-##:f <6'-6%,*+f. Q!H-
f!H < #-?4PH%#*%7 N-' <6'-6%,*> N!/0!4+%6 #-7 <!N!<6-0*65 IdK 
0 <7%_-##:f <6'-6%,*+f *<f!H#!> *,': SB < N-'-7* <6'-6%,*>, 
1!6!':% 0!/#*1-P6 ;-M% 0<%,! 0 H*#-7*1%. j1-/:0-%6<+, ;6! IdK 
0 <7%_-##:f <6'-6%,*+f * !N'%H%4%##:% *f 1!7?*#-)** N!/0!4+-
P6 !N*<-65, 1-1*7* ?2H26 N-': <6'-6%,*> < #-*?!45_%> ;-<6!6!>. 

Z7<,3(<03( 
1. H. Peyton Young. The Evolution of Conventions. — Econometrica, Vol. 

61, No. 1. (Jan., 1993), pp. 57-84. 
2.  . H16F*819. S6!f-<6*;%<1* 2<6!>;*0:% <!<6!+#*+ *,': SB. — 

['2H: 1!#$%'%#)** @Z[X 2009. 

["83"$L 725"3+73"'(22"$<7 837 "6,2&,  
&"99,&<7'2"D" 37$&( 2( 5"2/"'"+ 3L2&, 

8.E. B!'%4*1, [.8. e!4!6!0- 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 

<1]?1]167?3=%-)4- ]F+' -1?FO4+?T9'))Q% T'g)=V'?3=% 
F)=9'+?=T'T, -. <1]?1]167?3-)4- ]F+' 

8 H-##!> '-?!6% N'%H4-,-%6<+ N!Hf!H 1 !)%#1% 1!44%16*0#!-
,! '*<1- #- $!#H!0!7 ':#1% 1-1 1!''%4+)*!##!,! 7!7%#6- (1!0--
'*-)**) [1] N!'6$%4%> *#0%<6*)*> (7-6%7-6*;%<1*% 7!H%4* *#H*-
0*H2-45#!,! '*<1- <7., #-N'*7%', 0 [2]). Q!1-/-#!, ;6! !N6*7-45-
#:% N! @-'1!0*)2 N!'6$%4* H-O% N'* '-/#!7 !6#!_%#** 1 '*<12 
!N'%H%4+P6 !H#!6*N#!% N!0%H%#*% *#0%<6!'!0, 0 '%/2456-6% 1!6!-
'!,! 7!,26 0!/#*1#265 /#-;*6%45#:% 1!4%?-#*+ $!#H!0!,! ':#1- 
0! 0'%7+ N%'%f!H- 0 N!4!O%#*% '-0#!0%<*+. 

jN6*7-45#:> N! @-'1!0*)2 <!<6-0 N!'6$%4+, <!<6!+M%,! */ 
n )%##:f ?27-,, !N'%H%4+%6<+ #- !<#!0% <0%'61* H02f1'*6%'*-45-
#!> /-H-;* «7-6%7-6*;%<1!% !O*H-#*% – H*<N%'<*+»: 

  
1 1

max[ (1 ) ]
n n

i i ij i jx X i i, j
r r x r s x x

∈ = =
− −∑ ∑ ,  (1) 

,H% 
1

{ | 0, 1,..., , 1}
n

i i
i

X x x i n x
=

= ≥ = =∑ , ir  - !O*H-%7-+ H!f!H#!<65 i-> 

)%##!> ?27-,*, i=1,…,n, ),...,,...,( 1 ni rrrr = , sij - 1!0-'*-)*+ i-> * j-
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> )%##:f ?27-,, xi - H!4+ <'%H<60, *#0%<6*'2%7-+ 0 i-P )%##2P ?2-
7-,2, r∈(0;1) - 0%<!0!> 1!h$$*)*%#6, !N'%H%4+PM*> 0-O#!<6* 
1'*6%'*%0.  !0-'*-)*!##-+ 7-6'*)- s=[sij]  #%!6'*)-6%45#! !N'%-
H%4%#-. 

I-<<7!6'*7 /-H-;2 (1) H4+ H02f '-/#:f *#0%<6!'!0 * *<<4%-
H2%7 /#-1 1!''%4+)*!##!,! 7!7%#6- 7%OH2 *f !N6*7-45#:7* 
N!'6$%4+7*. Q!1-/-#!, ;6! 1!0-'*-)*+ cov(p1,p2) H02f N!'6$%4%> 
p1 * p2, *7%PM*f <!<6-0: x1 * x2 0:;*<4+%6<+ N! $!'724% 

21
21 ),cov( sxxpp = . 

d2H%7 #-/:0-65 N!'6$%45 N!4#!'-/7%'#:7, %<4* 2 <!<6-0-
4+PM%,! %,! 0%16!'- x 0<% 1!7N!#%#6: !64*;#: !6 #24+. 

 "$&"() 1. J?6= 1[+'O'6=T'67 3194+=48=1))1% ]4T+=8Q 
dets≠0, T1 3194+=48=f cov(p1

0,p2
0) O9Fg [16)1+4&]'+)Qg 1[T=]467-

)Qg [1 :4+319=8F [1+Ti'6'% p1
0 = p2

0 [161j=T'67)4. J?6= O1[16-
)=T'67)1 3194+=48=1))4f ]4T+=84 s ?T+1-1 [161j=T'67)1 1[+'-
O'6')4, T1 3194+=48=f 6q*Qg O9Fg 1[T=]467)Qg [1 :4+319=8F 
[1+Ti'6'% [161j=T'67)4. 

Q'!0%H%#! *<<4%H!0-#*% 1!''%4+)*!##!> /-0*<*7!<6* !N-
6*7-45#:f N!'6$%4%> N'* '-/#!> *#$!'7*'!0-##!<6* *#0%<6!'!0 
! <*62-)**, <14-H:0-PM%><+ #- $!#H!0!7 ':#1%, - *7%##!, '-/-
#!> !)%#1% !O*H-%7:f H!f!H#!<6%> )%##:f ?27-,. Q2<65 N%'0:> 
*#0%<6!' *7%%6 0%16!' !O*H-%7:f H!f!H#!<6%> )%##:f ?27-, 1r , 
- 06!'!> - 2r . 

[%!'%7- 2. J?6= 1[+'O'6=T'67 3194+=48=1))1% ]4T+=8Q 
dets≠0, T1 3194+=48=f cov(p1

0,p2
0) O9Fg [16)1+4&]'+)Qg 1[T=]467-

)Qg [1 :4+319=8F [1+Ti'6'% p1
0 = p2

0 1T+=84T'67)4 O6f 1r , 2r  = 
s, FO196'T91+fqt=g F?619=q 

1 1 2 1 1 1 1 2

1 2

1( )( ) ( )( )r r e e e r e rσ σ σ σ
β β

− − − −− < − ,  

'=(1,…,1), 
2(1 )
ru
r

=
−

. 

[-1*7 !?'-/!7, !H#!6*N#!% N!0%H%#*% *#0%<6!'!0 7!O%6 
0:/:0-65 ?!45_*% 1!4%?-#*+ ':#1-, - '-/#!6*N#!% ,-<*6 1!4%?--
#*+ ':#1-, 6.%. f%HO*'2%6 1!44%16*0#:> '*<1. Q!h6!72 H4+ !)%#-
1* * N'!,#!/*'!0-#*+ 1!44%16*0#!,! '*<1- 00%H%#- 7%'- '-/#!!?-
'-/*+ N!'6$%4%>. 8 1-;%<60% 6-1!> 7%': *<N!45/!0-#! N!#+6*% 
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h#6'!N** ':#1-. j)%#1- 2<6!>;*0!<6* 1!#1'%6#!,! ':#1- !N'%H%-
4%#! 1-1 !6#!_%#*% %,! h#6'!N** 1 7-1<*7-45#!72 %% /#-;%#*P 

klog . 
Z7<,3(<03( 

1. .')T8'67 J.Y. X<<4%H!0-#*% !N%'-)*>. – @.: 8:<_. _1., 2007 ,., 
206 S. 

2. H1+'6=3 .. ., 0161T194 c...  '*6%'** !)%#1* * !N6*7-45#!<6* '*<-
1- 0 <4!O#:f !',-#*/-)*!##:f <*<6%7-f. K-2;#!% */H-#*%. – @.: 8c 
IEK, 2009 ,., 162 S. 

B,],27* 7D3 <"3D( /'0+* 37$&"'L+7 (&<7'(+7. 
I=F7; $90E(;* 

8. . G!7-#<1*>, 8.D. '%N< 
Y.-C'T'+*F+-, YC*k:$ W " 

8 !?M%> N!<6-#!01% N!42;%#: 0 +0#!7 0*H% '%_%#*+ N!06!-
'+PM*f<+ *,' )(, pbaG∞ < #%N!4#!> *#$!'7-)*%> 2 X,'!1- 2, 1 1!-
6!':7 <0!H+6<+ !N*<-##:% 0 [1] 6!',* #%!,'-#*;%##!> N'!H!4O*-
6%45#!<6* 7%OH2 H027+ ?*'O%0:7* *,'!1-7*. S42;->#:% )%#: 
H02f 6!',2%7:f '*<1!0:f -16*0!0 '-0#: ( )a s  * ( )b s , ,H% s  – 
<!<6!+#*%, 0:?*'-%7!% <42;->#:7 f!H!7 #- 0%<5 N%'*!H 6!',!0 
<!,4-<#! 0%'!+6#!<6#!72 '-<N'%H%4%#*P p #- H027%'#!> )%4!-
;*<4%##!> '%_%61% 2Z , */0%<6#!72 !?!*7 *,'!1-7.  

X,'- *7%%6 <;%6#!% ;*<4! <!<6!+#*> – 0%16!' <42;->#:f 4*-
10*H#:f )%# -1)*> 7!O%6 ?:65 N'!*/0!45#!> 6!;1!> H027%'#!> 
)%4!;*<4%##!> '%_%61*. X,'!1 1 (*#<->H%') /#-%6 /#-;%#*+ <42-
;->#:f 4*10*H#:f )%# !?%*f -1)*>. X,'!1 2 /#-%6, ;6! X,'!1 1 
+04+%6<+ *#<->H%'!7. X,'!1* H%4-P6 )%4!;*<4%##:% 0%16!'#:% 
<6-01*. 

I%_%#*% *,': <6'!*6<+ #- ?-/% N'*0%H%##:f 0 [1] '%_%#*> 
;-<6#:f <42;-%0 6-1*f *,' < '-<N'%H%4%#*+7*, *7%PM*7* #% ?!-
4%% ;%7 6'%f6!;%;#:% #!<*6%4*, 0 0:N2142P 1!7?*#-)*P 1!6!':f 
'-<14-H:0-%6<+ *<f!H#!% '-<N'%H%4%#*% p, <7.[2]. 

@: !N*<:0-%7 -4,!'*67 N!<6'!%#*+ !N6*7-45#:f <6'-6%,*> 
*#$!'7*'!0-##!,! X,'!1- 1 0 *,'-f )(, pbaG∞  < #-;-45#:7 '-<-
                                                
*X<<4%H!0-#*% N'!0!H*6<+ N'* N!HH%'O1% IZZX, N'!%16 10-06-00368-a  
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N'%H%4%#*%7 p !?M%,! 0*H-, !<#!0-##:> #- '-/4!O%#** '-<N'%H%-
4%#*> p, <7.[2]. [-1!> -4,!'*67 !N'%H%4+%6 N!<4%H!0-6%45#!<65 
H%><60*> X,'!1- 1 0 /-0*<*7!<6* !6 0:?'-##!,! <42;-%7 <!<6!+-
#*+ 2Zs∈ . 

^,"3,+( 1. J?6= O=?['+?== ?6FV4%)Qg 8') 438=% a  = b  31-
)'V)Q, [ ]1D a < ∞p , [ ]2D b < ∞p , T1 =-+Q baG ,

∞  (p) =]'qT &)4V')=f 
baV ,

∞  (p), 1[+'O'6f']Q' ?11T)1P')=f]=, , 1 2( ) ( ) ( )a b a bV V V∞ ∞ ∞= +p p p . 
J?6= ]4T']4T=V'?3=' 1j=O4)=f ][1 aEp , ][2 bEp  8') 438=% 

1*1=g T=[19 – 8'6Q' V=?64, T1 1 2
, ( ) 1 / 2 ( [ ] [ ])a bV D a D b∞ = ⋅ +p pp . 

`*4 =-+134 =]'qT 1[T=]467)Q' ?T+4T'-==. 
"4 ['+91] P4-' ?91'% 1[T=]467)1% ?T+4T'-== ∗τ $-+13 2 

O'64'T ?T493F 1 2( , )k k , -O' 1k  – 8'64f V4?T7 ]4T']4T=V'?31-1 

1j=O4)=f ][1 aEp  = 2k  –  8'64f V4?T7 ]4T']4T=V'?31-1 1j=O4-

)=f ][1 bEp . "4 [1?6'OFqt=g P4-4g 2,...t =  l -4f 31][1)')T4 

?T493= $-+134 2, 1,2l = , &49=?=T T16731 1T [1?6'O)'% )4*6q-
O4']1% [4+Q l -Qg 31][1)')T ?T493= $-+134 1 l

ti 1−  = '-1 ?1*?T-

9'))1% ?T493= l
tj 1− : 

1 1 1

1 1 1

1 1 1

1, ;
( ) , ;

1 .

l l l
t t t

l l l l
t t t

l l l
t t t

j [+= i j
j t j [+= i j

j [+= i j

− − −

− − −

− − −

⎧ − <
⎪= =⎨
⎪ + >⎩

 

`[T=]467)4f ?T+4T'-=f $-+134 1 9 =-+' baG ,
∞  (p) f96f'T?f 

9Q[F361% 31]*=)48='% '-1 1[T=]467)Qg ?T+4T'-=% 9 T43=g =-+4g 
? +4?[+'O'6')=f]=, =]'qt=]= )' *16'' V'] T+'gT1V'V)Q' )1?=-
T'6=, 9 9Q[F36Fq 31]*=)48=q 31T1+Qg +4?364OQ94'T?f =?g1O)1' 
+4?[+'O'6')=' p, ?]. [2]. 

Z7<,3(<03( 
1. <+'[? .._. I%_%#*+ *,' 6!',- H027+ '*<1!0:7* -16*0-7*. S42;-* 

H02f * 6'%f <!<6!+#*>. [%/*<: H!14-H!0 VI @%OH2#-'!H#!> 1!#$%'%#-
)** N! *<<4%H!0-#*P !N%'-)*> (ORM2010). @!<10-, 20-25 !16+?'+ 2010 
,. - K-<6!+M*> <?!'#*1. 

2. b1]4)?3=% ..<. I-/4!O%#*% '-<N'%H%4%#*> #- H027%'#!> )%4!;*<-
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4%##!> '%_%61% * 7!H%4* ?*'O%0:f 6!',!0 // j?!/'%#*% N'*14-H#!> * 
N'!7:_4%##!> 7-6%7-6*1*. - 2009. - T.16. - B.4. - C.644 – 646. 

3. De Meyer B., Moussa Saley H. On the Strategic Origin of Brownian Mo-
tion in Finance // Int. Journal of Game Theory. - 2003. - V.31. - P. 285 – 319. 

B,],27* 7D3 <"3D( /'0+* 37$&"'L+7 (&<7'(+7. 
M90E(7 /'0V 7 <3,V $"$<"*27;* 

8.D.  '%N< 
Y.-C'T'+*F+-, YC*k:$ W " 

8 7!H%4* 7#!,!_-,!0:f 6!',!0 7%OH2 H027+ ?*'O%0:7* 
*,'!1-7*, #- 1!6!':f 6!',2%6<+ H0- 6*N- -1)*>, <42;->#:% 4*1-
0*H#:% )%#: -1)*>  7!,26 N'*#*7-65 N'!*/0!45#:% )%4!;*<4%#-
#:% /#-;%#*+ a * b. Q-'- (a,b) 0:?*'-%6<+ <42;->#:7 f!H!7 #- 
0%<5 N%'*!H 6!',!0 N%'%H *f #-;-4!7 */ 7#!O%<60- 2ZS = 6!;%1 
H027%'#!> )%4!;*<4%##!> '%_%61*. j?- *,'!1- /#-P6 '-<N'%H%-
4%#*% )(SΔ∈p 0%'!+6#!<6%> <!<6!+#*>.  '!7% 6!,!, X,'!1 1 +0-
4+%6<+ *#<->H%'!7. j# /#-%6 4*10*H#:% )%#: !?!*f 6*N!0 -1)*>. 
X,'!1 2 #% *7%%6 h6!> *#$!'7-)**. X,'!1 2 /#-%6, ;6! X,'!1 1 
+04+%6<+ *#<->H%'!7.  

e-6%7 *,'!1* 0%H26 7%OH2 <!?!> 7#!,!_-,!0:% 6!',*:  #-  
1-OH!7 _-,% 6!',!0 #%/-0*<*7! * !H#!0'%7%##! H%4-P6 0%16!'-
#:% <6-01* –  #-/:0-P6 )%4!;*<4%##:% )%#: -1)*> !?!*f 6*N!0. 
K-/0-0_*> ?!4%%  0:<!12P )%#2 -1)** H-##!,! 6*N- N!12N-%6 /- 
h62 )%#2 !H#2 -1)*P  h6!,! 6*N- 2 N'!6*0#*1-. ]<4*  *,'!1* #--
/0-4* !H*#-1!0:% )%#: -1)** 6!,! *4* *#!,! 6*N-, 6! N%'%H-;* 
-1)** h6!,! 6*N- #% N'!*<f!H*6. Q!<4% 1-OH!,! _-,-  N-'- #--
/0-##:f 0%16!'#:f <6-0!1 !?u+04+%6<+ !?!*7 *,'!1-7. X,'!1* 
<6'%7+6<+ 7-1<*7*/*'!0-65 )%#2 <0!%,! *6!,!0!,! N!'6$%4+. [--
1-+ n-_-,!0-+ 7!H%45 !N*<:0-%6<+ -#6-,!#*<6*;%<1!> N!06!'+P-
M%><+ *,'!>  )(, pba

nG  < #%N!4#!> *#$!'7-)*%> 2 06!'!,! *,'!1-. 
^,"3,+( 1. J?6= ]4T']4T=V'?3=' 1j=O4)=f 1 [ ]E a < ∞p  = 

2 [ ]E b < ∞p , T1 =-+Q )(, pba
nG =]'qT &)4V')=f )(, pba

nV ,  [+=V'] 
, 1 2( ) ( ) ( )a b a b

n n nV V V≤ +p p p , -O'  p1 = p2 - 1O)1]'+)Q' [+1'38== +4?-
                                                
* X<<4%H!0-#*% N'* N!HH%'O1% IZZX, N'!%16 q 10-06-00369--. 
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[+'O'6')=f ( )S∈Δp , - 1( )a
nV p  = 2( )b

nV p - &)4V')=f =-+, ]1O'6=-
+Fqt=g T1+-=, )4 31T1+Qg T1+-FqT?f 438== T16731 1O)1-1 T=[4.  

[%7 <-7:7 !H#!0'%7%##:% 1!#%;#!_-,!0:% 6!',* H02f '*<-
1!0:f -16*0!0 7%#%% 0:,!H#: H4+ *#<->H%'-, ;%7 '-/H%45#:% 6!'-
,* !H#!6*N#:7* -1)*+7*.  

^,"3,+( 2. J?6= O=?['+?== 1 [ ]D a < ∞p  = 1 [ ]D b < ∞p , T1 O6f 
&)4V')=% n-P4-19Qg =-+ , ( )a b

nG p ?[+49'O6=91 )'+49')?T91 
1 2

, ( ) 1 / 2( [ ] [ ])a b
nV D a D b≤ +p pp . 

j,'-#*;%##!<65 /#-;%#*> 1!#%;#!_-,!0:f  *,' , ( )a b
nG p N!-

/0!4+%6 '-<<7-6'*0-65 6!',* #% !,'-#*;%##!> /-'-#%% N'!H!4O*-
6%45#!<6*, 1!6!':% 7!H%4*'2P6<+ ?%<1!#%;#:7* *,'-7*. K*O% 
N'*0!H+6<+ '%_%#*+ H4+  ;-<6#:f <42;-%0 6-1*f *,', - *7%##!, H4+ 
*,' < H027+ <!<6!+#*+7*  * H4+ *,' < 6'%7+ <!<6!+#*+7* ('-<N'%-
H%4%#*% p *7%%6  H02f *, <!!60%6<60%##!, 6'%f6!;%;#:> #!<*6%45).  

^,"3,+( 3.. 0)4V')='  =-+Q ? O9F]f 43T=94]= )'1-+4)=V')-
)1% [+1O16j=T'67)1?T= +49)1 ?F]]' &)4V')=% =-+ ? 1O)=] +=?31-
9Q] 43T=91]. `*4 =-+134 =]'qT 1[T=]467)Q' ?T+4T'-==. 

`[T=]467)4f ?T+4T'-=f $-+134 2 [+'O?T496f'T ?1*1% ?1-
V'T4)=' '-1 1[T=]467)Qg ?T+4T'-=% O6f =-+ ? 43T=94]= 1O)1-1 
T=[4.  

J?6= )1?=T'67 +4?[+'O'6')=f p=(pij) ?1O'+j=T O9' T1V3=, 
)' 1-+4)=V=94f 1*t)1?T= (0,0) = (m1,m2),  m1 >0, T1 ]4+T=)-46 
4[1?T'+=1+)Qg 9'+1fT)1?T'% ?1?T1f)=f ),( 21 mm , [1+1jO4']Q% 
1[T=]467)1% ?T+4T'-='%  $-+134 1, [+'O?T496f'T ?1*1% 4?=]-
]'T+=V)1' ?6FV4%)1' *6FjO4)=' [1 ?]'j)Q] T1V34] +'P'T3=   

1 2 1 1 2 2( , ) { / , 0, , } { / | |, 0, , } [0,1]D m m k m k m l m l m= = ∪ = ⊂K K  ? [1-
-61t')='] 9 3+4%)=g T1V34g. 

J?6= )1?=T'67 +4?[+'O'6')=f p=(p(ij)) ?1O'+j=T T+= T1V3=: 
2

1 1 1 2 2 2 3 3 3 1 2 3( , ), ( , ), ( , ), , ,z x y z x y z x y z z z Z= = = ∈ , T1 
]4+T=)-46 4[1?T'+=1+)Qg ]4T']4T=V'?3=g 1j=O4)=%, [1+1j-
O4']Q% 1[T=]467)1% ?T+4T'-='%  $-+134 1, [+'O?T496f'T ?1*1% 
?=]]'T+=V)1' ?6FV4%)1' *6FjO4)=' [1 T1V34] +'P'T3= 2Z , )4-
g1Oft=]?f 9)FT+= T+'F-167)=34 1 2 3( , , )z z zΔ . Y=]]'T+=f ^T1-1 
*6FjO4)=f )4+FP4'T?f [+= [1[4O4)== )4 -+4)=8F T+'F-167)=34. 
"4V=)4f ? ]1]')T4 [1[4O4)=f )4 -+4)=8F =-+4 ['+'g1O=T 9 1O)F 
=& =-+ ? +4?[+'O'6')=f]=  p ? O9FgT1V'V)Q]= )1?=T'6f]= z1, z2, 
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=6= z2,, 0, =6= 0, z1.  
[-1*7 !?'-/!7, N'%*72M%<60!, 1!6!'!% N!42;-%6 X,'!1 2 !6 

N'!0%H%#*+ <!07%<6#:f n-_-,!0:f 6!',!0 0 <'-0#%#** < '-/H%45-
#:7* 6!',-7* N! 1-OH!72 6*N2 -1)*>, *<;%/-%6 0 *,'% < /-'-#%% #% 
!,'-#*;%##!> N'!H!4O*6%45#!<65P.  

I 837+,2,277 &"2$<30&67; 8"U767"22LV  
/755,3,267(9?2LV 7D3 /9* 3,],27* U(/(E  
/72(+7E,$&"D" '"$$<(2"'9,27* 'V"/(*  

8.X. @-1<*7!0 
$)?T=TFT ]4T']4T=3= = ]'g4)=3= e+` W " 

I-<<7-6'*0-%6<+ 2N'-04+%7-+ <*<6%7- 
( ) ( ) ( ( )) ( ),y t Ay t f y t Cu t= + +&  ),,0[ +∞=∈Tt  ,)0( 0yy =   (1) 

,H% ,nRy∈  ,qRu ∈  C  – qn × -7%'#-+ 7-6'*)-, f  – nn× -7%'#-+ 
7-6'*;#-+ $2#1)*+, 2H!04%60!'+PM-+ 2<4!0*P D*N_*)-. ['-%1-
6!'*+ <*<6%7: { })(),()( 21 tytyty = , 1)(1

nRty ∈ , nn <1 , 
1)(2

nnRty −∈ , /-0*<*6 !6 7%#+PM%,!<+ 0! 0'%7%#* 0f!H#!,! 0!/-
H%><60*+  (2N'-04%#*+) )(tuu = . e-'-#%% 1-1 h6! 2N'-04%#*%, 6-1 * 
6'-%16!'*+ #% /-H-#:. 8 H*<1'%6#:%, H!<6-6!;#! ;-<6:%, 7!7%#6: 
0'%7%#* Ti ∈τ , ,...,2,1=i  */7%'+%6<+ < !_*?1!> ;-<65 1!!'H*#-6 
<*<6%7: (1) – 1!!'H*#-6: )(2 iy τ . I%/2456-6: */7%'%#*> – 0%16!': 

1nnh
i R −∈ξ – 6-1!0:, ;6! ii

h
i zy += )(2 τξ , h

iiz ν≤|| . eH%<5 )1,0(∈h
iν  

– 0%4*;*#- !_*?1* */7%'%#*+ 0 7!7%#6 iτ , ;*<4! )1,0(∈h  f-'-1-
6%'*/2%6 6!;#!<65 */7%'%#*+. 

j?<2OH-%7-+ /-H-;- <!<6!*6 0 <4%H2PM%7. K-'+H2 < <*<6%-
7!> (1) *7%%6<+ %M% !H#- <*<6%7-, #-/!0%7 %% h6-4!##!>, 1!6!'-+ 
N!H0%'O%#- 04*+#*P #%1!#6'!4*'2%7!,! 0f!H#!,! 0!/H%><60*+ v . 
['-%16!'*+ h6!> <*<6%7:, - 6-1O% 0f!H#!% 0!/H%><60*%, -N'*!'* 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (,'-#6 q 10-01-
00002), Q'!,'-77: Q'%/*H*27- IEK «@-6%7-6*;%<1-+ 6%!'*+ 2N'-04%-
#*+» (N'!%16 q09-Q-1-1013) * C'-4!-<*?*'<1!,! *#6%,'-)*!##!,! N'!-
%16- (N'!%16 q09-S-1-1010).  
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#%*/0%<6#:. jH#-1!, *7%%6<+ 0!/7!O#!<65 0 7!7%#6: iτ  0:;*<-
4+65 (< !_*?1!>) 0<% 1!!'H*#-6: (*4* *f ;-<65) h6-4!##!> <*<6%-
7:. K%!?f!H*7! <1!#<6'2*'!0-65 /-1!# $!'7*'!0-#*+ N! N'*#-
)*N2 !?'-6#!> <0+/* 2N'-04%#*+ u , !?%<N%;*0-PM*> ?4*/!<65 
6'-%16!'*>  *7%PM*f<+ <*<6%7. Q'* h6!7 $!'7*'2%7!% N! f!H2 
'-/0*6*+ N'!)%<<- 2N'-04%#*% u  H!4O#! N'*?4*/*65 0 <'%H#%-
10-H'-6*;#!7 #%*/0%<6#!% 0f!H#!% 0!/H%><60*% v h6-4!##!> <*<-
6%7:. 

S$!'724*'!0-##-+ /-H-;- !6#!<*6<+ 1 14-<<2 /-H-; H*#-7*-
;%<1!,! 0!<<6-#!04%#*+ #%*/0%<6#:f f-'-16%'*<6*1 N! '%/2456--
6-7 */7%'%#*>. j#-, 0 ;-<6#!<6*, 7!O%6 ?:65 '%_%#- #- !<#!0% 
6%!'** H*#-7*;%<1!,! !?'-M%#*+, '-/0*6!> 0 [1–3]. e-7%6*7, ;6! 
N'%H4!O%##:% 0 h6*f '-?!6-f -4,!'*67: '%_%#*+ /-H-; H*#-7*-
;%<1!,! 0!<<6-#!04%#*+ !'*%#6*'!0-#: #- 1!#%;#:> N'!7%O26!1 
0'%7%#* $2#1)*!#*'!0-#*+ <*<6%7: +∞<= ϑϑ],,0[T . S 0!/'-<-
6-#*%7 ϑ  N'* '%-4*/-)** -4,!'*67!0 */ [1–3] N'!*<f!H*6 «#-1!-
N4%#*%» 0:;*<4*6%45#:f * */7%'*6%45#:f !_*?!1. X7%##!, < 
'!<6!7 ϑ  <1!'!<6* <f!H*7!<6* -4,!'*67!0  2f2H_-P6<+. [-1*7 
!?'-/!7, 1-;%<60! -4,!'*67!0, 0!!?M% ,!0!'+, /-0*<*6 !6 0%4*;*-
#: N'!7%O261- 0'%7%#*, #- 1!6!'!7 $2#1)*!#*'2%6 <*<6%7-. 8 
#-<6!+M%7 H!14-H% !?<2OH-%6<+ -4,!'*67 '%_%#*+ <$!'724*'!-
0-##!> 0:_% /-H-;*, «#% /-0*<+M*>» !6 0%4*;*#: 6-1!,! N'!7%-
O261-. Q'* h6!7 '-<<7!6'%# <42;->, 1!,H- 7-6'*)- A h1<N!#%#)*-
-45#! 2<6!>;*0-, - #%4*#%>#-+ ;-<65 f  <*<6%7: (1) N'%H<6-04+%6 
<!?!> 7-4!% 0!/72M%#*%, <!,4-<!0-##!% < A N!Hf!H+M*7 !?'-/!7. 
8 !<#!0% -4,!'*67- 4%O-6 *H%* 6%!'** N!/*)*!##:f H*$$%'%#)*-
-45#:f *,'. 

Z7<,3(<03( 
1. Osipov Yu.S., Kryazhimskii A.V. Inverse problems for ordinary differ-

ential equations: dynamical solutions. London: Gordon and Breach, 1995. 
2. @-1<*7!0 8.X. e-H-;* H*#-7*;%<1!,! 0!<<6-#!04%#*+ 0f!H!0 ?%<-

1!#%;#!7%'#:f <*<6%7. ]1-6%'*#?2',: X/H-0! X#-6- 7-6. * 7%f. C'j 
IEK, 2000.  

3. j<*N!0 W.S.,  '+O*7<1*> E.8., @-1<*7!0 8.X. @%6!H h1<6'%-
7-45#!,! <H0*,- 0 /-H-;-f '!?-<6#!,! ,'-#*;#!,! 2N'-04%#*+ * H*#-7*-
;%<1!,! !?'-M%#*+ // E06!7-6*1- * 6%4%7%f-#*1-, q4, 2008, <. 18–30. 
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G7.2** "6,2&( =,$&"2,E2"D" (+,37&(2$&"D" 
(9?<,32(<7'2"D" "867"2( 2( /'( (&<7'(*  

8.8. @!'!/!0, G.D. @2'-0%>  
:He  =]')= :... _1]1)1?194  

1. d%<1!#%;#:> -456%'#-6*0#:> -7%'*1-#<1*> !N)*!# N'%H-
<6-04+%6 <!?!> )%##2P ?27-,2, H%'O-6%45 1!6!'!> *7%%6 N'-0! %% 
N'%Hu+04%#*+ 0 4P?!> 7!7%#6 0'%7%#* < )%45P N!42;%#*+ !H#!,! 
*/ H02f -16*0!0, *7%PM*f #-*?!45_2P <6!*7!<65. Q2<65 <6!*7!-
<6* -16*0!0 ( ) ( 1,2)iS t i =  2H!04%60!'+P6 <6!f-<6*;%<1*7 2'-0#%-
#*+7  ( ) ( )(( ) ( )),i i i i idS t S t r dt dz tδ σ= − +  ,H% r  | ?-#1!0<1-+  N'!-
)%#6#-+ <6-01-, 0iδ >  | *#6%#<*0#!<6* 0:N4-6 H*0*H%#H!0, 

0iσ >  | 0!4-6*45#!<6* -16*0!0, - ( )iz t  | <6-#H-'6#:% 0*#%'!0-
<1*% N'!)%<<: < 1!h$$*)*%#6!7 1!''%4+)** .ρ  Q4-6%O N! !N-
)*!#2 0 7!7%#6 0'%7%#* t  /-H-%6<+ $!'724!> 

1 2( ( ), ( )) max ( ( ) )i if S t S t S t K += − , ,H% 0K ≥  | )%#- *<N!4#%#*+ !N-
)*!#-. Q'* #24%0!7 N4-6%O% -16*0 N!12N-%6<+ #- ':#1%. S6!*-
7!<65 !N)*!#- 1 2( , )F S S  /-0*<*6 6!451! !6 6%12M*f <6!*7!<6%> 

-16*0!0 (?%/ N!6%'* !?M#!<6* (0)i iS S= ) * !N'%H%4+%6<+ 1-1 
0%'f#++ ,'-#5 <'%H#*f N'*0%H%##:f  N4-6%O%> (<.N.N.), 0/+6-+ N! 
0<%7 '%_-PM*7 N'-0*4-7 N'%Hu+04%#*+.  

2. K*O#++ !)%#1- H4+ <6!*7!<6* 1 2( , )F S S  <6'!*6<+ < *<N!45/!0--
#*%7 N'-0*4 

1 2,c cT , /-0*<+M*f !6 N-'-7%6'!0 1 1c >  * 2 1c < : !N-
)*!# N'%Hu+04+%6<+ 6!451! 0 <42;-%, 1!,H- N'!)%<< 

( )
1 2( ) ( ) / ( ) x tp t S t S t e= =  0N%'0:% H!<6*,-%6 4*?! 0%'f#%> ,'-#*): 

1c , 4*?! #*O#%> ,'-#*): 2c . Q2<65 1 2ρσ σ= .j?!/#-;*7 ;%'%/ 

2( , )C S t  <6!*7!<65 0 #-;-45#:> 7!7%#6 %0'!N%><1!,! !N)*!-
#- #- 06!'!> -16*0 < 0'%7%#%7 *<N!4#%#*+ t , !N'%H%4+%72P 
$!'724!> d4h1--b!24<-. j?!/#-;*7 ;%'%/ 

1 2, , ( )i c cg t  N4!6-

#!<65 '-<N'%H%4%#*+ 0'%7%#* 
icT  N%'0!,! H!<6*O%#*+ N'!)%<<!7 

                                                
*  I-?!6-  N!HH%'O-#- ,'-#6!7 IZZX, N'!%16 08-01-00249. 
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( )x t  2'!0#+ ln ic  N'* 2<4!0**, ;6! !# #% H!<6*, H'2,!,! 2'!0#+ 

3ln ic − . Q4!6#!<65 
1 2, , ( )i c cg t  /-H-%6<+ '+H!7 ZP'6- [1]. S.N.N. N! 

!N)*!#2 N'* *<N!45/!0-#** N'-0*4- 
1 2,c cT 0 <42;-% 1 2ρσ σ= /-H-%6-

<+ $!'724!>  
,1 2

1 2 1 2 1 2, 1 2 1 , 2 ,( , ) E[ ( ( ), ( )) | (0) ]c crT
c c c c c c i iF S S e f S T S T S S−= =  

1 2 1 22 2, , 1 2 1, ,
0

[ ( , ) ( ) ( , ) ( )]c c c cC S t g t C c S t g t dt
∞

= +∫ , 1!6!'2P 7!O#! N'%H-

<6-0*65 0 0*H% <277: ?:<6'! <f!H+M%,!<+ '+H-. @-1<*727 
1 2, 1 2( , )c cF S S  N! N%'%7%##:7 1 2,c c  +04+%6<+ #*O#%> !)%#1!> 

<6!*7!<6* 1 2( , )F S S  * #-f!H*6<+ ,'-H*%#6#:7 7%6!H!7. j67%-
6*7, ;6! N'* 0K =  N!<6'!%##-+ !)%#1- +04+%6<+ 6!;#!> (<7. [2]). 
]% 7!O#! N!42;*65 7-1<*7*/-)*%> N! 1 2,c c  $2#1)** 

2 2 1 1 1 1 2 2

1 2 2 1 1 2 2 1 1 2

1 1
1 1 2 2 1 1 2 1 2 1

, 1 2
1 2 1 2 1 2 1 2

( ) ( )( , ) ,c c
c c c S S c c c S SF S S

c c c c c c c c

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

− −− −= +
− −

 ,H% 

( )2 2 2
1,2 22 /θ α α δ σ σ= − ± +% % , 2

1 2
1
2

α α α σ= − −% , 
2 2 2

1 1 2 22 .σ σ ρσ σ σ= − +  
Z7<,3(<03( 

1. Z%44%' 8. 80%H%#*% 0 6%!'*P 0%'!+6#!<6%> * %% N'*4!O%#*+. [.1. 
@.: @*', 1963. 

2. Gerber H.U., Shiu E.S.W. Martingale approach to pricing American  op-
tions. ASTIN Bulletin. 1994. V. 24. P. 195|200. 

B('2"',$7, ' 7D3, FIGHT: <,"37* 7 X&$8,37+,2< 
@. 8. @2'-_1*#  

:Sc$ 
X,'- FIGHT - H*#-7*;%<1-+ *,'- < #%N!4#!> *#$!'7-)*%>. 

 -OH:> */ H02f *,'!1!0 #-H%4%# N'*0-6#:7 N-'-7%6'!7 (<*4!>) – 
<42;->#!> 0%4*;*#!>, '-0#!7%'#! '-<N'%H%4%##!> #- !6'%/1% 
[0;1]. S#-;-4- N%'0:> *,'!1 '%_-%6, ?2H%6 4* !# H'-65<+, *4* !6-
<62N*6. ]<4* !# 0:?'-4 H'-12, N!?%OH-%6 6!6 *,'!1, ;5+ <*4- 
?!45_%. ]<4* N%'0:> *,'!1 !6<62N*4, 6! 2O% 06!'!> *,'!1 0:?*-
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'-%6, ?2H%6 4* !# H'-65<+. ]<4* ?2H%6 – N!?%OH-%6 <*45#%>_*>, 
%<4* !6<62N*6 – H'-1* #% N'!*<f!H*6. 8:*,':_ N!?%H*6%4+ '-0%# 
1, N'!*,'-0_%,! – 0. 8 <42;-%, 1!,H- !?- !6<62N*4* – N! 0.5. 

]<4* N'%HN!4!O*65, ;6! *,'!1* *,'-P6 N! N!'!,!0:7 <6'--
6%,*+7 (0<%,H- H'-65<+, %<4* <*4- N'%0:_-%6 #%1!6!'!% /#-;%#*% – 
N!'!,, * #% H'-65<+ 0 N'!6*0#!7 <42;-%), 6! %H*#<60%##:7 '-0#!-
0%<*%7 d->%<--Kh_- ?2H%6 N-'- <6'-6%,*> < #24%0:7* N!'!,-7*. 
K! '+H *<<4%H!0-#*> [1] N!1-/:0-%6, ;6! N!0%H%#*% '%-45#:f *,-
'!1!0 <2M%<60%##! !64*;-%6<+ !6 h6!,! '-0#!0%<*+. E#-4!,*;#:> 
'%/2456-6 ?:4 N!42;%# * 0 h1<N%'*7%#6%, N'!0%H%##!7 0 4-?!'-6!-
'** h1<N%'*7%#6-45#!> h1!#!7*1* @Z[X. 8 1-OH!7 */ 40 '-2#-
H!0 14 2;-<6#*1!0 <42;->#:7 !?'-/!7 '-/?*0-4*<5 #- N-': * N!-
42;-4* '!4* N%'0:f * 06!':f *,'!1!0. 8 1!#)% 1-OH!,! '-2#H- 
*,'!1 N!42;-4 *#$!'7-)*P ! <*4% <!N%'#*1- * %,! '%_%#**, %<4* 
6-1!0!% *7%4! 7%<6!. 

8 H-##!> '-?!6% ?:4 '-/'-?!6-# 7%6!H !)%#1* <'%H#%,! N!-
'!,- ,'2NN: *,'!1!0 #- !<#!0% !H#!> <42;->#!> 0%4*;*#:, /-0*-
<+M%> !6 <*4: *,'!1- * %,! '%_%#*+. G4+ *,'!1!0 1-OH!,! 6*N- 
?:4- N!<6'!%#- /-0*<*7!<65 <'%H#%,! N!'!,- 0 '-2#H%, '-<<;*6-#-
#!,! N! H-##!72 7%6!H2, !6 #!7%'- '-2#H-.  -1 !1-/-4!<5, ,*N!6%-
/- ! 6!7, ;6! 4*#%>#:% -NN'!1<*7-)** H-##:f /-0*<*7!<6%> +0-
4+P6<+ *<6*##:7* /#-;%#*+7* N!'!,!0 *,'!1!0, #% N'!6*0!'%;*6 
h1<N%'*7%#6-45#:7 H-##:7 N'* H!<6-6!;#! ?!45_*f 2'!0#+f 
/#-;*7!<6*. S'%H#*> N!'!, *,'!1!0 N%'0!,! 6*N- 7%#+4<+ 1-1 
0.52729 - 0.00341k, ,H% k – #!7%' '-2#H-, - 06!'!,! – 1-1 0.41186 - 
0.00494k ('*<. 1). l6* /#-;%#*+ 4%O-6 H-4%1! !6 '-0#!0%<*+ d->%-
<--Kh_-.  

G4+ !?u+<#%#*+ H-##!,! +04%#*+ ?:4! N'%H4!O%#! <;*-
6-65, ;6! *,'!1* 0%'+6, ;6! *f N'!6*0#*1* *,'-P6 N! N!'!,!0:7 
<6'-6%,*+7, N'*;%7 1-OH:> *,'!1 1-1*7-6! !?'-/!7 <6'!*6 <0!% 
*#H*0*H2-45#!% '-<N'%H%4%#*% h6*f N!'!,!0 (H-4%% – 0!!?'-O-%-
7!% '-<N'%H%4%#*%), * 0:?*'-%6 <0!> N!'!, 6-1*7 !?'-/!7, ;6!?: 
7-1<*7*/*'!0-65 !O*H-%7:> 0:*,':_ N'* H-##!7 '-<N'%H%4%-
#**. d:4- '-<<7!6'%#- *,'- H02f *,'!1!0, *,'-PM*f N! <6'-6%,*-
+7 < N!<6!+##:7* N!'!,-7*. ]<4* 0!!?'-O-%7!% '-<N'%H%4%#*% 
!#* <6'!+6 1-1 N'%H%4 '-<N'%H%4%#*+ N!'!,!0 <!N%'#*1- (N'* 1!-
4*;%<60% '-2#H!0, <6'%7+M%7<+ 1 ?%<1!#%;#!<6*), #! <-7* N!'!,* 
!N'%H%4+P6 N! !H#!72 N'!<6!72 N'-0*42, '-<<7!6'%##!72 0 '-?!-
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6%, 6! 0 6-1!> *,'% 7!O%6 <2M%<60!0-65 )%4!% 7#!O%<60! '-0#!0%-
<*> < #%#24%0:7* N!'!,-7*. 8 N'!0%H%##!7 h1<N%'*7%#6% <'%H#*% 
/#-;%#*+ N!'!,!0 #% 0f!H+6 0 h6! 7#!O%<60!, !H#-1! h1<N%'*7%#-
6-45#:% H-##:% #% N'!6*0!'%;-6 N'%HN!4!O%#*P ! 6!7, ;6! 0 *,'% 
*H%6 <f!H*7!<65 1 !H#!72 */ 6-1*f '-0#!0%<*>.  
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-'.!/.&/ ( !#%&! '(#)+') -'.!/.&/ (%,)#&! '(#)+')
 

I*<. 1 
 

Z7<,3(<03( 
2. Carrillo J. D., Palfrey T.R. The Compromise Game: Two-sided Adverse 

Selection in the Laboratory. 2nd Annual Conference on Empirical Legal Stud-
ies Paper. December 11, 2006. 

d"+83"+7$$2(* 7D3(: /'0$<"3"227;  
2,=9(D"837*<2L; "<="3 ' 9(="3(<"377 

Z.@. C45+#!0 
.m W " 

8 '-?!6% N'!0!H*6<+ -#-4*/ *,': < N'*0-6#!> *#$!'7-)*%> 
< H027+ 2;-<6#*1-7*.   -OH:> *,'!1 #-H%4%# «<*4!>» */0%<6#!> 
6!451! %72, * 0:?*'-%6 H'-65<+ *4* !6<62N*65. ]<4* 16!-6! */ *,-
'!1!0 0:?'-4 H'-65<+, N'!*<f!H*6 H'-1-, ?!4%% <*45#:> *,'!1 N!-
42;-%6 ?!45_*> 0:*,':_ H , *,'!1 <4-?%% N!42;-%6 0:*,':_ 
7%#5_% L . ]<4* !?- *,'!1- 0:?'-4* !6<62N*65, 6! H'-1- #% N'!-
*<f!H*6, !?u+04+%6<+ #*;5+ * !?- *,'!1- N!42;-P6 N'!7%O26!;-
#:> 0:*,':_ M . I-<<7-6'*0-P6<+ 3 0%'<** *,'::  

1) X,'!1* f!H+ N!<4%H!0-6%45#! 1,  0.5,  0;H M L= = =  
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2) X,'!1* f!H+ !H#!0'%7%##! 1,  0.5,  0;H M L= = =  
3) X,'!1* f!H+ !H#!0'%7%##!  1,  0.4,  0.H M L= = =  
8! 0<%f  <42;-+f 0 *,'% %<65 6!451! !H#! '-0#!0%<*% d->%<--

Kh_- 0 <7%_-##:f <6'-6%,*+f: O+4T7?f 1*1=] =-+134] )'&49=?=-
]1 1T =g ?=6Q.  

G4+ *<<4%H!0-#*+ H-##!> *,': ?:4- #-N*<-#- N'!,'-77- 0 
<*<6%7% z -Tree [1], * N'!0%H%# h1<N%'*7%#6 0 4-?!'-6!'** h1<N%-
'*7%#6-45#!> h1!#!7*1* @Z[X. 8<%,! 2;-<60!0-4! 14 *,'!1!0, 
?:4! N'!0%H%#! 40 62'!0. 8 1-OH!7 62'% *,'!1* N'!*/0!45#:7 
!?'-/!7 '-/?*0-4*<5 #- N-':, 7%OH2 1!6!':7* * N'!f!H*4* «H'--
1*». 

j1-/-4!<5, ;6! 
1) X,'!1* ;-<6! 0:?*'-P6 «!6<62N*65» 
2) Q'*<26<602%6 #%/#-;*6%45#-+ !?2;-%7!<65  *,'!1!0. 
3) K-?4PH-%6<+ '-/4*;#!% N!0%H%#*% *,'!1!0  N'* *,'% N%'-

0:7, 06!':7 * 0 !H#!0'%7%##!> 0%'<** *,':. 
8 f!H% -#-4*/- *#H*0*H2-45#!,! N!0%H%#*+ *,'!1!0 N'%HN!-

4-,-4!<5 ;6! *,'!1* N!45/2P6<+ N!'!,!0:7* <6'-6%,*+7*, 6. %  
#-;*#-+ < 1-1!,! 6! /#-;%#*+ <*4: 0:?*'-P6 «H'-65<+», - H! h6!,! 
0:?*'-P6 «!6<62N*65».  j)%#*0 h6* N!'!,* H4+ 1-OH!,! *,'!1-, 
N!42;*4* ;6!  

1) Q!0%H%#*% *,'!1!0 < ?!45_!> 6!;#!<65P !N*<:0-%6<+ N!'!-
,!0:7*  <6'-6%,*+7* N'* h6!7 H4+ 06!':f *,'!1!0 6-1-+ 6!;#!<65 
0:_%. 

2) 8 <'%H#%7 /#-;%#*+ N!'!,!0 2 06!':f *,'!1!0 7%#5_% ;%7 2 
N%'0:f. 

x6!?: !?u+<#*65 N'*;*#: 0 '-?!6% -#-4*/*'2%6<+ H0% 7!H%-
4*:  10-#6*45#!% '-0#!0%<*% < 4!,*<6*;%<1!> $2#1)*%> *  1!,#*-
6*0#-+ *%'-'f*+  

1) j?% 7!H%4* 1-;%<60%##! <!!60%6<602P6 !<#!0#!> 7-#%'% N!-
0%H%#*+ *,'!1!0: 0!/'-<6-#*P ;-<6!6: 0:?!'- «H'-65<+» 0 /-0*-
<*7!<6* !6 <*4:. 

2)  0-#6*45#!% '-0#!0%<*% !?u+<#+%6 '-/4*;*% 0 N!0%H%#*% 
N%'0!,! * 06!'!,! *,'!1- 

3) j?% 7!H%4* 0 N!'!,!0:f <6'-6%,*+f H!<6-6!;#! f!'!_! <!-
!60%6<602P6 h1<N%'*7%#6-45#:7 H-##:7. 
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(2006) 

3. Richard D. McKelvey and Thomas R. Palfrey “Quantal Response Equi-
libria for Normal Form Games” games and economic behavior 10, 6-38 (1995) 

4. Camerer, C., T. Ho, and J. Chong (2004) "A Cognitive Hierarchy Mod-
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5. Camerer, C., T. Palfrey, and B. Rogers (2006) "Heterogeneous Quantal 
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S2(97U "8<7+(9?2LV $<3(<,D7; 7U+,2,27*  
$<3(V"'LV 83,+7; ' +"/,97 8"U767"22"; 7D3L 

/'0V &"2&03730:F7V &"+8(27; 
J. . M4)O4+194 

:He =]. :... _1]1)1?194 
8 '-?!6% N!<6'!%#- H*#-7*;%<1-+ 7!H%45, N!/0!4+PM-+ 

!)%#*65 h$$%16 !6 */7%#%#*+ 6-'*$- <6'-f!0!> 1!7N-#*%>. 8 <42-
;-% N!0:_%#*+ 6-'*$-, 1!7N-#*+ 7!O%6 N!6%'+65 14*%#6!0, #!, < 
H'2,!> <6!'!#:, 7!O%6 N!42;*65 ?!45_2P N'*?:45 < !6H%45#!,! 
14*%#6-. c%45 *<<4%H!0-#*+ - !N'%H%4%#*% !N6*7-45#:f <6'-6%,*> 
*/7%#%#*+ <6'-f!0!> N'%7** 0 2<4!0*+f 1!#12'%#6#!,! ':#1-. 

Q2<65 #- ':#1% H0% <6'-f!0:% 1!7N-#** A * B. d2H%7 '-<-
<7-6'*0-65 7!H%45 #- $*1<*'!0-##!7 1!4*;%<60% N%'*!H!0 T,  – 
#!7%' N%'*!H-. Q'%HN!4-,-%7, ;6! 1!4*;%<60! /-<6'-f!0-##:f 
!?u%16!0 #- ':#1% N!<6!+##! * '-0#! E. 8 #-;-45#:> 7!7%#6 0'%-
7%#* N'%7** 1!7N-#*> '-0#:  * , - *f H!4* N'*<26<60*+ #- 
':#1%  * . Q'%HN!4!O*7, ;6! 0 1-OH:> 
N%'*!H 0'%7%#* t 1!7N-#** 7!,26 N!0:<*65 *4* N!#*/*65 N'%7*P 
#- $*1<*'!0-##2P 0%4*;*#2 }. S#-;-4- N'%7*P #-/#-;-%6 1!7N--
#*+ A, /-6%7 B. C?:6!1 , N'*f!H+M*><+ #- !H*# !?u%16- <6'-f!-
0-#*+, - $*1<*'!0-##:>, ,  - <277-'#:% 2?:61* 1!7N--
#*> 0 7!7%#6 0'%7%#* . 8 1!#)% 1-OH!,! */ N%'*!H!0 1!7N-#** 
'-<<;*6:0-P6 N'*?:45 N%'*!H- N! $!'724%: , 

 , - 6-1O% N'!*<f!H*6 N%'%'-<N'%H%4%#*% H!4%> ':#1- N! 
<4%H2PM*7 N'-0*4-7: 
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N'*  

N'* : , 

,H%  – 1!h$$*)*%#6 h4-<6*;#!<6* N%'%'-<N'%H%4%#*+ /--
<6'-f!0-##:f !?u%16!0 !6#!<*6%45#! N'%7**. 

 
 

I-<<7!6'%# <42;->, N'* 1!6!'!7 1-OH-+ */ 1!7N-#*> <6'%-
7*6<+ 7-1<*7*/*'!0-65 <0!P $2#1)*P 0:*,':_- - <277-'#2P 
N'*?:45: 1!7N-#*+ A – $2#1)*P  , 1!7N-#*+ B - = 

. S$!'724*'!0-##-+ 6-1*7 !?'-/!7 /-H-;- +04+%6<+ 1!-
#%;#!_-,!0!> N!/*)*!##!> *,'!> < N!4#!> *#$!'7-)*%> 

. X/7%#++ 
1!h$$*)*%#6 h4-<6*;#!<6* N%'%'-<N'%H%4%#*+ /-<6'-f!0-##:f 
!?u%16!0 k, - 6-1O% H'2,*% #-;-45#:% N-'-7%6':, ?:4* N!42;%#: 
<!0%'_%##:% N!H:,'!0:% '-0#!0%<*+ *,': . 8 <42;-% < !H*#-1!-
0:7* #-;-45#:7* N'%7*+7* * H!4+7* 1!7N-#** N'*H%'O*0-P6<+ 
!H*#-1!0:f <6'-6%,*>. x%7 ?!45_% , 6%7 ?!4%% <14!##: 1!7N--
#** <#*O-65 N'%7**, ;6!?: /-f0-6*65 H!4P ':#1-. j;%0*H#! N'%-
*72M%<60! 06!'!> 1!7N-#**, N!42;%##!% /- <;%6 *#$!'7-)** ! 
0:?!'% N%'0!>. Q'* <*45#!7 N%'%6%1-#** H!4* ':#1- h1<N%'*-
7%#6-45#! N!42;%#!, ;6! 0! 7#!,*f <42;-+f 0 t=1 1!7N-#*+ A 
N!H#*7-%6 N'%7*P, - 1!7N-#*+ B !N2<1-%6, ;6! N!/0!4+%6 %> <'-/2 
/-f0-6*65 H!4P ':#1-. 8 7!7%#6 0'%7%#* T 1!7N-#** 0<%,H- N!H-
#*7-P6 N'%7*P, N!<1!4512 N%'%'-<N'%H%4%#*% H!4* 0 N%'*!H T #% 
04*+%6 #- $2#1)** N'*?:4* T-,! N%'*!H-, <4%H!0-6%45#!, * #- 
$2#1)** 0:*,':_%> 6!O%. 

x6!?: *<14P;*65 h6!6 h$$%16 ?:4 '-<<7!6'%# 0-'*-#6 7-1-
<*7*/-)** <N'-0%H4*0!> <6!*7!<6* 1!7N-#**, '-<<;*6-##!> N! 
7%6!H2 H*<1!#6*'!0-##:f H%#%O#:f N!6!1!0 (DCF – Discounted 
Cash Flow). Z2#1)** 0:*,':_- H4+ h6!,! <42;-+: , 
,H% , - r –$*1<*'!0-##-+ ?-#1!0<1-+ <6-01-, . 
Q'%HN!4-,-+, ;6!: , , '-<<;*6:0-%7 . 
Q'%HN!4!O*7, ;6! 0 1-OH:> */ N!<4%H2PM*f N%'*!H!0 
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 1!7N-#*+ N!42;-%6 N'*?:45 . Q!42;-%7 <4%-
H2PM*> 0*H $2#1)** 0:*,':_- : 

 . 
8 <42;-% #%0:<!1!,! 2'!0#+ 2?:61!0, 1!7N-#*+ A, !?4--

H-PM-+ */#-;-45#! ?!45_%> N'%7*%>, <#*O-%6 %% N'* #%1!6!':f 
 0 N%'*!H T. Q! <'-0#%#*P <! <42;-%7 7-1<*7*/-)** <277-'#!> 
N'*?:4* <6'-6%,** *,'!1!0 /#-;*6%45#! */7%#+P6<+ 6!451! N'* 
?!45_*f T. 

I6,2&( =,$&"2,E2"D" (+,37&(2$&"D" "867"2( 2( 
+(&$7+0+ 37$&"'"D" 7 =,U37$&"'"D" (&<7'"'*  

 .8. v*O#+1 
:He =]. _1]1)1?194 

I-?!6- N!<0+M%#- !)%#1% <6!*7!<6* ?%<1!#%;#!,! -7%'*-
1-#<1!,! 1!44-!N)*!#- #- 7-1<*727 '*<1!0!,! * ?%/'*<1!0!,! 
-16*0!0. Q'%HN!4-,-%6<+, ;6! )%#: -16*0!0 Si(t), i=1,2, 0 7!7%#6 
0'%7%#* t 2H!04%60!'+P6 <6!f-<6*;%<1*7 H*$$%'%#)*-45#:7 
2'-0#%#*+7 

( ) ,2,1,)()()()( =+−= itdzdtrtStdS iiiii σδ  
,H% zi(t) – <6-#H-'6#:% 0*#%'!0<1*% N'!)%<<: (zi(0) = 0) < N!<6!+#-
#!> 1!''%4+)*%> v, 0>r  – ?-#1!0<1-+ N'!)%#6#-+ <6-01-, si – 0!-
4-6*45#!<65 <6!*7!<6* i-,! -16*0-, wi – <6-01- 0:N4-;*0-%7:f H*-
0*H%#H!0 N! -16*02 i. 
S6!*7!<65 !N)*!#- 0 #-;-45#:> 7!7%#6 0'%7%#* !N'%H%4+%6<+ N! 
$!'724%  

( )( )( ),)(),(maxsup),( 21
0

21
+′−

≥′
−′′Ε= KTSTSeSSF Tr

T
 

/H%<5 ( ),0,max xx =+ 2,1),0( == iSS ii ,T’ – N'-0*4! !<6-#!01*. 

8%'f#++ !)%#1- <6!*7!<6* !N)*!#- ( )21 , SSF  N!42;%#- /-7%#!> 0  
*#6%,'-45#!> $!'724% <6!*7!<6* !N)*!#- 0:'-O%#*+ H4+ ,'-#*-
): !?4-<6* #%7%H4%##!,! *<N!4#%#*+ ( )ii SG −3  %% N'*?4*O%#*%7  

( ) ( ) 2,1,,max 3
*

3 =+= −− iScSSG iiiiii ω , ,H% *
iS  – !N6*7-45#!% N!-

                                                
* I-?!6- N!HH%'O-#-  ,'-#6!7 IZZX, N'!%16 08-01-00249. 
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2
2 2

1 1
1

2 2 * 2
2

2

ˆ ˆ ˆln , , 2 ,
2

ln ln
ˆ ˆ2 , , .

al b r
S

a Sr r r b T
b

σα α ξ α σ

ξ α σ
α

⎛ ⎞
= = − − = +⎜ ⎟

⎝ ⎠
−= + = − =
−

'!,!0!% /#-;%#*% H4+ *<N!4#%#*+ ?%<1!#%;#!,! -7%'*1-#<1!,! 
!N)*!#- #- i-> -16*0, 2,1,3 =+= − iScS iiii ω  – 2'-0#%#*+ -<*76!6 
,'-$*1!0 $2#1)*> ( ) 2,1,3 =− iSG ii . 
8 <42;-%, 1!,H- 2S – ?%/'*<1!0:> -16*0 ( )0,0,0 22 === ρδσ , 

( ) ( )2 2 2 2
1 1 1 1 1 1 1 1 11 / 2 , 1 / 2 / / 2.c Kc c c rσ δ ω σ δ= + = − +  

G4+ N!42;%#*+ #*O#%> !)%#1* <6!*7!<6* !N)*!#- 0 1-;%<60% N'--
0*4- !<6-#!01* *<N!45/2%6<+ 7!7%#6 N%'0!,! H!<6*O%#*+ )%#!> 
!H#!,! */ -16*0!0 ,'-#*): 0*H- btaetf =)( , /H%<5 b=a 0≥  N--
'-7%6':. [-1*7 !?'-/!7, N'-0*4! !<6-#!01* *7%%6 0*H 

( ){ }btaetStStbaT =≥= )(),(max0min),(' 21 . 

( ) ( ) ( )

( ) ( ) ( )

1

2

1 2 1 1 11 12 2 2
0

2 2 21 22 1 1
0

( , )

,

t rt

t rt

F S S S e d rKe d x dx dt

S e d rKe d x dx dt

δ

δ

δ φ

δ φ

∞ ∞
− −

−∞

∞ ∞
− −

−∞

⎡ ⎤= Φ − Φ⎣ ⎦

⎡ ⎤+ Φ − Φ⎣ ⎦

∫ ∫

∫ ∫
 

,H% 

( )( )( )( )
( )
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( )
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3

ln exp 2 ln
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2 ln
, , .
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ij
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i

G tx j t S t
d

t

t x j t S t
r

t

σ ρσ σ α

σ ρ

σ ρ σ α σα α α δ
σ ρ
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−
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−
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⎢ ⎥⎝ ⎠ ⎝ ⎠⎪ ⎣ ⎦⎩

⎛ ⎞⎛ ⎞ ⎛ ⎞− − −+ − Φ − Φ⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
⎡ ⎛ ⎞ ⎛ ⎞− + − −− Φ + Φ⎜ ⎟ ⎜ ⎟
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e7$9,22L; +,<"/ /9* 3,],27* 2,'L80&9";  
U(/(E7 "8<7+(9?2"D" 083('9,27* 
@.8. `#24%0*;, E.S. S6'%1-4!0<1*> 

$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 
I-<<7-6'*0-%6<+ /-H-;- !N6*7-45#!,! 2N'-04%#*+ (jC): 

1 1( , ) ( ( )) [ ( ( ), ) ( ( ), )] min,
u

T

F x t t f u t t dtJ x u F ux t ↓ ∈= + +∫ A  (1) 

0 0( ) ( ) ( ) ( ( ), ), ( ) ,x t A t x t b u t t x t x= + =&  (2) 
{ ( ) ( ) N.0. #- },ru L T u t U T∞∈ ∈ A   (3) 

,H% 0 1[ ],T t t , 7#!O%<60! rU R⊂  +04+%6<+ 1!7N-16#:7, * 0:N!4-
#+P6<+ !?:;#:% N'%HN!4!O%#*+ 0 /-H-;% jC (<7. [1,3-5]).  '!7% 
6!,!, N2<65 $2#1)**, /-H-PM*% )%4%0!> $2#1)*!#-4 (3), N'%H<6--
0*7: 0 0*H% '-/#!<6* 0:N214:f * ,4-H1*f N! nx R∈  $2#1)*>: 

1 1 1( ) ( ) ( )F x g x h x= −  * ( , ) ( , ) ( , )F x t g x t h x t= −  (<7. [1,2]). 
8!!?M% ,!0!'+, /-H-;- (1)-(3) +04+%6<+ #%0:N214!>, 6.%. 7!-

,26 <2M%<60!0-65 h1<6'%7-4* Q!#6'+,*#-, #% +04+PM*%<+ ,4!-
?-45#! !N6*7-45#:7* (<7. [1]). G4+ '%_%#*+ /-H-;* 242;_%#*+ 
6-1*f h1<6'%7-4%> N! /#-;%#*P )%4%0!,! $2#1)*!#-4- (1) N'%H-
4!O%# N!Hf!H, !<#!0-##:> #- #!0:f 2<4!0*+f ,4!?-45#!> !N6*-
7-45#!<6* (#-N'*7%', <7. [2,4]). Q!<6'!%# -4,!'*67 ,4!?-45#!,! 
N!*<1-, *<N!45/2PM*> N'!)%H2'2 242;_%#*+ h1<6'%7-4*, - 6-1O% 
'-#%% N'%H4!O%##2P N'!)%H2'2 <N%)*-45#!,! 7%6!H- 4!1-45#!,! 
N!*<1-, 1!6!':> 2;*6:0-%6 <N%)*$*12 /-H-;*. 

Q2<65 */0%<6%# N'!)%<< (·), ·( )( )s sux , su ∈A,  6! 0 1-;%<60% 
<4%H2PM%,! 1 1(·), (( )·)s sx u+ +  ?2H%7 0:?*'-65 N'!)%<<, N'*?4*O%##! 
2H!04%60!'+PM*> N'*#)*N2 7-1<*727- Q!#6'+,*#- (< 6!;#!<65P 

0sδ > ,
0 kk
δ

≥
< +∞∑ , N! #%0+/1%) 0  4*#%-'*/!0-##!> /-H-;% ( )sPL : 
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1 1 1 1 1( , ) ( ( )) ( ( )), ( )

[ ( ( ), ) ( ( ), ), ( ) ( ( ), )] m ,  in  

s
s

s
x

T

x u g x t h x t x t

g x t t

I

h x t t x t f u t t dt u

= − 〈∇ 〉 +

+ − 〈∇ 〉 + ↓ ∈∫ A  

N'* 2<4!0** H*$$%'%#)*-45#!> <0+/* (2). Q2<65 ( , , ),H t x uψ  – 
$2#1)*+ Q!#6'+,*#- 0 /-H-;% (1)-(3). [!,H- <N'-0%H4*0- <4%H2P-
M-+ 6%!'%7-. 
^,"3,+(. Q2<65 N!<4%H!0-6%45#!<65 N'!)%<<!0 {( (·), (·))}s sx u  
<6'!*6<+ N! 0:_%!N*<-##!72 N'-0*42. [!,H- 

limsup{ ( , ( ), ( ), ) ( , ( ), ( ), )} 0 N.0. # ,( ) - s s s s s

s v U
H t x t t v H t x t tt u Tψ ψ

→∞ ∈
− =  

,H% -?<!4P6#! #%N'%':0#-+ $2#1)*+ (·)sψ  +04+%6<+ '%_%#*%7 
<!N'+O%##!> <*<6%7: /-H-;* ( )sPL . 

Q'!0%H%#! ;*<4%##!% 6%<6*'!0-#*% <N%)*-45#!,! 7%6!H- 4!-
1-45#!,! N!*<1-, - 6-1O% -4,!'*67- ,4!?-45#!,! N!*<1- #- <,%#%-
'*'!0-##:f 10-H'-6*;#:f /-H-;-f jC */ 6-1 #-/:0-%7:f /-H-;-
+H%' ( iP ), 1,i m= , 0 1!6!':f */0%<6#: 4!1-45#! * ,4!?-45#! !N-
6*7-45#:% N'!)%<<:.   S4!O#!<65 <1!#<6'2*'!0-##:f 6%<6!0:f 
/-H-; 7!O%6 ?:65 !f-'-16%'*/!0-#- <4%H2PM*7 N'%H4!O%#*%7. 
>3,/9".,27,. Q2<65 0 /-H-;% ( iP ) <2M%<602%6 iK  ,4!?-45#! * !N-
6*7-45#:f N'!)%<<!0 * iM  h1<6'%7-4%>, 1,i m= . [!,H- 0 N!<6'!-
%##!> /-H-;% < N!7!M5P 7%6!H- ,%#%'-)**, <2M%<602%6 

1 i
m

i
K

=∏  

,4!?-45#! !N6*7-45#:f N'!)%<<!0 * 
1 i

m

i
M

=∏  h1<6'%7-4%>. 
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3. S6'%1-4!0<1*> E.S., `#24%0*; @.8. B4!?-45#:> N!*<1 0 /-H-;% !N-
6*7-45#!,! 2N'-04%#*+ < )%4%0:7 6%'7*#-45#:7 $2#1)*!#-4!7, N'%H-
<6-04%##:7 '-/#!<65P H02f 0:N214:f $2#1)*> // Y2'#. 0:;*<4. 7-6%7. 
* 7-6%7. $*/*1*. – 2008. – [. 48, q 7. – S. 1187-1201. 

4. S6'%1-4!0<1*> E.S. e-H-;* !N6*7-45#!,! 2N'-04%#*+ < 6%'7*#-45-
#:7* $2#1)*!#-4-7*, N'%H<6-0*7:7* 0 0*H% '-/#!<6* H02f 0:N214:f 
$2#1)*> // Y2'#. 0:;*<4. 7-6%7. * 7-6%7. $*/*1*. – 2007. – [. 47, q 11. 
– S. 1865-1879. 

5. S6'%1-4!0<1*> E.S., b-'-#f-%0- ].8. B4!?-45#:> N!*<1 0 #%0:-
N214!> /-H-;% !N6*7-45#!,! 2N'-04%#*+ // Y2'#. 0:;*<4. 7-6%7. * 7--
6%7. $*/*1*. – 2005. – [. 45, q10. – S. 1785-1800. 
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Optimal control of a finite-capacity inventory system 
with setup cost *  

Xiuli Chao, Yifan Xu 
University of Michigan, Ann Arbor, Michigan, USA 

Fudan University, Shanghai, China 
One of the most fundamental results in inventory theory is the 

optimality of (s, S) policy for inventory systems with setup cost.A key 
assumption in this result is infinite ordering capacity. That is, regardless 
of how much is the ordered, the order will be ready after the fixed lead-
time. This assumption is clearly not satisfied in many applications, es-
pecially in production systems; all production facility has a finite ca-
pacity. Several studies have been conducted attempting to extend the 
analysis to the case of finite capacity. In the special case that setup cost 
is 0, Federgrun and Zipkin have shown that the optimal strategy for the 
capacitated inventory control problem is a simple extension of the op-
timal base-stock policy to the uncapacitated problem, and is often 
called the modified base-stock policy. Similar results have been ex-
tended to other settings, such as random production/supply capacity. 
Does this ``modification" continue to work in the general case with 
positive setup cost? While it is reasonable to expect that the modifica-
tion of (s, S) would be optimal, it has been shown by several authors, 
through counterexamples, that the result is no longer true. Efforts have 
been made to analyze the structure of the optimal inventory control pol-
icy for the case of finite capacity with setup cost. The general result is 
that the optimal policy can only be partially characterized in the form of 
s-S bands: When the inventory level is below s, then produce/order the 
capacity, and when the inventory level is over S, order nothing. If the 
inventory level is between s and S, the ordering policy is complicated 
and depends on the instance.  In a recent paper by Gallego and Schel-
ler-Wolf, the structure of the policy between the bands is further ana-
lyzed. It is shown that the optimal solution space can be divided into 
four regions. In two of the regions, the optimal policy is known -- in 
one you order the capacity and in the other you order 0, as in the s-S 
bands. In one of the remaining two regions, it is optimal for the deci-
                                                
* Research supported by NSF under CMMI-0800004 and CMMI-0927631.  
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sion maker to either order nothing, or to bring the inventory level at 
least up to a specified level. In the fourth region the parameters of the 
solution dictate one of the two cases hold. In the first case it is optimal 
to order, again at least up to a specified level; in the second, the optimal 
policy is either to order the full capacity or nothing. Therefore, while 
the structure for two of the regions are known, the strategy for the other 
two regions are not completely specified since there are multiple possi-
bilities and it depends on the scenario. Gallego and Toktay consider a 
variation of the periodic review inventory system with finite capacity, 
where in each period, the ordering quantity has to be either the maxi-
mum capacity. The optimal strategy for this case turns is a modified (s, 
S) policy. 

In this work, we consider a continuous review inventory control 
system with setup cost and finite production capacity, and lost sales. 
The production facility can only manufacture products one by one, at a 
given rate. Each product sold generates a revenue. There is a production 
cost and a holding cost. There is also a setup cost every time the ma-
chine is set up to produce, but once the machine is set up, it can pro-
duce any number of products non-stop before turning off the machine 
or switching the machine for other tasks. This makes the model differ-
ent from that of Gallego and Toktay, in which a setup incurs in every 
period the machine produces. Our objective is to dynamically control 
the production process to maximize the long run average profit. Though 
this paper focuses on lost sale model, we point out that similar results 
can be obtained for the case with backlogs.The main result in this paper 
is that the optimal policy is determined by two easily computable pa-
rameters r and S. Whenever the inventory drops to r, the machine is 
turned on to produce at the maximum rate, and the machine is turned 
off when the inventory level reaches S. The control parameters r and S 
are the solutions of a simple concave function g(x). Various characteri-
zations are presented on this stochastic inventory system. Our analysis 
is divided into two parts. In the first part, we focus on a subclass of ad-
missions policies, that is the class of (r, S) policies, and identify, among 
this class of policies, the optimal one. Clearly, this problem is reduced 
to the search for the two optimal control parameters. Then, we prove 
that the policy obtained is actually optimal among all admissible poli-
cies. Finally, we also develop efficient algorithms to compute the opti-
mal control parameters. 
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Sales Utility optimization  
Olga Raskina, Charles Rosa, Sean Devine, Brendt Reif 

Conway Freight 
Conway Freight serves our customer’s LTL shipping needs 

across the whole of the United States and into Canada and Mexico. To 
this end, we manage an extensive network comprised of hundreds of 
P&D and line haul service centers, thousands of tractors, trailers, and 
drivers, and hundreds of thousands of distinct origin-to-destination 
combinations. To support this network, we must have a robust pipeline 
of customers, each with a willingness to pay for freight services which, 
when aggregated, will support the fixed and variable costs of running 
the network, and return a profit to finance continuing improvements to 
our business. To this end, Conway has an extensive sales organization 
that seeks to maintain and grow current customers as well as build rela-
tionships with new customers. Customer retention and satisfaction is 
one of the company’s top priorities. Every day each one of the sales 
representatives needs to decide the priorities of the customers’ contacts 
– whether to contact each of the customers and prospects via phone, 
email or personal visit, or not to contact at all, based on the perceived 
utility of each contact as well as estimated time required for the contact. 
The time includes both time of the contact itself and the travel time in 
case of a face-to-face visit.  

Assigning the utility to each customer and deciding the order and 
priorities of customer contact on a daily basis is a challenging task for 
the sales force given the multidimensionality and uncertainty of the 
driving factors. In the past all account executives have been scheduling 
all of their time manually, which lead not only to excessive planning 
overhead, but also to a great amount of subjectivity and sub-optimality 
in the decision making.  

To address this problem we first use statistical and data mining 
techniques to determine probabilistic estimates of the monetary values 
of each type of the sales contact and the time it will require. With that 
data we then solve a series of optimization problems under uncertainty 
over the entire customer base and the sales force. The optimization 
problem seeks to maximize the daily utility while remaining within 
available time by planning the set of customers to contact and the con-
tact mode for each account executive and each day of the planning ho-
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rizon. 
The problem is a combination of the multi-period prize-

collecting TSP problems and multi-period knapsack problems that need 
to satisfy certain robustness to the uncertainty criteria. In our formula-
tion the uncertainty exists both in the time estimates of each sales activ-
ity (knapsack weights and TSP distances) as well as in our estimates of 
the calls utility. We follow the approach of Archer et all for the core 
TSP problem and Bertsimas and Sim for the robust counterpart, both 
with modifications to account for the combined nature of the problem. 
In our solution we employ a mix of a series of MIPs with custom-
defined cuts and robust prize-collecting TSP heuristics. This approach 
allows us to solve the problem in near real-time and to respond quickly 
to the always changing sales environment.  

Conway is beginning to integrate the model into the business 
process for automatically scheduling all customer contacts for all of its 
account executives. We report on the computation and implementa-
tion/adoption challenges and results.  
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0-65<+ 1-1 <f%7- $!'7*'!0-#*+ ?*/#%<-1!#)%N)** #!0!,! 8S. 

I-<<7!6'%#- /-H-;- N'!,#!/*'!0-#*+ )%#: <0%'f/021!0!,! 
-H7*#*<6'-6*0#!,! <-7!4U6- #- h6-N% N'%HN'!%16#:f *<<4%H!0--
#*>. j?!<#!0-#*% )%#: N%'<N%16*0#!,! <-7!4U6- +04+%6<+ !H#*7 
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*/ h4%7%#6!0 '-/'-?-6:0-%7!> 7%6!H*1* N'%HN'!%16#:f *<<4%H!-
0-#*> H4+ -#-4*/- *#0%<6*)*!##!> N'*04%1-6%45#!<6* 1!#)%N)*> 
#!0:f <-7!4U6!0. S!/H-#- *#$!'7-)*!##-+ 7!H%45 N'%H0-'*6%45-
#!> !)%#1* N'%H%45#!> )%#: N%'<N%16*0#!,! -H7*#*<6'-6*0#!,! 
<-7!4U6- #- !<#!0% 0:+04%#*+ <0+/* 7%OH2 2'!0#%7 N!6'%?*6%45-
<1*f <0!><60 * <4!O*0_%><+ #- ':#1% )%#!> <-7!4U6-. 8 1-;%<60% 
H-##:f, f-'-16%'*/2PM*f N!6'%?*6%45<1*% <0!><60- <-7!4U6-, 
'-<<7!6'%# #-?!' */ 12 6%f#*;%<1*f N-'-7%6'!0 H4+ 40 N'!H-0-%-
7:f #- ':#1% * *<<4%H2%7:f 0 #-<6!+M%% 0'%7+ '%-16*0#:f -H-
7*#*<6'-6*0#:f <-7!4U6!0. S *<N!45/!0-#*%7 7%6!H- $-16!'#!,! 
-#-4*/- <$!'7*'!0-#- <*<6%7- */ 6'Uf 6%f#*;%<1*f $-16!'!0, f--
'-16%'*/2PM*f 0 !?!?MU##!7 0*H% 6-1*% N!6'%?*6%45<1*% <0!>-
<60- -H7*#*<6'-6*0#!,! <-7!4U6- 1-1 «N!4%/#-+ #-,'2/1-», «h#%'-
,!0!!'2OU##!<65», «1!7$!'6». Q'* $!'7*'!0-#** *#$!'7-)*!#-
#!> 7!H%4* *<N!45/!0-4*<5 7%6!H: #%>'!<%6%0!,! N'!,'-77*'!-
0-#*+. Q!42;%##-+ #%>'!##-+ <%65 !?4-H-%6 f!'!_*7* -NN'!1<*-
7-)*!##:7* <0!><60-7* * 2<6-#-04*0-%6 <6-6*<6*;%<12P /-0*<*-
7!<65 7%OH2 6'%7+ 6%f#*;%<1*7* $-16!'-7* * N'%H%45#!> )%#!> 
-H7*#*<6'-6*0#!,! <-7!4U6-.  

I-/'-?!6-#- 7-6%7-6*;%<1-+ 7!H%45 <N'!<- #- N-<<-O*'<1*% 
-0*-N%'%0!/1*, !6#!<+M-+<+ 1 14-<<2 h1!#!7%6'*;%<1*f 7!H%4%>. 
E0*-N-<<-O*'!0 7!O#! 2<4!0#! '-/H%4*65 #- H0% 1-6%,!'**: N-<-
<-O*':, !N4-;*0-PM*% -0*-N%'%4U6 */ <!?<60%##:f <'%H<60, * 
N-<<-O*':, N%'%4U6 1!6!':f !N4-;*0-%6<+ */ H'2,*f *<6!;#*1!0. 
I-/'-?!6-##-+ 7%6!H*1- N!/0!4+%6 N!42;*65 !)%#12 <N'!<-, $!'-
7*'2%7!,! /- <;U6 N%'0!> 1-6%,!'** N-<<-O*'!0. 

e-H-;- !N'%H%4%#*+ <N'!<- #- N-<<-O*'<1*% -0*-N%'%0!/1* 
'%_-%6<+ 0 H0- h6-N-. K- N%'0!7 h6-N% N'!0!H*6<+ !)%#1- ;*<4%#-
#!<6* 6!> ;-<6* #-<%4%#*+ <6'-#:, 1!6!'-+ <N!<!?#- !N4-;*0-65 
-0*-N%'%4U6 */ <!?<60%##:f <'%H<60, - 6-1 #-/:0-%7!> «h$$%16*0-
#!> ;-<6*» #-<%4%#*+. [%7 <-7:7 !N'%H%4+%6<+ ,'-#*)- «/!#: 
N4-6UO%<N!<!?#!,! <N'!<-». 8 '-71-f «?-/!0!,! N!Hf!H- 7%OH2-
#-'!H#:f 7-1'!h1!#!7*;%<1*f <!N!<6-04%#*>» */ <277-'#!,! 
88Q <6'-#: 0:H%4+%6<+ N%'0*;#-+ ,'2NN- «'-<f!H: #- 1!#%;#!% 
N!6'%?4%#*% H!7-_#*f f!/+><60» - 6% H!f!H:, 1!6!':7* #-<%4%-
#*% 7!O%6 '-<N!'+O-65<+ N! <!?<60%##!72 2<7!6'%#*P, * 0 6!7 
;*<4% !N4-;*0-65 -0*-N%'%4U6. l6* H!f!H: 0 <0!P !;%'%H5 '-<-
N'%H%4+P6<+ N! N+6* 20-% ,'2NN-7 #-<%4%#*+ < '-/4*;#:7* 2'!0-
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#+7* H!f!H!0. S *<N!45/!0-#*%7 *7%PM*f<+ <6-6*<6*;%<1*f H-#-
#:f ! N-<<-O*'<1*f -0*-N%'%0!/1-f !N'%H%4+%6<+ «N!'!,!0:> 
2'!0%#5 H!f!H!0» * «h$$%16*0#-+ ;-<65» #-<%4%#*+ I!<<**. K- 
06!'!7 h6-N% !N'%H%4+%6<+ ;*<4! N-<<-O*'!0, 1!6!':f «N!<6-04+-
%6» #- ':#!1 -0*-N%'%0!/!1 «h$$%16*0#-+ ;-<65» #-<%4%#*+. [%7 
<-7:7 !N'%H%4+%6<+ !?u%7 H-##!,! <%,7%#6- ':#1- N-<<-O*'<1*f 
N%'%0!/!1. 

M"'3,+,22L, <,V2"9"D77 3,],27* U(/(E  
7$$9,/"'(27* 7 83"D2"U73"'(27* 3(U'7<7* 

<3(2$8"3<2"; ('7(677 ' B"$$77 
8.8. d-4-_!0, E.8. S7*'#!0, [.j. c%>64*#- 

m')T+467)Q% 4^+1-=O+1O=)4]=V'?3=% =)?T=TFT 
=]. [+1i. ".J. lF319?31-1 

 !#%;#!> )%45P N'!0!H*7!,! *<<4%H!0-#*+ +04+%6<+ $!'-
7*'!0-#*% N'!,#!/- (#- 10-15 4%6) N%'<N%16*0#!,! N-'1- N-<<--
O*'<1*f <-7!4U6!0, 1!6!':> H!4O%# !?%<N%;*65 N'!,#!/*'2%7:> 
#- h6!6 <'!1 2'!0%#5 N-<<-O*'!N!6!1!0 #- N'!,#!/*'2%7!> <%6* 
-0*-4*#*>. Q'*7%#%#*% 6'-H*)*!##:f 7%6!H!0 N'!,#!/*'!0-#*+ 
-0*-N%'%0!/!1, 6-1*f 1-1 h1<6'-N!4+)*+ 6'%#H!0, '%,'%<<*!##:> 
-#-4*/ * 7%6!H h7N*'*;%<1*f 7!H%4%>, <0+/-#! < #%!?f!H*7!<65P 
O%<61!,! !,'-#*;%#*+ ;*<4- N-'-7%6'!0, 04*+#*% 1!6!':f #- N'!-
,#!/*'2%7:> N!1-/-6%45 7!O%6 ?:65 2;6%#!. l6! 21-/:0-%6 #- )%-
4%<!!?'-/#!<65 *<N!45/!0-#*+ *#$!'7-)*!##:f 7!H%4%> N'!,#!-
/*'!0-#*+, ?-/*'2PM*f<+ #- *<N!45/!0-#** ?!45_!,! ;*<4- N--
'-7%6'!0, 0 6!7 ;*<4% <6-6*<6*;%<1*f H-##:f. 

@%6!H: N!<6'!%#*+ 7!H%4%> <4!O#:f <*<6%7, 1 ;*<42 1!6!-
':f !6#!<+6<+ * 6'-#<N!'6#:% <*<6%7:, #% N'*0!H+6 1 2H!04%60!-
'*6%45#:7 '%/2456-6-7, 1!,H- *<f!H#!% !N*<-#*% <*<6%7:-
!'*,*#-4- +04+%6<+ #%N!4#:7 *4* #%6!;#:7. 8 6-1*f <42;-+f 
#-*?!4%% 1!#<6'216*0#!> +04+%6<+ 6%f#!4!,*+ #%;U61!,! 7!H%4*-
'!0-#*+. X<N!45/!0-#*% -NN-'-6- 6%!'** #%;U61*f 7#!O%<60 * 
#%;U61!> 4!,*1*, 0 ;-<6#!<6*, N!/0!4+%6 $!'7-4*/!0-65 4*#,0*<-
6*;%<12P *#$!'7-)*P 0 )%4+f N!<6'!%#*+ 7-6%7-6*;%<1*f 7!H%-
4%>. 

Q'!,#!/*'2%6<+ '-/0*6*% <%6* -0*-4*#*> * !N'%H%4+P6<+ 6% 
N-': ,!'!H!0, 1!6!':% 0 /-H-##:> ,!H N'!,#!/- ?2H26 <0+/-#: 
N'+7:7 -0*-<!!?M%#*%7 (-0*-4*#*%>). G4+ h6!,! #%!?f!H*7! 
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<$!'7*'!0-65 #% /-0*<+M*% +0#! !6 0'%7%#* * !6 1!#1'%6#!> N-': 
,!'!H!0 2<4!0*+ <2M%<60!0-#*+ -0*-4*#*>. 

G4+ '%_%#*+ /-H-;* $!'7*'!0-#*+ 2<4!0*> <2M%<60!0-#*+ 
-0*-4*#*> *<N!45/!0-# 7-6%7-6*;%<1*> -NN-'-6 #%;U61*f #%>-
'!##:f <%6%>, !?u%H*#+PM*> H!<6!*#<60- #%>'!##:f <%6%> * <*<-
6%7 #%;U61!,! 0:0!H-. I%-4*/-)*+ -NN-'-6- #%;U61*f #%>'!##:f 
<%6%> !<2M%<604%#- < *<N!45/!0-#*%7 «EH-N6*0#!> <*<6%7: #%>-
'!#%;U61!,! 0:0!H-» ANFIS 0 <'%H% MATLAB. ANFIS '%-4*/2%6 
<*<6%72 #%;U61!,! 0:0!H- S2,%#! 0 0*H% N+6*<4!>#!> <%6* N'+7!-
,! '-<N'!<6'-#%#*+ <*,#-4-. 

8-O#%>_*7 h6-N!7 0 N'*7%#%#** #%>'!<%6%0:f 6%f#!4!,*> 
+04+%6<+ !?2;%#*% #%>'!##!> <%6*. I-/'-?!6-#! 0!<%75 !<#!0#:f 
0-'*-#6!0 !?2;-PM%> 0:?!'1* – 6.#. 7!H%4%> 2<4!0*> <2M%<60!-
0-#*+ -0*-4*#*>. @!H%4* '-/4*;-P6<+  N! H027 N'*/#-1-7 – N! 
N'*#)*N2 $!'7*'!0-#*+ 7#!O%<60- h4%7%#6!0 !?2;-PM%> 0:?!'-
1* * N! N'*#)*N2 $!'7*'!0-#*+ <-7*f h4%7%#6!0 !?2;-PM%> 0:-
?!'1*. l4%7%#6 !?2;-PM%> 0:?!'1* <!H%'O*6 0 <%?% <%75 N-'--
7%6'!0: N-'-7%6', f-'-16%'*/2PM*> #-4*;*% *4* !6<26<60*% -0*--
4*#** 7%OH2 H-##:7* H027+ ,!'!H-7*, - 6-1O% _%<65 N-'-7%6'!0, 
f-'-16%'*/2PM*f <-72 6'-#<N!'6#2P <0+/5 * <!%H*#+%7:% %P ,!-
'!H- 1-1 «)%#6' ,%#%'-)** <N'!<- #- -0*-N%'%0!/1*» * 1-1 «)%45 
N!%/H1*». Q'* $!'7*'!0-#** !?2;-PM%> 0:?!'1* ?:4* *<N!45-
/!0-#: <6-6*<6*;%<1*% H-##:% !? */7%'+%7:f N-'-7%6'-f /- 2006 
,. * H-##:% ! <%6* 0#26'*'!<<*><1*f 7-,*<6'-45#:f -0*-4*#*>, 
'%-45#! <2M%<60!0-0_*f 0 h6!7 ,!H2, N'%H<6-04%##:% 0 0*H% OD-
7-6'*):. 

8 '%/2456-6% !?2;%#*+ #%>'!##!> <%6* $!'7*'2%6<+ #-?!' 
N'-0*4, 0 <!!60%6<60** < 1!6!':7* !N'%H%4+%6<+, H!4O#- 4* <2M%-
<60!0-65 -0*-4*#*+ 7%OH2 H027+ ,!'!H-7* N'* /-H-##:f /#-;%#*-
+f */7%'+%7:f N-'-7%6'!0. I%/2456-6: 7!H%4*'!0-#*+ <%6* -0*--
4*#*> N'%H<6-04%#: 0 0*H% 7!H%45#!> OD-7-6'*):. l6- 7-6'*)- 
N!h4%7%#6#! <'-0#*0-%6<+ < *<f!H#!> OD-7-6'*)%> -0*-4*#*>, 
'%-45#! <2M%<60!0-0_*f 0 2006 ,. Q! '%/2456-6-7  <'-0#%#*+ N'!-
0!H*6<+ !)%#1- -H%10-6#!<6* '-/'-?!6-##:f 7!H%4%> 2<4!0*> <2-
M%<60!0-#*+ -0*-4*#*>. 

Q'-16*1- '%_%#*+ '+H- /-H-; N!1-/-4-, ;6! !<#!0#:7* 6%f-
#!4!,*+7*, #- ?-/% 1!6!':f )%4%<!!?'-/#! !<2M%<604+65 N'!,#!-
/*'!0-#*% '-/0*6*+ -0*-)*!##!> 6'-#<N!'6#!> <*<6%7:  +04+P6<+ 
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$!'7*'!0-#*% *#$!'7-)*!##:f 7!H%4%> * *<N!45/!0-#*% <!0'%-
7%##:f 7-6%7-6*;%<1*f 7%6!H!0, 6-1*f 1-1 #%>'!<%6%0!% N'!-
,'-77*'!0-#*%, $-16!'#:> -#-4*/ * #%;U61!% 7!H%4*'!0-#*%. 

 
K$$9,/"'(27, +"/757&(677 +"/,97 M"9"0*  

E.E. 8-,*#, Q.@. S*7!#!0 
C'+]?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T, 

C'+]?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
j?%<N%;*65 6%12M*% #2OH: N'!*/0!H<60- 0 '-<f!H#:f 

'%<2'<-f (7-6%'*-4:, /-,!6!01*, N!42$-?'*1-6: * 6-1 H-4%%) 
7!O#! < N!7!M5P !?!'!6#:f $!#H!0. G4+ h6!,! *<N!45/2%6<+ 
!?!'!6#:> 1-N*6-4. Q!6'%?#!<65 N'!*/0!H<60- 0 !?!'!6#!7 
1-N*6-4% /-0*<*6 !6 N'!*/0!H<60%##!> 7!M#!<6*. S4%H!0-6%45#!, 
7!O#! 0%<6* N'!)%#6#2P 0%4*;*#2 – /-,'2O%##!<65 
N'!*/0!H<60%##:f 7!M#!<6%>, /-0*<+M2P !6 #-4*;*+ !?!'!6#!,! 
1-N*6-4- * <!?<60%##! N'!*/0!H<60%##!> 7!M#!<6*: 

( ), [0,1)ocG K F ∈ , 0, 0ocK F≥ ≥ , ,H% ocK  – !?!'!6#:> 1-N*6-4, F  
– N'%H%45#-+ 7!M#!<65 N'!*/0!H<60-. 80%H%7 H!N!4#*6%45#! 
N-'-7%6' ( ) [0,1]u t ∈ , * /-N*_%7 !<#!0#!> * !?!'!6#:> 1-N*6-4, 
1-1 $2#1)** <277-'#!,! 1-N*6-4- N'!*/0!H<60- K : = ( ) ,opfK u t K  

= (1 ( ))ocK u t K− . [!,H- $2#1)*P, !N*<:0-PM2P 1!#%;#!% 
N'!*/0!H<60! 7!O#! /-N*<-65 0 0*H%:  

( , , ( )) = ( ( ) , ) ((1 ( )) , ( , )).F K L u t F u t K L G u t K F K L⋅ −%  
Q!<6-0*7 /-H-;2 !N6*7-45#!,! h1!#!7*;%<1!,! '!<6- 0 

<42;-% 2N'-04+%7!> h1!#!7*;%<1!> $2#1)**.  -1 * 
#%!14-<<*;%<1!> /-H-;% !? !N6*7-45#!7 h1!#!7*;%<1!7 '!<6% 
*7%%6<+ !H#- $-/!0-+ 1!!'H*#-6- – 1-N*6-4!0!!'2O%##!<65 
'-?!;%,! ( )k t , - 2'-0#%#*% H0*O%#*+ – h6! !<#!0#!% 
H*$$%'%#)*-45#!% 2'-0#%#*% #%!14-<<*;%<1!,! h1!#!7*;%<1!,! 
'!<6-:  

( ) = ( , ( )) ( ( )) ( ) ( )k t f k u t u t k t c tη µ′ − + −% , 
( , ( )) = ( ,1, ( ))/f k u t F k u t L% %  

                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX * -H7*#*<6'-)** 
Q%'7<1!,! 1'-+ (,'-#6 q 10-01-96054-'-2'-4--) * eEj «QIjBKje». 
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K-;-45#!% <!<6!+#*% /-H-%6<+ /#-;%#*%7 
1-N*6-4!0!!'2O%##!<6* !H#!,! '-?!;%,! 0 0( ) = .k t k  

d2H%7 !N6*7*/*'!0-65 *#6%,'-4  
1

0

0

( )= ( ( ( )) (1 ) ( , ( ))) max,
t

t tW e Q c t f k u t dt
t

δ β β− − + − →∫ %  

[0,1]β ∈ , 0 ( ) ( ( ), ( ))c t f k t u t≤ ≤ %  
#- '%_%#*+f H*$$%'%#)*-45#!,! 2'-0#%#*+ #%!14-<<*;%<1!,! 
h1!#!7*;%<1!,! '!<6- N'* 2<4!0*+f 0 0( ) =k t k . l6!6 *#6%,'-4 
N'*#*7-%6 #-*?!45_%% /#-;%#*% N'* %H*#<60%##!7 * *{ , }k u . 

I6,2&( /"V"/2"$<7 72',$<767"22LV 83",&<"' ' 
+"/757673"'(22"; +"/,97 d(2<"3(-Z78+(2(*  

@.Q. 8-M%#1! 
.m W " 

8 H!14-H% !?<2OH-P6<+ 7%6!H: !)%#1* H!f!H#!<6* *#0%<6*-
)*!##:f N'!%16!0. I-<<7-6'*0-%6<+ 7!H*$*)*'!0-##-+ 7!H%45 
 -#6!'--D*N7-#-, 2;*6:0-PM-+ 04*+#*% #- N!0%H%#*% *#0%<6!'- 
0%'!+6#!<6* 0!/#*1#!0%#*+ 1'*/*<- #- ':#1% *#0%<6*)*>.  

8 6-1!> N!<6-#!01% /-H-;- <0!H*6<+ 1 '%_%#*P 2'-0#%#*+ 
d%447-#- ([1]): 

{ }( ) max ( ) (1 ) ( ( )) 0 0 ,rV s s ub V A s ub u s ub= Δ + + − Δ + | ≥ , + ≥
r r rr r r r  

,H% ( 1) ( 1)

0 1 0 0
0 0 1 0

0 0 0 1
0 0 0 1

r r

…
…

… … … … …
…
…

A + × +

⎛ ⎞
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

, { }0 1
0

, ,
i

r i j
j

b b b b b a
=

= , , .., = ∑
r

 0%1-

6!' 0 1 ra {a a a }= , ,..,r
!N*<:0-%6 N!6!1* N4-6%O%> N'!%16-, Δ  = con-

                                                
* I-?!6- N!HH%'O-#- ,'-#6-7* IZZX (08-07-00158--, 09-01-13534 !$*-)), 
IBKZ N 08-02-00347, N'!,'-77!> N!HH%'O1* 0%H2M*f #-2;#:f _1!4 
Kb 2982.2008.01, QZX j@K IEK N3, QZX N'%/*H*27- IEK N2,  ZcQ 
"K-2;#:% * #-2;#!-N%H-,!,*;%<1*% 1-H': *##!0-)*!##!> I!<<**" #- 
2009-2013 ,!H: (N'!%16 Q949).  
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stant  - !)%#1- *#0%<6!'- 0%'!+6#!<6* #-<62N4%#*+ 1'*/*<-, i--+ 
1!7N!#%#6- sr  '-0#- H%#%O#:7 !<6-61-7 0 7!7%#6 0'%7%#*  i, N'* 
2<4!0**, ;6! #!0:% N'!%16: #% #-;*#-4*<5, u  - *#6%#<*0#!<65 
'%-4*/-)** N'!%16-. 
^,"3,+( ([1]). j?!/#-;*7: 1 2 1 01

max min
t

t tt r bt r
B b B b

≤ ≤ : <≤ ≤
= | | = | | . [!,H- 

%<4* 2

141 B
BΔ > − , 6!:  

0 00 0
max [ ( ) (1 ) ( ( ))] min .

i

i
r i r b{u u s ub }

i

sarg s ub V A s ub
b≤ ≤ : <| ≥ , + ≥

⎛ ⎞
Δ + + − Δ + = −⎜ ⎟

⎝ ⎠
rr

r rr r  

Q'*7%#%#*% *#0%<6!'!7 !<6!'!O#!> <6'-6%,**, 

0 0
( ) min

i

i

i r b
i

ss
b

ϕ
≤ ≤ : <

⎛ ⎞
= −⎜ ⎟

⎝ ⎠

r , N'*0!H*6 1 H*#-7*;%<1!> <*<6%7%  

0

( 1) ( ) ( ( ) ( ( )) ) 0 1 2
(0) ,

s t A s A s t s t b t …
s s

ϕ⎧ + = = + , = , , , ,⎪
⎨

=⎪⎩

rr r r r%
r r  (*) 

0 1!6!'!> #- 1-OH!7 _-,% 1 2t …= , ,  N'*7%#+%6<+ !H*# */ !N%'--

6!'!0 :iA%  ( ( )) ( ) i
i

i

sA s t A s t b
b

⎛ ⎞⎛ ⎞
= + −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

rr r% , where : 0ii b < . 

8 H!14-H% !?<2OH-%6<+ N'!?4%7- !)%#1* 6%7N- '!<6- 

( )1lim ( ) t

t
g s t

→∞
= r  H4+ <*<6%7: (*). 8 1-;%<60% 0%'f#*f !)%#!1 

g '-<<7-6'*0-P6<+ 14-<<*;%<1-+ !)%#1-  -#6!'--D*N7-#- * <!-
07%<6#:> <N%16'-45#:> '-H*2< !N%'-6!'!0 iA% . x*<4%##:% '-<;%-
6: N!1-/:0-P6, ;6! h6* !)%#1* #%<'-0#*7:. 

8 1-;%<60% #*O#%> !)%#1* g  ?%'%6<+ 6%7N <?-4-#<*'!0-#-
#!,! '!<6- <*<6%7:.  

I83,/,9,27,. d2H%7 ,!0!'*65, ;6! 2 <*<6%7: (*) <2M%<602%6 
6'-%16!'*+ <?-4-#<*'!0-##!,! '!<6- < 6%7N!7 '!<6- λ  #- N%'*!H% 
H4*#: T , %<4* 0 :t∃ ( ) (1)( ) ... ( ) ( )j T js t T A A s t s tλ+ = =r r r , 0t t∀ ≥ . 

Z7<,3(<03( 
1. 8-M%#1! @.Q. j)%#1- H!f!H#!<6* *#0%<6*)*!##:f N'!%16!0 

2<4!0*+f #%!N'%H%4%##!<6* // @-6%7-6*;%<1!% 7!H%4*'!0-#*%, 2009. [ 
21. q3. <.18–30. 
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 "/,9?2", /,U(D3,D73"'(27,  
+(&3"X&"2"+7E,$&"; $<(<7$<7&7* 

8.Q. 8'O%M1, @.E. v!f4!02 
1 :1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  

=]. :... _1]1)1?194, 
2:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (He) 
jH#!N'!H216!0!% !N*<-#*% '%-45#!,! <%16!'- h1!#!7*1*  

!<#!0:0-%6<+ #- !<#!0#!7 7-1'!h1!#!7*;%<1!7 ?-4-#<% N! *<-
N!45/!0-#*P (j@d) [0]: 

(1)           
     –  

..C .46191')431[6')=' <1)'V)1'[1T+'*6')='
k3?[1+T $][1+T

= +
+  

S!<6-04+PM*% j@d */7%'+P6<+ 0 H%#5,-f, /-6%7 H%$4+6*-
'!0-#*%7 N'*0!H+6<+ 1 «'%-45#:7 0%4*;*#-7» (#%*/7%##:7 )%-
#-7): 

(2)  ( ) ( ) ( ) ( ) ( )Y t J t C t E t I t= + + − . 
[!,H- *<f!H#:> ?-4-#< 0 6%12M*f )%#-f 7!O#! /-N*<-65 1-1 
(3) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )Y J C E Ip t Y t p t J t p t C t p t E t p t I t= + + − , 

,H% ( )Yp t , ( )Jp t , ( )Cp t , ( )Ep t , ( )Ip t – ?-/!0:% /,59*<"3L, <!!60%6-
<60%##!, 88Q, #-1!N4%#*+, 1!#%;#!,! N!6'%?4%#*+, h1<N!'6- * 
*7N!'6- (0 '2?4+f). 8 N!<4%H#*% ,!H: 2<*4*4!<5 '-<f!OH%#*% H*-
#-7*1* H%$4+6!'!0 [0] * !H#!N'!H216!0!,! !N*<-#*+ <6-4! #%H!<-
6-6!;#!, N!h6!72 0 H-##!> '-?!6% N'%HN'*#+6- N!N:61- '-<<7!6-
'%#*+ 6'%fN'!H216!0!,! '-/4!O%#*+ 7-1'!h1!#!7*;%<1!> <6-6*-
<6*1*. 

j@d '-/0!'-;*0-%6<+ 0 ?-4-#<: 6'%f 7!H%45#:f N'!H216!0: 
h1<N!'6#!,! ( )E t , *7N!'6#!,! ( )I t  * 0#26'%##%,! ( )X t  < H%$4+-
6!'!7 ( )Xp t . Q'%H4-,-%6<+ 2N'!M%##-+ 7!H%45 !?M%,! '-0#!0%-
<*+, 0 1!6!'!> N!6'%?4%#*% ( )C t  * #-1!N4%#*% ( )J t  N'%H<6-04+-
P6<+ 1-1 $2#1)** N!4%/#!<6* !6 N!6!1!0 *7N!'6#!,! ( ( )IC t  * 

( )IJ t ) * 0#26'%##%,! ( ( )XC t  * ( )XJ t ) N'!H216!0, - 88Q – 1-1 
$2#1)*+ /-7%M%#*+ !6 !?u%7!0 N'!*/0!H<60- 0#26'%##%,! * h1<-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX N'!%16 q 09-01-13534-!$*_);  
QZX j@K IEK q3, N'!%16 314; QZX Q'%/*H*27- IEK q14, N'!%16 
109. 
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N!'6#!,! N'!H216!0: 
(4)

( )( ) ( ), ( )I XJ t h J t J t= , ( )( ) ( ), ( )I XC t g C t C t= , ( )( ) ( ), ( )Y t f X t E t= . 
[-1O% 0:N!4#+P6<+ 7-6%'*-45#:% * $*#-#<!0:% ?-4-#<:: 
(5) ( ) ( ) ( ) ( ) ( ) ( )Y X Ep t Y t p t X t p t E t= + , ( ) ( ) ( )X XX t J t C t= + , 

                ( ) ( ) ( ) ( ) ( ) ( )J I I X Xp t J t p t J t p t J t= + , ( ) ( ) ( )I II t J t C t= + , 
                             ( ) ( ) ( ) ( ) ( ) ( )C I I X Xp t C t p t C t p t C t= + . 

I%_%#*% /-H-; 7-1<*7*/-)** N!4%/#!<6* / N'*?:4* -,%#6!0 
N'*0!H*6 1 2<4!0*+7 !N6*7-45#!<6*: 

(6) ( )
( )

1

2

( ), ( ) ( )
( ), ( ) ( )

X

E

f X t E t p t
f X t E t p t

∂
=

∂
, ( )

( )
1

2

( ), ( ) ( )
( ), ( ) ( )

I X I

I X X

h J t J t p t
h J t J t p t

∂
=

∂
, 

                     

( )
( )

1

2

( ), ( ) ( )
( ), ( ) ( )

I X I

I X X

g C t C t p t
g C t C t p t

∂
=

∂
. 

Z2#1)** ,( )f ⋅ ⋅ , ,( )g ⋅ ⋅ , ,( )h ⋅ ⋅  ?2H%7 *<1-65 0 14-<<% $2#1)*> < 
N!<6!+##!> h4-<6*;#!<65P /-7%M%#*+ (CES) 

( )1
( , ) (1 ) ,

ee eu X Y A X Yσ σ= + −  ,H% , 0A σ ≥ , e  – N!<6!+##:% N-'-7%6-
':. XH%#6*$*1-)*+ N-'-7%6'!0 $2#1)*> * '+H!0 ( )X t , ( )XC t , 

( )XJ t , ( )IC t , ( )IJ t , ( )Xp t  N'!0!H*6<+ 7*#*7*/-)*%> #%0+/!1 0 (4), 
(6) N'* 0:N!4#%#** (5). 

G%$4+6!': N!6'%?4%#*+ * #-1!N4%#*+ N'* h6!7 0:'-O-P6<+ 
1-1 <!N'+O%##:% 1 21-/-##:7 $2#1)*+7 *#H%1<: )%#. 

8 1!#%;#!7 <;%6%, 2H-%6<+ N!42;*65 H!N!4#*6%45#! 1 ?-4-#-
<-7 (2), (3) ;%6:'% #%+0#:% <0+/* (4)-(6) 7%OH2 H%<+65P 0%4*;*#--
7*: N+65P <!<6-04+PM*7* !<#!0#!,! 7-1'!h1!#!7*;%<1!,! ?--
4-#<- * N+65P *f H%$4+6!'-7*. l6* #%+0#:% <0+/* 0 6%;%#*% N!-
<4%H#*f 10 4%6 < 0:<!1!> 6!;#!<65 0:N!4#+P6<+ #- #%<,4-O%##!> 
(<!f'-#+PM%> <%/!##:% 1!4%?-#*+) 10-'6-45#!> <6-6*<6*1% IZ. 

Z7<,3(<03( 
1. E#H'%%0 @.W., Q!<N%4!0 X.B., Q!<N%4!0- X.X., v!f4!0 @.E. K!0-+ 

6%f#!4!,*+ 7!H%4*'!0-#*+ h1!#!7*1* * 7!H%45 <!0'%7%##!> h1!#!7*1* 
I!<<**. – @.: @XZX, 2007 

2. Z%H%'-45#-+ <42O?- ,!<2H-'<60%##!> <6-6*<6*1* http://www.gks.ru 
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K/,2<757&(67* +"/,97 /"=L'(:F,D" $,&<"3( 
X&"2"+7&7  "2D"977*  
8.E. B!'?-;%0, K.K. j4%#%0. 

W1??=%?3=% F)=9'+?=T'T O+Fj*Q )4+1O19, 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
8 '-?!6% '-<<7!6'%#- #!'7-6*0#-+ 0:;*<4*7-+ 7-6%7-6*;%-

<1-+ 7!H%45 H!?:0-PM%,! <%16!'- h1!#!7*1* @!#,!4** < 2;%6!7 
6%#%0!,! !?!'!6-. G*#-7*1- 7-6%'*-45#:f * $*#-#<!0:f ?-4-#-
<!0 0:'-O-%6<+ ;%'%/ */7%#%#*+ /-N-<!0 N'*'!H#:f '%<2'<!0, 
$-16!'!0 N'!*/0!H<60- * H%#%,. e-H-##:% N-'-7%6': * N%'%7%#-
#:% 7!H%4* *7%P6 N!#+6#:> h1!#!7*;%<1*> <7:<4. Q!6!1* ?4-, 0 
7!H%4* !N*<-#: N!<'%H<60!7 H*$$%'%#)*-45#:f 2'-0#%#*> #- 
!<#!0% ?-4-#<!0!,! 7%6!H-. 

8 1-;%<60% h1!#!7*;%<1*f -,%#6!0 0:H%4*7 N'!*/0!H*6%4+ 
(H!?:0-PM*> <%16!') X, H!7-_#*% f!/+><60- L, ?-#1!0<12P <*<-
6%72 B, Q'-0*6%45<60! (1!#<!4*H*'!0-##:> ?PHO%6) G * 0#%_#*> 
':#!1 O. Q'!*/0!H*6%45 N!<6-04+%6 N'!H21)*P #- 0#26'%##*> * 
0#%_#*> ':#!1. G!7-_#*% f!/+><60- N'%H4-,-P6 6'2H * N!6'%?-
4+P6 1!#%;#2P N'!H21)*P. d-#1!0<1-+ <*<6%7- 0:N2<1-%6 H%#%O-
#:% <'%H<60-, 0:H-%6 1'%H*6: N'!*/0!H*6%4+7 < )%45P */04%;%#*+ 
?-#1!0<1!> N'*?:4*. Q'-0*6%45<60! '%,*!#- <!?*'-%6 #-4!,* < 
N'!*/0!H*6%4%> * H!7-_#*f f!/+><60. S;*6-%7, ;6! <0!+ )%#- 
$!'7*'2%6<+ #- 1-OH!7 ':#1%, - */7%#%#*% )%#: !?'-6#! N'!-
N!')*!#-45#! */7%#%#*P /-N-<!0 <!!60%6<602PM*f N'!H216!0. 

G4+ 2;%6- 0 7!H%4* 6%#%0!,! !?!'!6-, 7: N'%HN!4-,-%7, ;6! 
H!?:6:> */ N'*'!H#!> <'%H: N'!H216 N'!*/0!H*6%45 H%4*6 #- 4%-
,-45#:> * 6%#%0!>, 1!6!':> #% !?4-,-%6<+ #-4!,-7*. 8 '%/2456-6% 
2 N'!*/0!H*6%4+ !1-/:0-%6<+ H0- 0*H- H%#%, – «?%4:%» * «;%'-
#:%». «x%'#:%» H%#5,* 7!,26 !67:0-65<+, - /-N-< #%!67:6:f H%-
#%, N!H0%',-%6<+ _6'-$#:7 <-#1)*+7 – «#-4!,!!?4!O%#*P» 6%-
#%0!,! <%16!'-. C N!6'%?*6%4+ 0<% H%#5,* <;*6-P6<+ «?%4:7*», - 
<0!> H!f!H N!6'%?*6%45 H%4*6 N! /-H-##:7 #!'7-7 N!6'%?4%#*+ 
4%,-45#:f * 6%#%0:f N'!H216!0 0<%f <%16!'!0. e-#+6!% 0 !6'-<4* 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%1-
6: 08-01-00377, 09-01-90201-@!#,_-), IBKZ (N'!%16 10-02-00300), QZX 
Q'%/*H*27- IEK q14 * QZX j@K IEK q3. 
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#-<%4%#*% N!42;-%6 «?%42P» /-'-?!6#2P N4-62 * /-'-?!6#2P N4--
62 «0 1!#0%'6%». 

G4+ N'!0%H%#*+ ;*<4%##:f h1<N%'*7%#6!0 #-H 7!H%45P ?:-
4- N'!0%H%#- *H%#6*$*1-)*+ %% 0#%_#*f N-'-7%6'!0. x-<65 N-'--
7%6'!0 7!H%4* *H%#6*$*)*'!0-#- #- !<#!0% -#-4*/- <!?'-##:f 
<6-6*;%<1*f H-##:f. 

d!45_-+ ;-<65 N-'-7%6'!0 7!H%4* #% 7!O%6 ?:65 !)%#%#- 
#-N'+72P */ H-##:f  h1!#!7*;%<1!> <6-6*<6*1*. XH%#6*$*1-)*+ 
h6*f N-'-7%6'!0 7!O%6 ?:65 !<2M%<604%#- 1!<0%##! - N!<'%H<6-
0!7 <'-0#%#*+ N!42;%##:f N'* '-<;%6-f #- 7!H%4* 0'%7%##:f 
'+H!0 7-1'!N!1-/-6%4%> <! <6-6*<6*;%<1*7* 0'%7%##:7* '+H-7* 
h6*f 7-1'!N!1-/-6%4%>. G4+ N'!0%H%#*+ *H%#6*$*1-)*+ 6-1*f N--
'-7%6'!0 <!/H-#- N'!,'-77- N%'%<;%6-, 2<6'!%##-+ <4%H2PM*7 
!?'-/!7: N! 1-OH!72 N-'-7%6'2 !N'%H%4+%6<+ 0%'f#++ * #*O#++ 
,'-#*)-; < '-0#!7%'#:7 _-,!7 N'!*/0!H*6<+ N%'%<;%6 * <'-0#%-
#*% 0:f!H#:f H-##:f <! <6-6*<6*;%<1*7*; 0:?*'-%6<+ /#-;%#*%, 
N'* 1!6!'!7 <!0N-H%#*% #-*?!4%% 6!;#!%. 

8 1-;%<60% *#<6'27%#6- !)%#1* ?4*/!<6* 0'%7%##:f '+H!0 
N!42;%##:f N'* '-<;%6% N! 7!H%4* * <6-6*<6*;%<1*f H-##:f 0 
7!H%4* *<N!45/2%6<+ *#H%1< #%<!0N-H%#*+ [%>4-:  

( )2 2 2
t t t t

t
U X Y X Y= − +∑  

Q!42;%##:% '%/2456-6: #-*?!4%% 6!;#! !6'-O-P6 <!<6!+#*% 
*<<4%H2%7!,! <%16!'- h1!#!7*1* 0 N%'*!H% */0%<6#!> <6-6*<6*1*. 

Z7<,3(<03( 
1. H1+*4V'9 .. ., `6')'9 ".". x-<6#!% '%_%#*% 6'%f<%16!'#!> 0:-

;*<4*7!> 7!H%4* h1!#!7*1*  *'!0<1!> !?4-<6*. - G!4,!N'2H#:>.  ['. 
51 #-2;#. 1!#$. @Z[X. x.VII. CN'-04%#*% * N'*14-H#-+ 7-6%7-6*1-. [.1. 
2008. – 47 <. 

2. b^]*^+^6 Y., `6')'9 "."., C1?['619 $.H. 8/-*7!H%><60*% h1!#!-
7*;%<1*f * h1!4!,*;%<1*f N'!)%<<!0. - @.: 8c IEK, 2003. - 40 <. 
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 "/,9? X55,&<7'2"D" 72',$<73"'(27*  
' 3,(9?2L; $,&<"3 X&"2"+7&7 
8.@. B!'H2#!0<1*>, S.W. S-7!f0-4!0  
:H$:` (e)=9'+?=T'T) :$b W1??== 

jH#!> */ ,4-0#:f <!<6-04+PM*f N'!)%<<- -#-4*/- *#0%<6*-
)*!##:f N'!%16!0 +04+%6<+ -#-4*/ *f 1!77%';%<1!> h$$%16*0#!-
<6*. K- !<#!0% N!<6'!%#*+ 7-6%7-6*;%<1!> 7!H%4* N-1%6- N'%HN!-
4-,-%7:f *#0%<6*)*> * N'*7%#%#** 1'*6%'*%0 h$$%16*0#!<6*, 
*<N!45/2PM*f H*<1!#6*'!0-##:% H%#%O#:% N!6!1*, '-<<7-6'*0--
%6<+ /-H-;- !N6*7*/-)** N-1%6- '%-45#:f *#0%<6*)*>. X<f!H#:7* 
H-##:7* 7!H%4* +04+P6<+: H%#%O#:> N!6!1 itC , ,H% i – #!7%' *#-
0%<6*)*!##!,! N'!%16- (*/7%#+%6<+ !6 1 H! m), t – *#6%'0-4 0'%7%-
#* (*/7%#+%6<+ !6 0 H! c), r – <6-01- N'!)%#6-. e- ix  N'*7%7 H!4P 
$*#-#<!0!,! 2;-<6*+ 1!7N-#**-*#0%<6!'- 0 $*#-#<*'!0-#** i-,! 
N'!%16- ( 10 ≤≤ ix ). 8<% 1'*6%'** <$!'724*'!0-#: 0 4*#%>#!> 
$!'7%. S*<6%7- !,'-#*;%#*> *7%%6 <4%H2PM*> 0*H: 
1) S277- H*<1!#6*'!0-##:f ;*<6:f N!<62N4%#*> NPV: 

p

m

i

T

t
t

iit npv
r
xc

≥
+∑∑

= =1 0 )1(
, ,H% pnpv - N'%H%45#-+ <277- NPV; 

2) 8#26'%##++ #!'7- H!f!H#!<6* IRR: 

0
)1(1 0

≥
+∑∑

= =

m

i

T

t
t

iit

cc
xc

, ,H% cc – <'%H#%0/0%_%##-+ <6!*7!<65 1-N*6-4-; 

3) X#H%1< '%#6-?%45#!<6* PI: 

0
)1()1(1 0,0 1 0,0

≥
+

+
+∑ ∑ ∑ ∑

= ≥= = <=

m

i

T

Ct

m

i

T

Ct
t

iit
pt

iit

it it
r
xc

pi
r
xc

, ,H% ppi - N'%H%45#!%  

/#-;%#*% PI; 
4) G*<1!#6#:> <'!1 !12N-%7!<6* DPP: 

∑∑
= =

≥
+

m

i

dpp

t
t

iit
p

r
xc

1 0
0

)1(
, ,H% pdpp - N'%H%45#!% /#-;%#*% DPP; 

5) S277- #-'-M%##:f ;*<6:f N!<62N4%#*> NTV: 

p

m

i

T

t
iit

tT ntvxcr ≥+∑∑
= =

−

1 0
)1( , ,H% pntv - N'%H%45#-+ <277- NTV; 
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6) @!H*$*)*'!0-##-+ 0#26'%##++ #!'7- H!f!H#!<6* MIRR 

0
)1(

)1()1(
1 0,0 1 0,0

≥
+

+++∑ ∑ ∑ ∑
= ≥= = <=

−
m

i

T

Ct

m

i

T

Ct
t

iitT
iit

tT

it it cc
xc

ccxccc ; 

7) j,'-#*;%#*+ 7-1<*7-45#:f <277 *#0%<6*)*> N! N%'*!H-7: 

∑ ∑
≥= <=

≤
+

−
+

−
m

Ci

m

Ci
tt

iit
t

iit

it it

b
r
xc

r
xc

0,1 0,1 )1()1(
; 

8) G!4%0:% 2<4!0*+: mixx ii ,...,1  ;1  ;0 =≤≥ . 
G4+ N!<6'!%#*+ !N6*7*/-)*!##!> /-H-;* *<N!45/2%6<+ !H*# 

*/ _%<6* 1'*6%'*%0 0 1-;%<60% )%4%0!> $2#1)**, - !<6-45#:% 0 
0*H% !,'-#*;%#*>. ]<4* 0 1-;%<60% )%4%0!> $2#1)** 0:?'-# *#-
H%1< '%#6-?%45#!<6* (H'!?#!-4*#%>#-+ $2#1)*+), 6! /-H-;- N'*0!-
H*6<+ 1 4*#%>#!> N26U7 00%H%#*+ #!0:f N%'%7%##:f: 

0
1 0, 0

1
(1 )

it

m T
it i

t
i t C

c x
z

r= = <

=
+∑ ∑ ; ii xzz 0= . 

Q!<4% N!H<6-#!01* N%'%7%##:f izz ,0  07%<6! ix , N!42;-%7 
4*#%>#2P /-H-;2. 

Q!0:_%#*P !?!<#!0-##!<6* N'*#*7-%7:f *#0%<6*)*!##:f 
'%_%#*> <N!<!?<602P6 <4%H2PM*% '%/2456-6: H-##!> '-?!6:. 
S$!'724*'!0-#- 7-6%7-6*;%<1-+ 7!H%45 H4+ N-1%6- *#0%<6*)*>. 
D*#%>#-+ $!'7- N!/0!4+%6 H4+ N!42;%#*+ !N6*7-45#!,! '%_%#*+ 
!,'-#*;*65<+ _*'!1! '-<N'!<6'-#U##:7* -4,!'*67-7* 4*#%>#!,! 
N'!,'-77*'!0-#*+. 

>37+,2,27, D7$<"D3(++"; (375+,<7&7 '  
X&"2"+7E,$&7V U(/(E(V 7$$9,/"'(27* "8,3(67;  

d.S. G!?'!#%), j.E. Q!N!0- 
Y=*=+?3=% i'O'+467)Q% F)=9'+?=T'T 

Y=*=+?34f 49T1]1*=67)1-O1+1j)4f 434O']=f 
Q'*#+6*% '%_%#*> 0-O#:> h6-N 0 4P?!> <$%'% ;%4!0%;%-

<1!> H%+6%45#!<6*. j<!?!% /#-;%#*% h6! *7%%6, 1!,H- #%!?f!H*7! 
N'*#+65 !60%6<60%##!% '%_%#*%, * )%#- !_*?1* 7!O%6 *<;*<4+65-
<+ #% 6!451! H%#%O#:7* %H*#*)-7* ?!45_*f N!'+H1!0, #! * !N'%-
H%4+65<+ 2'!0#%7 ?4-,!N!42;*+ (#%?4-,!N!42;*+) !6H%45#:f <!-
)*-45#:f ,'2NN *4* 0<%,! !?M%<60- 0 )%4!7. e-H-;* N'*#+6*+ 
h1!#!7*;%<1*f '%_%#*>, 1-1 N'-0*4!, N'%H<6-04+P6 <!?!> 7#!,!-
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1'*6%'*-45#:% N!<6-#!01*, N'* h6!7 1!4*;%<60! */2;-%7:f N'*-
/#-1!0 * $-16!'!0, !N'%H%4+PM*f *f, H!<6-6!;#! 0%4*1! * <!<6-0-
4+P6 %H*#2P <*<6%72, 1!6!'2P #%!?f!H*7! '-<<7-6'*0-65 0 <*<-
6%7#!7 %H*#<60% 0<%f %% <!<6-04+PM*f. G'2,!> !<!?%##!<65P 6--
1*f /-H-; +04+%6<+ 0:<!1*> 2'!0%#5 #%!N'%H%4%##!<6* *#$!'7--
)**, ;6! N'%HN!4-,-%6 #-4*;*% #%1!6!'!,! 0%'!+6#!<6#!,! N'!-
<6'-#<60-, 1!6!'!% f-'-16%'*/2%6 /-H-;2 N'*#+6*+ '%_%#*+. S6!-
f-<6*;%<1-+ N!<6-#!01- /-H-;* N!/0!4+%6 ,!0!'*65 0%'!+6#!<6#!7 
'-<N'%H%4%#** N-'-7%6'!0 – f-'-16%'*<6*1 '%_%#*>, ! <'%H#*f 
(!O*H-%7:f) /#-;%#*+f N%'%7%##:f * )%4%0:f  $2#1)*+f, - 6-1O%  
!? !)%#1% #%!N'%H%4%##!<6* 0 0*H% H*<N%'<**. S2M%<602PM-+ 
#%!N'%H%4%##!<65 *#$!'7-)**  !6'-O-%6<+ 0 H-##:f. G4+ 7#!,*f 
h1!#!7*;%<1*f /-H-; f-'-16%'#-, 6-1 #-/:0-%7-+, *#6%'0-45#-+ 
#%!N'%H%4%##!<65. 8 1-;%<60% N'*7%'- 7!O#! N'*0%<6* *#6%'-
0-45#2P #%!N'%H%4%##!<65 )%#, 0!/#*1-PM2P 0 <*42 #%N!4#!6: 
*7%PM%><+ *#$!'7-)** * <0+/-##!> < <2M%<602PM%> #- ':#1-f 
"H*<N%'<*%> )%#".  

jH#- */ N%'0:f '-?!6 N! ;*<4%##!> '%-4*/-)** * *<N!45/!-
0-#*P ,*<6!,'-77#!> -'*$7%6*1* ?:4- #-N*<-#- 0 1991 ,!H2 !H-
#*7 */ -06!'!0 [1]. 

j<#!0#-+ *H%+ ,*<6!,'-77#!> -'*$7%6*1* /-14P;-%6<+ 0 
<4%H2PM%7. Q2<65 1 2 NX X … X, , ,  — #%/-0*<*7:% <42;->#:% 0%-
4*;*#:, 1!6!':% N'*#*7-P6 /#-;%#*+ 0 *#6%'0-4-f [ ]l la a,  * 
N4!6#!<65 *f '-<N'%H%4%#*+ /-H-%6<+ 12<!;#!-N!<6!+##!> $2#1-
)*%> ( )lP x , <4%H2PM%,! 0*H-: 6!;1* { 0 1 }l

m lm … Mα , = , , ,  !?'-/2P6 
*#6%'0-4: N!<6!+##:f /#-;%#*> $2#1)** lP . [-1*% <42;->#:% 
0%4*;*#: ?2H%7 #-/:0-65 -=?T1-+4]])Q]= V=?64]=. E'*$7%6*-
;%<1*% !N%'-)** { }+,−,⋅, /  * !N%'-)** 0!/0%H%#*+ 0 <6%N%#5 { }↑ , 
#-f!OH%#*+ 7-1<*727- * 7*#*727- {max min},  #-H ,*<6!,'-77-
#:7* ;*<4-7* H!<6-6!;#! N!H'!?#! !N*<-#: 0 [1]. [-1*7 !?'-/!7, 
%<4* f y '-)*!#-45#-+ $2#1)*+, 6! N'* 0:;*<4%#** $2#1)*!#-45-
#!> /-0*<*7!<6* 1 2( )NY f X X … X= , , , .  H!<6-6!;#! /-7%6*65 
!?:;#:% !N%'-)** #- ,*<6!,'-77#:%. 8:;*<4%#*+ ?!4%% <4!O#:f 
$2#1)*!#-45#:f /-0*<*7!<6%> <6'!+6<+ -#-4!,*;#! 6!72, 1-1 h6! 
H%4-%6<+ 0 *#6%'0-45#!> 7-6%7-6*1% [2]. 
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8 #-<6!+M%% 0'%7+ N'*7%#%#*% ,*<6!,'-77#!> 7-6%7-6*1* 
'-<<7!6'%#! #- '+H% N'-16*;%<1*f N'*7%'!0, 6-1*f 1-1 /-H-;- 
N'*#+6*+ '%_%#*> N! 0:'-?!61% <6'-6%,*;%<1!,! N4-#- <?:6!0!> 
N!4*6*1* 1!7N-#**, /-H-;% !N'%H%4%#*+ !N6*7-45#!,! !?u%7- 
N'!H-O, $!'7*'!0-#*+ !N6*7-45#!,! N!'6$%4+ *#0%<6*)*> #- !<-
#!0% 7!H%4* @-'1!0*)-. Q!1-/-#- h$$%16*0#!<65 *<N!45/!0-#*+ 
,*<6!,'-77#!,! -#-4*/- 0 /-H-;-f N'*#+6*+ h1!#!7*;%<1*f '%_%-
#*>, N! <'-0#%#*P < *<N!45/!0-#*%7 <6-#H-'6#:f <6-6*<6*;%<1*f 
N-1%6!0.  

Z7<,3(<03( 
1. 8. E. B%'-<*7!0, d. S. G!?'!#%), @. W. b2<6'!0. z=?6'))Q' 1['-

+48== -=?T1-+4]])1% 4+=i]'T=3= = =g [+=]')')=f. E*[. 1991, q 2. 
S.83-88. 

2. d. S. G!?'!#%) $)T'+9467)4f ]4T']4T=34.  '-<#!+'<1:  BC, 2004 
216 S. 

S2(97U U('7$7+"$<,; 3*/( 8"&(U(<,9,; 3(U'7<7* 
X&"2"+7& f&3(72L, B"$$77 7 P'3"U"2L*  
8.K. G!7'-;%%0, [.E. d-'H-H:7, W.Q. D-N6*# 

He $)i1+]48=1))1-<1]]F)=348=1))Qg c'g)161-=%, <='9, 
$)-T 3=*'+)'T=3= =]. ..:. H6FP3194 " " e3+4=)Q, <='9 

8 C1'-*#% H-0#! +04+%6<+ -162-45#:7 0!N'!< !6#!<*6%45#! 
,%!,'-$*;%<1!,! #-N'-04%#*+ '-/0*6*+: 1-1 <!07%<6*65 %0'!*#6%-
,'-)*P < 0!N'!<!7 0f!OH%#*+ 0 %H*#:> 6-7!O%##:> <!P/ < I!<-
<*%>,  -/-f<6-#!7 * d%4!'2<<*%>. j<#!0#:7* 6!',!0:7* N-'6#%-
'-7* C1'-*#: +04+P6<+ <6'-#: SKB (38,6% 6!',!0!,! !?!'!6- 0 
2009 ,., */ 1!6!':f 25,5% – !?!'!6 < I!<<*%>) * ]0'!N: (31,1% 0 
2009 ,., 6% – B%'7-#*+, 4% – Q!45_-). Q!h6!72 -162-45#:7 +04+-
%6<+ -#-4*/ /-0*<*7!<6%> N!1-/-6%4%>, f-'-16%'*/2PM*f *f '-/-
0*6*%.  

  #-*?!4%% <2M%<60%##:7 7-1'!N!1-/-6%4+7 7!O#! !6#%<6* 
N!1-/-6%4*, f-'-16%'*/2PM*% H%#%O#!-1'%H*6#2P N!4*6*12 <6'--
#:. S'%H* *#<6'27%#6!0 H%#%O#!-1'%H*6#!> N!4*6*1*: H%#%O#-+ 
h7*<<*+, <6-01- !?+/-6%45#!,! '%/%'0*'!0-#*+, <6-01- '%$*#-#<*-
'!0-#*+, 1'%H*6#-+ N!4*6*1-, * 6.H. X<N!45/!0-#*% 6%f *4* H'2,*f 
*#<6'27%#6!0 7!#%6-'#!> N!4*6*1* /-0*<*6 !6 <*62-)**, 1!6!'-+ 
                                                
* Q'* ;-<6*;#!> N!HH%'O1% SNSF (b0%>)-'*+), N'!%16 IZ73ZO_127962  
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<4!O*4-<5 #- ':#1% * )%4%0:f N'*!'*6%6!0 )%#6'-45#!,! ?-#1-. 
@%OH2 <6'-#-7*, !<#!0#:7* N-'6#%'-7* N! 6!',!04%, * C1'-*#!> 
#-?4PH-%6<+ <2M%<60%##-+ '-/#*)- 0 *<N!45/!0-#** 6%f *4* H'2-
,*f *#<6'27%#6!0 7!#%6-'#!> * h1!#!7*;%<1!> N!4*6*1* (N'+7!-
,!, #%N'+7!,! 1!#6'!4+). Q'* h6!7 h1!#!7*;%<1!% N'!<6'-#<60! 
f-'-16%'*/2%6<+ 0:<!1!> 0!4-6*45#!<65P 6!0-'#!,!, $!#H!0!,! * 
0-4P6#!,! ':#1!0, '-<62M*7* H*<?-4-#<-7* 7*'!0!> h1!#!7*1*, 
#%'-0#!7%'#!<65P '-/0*6*+ !6H%45#:f <6'-#, #%N'%H<1-/2%7!-
<65P H*#-7*1* )%#, '-<62M*7* H%7!,'-$*;%<1*7* N'!?4%7-7*. 

Q'!0%H%##:> -#-4*/ <0*H%6%45<602%6 ! 6%<#!> <0+/* H*#--
7*1 7-1'!h1!#!7*;%<1*f N!1-/-6%4%>, f-'-16%'*/2PM*f '-/0*6*% 
h1!#!7*1 C1'-*#: * I!<<**.  -1 21'-*#<1-+, 1-1 * '!<<*><1-+ 
h1!#!7*1* !M2M-P6 #%H!<6-6!1 1'%H*6#:f '%<2'<!0, 1!6!':% 
#%!?f!H*7: H4+ h1!#!7*;%<1!,! '!<6-. S #-;-4!7 '!<6- 88Q 0 
<6'-#-f – 6!',!0:f N-'6#%'-f C1'-*#: 88Q C1'-*#: 6-1O% #--
;-4 '-<6*. 8 7!#%6-'#!> N!4*6*1% KdC 7!O#! !67%6*65 <4%H!0--
#*% H*#-7*1% */7%#%#*+ 7!#%6-'#:f -,'%,-6!0 I!<<**. G*#-7*1- 
88Q I!<<** 1!''%4*'2%6 < H*#-7*1!> )%# #- #%$65 #- 7*'!0!7 
':#1%. I-/#:% 7%6!H: ?!'5?: < 1'*/*<!7 N!-'-/#!72 N!04*+4* #- 
7%O?-#1!0<1*> ':#!1 !6H%45#:f <6'-#. [!,H-, 1!,H- ?!45_*#<60! 
<6'-# ]0'!/!#: (]cd) H4+ <6*724*'!0-#*+ h1!#!7*1* 0 6%;%#*% 
$*#-#<!0!,! 1'*/*<- N!#*O-4* N'!)%#6#:% <6-01*, ?-#1* I!<<** 
* C1'-*#: N!H#*7-4* <6-01* < )%45P N'!6*0!H%><60*+ !66!12 
0-4P6#:f <'%H<60. 8 )%4!7 7!#%6-'#-+ N!4*6*1- <6'-# SKB *7%%6 
?!45_% !?M%,! 7%OH2 <!?!>, ;%7 < '-/0*6:7* <6'-#-7* * '-/0*-
0-PM*7*<+ <6'-#-7* E/**.  

E#-4*/ /-0*<*7!<6%> 7-1'!h1!#!7*;%<1*f N!1-/-6%4%>, f--
'-16%'*/2PM*f '-/0*6*% C1'-*#: * I!<<**, N!/0!4+%6 7!H%4*'!-
0-65 '%/2456-6: 0!/H%><60*+ 0#%_#*f _!1!0 * <6'!*65 N'!,#!/: 
'-/0*6*+ h1!#!7*1. Q'!,#!/*'2%7:> '!<6 )%# #- '%<2'<:, 0 N%'-
02P !;%'%H5 h#%',%6*;%<1*%, <6-#%6 N'*;*#!> '!<6- *#$4+)**, 0 
6!7 ;*<4% 0 C1'-*#% * I!<<**. G-##-+ '-?!6- N'!H!4O-%6 *<<4%-
H!0-#*%, #-;-6!% 0 [1]. G4+ N!N-'#!,! -#-4*/- #%<6-)*!#-'#:f 
0'%7%##:f '+H!0 h1!#!7*;%<1*f N!1-/-6%4%> *<N!45/!0-#- 7%6!-
H!4!,*+ �!f-#<%#- [2], '%-4*/!0-##-+ 0 N-1%6-f RATS * CATS [3].  

Z7<,3(<03( 
1. Emmenegger J. –F., Bardadym T., Laptin Yu., Domrachev V. 

Cointegration models for some market indices // ['2H: 7%OH2#-'!H#!,! 
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<*7N!/*27- “8!N'!<: !N6*7*/-)** 0:;*<4%#*> – XXXV”, 6!7 1. –  .: 
2009. – C. 216 – 220. 

2. Johansen S., and Juselius K. Maximum Likelyhood Estimation and In-
ference on Cointegration with Application to the Demand for Money, Oxford 
Bulletin of Economics and Statistics, 52 (1990), p.169–209. 

3. Doan T.A. RATS Software Package, User's Manual, Version 4.0. Es-
tima, Evanston, Illinois (1992). 

 
 

 "/,9? "8<7+(9?2"D" 8"<3,=9,27* 7 $=,3,.,27; 
837 2(97E77 $/,9"& 2,/'7.7+"$<?:*  

E.E. Y21!0-1, X.B. Q!<N%4!02 
1 :1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (-1?FO4+?T9')-

)Q% F)=9'+?=T'T), 
2.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
@!H%45 !N6*7-45#!,! N!6'%?4%#*+ * <?%'%O%#*> N'%HN!4--

,-%6, ;6! -,%#6 <!0%'_-%6 <H%41* N! N!12N1% * N'!H-O% #%H0*O*-
7!<6* 0 <42;->#:% 7!7%#6: 0'%7%#*, N%'*!H !O*H-#*+ 1!6!':f 
*7%%6 '-<N'%H%4%#*% Q2-<<!#-. SH%41- N!H'-/27%0-%6 N'!H-O2 
0<%,! *7%PM%,!<+ 2 -,%#6- !?u%7- #%H0*O*7!<6* N! 6%12M%> )%#% 
* N!12N12 #!0!,! !?u%7- N! 6!> O% )%#%. ['-#/-1)*!##:% */-
H%'O1* #% 2;*6:0-P6<+, #! 2;*6:0-P6<+ '-<f!H:, <0+/-##:% < 
04-H%#*%7 * !?<42O*0-#*%7 O*45+, * 0:'-O-P6<+ /-6'-6-7* 0 
%H*#*)2 0'%7%#*, N'!N!')*!#-45#:7* !?u%72 #%H0*O*7!<6* 
-,%#6-. K- N!12N12 !# 6'-6*6 ;-<65 <?%'%O%#*>, 1!6!':% '-<626 N! 
#%1!6!'!> N!<6!+##!> N'!)%#6#!> <6-01%. 8 '-?!6%, 7: N'*7%#+-
%7 N'*#)*N '-)*!#-45#:f !O*H-#*> -,%#6!0 [1], 0:'-O-PM*><+ 0 
6!7, ;6! N'!,#!/: )%#:, 1!6!':% H%4-P6 -,%#6:, '%-4*/2P6<+ 0 
'-0#!0%<**. [!;#! /#-+ #-N%'%H 0<P 6'-%16!'*P )%# #%H0*O*7!-
<6*, -,%#6 0:?*'-%6, <1!451! * 0 1-1!> 7!7%#6 <6!*6 N!12N-65 #%-
H0*O*7!<6* * 0 <1!451! <'%H<60 H%'O-65 0 0*H% <?%'%O%#*>. jN-
6*7-45#:7 H4+ -,%#6- <;*6-%6<+ 0:?!' N!12N!1 #%H0*O*7!<6* * 
<?%'%O%#*>, 7-1<*7*/*'2PM*> N!4%/#!<65 !6 %,! H%><60*> 0 0*H% 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX N'!%16 q 09-01-13534-!$*_); 
QZX j@K IEK q3, N'!%16 314; QZX Q'%/*H*27- IEK q14, N'!%16 
109. 
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( )( ( )) ( ), ( )t

t

U N e d S t N t
+∞

−δ τ−⎧ ⎫
δ τ τ⎨ ⎬

⎩ ⎭
∫E  

,H% E  – !N%'-6!' 2<4!0#!,! 7-6%7-6*;%<1!,! !O*H-#*+ N! '%-4*-
/-)*+7 N2-<<!#!0<1!,! N'!)%<<- 7!7%#6!0 0!/7!O#:f N'!H-O 
N'* /-H-##!7 <!<6!+#** -,%#6- 0 7!7%#6 t . Q'%HN!4-,-%6<+, ;6! 
N!4%/#!<65 ( )U !  -,%#6- /-0*<*6 !6 N!6'%?4%#*+, 1!6!'!%, 0 <0!P 
!;%'%H5, N'!N!')*!#-45#! 1!4*;%<602 #%H0*O*7!<6* -,%#6-. [%7 
<-7:7 2;*6:0-%6<+ <0+/5 7%OH2 <6-62<!7 -,%#6-, <0+/-##:7 < 1!-
4*;%<60!7 O*45+, * 2'!0#%7 O*/#*, 0:'-O-PM*7<+ 0 %,! N!6'%?-
4%#**.  

 -1 N!1-/:0-%6 *<<4%H!0-#*% 7!H%4*, N!0%H%#*% -,%#6!0 /--
0*<*6 !6 *f N'%HN!;6%#*+ 0'%7%#*, !N*<:0-%7!,! N-'-7%6'!7 δ  * 
!6 6%7N- '!<6- )%#: #%H0*O*7!<6*. l6! ?:4! /-7%;%#! * 0 h7N*-
'*;%<1!7 *<<4%H!0-#**, N'!0%H%##!7 0 [2]. Q'%HN!4-,-+ #%1!6!-
'!% '-<N'%H%4%#*% -,%#6!0 N! *f N'%HN!;6%#*+7 0'%7%#*, #-;-45-
#!72 1!4*;%<602 #%H0*O*7!<6* * '-/7%'2 <?%'%O%#*>, 7!O#! 
N'!0%<6* -#-4*/ '-0#!0%<*+ #- ':#1% #%H0*O*7!<6* * *<<4%H!-
0-65 0!/7!O#:% 6'-%16!'** )%# O*45+. 8 '-?!6% N!1-/-#!, ;6! !H-
#- */ 6-1*f 6'-%16!'*> 7!O%6 *7%65 0*H 6-1 #-/:0-%7!,! «N2/:-
'+», 1!,H- )%#- '-<6%6, #% <7!6'+ #- '-<62M%% N'%H4!O%#*% #!0!> 
#%H0*O*7!<6*.  

Z7<,3(<03( 
1. E#H'%%0 @.W., Q!<N%4!0 X.B. Q'*#)*N '-)*!#-45#:f !O*H-#*>: 

!?/!' 1!#)%N)*> * N'*7%': 7!H%4%>. @.: 8c IEK 2008, 79<. 
2. Robert J. Shiller, Irrational Exuberance – 2nd ed.,  Currency - Double-

day, USA, 2005 
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K$$9,/"'(27, 0$<";E7'"$<7 '2,]27V 8(3(+,<3"' 
+"/,97 X&"2"+7&7 +,<"/"+ +2".,$<'  

7/,2<757&(677* 
B. . -7%#%0, K.K.j4%#%0  

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
S!!6#%<%#*% <6'2162': H-##:f !? *<<4%H2%7!7 !?u%16% <! 

<6'2162'!> 7-6%7-6*;%<1!> 7!H%4* +04+%6<+ 0-O#%>_*7 h6-N!7 
N'!)%<<- 7!H%4*'!0-#*+ [1]. CO% #- h6!7 h6-N% *<<4%H!0-6%45 
;-<6! <6-41*0-%6<+ < N'!?4%7!> #%!N'%H%4%##!<6* 0 0*H% #%!H#!-
/#-;#!<6* '%_%#*+ /-H-;* *H%#6*$*1-)**. XH%#6*$*1-)*+ 7!H%-
4* h1!#!7*1* /-14P;-%6<+ 0 !N'%H%4%#** %% 0#%_#*f N-'-7%6'!0 
#- !<#!0% *<6!'*;%<1*f H-##:f. x-<65 N-'-7%6'!0 !)%#*0-P6 
N'+7:7 !?'-/!7 #- !<#!0% *7%PM*f<+ <6-6*<6*;%<1*f H-##:f. 
87%<6% < 6%7, 0 7!H%4+f h1!#!7*1* *7%%6<+ #%7-4! N-'-7%6'!0, 
1!6!':% #% 2H-%6<+ #->6* #-N'+72P */ H-##:f h1!#!7*;%<1!> 
<6-6*<6*1*. [-1*% N-'-7%6': !)%#*0-P6 1!<0%##:7 !?'-/!7, 
<'-0#*0-+ '-<;%6#:% 0'%7%##:% '+H: N!1-/-6%4%> 7!H%4* < *f 
*/0%<6#:7* <6-6*<6*;%<1*7* -#-4!,-7*. 8 h6!7 <42;-% H4+ #%1!-
6!'!,! /#-;%#*+ 0%16!'- N-'-7%6'!0 #- /-H-##!7 #-?4PH%#** '-<-
<7-6'*0-%6<+ <!0!12N#!<65 #%0+/!1 (!_*?!1 *H%#6*$*1-)**) #--
?4PH-%7:f 0%4*;*#. x6!?: H4+ H-##!,! 0%16!'- N-'-7%6'!0 * /--
H-##!,! #-?4PH%#*+ 07%<6! 0%16!'- #%0+/!1 !)%#*0-65 1-;%<60! 
*H%#6*$*1-)** !H#!> (<1-4+'#!>) f-'-16%'*<6*1!>, 00!H*6<+ #%-
1!6!'-+ #!'7- #%0+/1* (7%6'*1-) 0 N'!<6'-#<60% 0%16!'!0 !_*?!1. 
x6!?: H4+ H-##!,! 0%16!'- N-'-7%6'!0 07%<6! <!0!12N#!<6* #!'7 
#%0+/!1 #- 0<%f H-##:f #-?4PH%#*> !)%#*0-65 1-;%<60! *H%#6*-
$*1-)** !H#!> f-'-16%'*<6*1!>, 0:?*'-%6<+ #%1!6!'-+ $2#1)*+ 
!_*?!1 *H%#6*$*1-)** – <0%'61- #!'7 #%0+/!1 N! 0<%7 H-##:7 
#-?4PH%#*>: #-N'*7%', 7-1<*7-45#-+ #!'7- #%0+/!1 #- 0<%7 
7#!O%<60% #-?4PH%#*>. ['-H*)*!##! *H%#6*$*1-)*+ <!<6!*6 0 
N!*<1% 0%16!'- #%*/0%<6#:f  N-'-7%6'!0, #- 1!6!'!7 /#-;%#*% 
$2#1)** !_*?!1 *H%#6*$*1-)** 7*#*7-45#!. K%!N'%H%4%##!<65 
0!/#*1-%6, 1!,H- '%_%#*% /-H-;* *H%#6*$*1-)** !1-/:0-%6<+ #%-
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%1-
6: 08-01-00377, 09-01-13534 * 10-01-00199, 09-01-90201-@!#,_-), IBKZ 
(N'!%16 10-02-00300), QZX Q'%/*H*27- IEK Q-2 * QZX j@K IEK q3. 
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!H#!/#-;#:7 *4* #%2<6!>;*0:7, 6.%. <2M%<602P6 H!<6-6!;#! !6-
H-4%##:% !6 0:?'-##!,! '%_%#*+ H!N2<6*7:% 0%16!': N-'-7%6-
'!0, H4+ 1!6!':f /#-;%#*% $2#1)** !_*?!1 ?4*/1! 1 !N6*7-45#!-
72. 8 h6!7 <42;-% N'!?4%7- *H%#6*$*1-)** <6-#!0*65<+ ;-<6#:7 
<42;-%7 /-H-;* N'*#+6*+ '%_%#*+. S #-;-4- 1980-f ,!H!0 0 8:-
;*<4*6%45#!7 )%#6'% IEK '-/'-?-6:0-%6<+ #!0:> N!Hf!H 1 '%_%-
#*P N'!?4%7: 7#!,!1'*6%'*-45#!> !)%#1* '%_%#*> < N!7!M5P 
7-6%7-6*;%<1*f 7!H%4%>: 7%6!H H!<6*O*7:f )%4%> [2, 3]. 8 [4, 5] 
N'%H4!O%#! *<N!45/!0-65 7%6!H 7#!O%<60 *H%#6*$*1-)**, -#-4!-
,*;#:> 7%6!H2 H!<6*O*7:f )%4%>, H4+ '%_%#*+ /-H-;* *H%#6*$*-
1-)**. 8 h6!7 7%6!H% *<<4%H2P6<+ ,'-$*1 * #-H,'-$*1 $2#1)** 
!_*?!1, - 6-1O% %,! N!0%H%#*% 0 !1'%<6#!<6* !N6*7-45#:f N-'--
7%6'!0. 8*/2-4*/-)*+ h6!,! 7#!O%<60- N!/0!4+%6 *<<4%H!0-6%4P 
0:?*'-65 N-'-7%6': 7!H%4*, <!;%6-+ '%/2456-6: #-?4PH%#*> < 
<!?<60%##:7 #%$!'7-4*/!0-##:7 !N:6!7, ;6! H-%6 %72 H!N!4#*-
6%45#2P *#$!'7-)*P ! 7!H%4* * N!<4%H<60*+f N'*#+6*+ '%_%#*> 
#- %% !<#!0%. 8 H!14-H% N'*0!H*6<+ N'*7%' *<<4%H!0-#*+ 2<6!>-
;*0!<6* 0#%_#*f N-'-7%6'!0 !61':6!> h1!#!7%6'*;%<1!> H*#--
7*;%<1!> 7!H%4* I-7<%+ H4+ <!0'%7%##!> '!<<*><1!> h1!#!7*1* 
7%6!H!7 7#!O%<60 *H%#6*$*1-)** [6]. 

Z7<,3(<03( 
1. <+4?)1t'319 C.Y., C'T+19  . . Q'*#)*N: N!<6'!%#*+ 7!H%4%>. @., 

ZEeXS, 8c IEK: 2000. 
2. _1T19  ..., EFP')319 .. ., <4]')'9 H.<. = z'+)Qg `._.  !7N5P6%' 

* N!*<1 1!7N'!7*<<-. @%6!H H!<6*O*7:f )%4%>. @.: K-21-, 1997. 
3. Lotov A.V., Bushenkov V.A., and Kamenev G.K. Interactive Decision 

Maps. Approximation and Visualization of Pareto Frontier. Boston: Kluwer 
Academic Publishers, 2004. 

4. <4]')'9 H.<. 8*/2-45#:> 7%6!H *H%#6*$*1-)** N-'-7%6'!0 // G!1-
4-H: E1-H%7** #-21. 1998. [. 359. q 3. C. 319-322. 

5. <4]')'9 H.<. j? !H#!7 N!Hf!H% 1 *<<4%H!0-#*P #%!N'%H%4%##!<6*, 
0!/#*1-PM%> N'* *H%#6*$*1-)** 7!H%4%> // @-6%7-6*;%<1!% 7!H%4*'!-
0-#*% (0 N%;-6*). 

6. `6')'9 "."., C'V')3=) W., z'+)'819  .:. Q-'-44%45#:% 0:;*<4%#*+ 
0 MATLAB. @.: 8c IEK, 2007. 
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K$$9,/"'(27, +,.'3,+,22"D" 3('2"',$7*  
' +"/,97 =(2&"'$&"; $7$<,+L B"$$77* 

j.8.  -'#-2f!0- 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

  =]. :... _1]1)1?194 
@!H%4* 7%O0'%7%##!,! '-0#!0%<*+ N!/0!4+P6 !N*<-65 N!-

0%H%#*% 6-1*f <4!O#:f <*<6%7 1-1 ?-#1!0<1-+ <*<6%7- I!<<** [1]. 
E#-4*/ 7!H%4%> 6-1!,! 6*N- !<#!0-# #- */2;%#** 2<4!0*> '-0#!-
0%<*+ ':#1!0, H!N!4#%##:f 2<4!0*+7* $*#-#<!0:f ?-4-#<!0. G4+ 
?!4%%-7%#%% -H%10-6#:f 7!H%4%>, h6* 2<4!0*+, 1-1 N'-0*4!, #% 7!-
,26 ?:65 */2;%#: -#-4*6*;%<1*, N!<1!4512 /-H-;- <0!H*6<+ 1 */2-
;%#*P <4!O#!> H*#-7*;%<1!> <*<6%7: #%4*#%>#:f '-0%#<60 * 
#%'-0%#<60. 8 H!14-H% '-<<7-6'*0-%6<+ !H#- */ N'!<6%>_*f 7!H%-
4%> ?-#1!0<1!> <*<6%7:, N!42;%##-+ */ !?M%> 7!H%4* [1] < N!7!-
M5P #%1!6!':f 2N'!M-PM*f N'%HN!4!O%#*>, 1!6!':% H!N2<1-P6 
-#-4*6*;%<1!% *<<4%H!0-#*%. @!H%45 *7%%6 <4%H2PM*> 0*H: 

2
1 2 3( ) ( ) ( ) ( ) ( ) 0A t t A t t A tρ ρ+ + < , 1 2( ) ( ) ( ) 0B t t A tρ + ≥ , 

[ ( )][ ( ) ( ) ( ) ( )]s s nt W t t S t WdW tωρ τ β τ− −

3 2
1 2 3 4

( )[ ( ) ( ) ( ) ( ) ( ) ( ) ( )][ ( ) ( )]
( ) c

n

L tC t t C t t C t t C t E t t
P t

ρ ρ ρ ς+ + + − − , 
3 2

1 2 3 4[ ( ) ( ) ( ) ( ) ( ) ( ) ( )][1 ( )]D t t D t t D t t D t E tρ ρ ρ+ + + − , 
2

1 2 1[ ( ) ( ) ( ) ( ) ( )][ ( )]F t t F t t F t K tρ ρ+ + ,     
( ) ( 1) ( ) ( ) ( )lL t L t K t t L tβ− − = − , ( ) ( 1) ( )W t W t WdW t− − = . 

eH%<5 0 1-;%<60% N%'%7%##:f 0:<62N-P6 W(t) -  4*10*H#:% -16*0: 
?-#1!0,  WdW(t) – N!6'%?#!<65 0 4*10*H#!<6*, L(t) – <<2H:, 0:H-#-
#:% 1 7!7%#62 0'%7%#* t, K(t) – 0#!05 0:H-##:% 1'%H*6:, v(t) – 
0#26'%##++ H!f!H#!<65 1-N*6-4-, * E(t) – 0<N!7!,-6%45#-+ N%'%-
7%##-+, 00%H%##-+ H4+ 2N'!M%#*+ '-<;%6!0, 1!6!'2P 7!O#! 6'-1-
6!0-65 1-1 !6#!_%#*% !604%;%##:f * N'*04%;%##:f <'%H<60. j<-
6-45#:% 1!h$$*)*%#6: +04+P6<+ h1/!,%##:7* N%'%7%##:7*, /#--
;%#*+ 1!6!':f */0%<6#: H4+ 1-OH!,! t. S!!6#!_%#*+ 0*H- [a][b] 
+04+P6<+ 2<4!0*+7* H!N!4#+PM%> #%O%<61!<6* (CGK). e-N*<5 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%16 
q10-01-00199) * ,'-#6- Q'%/*H%#6- IZ N! N!HH%'O1% 0%H2M*f #-2;#:f 
_1!4 (N'!%16 qKb- 3320.2010.1). 
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[a][b] !/#-;-%6 !H#!0'%7%##!% 0:N!4#%#*% 2<4!0*> 
0, 0, 0a b ab≥ ≥ = . SN*<!1 #%#24%0:f 0%4*;*# 0 CGK !N'%H%4+%6 

'%O*7 '-/0*6*+ <*<6%7:.  
Q!<1!4512 0:N!4#%#*% CGK 0 7!H%4+f !6H%45#:f ':#1!0 

+04+%6<+ H!<6-6!;#:7 2<4!0*%7 *f '-0#!0%<*+, 0 <42;-% !6<26<6-
0*+ '%O*7!0 < 0:N!4#%#*%7 0<%f 2<4!0*> CGK )%4%<!!?'-/#! 
'-<<7!6'%65 '%O*7:, 0 1!6!':f 2<4!0*+ CGK 0:N!4#%#: 4*_5 
N'*?4*O%##!. Q'* h6!7 H4+ N!*<1- '%O*7!0 < N'*?4*O%##:7 0:-
N!4#%#*%7 CGK 6'%?2%6<+ *<N!45/!0-65 <4!O#:% 7#!,!-
1'*6%'*-45#:% 7%6!H: -#-4*/-, 1!6!':%, !H#-1!, #% 7!,26 N'*-
#%<6* N!4%/#!> *#$!'7-)**, %<4* 0<% 2<4!0*+ CGK 7!,26 0:N!4-
#+65<+ !H#!0'%7%##!. 8 <0+/* < h6*7 0 N%'02P !;%'%H5 0!/#*1-%6 
0!N'!< ! 6!7, 0!/7!O#! 4* 0 H-##!> 7!H%4* N'* H-##:f /#-;%#*+f 
1!h$$*)*%#6!0 !H#!0'%7%##!% 0:N!4#%#*% 0<%f 2<4!0*> CGK. 
E06!'!7 ?:4! !?#-'2O%#! H0- '%O*7- < 0:N!4#%#*%7 0<%f 2<4!-
0*> CGK H4+ !N*<-##!> 7!H%4*. Q%'0:> '%O*7 <2M%<602%6 0 1--
OH:> 7!7%#6 0'%7%#*. 86!'!> '%O*7, #-N'!6*0, +04+%6<+ ;20<6-
0*6%45#:7 1 /#-;%#*+7 h1/!,%##:f N%'%7%##:f * N!+04+%6<+ 0 
<*<6%7% 6!451! 0 #%1!6!':% 7!7%#6: 0'%7%#*. [-1*7 !?'-/!7, 0 
H-##!> /-H-;% !1-/-4!<5 0!/7!O#:7 #->6* -#-4*6*;%<1!% '%_%-
#*%, 2H!04%60!'+PM%% 0<%7 2<4!0*+7, 014P;-+ CGK, !H#!0'%7%#-
#!, N'*;%7 0!/7!O#! N%'%14P;%#*% < !H#!,! '%O*7- #- H'2,!>.  

Z7<,3(<03( 
1.  Q!<N%4!0 X.B., E#H'%%0 @.W., Q*45#*1 K.Q. l1!#!7%6'*;%<1!% *<-

<4%H!0-#*% * 7!H%45#!% !N*<-#*% H%+6%45#!<6* <!0'%7%##!> '!<<*><1!> 
?-#1!0<1!> <*<6%7:. @!<10-: 8c IEK, 2008. 
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G,8(3(+,<37E,$&7; +,<"/ 8"$<3",27* 
X&"2"+7E,$&7V 72/,&$"'. >37+,2,27, & (2(97U0 
<"'(32LV, 5"2/"'LV 7 '(9:<2LV 3L2&"'* 
X.E.  !#H'-1!01, D.`. Q!<N%4!0-2, E.E. b-#-#*#1 

1:Sc$ He, 2.QV=?6=T'67)Q% 8')T+ W " 
8 H!14-H% !N*<-#! N'*7%#%#*% !?!?M%##!,! #%N-'-7%6'*-

;%<1!,! 7%6!H- (jK@) 1 -#-4*/2 6!0-'#:f, $!#H!0:f * 0-4P6#:f 
':#1!0. Q!42;%##:% < N!7!M5P jK@ '%/2456-6: N!42;-P6 %<6%-
<60%##2P *#6%'N'%6-)*P 0 1-OH!7 */ '-<<7!6'%##:f N'*7%'!0. 8 
H!14-H% N!1-/-#! 2<N%_#!% N'*7%#%#*% #!0:f <'%H<60 -#-4*/- 
6!',!0!> <6-6*<6*1*, N'%H!<6-04+%7:f jK@: *<<4%H!0-#*% <%,-
7%#6-)** ':#1- * */2;%#*% <6%N%#* '-)*!#-45#!<6* N!0%H%#*+ 
N!6'%?*6%4+. Q!<6'!%##:% < N!7!M5P h6!,! 7%6!H- h1!#!7*;%-
<1*% *#H%1<:  !#P<- N!/0!4+P6 0:+0*65 *#6%'%<#:% !<!?%##!<6* 
6!',!0!> <6-6*<6*1*. 

8 N%'0!7 N'*7%'% ?:4- N'!-#-4*/*'!0-#- <6-6*<6*1- ?%/-4-
1!,!45#:f #-N*61!0 0 643 7-,-/*#-f ,. @!<10: < +#0-'+ N! H%-
1-?'5 2007 ,!H-. ['-H*)*!##! N'*#+6! H0- '-/?*%#*+ h6!> <6-6*-
<6*1*: N! 7-,-/*#-7 * N! ?'%#H-7. jK@ N!/0!4*4 N'!-#-4*/*'!-
0-65 -H%10-6#!<65 6-1!> <%,7%#6-)**. j1-/-4!<5, ;6! 6!0-'#:% 
,'2NN: *7%P6 H!<6-6!;#! 7-4%#51*> N!1-/-6%45 #%'-)*!#-45#!-
<6*. d!4%% 6!,!, ,'2NN: 6!0-'!0, !?u%H*#%##:% !H#*7 ?'%#H!7, 
*7%P6 7%#5_*> N!1-/-6%45 #%'-)*!#-45#!<6*, ;%7 ,'2NN: 6!0--
'!0 !H#!,! 7-,-/*#-. j67%6*7 N'* h6!7, ;6! '-/?'!< )%# 0#26'* 
!H#!,! 14-<<--?'%#H- H!<6-6!;#! 0%4*1. [-1*7 !?'-/!7, 7!O#! 
<H%4-65 0:0!H ! 6!7, ;6! N!6'%?*6%4* N'%HN!;*6-P6 12N*65 6!0-' 
#2O#!,! ?'%#H-, N2<65 * #% 0 ?4*O->_%7 7-,-/*#%. E 7-,-/*# 
$-16*;%<1* N'%H!<6-04+%6 6!',!02P 2<42,2, )%#- 1!6!'!> /-0*<*6 
!6 %,! 7%<6!N!4!O%#*+.  

8! 06!'!7 N'*7%'% ?:4- N'!-#-4*/*'!0-#- <6-6*<6*1- N'!-
H-O 0 1!7N5P6%'#!7 <2N%'7-'1%6% /- N%'*!H < 05.01.1999 N! 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (q 08-07-00158 * 
q 09-01-13534 !$*-)), IBKZ (q 08-02-00347), N'!,'-77: QZX j@K 
IEK q 3, ZcQ «K-2;#:% * #-2;#!-N%H-,!,*;%<1*% 1-H': *##!0-)*!#-
#!> I!<<**» #- 2009-2013 ,!H: (7%'!N'*+6*+ 1.2.1, K -15 Q), QZX Q'%-
/*H*27 IEK Q-2. 
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21.12.1999. jK@ N!/0!4*4 $!'7-45#! 0:H%4*65 ,'2NN: 6!0-'!0, 
1!6!':% !?:;#! !N'%H%4+P6<+ #%$!'7-45#! 6!0-'!0%H-7*. K-*-
7%#5_*> N!1-/-6%45 #%'-)*!#-45#!<6* *7%P6 ,'2NN: 6!0-'!0 < 
+'1! 0:H%4%##:7* f-'-16%'*<6*1-7*: «Q-7+65» * «Q'!)%<<!':». 
E */ ?!4%% 1'2N#:f ,'2NN #-*7%#5_*> N!1-/-6%45 #%'-)*!#-45-
#!<6* *7%P6 ,'2NN: 6!0-'!0, 1!6!':% N!12N-P6<+ !?:;#! 07%<6%, 
1-1 #-N'*7%', «8%#6*4+6!': !f4-OH%#*+», «Q-7+65» * «Q'!)%<-
<!':». 8 )%4!7, N!0%H%#*% '%N'%/%#6-6*0#!,! N!6'%?*6%4+ !67%-
;-%6<+ 0:<!1*7 2'!0#%7 '-)*!#-45#!<6*, #%<7!6'+ #- N!<4%H<6-
0*+ h1!#!7*;%<1!,! 1'*/*<- 1998 ,!H-. 

8 1-;%<60% <6-6*<6*1* $!#H!0!,! ':#1- ?:4* 0/+6: H#%0-
#:% N'!H-O* #-*?!4%% 6!',2%7:f -1)*> #- 21 1'2N#%>_%> $!#H!-
0!> ?*'O% 7*'- < #-;-4- 2004 ,!H- N! #-;-4! 2010. Q'* '-?!6% < 
6-1!> <6-6*<6*1!> 0!/#*1-%6 N'!?4%7-. d!45_!> N-1%6 -1)*> N'* 
N%'%f!H% !6 !H#!,! 1'2N#!,! *#0%<6!'- 1 H'2,!72 N'!f!H*6 ;%'%/ 
!N'%H%4%##!% ;*<4! <N%124+#6!0. l6! ;*<4! /-0*<*6 !6 <!<6!+#*+ 
':#1- #- *<<4%H2%7!> ?*'O% * <0+/-#!, N!-0*H*7!72, < N!1-/-6%-
4%7 #%'-)*!#-45#!<6*. E#-4*/ N!1-/-4, ;6! 7-1<*7-45#:% /#-;%-
#*+ h6!,! N!1-/-6%4+ N'*f!H+6<+ #- 1'*/*<#:% N%'*!H:, ;6! 0:-
/0-#! N!0:_%##!> -16*0#!<65P <N%124+#6!0 * ?!45_*7 ;*<4!7 
N%'%N'!H-O 1'2N#:f N-1%6!0 -1)*>. jK@ N'%H!<6-04+%6 #!0:% 
<'%H<60- */2;%#*+ 7*'!0!,! $!#H!0!,! ':#1-: 0!/7!O#!<65 N!-
<6'!*65 7*'!0!> *#H%1<, */2;*65 <%,7%#6-)*P N! ?*'O-7 * !6-
'-<4+7. j67%6*7, ;6! N!1-/-6%45 #%'-)*!#-45#!<6*, '-<<;*6-##:> 
H4+ 0<%,! 7*'!0!,! $!#H!0!,! ':#1- 7%#5_%, ;%7 h6!6 N!1-/-6%45, 
'-<<;*6-##:> H4+ !6H%45#:f ?*'O * !6'-<4%>, 6.%. *#0%<6!' #% 
!,'-#*;*0-%6 <%?+ '-71-7* !6H%45#!> ?*'O*. Q!h6!72 -#-4*/ 7*-
'!0!,! $!#H!0!,! ':#1- 0 )%4!7 H-%6 1-;%<60%##! ?!4%% N!4#2P 
1-'6*#2. X/2;%#*% <%,7%#6-)** N! !6'-<4+7 N!1-/-4!, ;6! 0! 0'%-
7+ 7*'!0!,! 1'*/*<- 2008 ,!H- 0 #-*?!45_%> <6%N%#* N!<6'-H-4 
$*#-#<!0:> <%16!', 6!,H- 1-1 1!7N-#**, N'!*/0!H+M*% 6!0-': 
#-'!H#!,! N!6'%?4%#*+, !1-/-4*<5 #-*?!4%% 2<6!>;*0:7*. S H'2-
,!> <6!'!#: h6* !6'-<4* 0:'!<4* #% 6-1 <*45#!, 1-1 7*'!0!> ':-
#!1 0 )%4!7. X/2;%#*% <%,7%#6-)** N! !6H%45#:7 ?*'O-7 N!1-/--
4!, ;6! '-/0*0-PM*%<+ ':#1*, #-N'*7%' ?'-/*45<1*> $!#H!0:> 
':#!1, f-'-16%'*/2P6<+ #-7#!,! ?!45_%> 0!4-6*45#!<65P, ;%7 
'-/0*6:% ':#1* * 7*'!0!> ':#!1 0 )%4!7. 
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I8<7+7U(67* 722"'(67"22"D" 83"6,$$(  
' 3(+&(V 572(2$"'"-83"+L]9,22"; $<30&<03L 

W.8.  !<-;%0 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
I-<<7-6'*0-%6<+ 0/-*7!<0+/5 7%OH2 H*#-7*1!> 04!O%#*+ 

*#0%<6*)*> 0 0%#;2'#:> 1-N*6-4 2;-<6#*1-7* *#6%,'*'!0-##!> 
$*#-#<!0!-N'!7:_4%##!> <6'2162': * h$$%16*0#!<65P '%-4*/--
)** *##!0-)*!##!,! N'!)%<<-. S *<N!45/!0-#*%7 «?-/!0!>» 7-6%-
7-6*;%<1!> 7!H%4* [1] 0/-*7!H%><60*+ $*#-#<!0!,! * N'!7:_-
4%##!,! 1-N*6-4-, *<<4%H2%6<+ 0!/7!O#!<65 N!0:_%#*+ h$$%1-
6*0#!<6* *##!0-)*!##!,! N'!)%<<- #- !<#!0% !N6*7*/-)** H*#--
7*1* 04!O%#*+ $*#-#<!0:f '%<2'<!0. Q'%HN!4-,-%6<+, ;6! N'* 
h6!7 !H#!0'%7%##! !N6*7*/*'2%6<+ N'!)%<< *#0%<6*'!0-#*+ N'!-
*/0!H*6%4+ < )%45P N!0:_%#*+ h1!#!7*;%<1!> h$$%16*0#!<6* 
<6'2162': /- <;%6 <#*O%#*+ */H%'O%1, 1-1 #- h6-N% 1!77%')*-4*-
/-)** *##!0-)*>, 6-1 * N'* 0:N2<1% #!0%>_%> N'!H21)**. 

G'2,*7* <4!0-7*, 1-OH!72 */ <2?u%16!0 <6'2162': #%!?f!-
H*7! 0 1-OH:> 7!7%#6 0'%7%#* N'*#*7-65 !N6*7-45#!% '%_%#*% 
N! N!0!H2 04!O%#*+ *4* #% 04!O%#*+ <0!*f $*#-#<!0:f '%<2'<!0 
0 1!'N!'-6*0#!% N'!*/0!H<60! 6-1*7 !?'-/!7, ;6!?: 7-1<*7*/*-
'!0-65 h$$%16*0#!<65 *##!0-)*!##!,! N'!)%<<- * !H#!0'%7%##! 
N!0:_-65 h1!#!7*;%<12P h$$%16*0#!<65 <6'2162':. 8 1-;%<60% 
1'*6%'*%0 h1!#!7*;%<1!> h$$%16*0#!<6* '-<<7-6'*0-P6<+ ,-'-#-
6*'!0-##:% H*<1!#6*'!0-##:% H!f!H: 1-OH!,! 2;-<6#*1- #- #%-
1!6!'!7 1!#%;#!7 *#6%'0-4% 0'%7%#*. 

X#6%,'*'!0-##:% $*#-#<!0!-N'!7:_4%##:% 1!7N-#** '-<-
<7-6'*0-P6<+ #% <42;->#!. j#* !?4-H-P6 /#-;*6%45#:7* 1!#<!-
4*H*'!0-##:7* '%<2'<-7*, ;6! !N'%H%4+%6 *f 0!/7!O#!<6* 0 '%--
4*/-)** *##!0-)*!##!,! N'!)%<<-, 6'%?2PM%,! !,'!7#:f /-6'-6 * 
!?4-H-PM%,! N!0:_%##:7* '*<1-7*. 8 6! O% 0'%7+, 0 <!0'%7%#-
#:f 2<4!0*+f 1'2N#:% 1!7N-#** 2O% #% 7!,26 #% 2H%4+65 N!0:-
_%##!,! 0#*7-#*+ *#6%44%162-45#:7 '%<2'<-7, ;6! N'*0!H*6 1 
2<*4%#*P 1!#12'%#6#!> ?!'5?:, #! #% <6!451! /- ':#1* * <:'5%, 
<1!451! /- <N!<!?#!<65 1 '-/'-?!61% * 0#%H'%#*P *##!0-)*>. Q!-
?%H*65 0 h6!> 1!#12'%#)** ;'%/0:;->#! <4!O#! * !H#- */ !<#!0-
#:f N'!?4%7 /-14P;-%6<+ 0 #%!?f!H*7!<6* h$$%16*0#!> 1!77%'-
)*-4*/-)** *##!0-)*!##!,! N'!)%<<-, 014P;-+ H!0%H%#*% #!0%>-
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_%> N'!H21)** 0 N'!7:_4%##:f 7-<_6-?-f H! ':#1!0 <?:6-. 
@!O#! !67%6*65, ;6! N'!<6!% #-'-M*0-#*% *#0%<6*)*> (0 1-;%<6-
0% 1!6!':f *<N!45/2P6<+ !6;*<4%#*+ !6 H!f!H!0 N'%HN'*+6*>-
2;-<6#*1!0 <6'2162':) #% h$$%16*0#!, %<4* #% 2;*6:0-P6<+ H!4-
,!0'%7%##:% 7!6*0-)** *#0%<6!'!0, 6. 1. N!7*7! !?u%7- $*#-#-
<!0:f 04!O%#*> #% 7%#%% 0-O#:7 +04+%6<+ *f 1-;%<60%##!% '-<-
N'%H%4%#*%. S6'-6%,*+ 1!7N-#** H!4O#- !<#!0:0-65<+ #- !N6*-
7-45#!7 '-<N'%H%4%#** 04!O%#*> *#0%<6!'!0, #%'-0#!7%'#!<65 
1!6!':f <!!6#!<*6<+ <! <7%#!> $-/ O*/#%##!,! )*14- 1!7N-#**, 
*7%PM*f 14P;%0!% /#-;%#*% H4+ '-<1':6*+ 2<4!0*> 1!77%')*--
4*/-)** #-2;#!-6%f#*;%<1!,! H!<6*O%#*+. K%!?f!H*7 -#-4*/ h6*f 
2<4!0*> #- '-/4*;#:f <6-H*+f O*/#%##!,! )*14- 1!7N-#**. 
X7%##! 2;%6 H!4,!0'%7%##:f 7!6*0-)*> N'*0!H*6 1 #%!?f!H*7!-
<6* '-<<7!6'%#*+ *#0%<6*)*!##!,! N'!)%<<- 1-1 #%<6-)*!#-'#!,! 
[2]. l6!, 0 <0!P !;%'%H5, N'*0!H*6 1 #%!?f!H*7!<6* '-/'-?!61* 
<6'-6%,*;%<1!> N'!,'-77: $*#-#<*'!0-#*+ N'!*/0!H<60-, !?%<-
N%;*0-PM%> !N6*7-45#!% <!!6#!_%#*% H%><602PM*f * #!0%>_*f 
N'!*/0!H<60, N!/0!4+PM*f 7-1<*7*/*'!0-65 H!?-04%##2P <6!*-
7!<65 /- <;%6 *##!0-)*>. 

G4+ '%_%#*+ H*#-7*;%<1*f !N6*7*/-)*!##:f /-H-; *<N!45-
/2%6<+ N'*#)*N 7-1<*727- Q!#6'+,*#-. [-1 1-1 0 *<<4%H2%7!> 
7!H%4* 0!/7!O#: 1!#$4*16#:% <*62-)**, 6! H4+ *f '-/'%_%#*+ 
*<N!45/2P6<+ 7%6!H: 6%!'** H*$$%'%#)*-45#:f *,'. 

8 8:;*<4*6%45#!7 )%#6'% IEK 0 j6H%4% 7%6!H!0 N'!%16*-
'!0-#*+ '-/0*0-PM*f<+ <*<6%7 ('21!0!H*6%45 !6H. - N'!$. 8.I. 
v-;-62'!0) '-/'-?-6:0-P6<+ 7-6%7-6*;%<1*% 7!H%4* * 7%6!H: 
!N6*7*/-)** 0/-*7!H%><60*+ $*#-#<!0!,! * N'!7:_4%##!,! 1--
N*6-4- 0 '-71-f *#6%,'*'!0-##!> <6'2162':. @!H%4* *<N!45/2P6 
H*#-7*12 N'*#+6*+ *#0%<6*)*!##:f '%_%#*>, -H%10-6#:f H!4,!-
<'!;#:7 7!6*0-)*+7 *#0%<6!'!0, ;6! N!/0!4+%6 7-1<*7*/*'!0-65 
h$$%16*0#!<65 0<%,! *##!0-)*!##!,! N'!)%<<- * <6'2162': 0 )%-
4!7. 

Z7<,3(<03( 
1. W.8.  !<-;%0. l1!#!7*1!-7-6%7-6*;%<1*% 7!H%4* h$$%1-6*0#!<6* 

$*#-#<!0!-N'!7:_4%##:f <6'2162'. @.: D!,!<, 2004. 
2. W.8.  !<-;%0, E. . S1*?-, 8.I. v-;-62'!0.  X<<4%H!0-#*% * !N6*-

7*/-)*+ N-'-7%6'!0 *##!0-)*!##!,! '-/0*6*+ *#6%,'*'!0-##!> <6'21-
62':. @.: 8c IEK, 2009. 
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I $<3(<,D77 3(U3(="<&7 2,5<*2"D" +,$<"3"./,-
27* ' +"/,97 $ '"U3($<(:F7+7 83,/,9?2L+7  

7U/,3.&(+7* 
j.8.  24*1!0, E.8. I2H%0- 
:He =]. :... _1]1)1?194 

8 '-?!6% '-<<7-6'*0-%6<+ 7!H*$*)*'!0-##-+ 7!H%45 v2?-
?%'6- < 2;%6!7 0!/'-<6-PM*f N'%H%45#:f */H%'O%1. Q2<65 ( )q t  - 
#-1!N4%##-+ 6%12M-+ H!?:;- 0 7!7%#6 0'%7%#* t , 0Q  - !?M*% /--
N-<: 7%<6!'!OH%#*+, ( )b t  - *#6%#<*0#!<65 H!?:;*, ( )u t  - 04!O%-
#*+ 0 '-/'-?!612 7%<6!'!OH%#*+, 0p  - )%#- #%$6*, 1( )p t , 2 ( )p t  - 
N-'-7%6':, f-'-16%'*/2PM*% <%?%<6!*7!<65 H!?:;*, T  - 0'%7+ 
'-/'-?!61* 7%<6!'!OH%#*+. [!,H- *#6%#<*0#!<65 '-/'-?!61* #%$-
6+#!,! 7%<6!'!OH%#*+ N'* #%4*#%>#! 0!/'-<6-PM*f N'%H%45#:f 
*/H%'O1-f !N'%H%4+%6<+ '%_%#*%7 <4%H2PM%> !N6*7*/-)*!##!> 
/-H-;*: 

2
0 0 1 2 ( )

00

0
0

0 0

( )( ) ( ) ( ( )) ( ) ( ) ( ) ( ) max

( )( ) ( ) ( ( )),

( ) ( ),
(0) 0, (0) 0,
( ) 0.

T

u t

q tp t b t Q q t p t u t p t u t dt
Q

q tq t b t Q q t
Q

b t u t
q q b b
u t

⎧ ⎡ ⎤
− − − →⎪ ⎢ ⎥

⎣ ⎦⎪
⎪

′⎪ = −
⎨
⎪ ′ =⎪
⎪ = > = >
⎪ ≥⎩

∫

 

S!?<60%##*1 '%_-%6 !N6*7*/-)*!##2P /-H-;2 7-1<*7*/--
)** <!0!12N#!> N'*?:4* * 0:?*'-%6 2N'-04%#*% -  6%7N */7%#%-

#*+ *#6%#<*0#!<6* H!?:;*: 
( ) , 0 ,

2 ( )( )
0, .

t t
K Tu t

t

θ θ
θ

θ

−⎧ ≤ ≤⎪ −= ⎨
⎪ >⎩

 

                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% ,'-#6!0 IZZX (N08–07–
00158-, 09-01-13534 !$*-)), IBKZ (N 08–02–00347), ZcQ «K-2;#:% * 
#-2;#!-N%H-,!,*;%<1*% 1-H': *##!0-)*!##!> I!<<**» #- 2009 – 2013 
,!H: (7%'!N'*+6*% 1.2.1, K -15Q). 
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,H% θ  - '%_%#*% 2'-0#%#*+: 

[ ]
2 3

0
2 ( ) ( )ln

4 122 4
C T T T Tb

K KF F F
η η
η ηη η η

⎛ ⎞ − −⎜ ⎟ = − +
⎜ ⎟− − −⎝ ⎠

, 

Tη θ= − , 
0

1 1C
Q

= − , 0 0

2

p QF
p

= , 2

1

pK
p

= . 

[-1*7 !?'-/!7, 0 '-?!6% N!42;%#! !N6*7-45#!% 0'%7+, 0 
6%;%#*% 1!6!'!,! #%!?f!H*7! H%4-65 04!O%#*+ 0 '-/'-?!612, * 
!?u%7 6-1*f 04!O%#*> 0 1-OH:> 7!7%#6 0'%7%#*. Q'!0%H%#! <!-
N!<6-04%#*% 7!H%45#:f '-<;%6!0 0 <H%4-##:f N'%HN!4!O%#*+f < 
$-16*;%<1*7* H-##:7* ! H*#-7*1% '-/'-?!61* 7%<6!'!OH%#*+. 

Z7<,3(<03( 
1. Q%6'!0 8.8., Q!4+1!0 B.E., Q!4+1!0- [.8., S%',%%0 8.@. G!4,!-

<'!;#:% N%'<N%16*0: '!<<*><1!> #%$6* (-#-4*/, 6'%#H:, <)%#-'**). @.: 
ZEeXS, 2003. 

2. 8+f*'%0 I.X.,  !'!6-%0 W.Q. [%!'*+ * !N:6 '-/'-?!61* 7%<6!'!O-
H%#*> N'*'!H#:f ,-/!0. K%H'-, 1999. 

[U(7+"$'*U? 83"6,$$( 8372*<7* 3,],27;  
7 /72(+7&7 502&67"2(9?2"D" $"$<"*27** 

X.S. @%#5_*1!0 
.m W ", :Sc$ 

8 4-?!'-6!'** h1<N%'*7%#6-45#!> h1!#!7*1* (Dll) 8c 
IEK * @Z[X ?:4 !?#-'2O%# $%#!7%# H0!><60%##!<6* N'!)%<<!0 
N'*#+6*+ '%_%#*> * */7%#%#*+ $2#1)*!#-45#!,! <!<6!+#*+ 2;--
<6#*1!0 4-?!'-6!'#:f h1<N%'*7%#6!0. Q'* h6!7 !6!?'-O%#*% 
N'!)%<<- )%#!!?'-/!0-#*+ 0 H*#-7*1% N<*f!$*/*!4!,*;%<1*f f--
'-16%'*<6*1 /-0*<*6 !6 7%f-#*/7- 0/-*7!H%><60*+ (N'-0*4 *,':) 
* !6 6*N!0 4*;#!<6* 2;-<6#*1!0 h1<N%'*7%#6- [1,2].  

c%45P H-##!,! *<<4%H!0-#*+ +04+%6<+ N!<6'!%#*% <*<6%7: 
7-6%7-6*;%<1*f 7!H%4%> H4+ -#-4*/- H-##!,! $%#!7%#- H0!><6-
0%##!<6* h1!#!7*;%<1*f * N<*f!$*/*!4!,*;%<1*f N'!)%<<!0. l6* 
7!H%4* H!4O#: ?:65 -H%10-6#: '%/2456-6-7 4-?!'-6!'#:f *<<4%-
H!0-#*>, N'!0!H*7:f 7%6!H-7* h1<N%'*7%#6-45#!> h1!#!7*1*. 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16 10-01-00321--). 
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I-?!6- 0%H%6<+ 0 <!6'2H#*;%<60% < N<*f!$*/*!4!,-7* [3], 
/-H-;%> 1!6!':f +04+%6<+ N%'%0!H *#H*0*H2-45#:f <6-?*4!,'-$*-
;%<1*f H-##:f, N!42;%##:f < N!7!M5P <*<6%7: <N%)*-45#:f */-
7%'*6%45#:f 1'%<%4 Dll, #- +/:1 h7!)*!#-45#:f * 1!,#*6*0#:f 
f-'-16%'*<6*1 N'!)%<<- N'*#+6*+ '%_%#*> !N%'-6!'-7*. 

E#-4*/*'2%6<+ H*#-7*1- N<*f!$*/*!4!,*;%<1*f f-'-16%'*-
<6*1 2;-<6#*1!0 4-?!'-6!'#:f ':#1!0 0 N'!)%<<% N'*#+6*+ h1!-
#!7*;%<1*f '%_%#*>. G4+ h6!,! *<N!45/2%6<+ 7%6!H, !<#!0-##:> 
#- <!N!<6-04%#** <6-?*4!,'-$*;%<1*f H-##:f < *<6!'*%> ':#!;-
#:f H%><60*>, /-N*<-##:f 0 f!H% h1<N%'*7%#6-.  4P;%0:7 *#<6-
'27%#6!7 -#-4*/- H-##:f ?:4 */?'-# #!0:> -4,!'*67 <%,7%#6--
)**, 1!6!':> N!/0!4*4 h$$%16*0#! '-/?*65 <6-?*4!,'-$*;%<1*> 
'+H #- !H#!'!H#:% $'-,7%#6:. E4,!'*67 <%,7%#6-)** [4] N!42;%# 
1-1 '%_%#*% /-H-;* !)%#*0-#*+ N-'-7%6'!0 <1':6!> 7-'1!0<1!> 
7!H%4*. Q'*7%#%#*% H-##!,! -4,!'*67- #- 2'!0#% *#H*0*H2-45-
#!,! N'*#+6*+ '%_%#*> N!H60%'OH-%6 ,*N!6%/2 ! <!,4-<!0-#** 
7!7%#6!0 <%,7%#6-)** <6-?*4!,'-77: 2;-<6#*1- < 7!7%#6-7* 
<*,#-45#:f H%><60*> #- 4-?!'-6!'#!7 ':#1%. K- 2'!0#% ,'2NN!-
0:f '%_%#*> N!H60%'OH%# h$$%16 <*#f'!#*/-)** <6-?*4!,'-$*-
;%<1*f '+H!0 2;-<6#*1!0 0 7!7%#6 12457*#-)** 6!',!0, <0+/-#-
#:> < 0:+04%#*%7 N'*0-6#!> *#$!'7-)**. S!N!<6-04%#*% H-##!-
,! 7%6!H- < *#:7* <N!<!?-7* */7%'%#*+ $2#1)*!#-45#!,! <!-
<6!+#*+ 2;-<6#*1!0, 0 ;-<6#!<6*, < #%>'!h1!#!7*1!>, N'*0!H*6<+ 
0 [5]. 

E#-4*/ '%/2456-6!0 h1<N%'*7%#6!0 <42O*6 !<#!0!> H4+ <!/-
H-#*+ #!0:f 7%6!H!0 -#-4*/- H-##:f * 7!H%4%> N'*#+6*+ '%_%-
#*>, ?-/*'2PM*f<+ #- N'*#)*N-f 6%!'** *,'. 8 ;-<6#!<6*, ?:4! 
'-/'-?!6-#! N!#+6*% <4-?!,! '-0#!0%<*+ H4+ *,' < 0:N214:7* 
7#!O%<60-7* <6'-6%,*>, 0 1!6!'!7 N'*#)*N #-*42;_%,! !60%6- #- 
<6'-6%,** !<6-45#:f 2;-<6#*1!0 <!f'-#+%6<+ 6!451! 0 <'%H#%7. 
I-/4*;#:% 0-'*-#6: h6!,! '-0#!0%<*+ <2M%<60%##! 42;_% <!,4--
<2P6<+ < '%/2456-6-7* *,'!0:f h1<N%'*7%#6!0, ;%7 26!;#%#*+ 
'-0#!0%<*+ Kh_-. 

Z7<,3(<03( 
1. @%#5_*1!0 X.S., @%#5_*1!0- j.I. D-?!'-6!'#:% *<<4%H!0-#*+ 

*#$!'7-)*!##!> h$$%16*0#!<6* ':#1!0. @.: 8c IEK, 2006. 
2. @%#5_*1!0- j.I., @!'!/ X.X., [-4-;%0- ].X. 84*+#*% N<*f!4!,*-

;%<1!,! 6*N- 2;-<6#*1- 4-?!'-6!'#:f ':#1!0 #- %,! N!0%H%#*% 0 <!)*-
-45#!-h1!#!7*;%<1*f h1<N%'*7%#6-f // @!H%4* * 7%6!H: !?'-?!61* *#-
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$!'7-)**». @. @Z[X,  2009. S. 161–174. 
3. D215+#!0 8.X., @-1<-1!0- j.E., @%#5_*1!0 X.S., @%#5_*1!0- 

j.I., x-?-# E.K. Z2#1)*!#-45#!% <!<6!+#*% * h$$%16*0#!<65 2;-<6#*-
1!0 4-?!'-6!'#:f ':#1!0 // X/0. IEK. [*SC. 2007. q 6. S. 202–219. 

4. d2'#-%0 ].8., @%#5_*1!0 X.S. @!H%45 $2#1)*!#-45#!,! <!<6!+#*+ 
2;-<6#*1!0 4-?!'-6!'#:f ':#1!0. X/0. IEK. [*SC. 2009. q 6, S. 187-
204. 

5. X.S. @%#5_*1!0. E#-4*/ $2#1)*!#-45#!,! <!<6!+#*+ 2;-<6#*1!0 
4-?!'-6!'#:f ':#1!0. Q<*f!4!,*+. Y2'#-4 8:<_%> _1!4: h1!#!7*1*. 
2009. [. 6, q 2. S. 125–152. 

I= "/2"; 83"=9,+, +"+,2<"', '"U27&(:F,; 837 
"6,2&, X9($<7E2"$<7 U(+,F,27* 83"7U'"/$<',2-

2LV 5(&<"3"' 2( +7&3"03"'2,*  
E.B. @!4;-#!0 

"48=1)467)Q% $??6'O194T'67?3=% e)=9'+?=T'T «:Sc$» 
d2H%7 '-<<7-6'*0-65 6%f#!4!,*;%<12P <6'2162'2 N'!*/0!H-

<60- < N!7!M5P !?!?M%##!> 7!H%4* v-26%11%'--X!f-#<%#- < 
H027+ N'!*/0!H<60%##:7* $-16!'-7* 6%12M%,! N!45/!0-#*+ 
(QZ[Q) * !H#!'!H#:7 N'!H216!7 [1].  

G4+ !)%#1* h4-<6*;#!<6* /-7%M%#*+ N'!*/0!H<60%##:f 
$-16!'!0 #- 7*1'!2'!0#% 0 h6!> 7!H%4* #%!?f!H*7! 1!#%;#!% 
;*<4! '-/ '%_*65 <4%H2PM2P N'!?4%72 7!7%#6!0 

2? ( ) 0; ( ) :µ µ +∃ ≥ < ∞RK

2
0 1 1 2 2( ) ( ),   t {1, ,T}t t t ty p p x p x dxθ µ

+

= − − ∈∫
"

K     

,H% ( )θ K  h6! $2#1)*+ v%0*<->H- [2]. 
I-/'%_*7!<65 h6!> N'!?4%7: 7!7%#6!0 /-0*<*6 6!451! !6 

<6'2162': '-/'%/-#*+ 2
+R  4*#*+7* 0 1 1 2 2 0p p x p x− − =  #- !?4-<-

6*.  -OH!> !?4-<6* <!N!<6-0*7 6!;12 T-7%'#!,! ?24%0<1!,! 12?-, 
N'*;%7 1!!'H*#-6- h6!> 6!;1* ?2H%6 '-0%# %H*#*)%, %<4* <!!60%6-
<602PM-+ N'+7-+ 4%O*6 0:_% H-##!> !?4-<6* * #24P, *#-;%. 8 [2] 
?:4! N!1-/-#!, ;6! '-/'%_*7!<65 N'!?4%7: 7!7%#6!0 '-0#!<*45-
                                                
* I-?!6- N!HH%'O-#- ,'-#6!7 IZZX 08-07-00158--. 
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#- N'*#-H4%O#!<6* 0%16!'- y 1!#*;%<1!> !?!4!;1% ( )cone B  7#!-
O%<60- 6!;%1, <!!60%6<602PM*f !?4-<6+7 '-/'%/-#*+ B . 

x6!?: '%_*65 /-H-;2 N'*#-H4%O#!<6* 0%16!'- #%1!%72 0:-
N214!72 1!#2<2 ( )cone B ,  #%!?f!H*7! #->6* $-<%6: h6!,! 1!#2-
<-. 8 [3] ?:4! N!1-/-#!, ;6! 7#!O%<60! 0!/7!O#:f <6'2162' '-/-
'%/-#*+ N'* 9T < 7!O#! /-H-65 < N!7!M5P /-7%#: N'+7:f N<%0-
H!-N'+7:7* * <0%H%#*+ 1 7#!O%<602 0!/7!O#:f N!<4%H!0-6%45-
#!<6%> N%'%<6-#!0!1  {1, ,T}K . C N!7!M5P N%'%?!'- 0<%f 0!/-
7!O#:f <6'2162' '-/'%/-#*+ #->H%#! 7#!O%<60! 0<%f $-<%6, 1!6!-
':% 0!/7!O#: 2 ( )cone B  N'* 9T < . 

G4+ 2<1!'%#*+ *<<4%H!0-#*+ N'!?4%7: 7!7%#6!0 N'%H4-,--
%6<+ '-<<7-6'*0-65 6!451! $-<%6: <N%)*-45#!,! 0*H-: 

,   {1,..., },i i
i I i I

y y I I T I I
+ −

+ − + −
∈ ∈

= ⊂ ∩ = ∅∑ ∑  

d:4! N!1-/-#!, ;6! N'* 6T <  0!/7!O#: 6!451! $-<%6: 6--
1!,! 0*H-, - N'* 9T <  '-<<7-6'*0-#** 6!451! $-<%6 6-1!,! 0*H- 
N!/0!4+%6 N'*?4*O%##! '%_*65 /-H-;2 N'*#-H4%O#!<6* 0%16!'- 

( )cone B  < !_*?1!> #% ?!4%% 10%. 
Z7<,3(<03( 

1. x4)4)=)  . .. j?!?M%##-+ 7!H%45 ;*<6!> !6'-<4* N'!*/0!H<60-. // 
@-6%7-6*;%<1!% 7!H%4*'!0-#*%, 1997, [.9, N.9, S. 117-127. 

2. x4)4)=)  . . K%N-'-7%6'*;%<1*> 7%6!H -#-4*/- 6%f#!4!,*;%<1!> 
<6'2162': N'!*/0!H<60-. // @-6%7-6*;%<1!% 7!H%4*'!0-#*%, 1999, [.11, 
N.9, S. 116-122. 

3. Branko Grunbaum Arrangements and Spreads. American Mathematical 
Society, 1972, 114p. 
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 "/,9? 83"7U'"/$<'( ' "=3(=(<L'(:F,+  
$,&<"3, $ 0E,<"+ /,5767<( "="3"<2LV $3,/$<' 7 

<"3D"'"; 7253($<30&<03L *  
K. . j?'!<!0-, E.E. b-#-#*# 

.m  W ", :Sc$(He) 

v-'-16%'#!> !<!?%##!<65P N'!*/0!H<60%##!> <*<6%7: I!<-
<** +04+%6<+ #%h$$%16*0#!<65 $2#1)*!#*'!0-#*+ !?'-?-6:0-P-
M%,! <%16!'-, <0+/-##-+ < %,! 6%f#!4!,*;%<1!> !6<6-4!<65P. 
Q'!H21)*+ !6'-<4* N'!*,':0-%6 0 1!#12'%#)** ?!4%% 
1-;%<60%##:7 *7N!'6#:7 -#-4!,-7, 0 '%/2456-6% ;%,! 
N'!*/0!H<60! $2#1)*!#*'2%6 0 2<4!0*+f H%$*)*6- !?!'!6#:f 
<'%H<60 * #%<6-?*45#!,! <N'!<- #- N'!H21)*P. E#-4*/ N'!)%<<!0 
N'!*/0!H<60- * !?'-M%#*+ 0 !?'-?-6:0-PM%7 <%16!'% 6'%?2%6 
'-/'-?!61* 7-6%7-6*;%<1!> 7!H%4*, !N*<:0-PM%> <!0'%7%##:% 
!<!?%##!<6* $2#1)*!#*'!0-#*+ <%16!'-.  

8 '-?!6-f [1,2] 0N%'0:% ?:4- N'%H4!O%#- 7!H%45 N'!*/0!H-
<60- 0 !?'-?-6:0-PM%7 <%16!'% < 2;%6!7 H%$*)*6- !?!'!6#:f 
<'%H<60 * #%<6-?*45#!<6* 1-#-4- '%-4*/-)** N'!H21)**.  8 !<#!02 
!N*<-#*+ N!4!O%#- 7!H%45 v-26%11%'--X!f-#<%#- $2#1)*!#*'!-
0-#*+ N'!*/0!H<60-.  '!7% 6!,!, N'%HN!4-,-%6<+, ;6! '%-4*/-)*+ 
N'!H21)** N'!*<f!H*6 0 N!4#!7 !?u%7% 0 <42;->#:% 7!7%#6: 
0'%7%#*, - N!N!4#%#*% !?!'!6#:f <'%H<60 0!/7!O#! /- <;%6 H02f 
6*N!0 1'%H*6!0 – H!4,!<'!;#!,! * 1'-61!<'!;#!,!. @!H%45 
N'!*/0!H<60- < 2;%6!7 H%$*)*6- !?!'!6#:f <'%H<60 0N%'0:% 
N!/0!4*4- !N*<-65 #%h$$%16*0#!<65 $2#1)*!#*'!0-#*+ 
!?'-?-6:0-PM%,! <%16!'- 0 2<4!0*+f #*/1!> 
1!#12'%#6!<N!<!?#!<6* N'!H21)**. @!H%45 !N*<:0-%6 
N'!*/0!H<60! 0 N%'*!H #%2<6!>;*0!<6* 6!',!0:f <0+/%>  0 
'!<<*><1!> h1!#!7*1% 0 H%0+#!<6:% ,!H: XX 0%1-, 1!,H- 
N'!*/0!H<60! 0 !<#!0#!7 '-?!6-4! N!H /-1-/, * 0%<5 !?u%7 
'%-4*/!0:0-4<+. 
                                                
* I-?!6- N!HH%'O-#- ,'-#6-7* IZZX (08-07-00158, 09-01-13534 !$*-)), 
IBKZ N 08-02-00347, QZX j@K IEK N3, QZX N'%/*H*27- IEK N2,  
ZcQ "K-2;#:% * #-2;#!-N%H-,!,*;%<1*% 1-H': *##!0-)*!##!> I!<<**" 
#- 2009-2013 ,!H: (N'!%16 Q949) 
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S!0'%7%##:% 2<4!0*+ N'!*/0!H<60- 0 !?'-?-6:0-PM%7 
<%16!'% f-'-16%'*/2P6<+ ?!4%% 2<6!>;*0:7* <0+/+7* < 6!',!04%>, 
;6! N!/0!4+%6 #-1-N4*0-65 #%1!6!'!% 1!4*;%<60! 6!0-'- #- <14-H% 
0 #-H%OH%, ;6! #-<62N*6 '%-4*/-)*+. jH#-1! '-/0*0-PM-+<+ 
6!',!0-+ *#$'-<6'2162'- *7%%6  !,'-#*;%##2P %71!<65 6!',!0:f 
<14-H!0. Q!h6!72 0 <!0'%7%##:f 2<4!0*+f '-/'-?!6-##-+ 7!H%45 
N'!*/0!H<60- 6'%?2%6 7!H%'#*/-)**, N!/0!4+PM%> 2;*6:0-65 
!,'-#*;%#*% #- 7-1<*7-45#:> !?u%7 '%-4*/2%7!> N-'6** 6!0-'-. 

8 H-##!> '-?!6% N'%H4-,-%6<+ 7!H%45 N'!*/0!H<60-, 
2;*6:0-PM-+ !,'-#*;%#*% #- 7-1<*7-45#:> !?u%7 '%-4*/2%7!> 
N-'6** 6!0-'-, 1!6!'!% '-<<7-6'*0-%6<+ 1-1 f-'-16%'*<6*1- 
<!<6!+#*+ 6!',!0!> *#$'-<6'2162':.  '!7% 6!,!, 2;6%#!, ;6! 0 
#:#%_#*f 2<4!0*+f !?!'!6#:% <'%H<60- N!N!4#+P6<+ 0 !<#!0#!7 
/- <;%6 1'-61!<'!;#!,! 1'%H*6-. 8 6%'7*#-f 7!H%4* N!<6-04%#- * 
'%_%#- /-H-;- 0:?!'- <!?<60%##*1!7 N'!*/0!H<60- !N6*7-45#!,! 
N%'*!H- N!45/!0-#*+ 1'%H*6!7 < )%45P 7-1<*7*/-)** %,! 
H*<1!#6*'!0-##!,! H!f!H- #- #%!,'-#*;%##!7 ,!'*/!#6%. e-H-;- 
$!'7-4*/!0-#- 0 0*H% 2'-0#%#*+ d%447-#-, H4+ 1!6!'!,! #->H%#! 
'%_%#*% 0 +0#!7 0*H%. X<<4%H!0-#*% N!/0!4*4! N!1-/-65 #-4*;*% 
10-#6!0!,! h$$%16- 0 7!H%4*: 0 /-0*<*7!<6* !6 0%4*;*#: 
<!!6#!_%#*+ !N6*7-45#!,! /-N-<- #- <14-H% * !,'-#*;%#*+ 
6!',!0!> *#$'-<6'2162': (7-1<*7-45#!,! !?u%7- '%-4*/-)**) 
<'%H#++ N! 0'%7%#* /-,'2/1- N'!*/0!H<60- 7!O%6 */7%#+65<+ 
<1-;1!7 N'* #%N'%':0#!7 */7%#%#** N-'-7%6'!0 7!H%4* (0 6!7 
;*<4% )%#). K- !<#!0% N!42;%##!,! 10-#6!0!,! h$$%16- N'%H4!O%# 
N!Hf!H 1 !?u+<#%#*P 0!/#*1#!0%#*+ 1'*/*<!0 N%'%N'!*/0!H<60- 
19-2000., <0+/-##:f < #%'-/0*6!<65P 6!',!0:f !6#!_%#*>, 1!,H- 
N'* <6-?*45#!> 0#%_#%> <*62-)** 0!/#*1-4! #%<!!60%6<60*% 
<N'!<- * N'%H4!O%#*+ #- ':#1%, !?2<4!04%##!% /-6!0-'*0-#*%7 
N'!*/0!H<60%##:f <14-H!0. 

Z7<,3(<03( 
1. E062f!0*; l.8., b-#-#*# E.E. j6'-<45 N'!*/0!H<60- 0 2<4!0*+f 

H%$*)*6- !?!'!6#:f <'%H<60. @-6%7-6*;%<1!% 7!H%4*'!0-#*%, 2000. 
[.12. q7. S.102-126. 

2. E1N-'!0- E.8., b-#-#*# E.E. @!H%45 N'!*/0!H<60- 0 2<4!0*+f #%-
<!0%'_%##!> 1'%H*6#!> <*<6%7: * #%<6-?*45#!> '%-4*/-)** N'!H21-
)**.// @-6%7-6*;%<1!% 7!H%4*'!0-#*%, 2005. [.17. N9. S.60-76. 
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K$$9,/"'(27, +"/,9,; X&"2"+7&7 $<3(2L 7  
3,D7"2( $ 0E,<"+ $"67(9?2"; $<3(<757&(677*  

K.K. j4%#%0, E.X. Z%6*#*#- 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W ",  

.fT?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
I%_%#*+, N'*#*7-%7:% #- 2'!0#% <6'-#: * '%,*!#-, 7!,26 

N'*0!H*65 1 #%N'%H<1-/2%7:7 N!<4%H<60*+7, %<4* #% N'*#*7-65 
0! 0#*7-#*% *#6%'%<: /-H%><60!0-##:f 0 *<N!4#%#** '%_%#*+ 
4PH%>. Q'* <-7:f N'-0*45#:f )%4+f '%/2456-6 7!O%6 !1-/-65<+ 
<!0<%7 #% 6-1*7, 1!6!':> N4-#*'!0-4*. Q!h6!72 N'* 0:'-?!61% 
'%_%#*> #-H! N'*#*7-65 0! 0#*7-#*% *#6%'%<: <4!O*0_*f<+ !?-
M%<60%##:f ,'2NN. 8 '%/2456-6% N'%!?'-/!0-#*> N!<4%H#*f 20 4%6 
'!<<*><1!% !?M%<60! !1-/-4!<5 O%<61! '-/H%4%##:7 #- <6'-6:, 
7-4! 0/-*7!H%><602PM*% H'2, < H'2,!7 [1-2].  

8 #-<6!+M%> '-?!6% *<<4%H2P6<+ 7-6%7-6*;%<1*% 7!H%4* 
h1!#!7*1*, N!<6'!%##:% < 2;%6!7 <!)*-45#!> <6'-6*$*1-)**, ;6! 
N!/0!4+%6 2;%<65 *#6%'%<: '-/#:f <6'-6. l6* 7!H%4* +0#! 2;*6:-
0-P6 */7%#%#*+ 0 H%7!,'-$*;%<1!> <6'2162'% #-<%4%#*+. jN*<--
#*% H%7!,'-$*;%<1!,! ?4!1- 1-OH!> <6'-6: ?4*/1! 1 <!!60%6<6-
02PM%72 !N*<-#*P '-?!6: [3]. Q'%HN!4-,-%6<+, ;6! H%7!,'-$*;%-
<1*% N-'-7%6': '-/4*;-P6<+ N! <6'-6-7, ;6! <0+/-#! < '-/#:7 *f 
h1!#!7*;%<1*7 N!4!O%#*%7, 2'!0#%7 H!f!H!0 * 2'!0#%7 !?'-/!-
0-#*+.  !h$$*)*%#6: <7%'6#!<6* !N*<:0-P6<+ $!'724!> B!7-
N%')--@%>1%7- [4], 0 1!6!'!> N-'-7%6': N'* h1<N!#%#6% - N-'--
7%6': ?*!4!,*;%<1!> <!<6-04+PM%> <7%'6#!<6* - <;*6-P6<+ !H*-
#-1!0:7* H4+ 0<%f <6'-6, - N!1-/-6%45 <!)*-45#!> <!<6-04+PM%> 
<7%'6#!<6* /-0*<*6 !6 2'!0#+ 6%12M*f H!f!H!0 * 2'!0#+ !?'-/!-
0-#*+ <6'-6:. Q'%HN!4-,-%7, ;6! 1!h$$*)*%#6: '!OH-%7!<6* 
<6'-6 !64*;-P6<+, - 2'!0%#5 '!OH-%7!<6* 0 <6'-6% N'!N!')*!#--
4%# ;*<42 O%#M*# $%'6*45#!,! 0!/'-<6-.  

X<<4%H2%6<+ N'%H4!O%##-+ 0 [5] 7!H%45 h1!#!7*1* I!<<** < 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%1-
6: 08-01-00377, 09-01-90201-@!#,_-, 10-01-90723-7!?_<6), IBKZ (N'!-
%16 10-02-00300), QZX Q'%/*H*27- IEK q14 * QZX j@K IEK q3.  
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H%<+65P <6'-6-7*. I-<<7!6'%#- 7!H*$*1-)*+ 7!H%4*, - N'* %% 
*H%#6*$*1-)** 2;6%#: #!0:% <6-6*<6*;%<1*% H-##:% N! h1!#!7*-
1% * H%7!,'-$** I!<<** 2001-2009 ,,. Q-'-7%6': 7!H%4* *H%#6*-
$*)*'!0-#: /- <;%6 %% 0%'*$*1-)** N! *<6!'*;%<1*7 H-##:7 < 
N!7!M5P 0:<!1!N'!*/0!H*6%45#:f N-'-44%45#:f 0:;*<4%#*> < 
*<N!45/!0-#*%7 ,4!?-45#:f -4,!'*67!0 !N6*7*/-)**. XH%#6*$*-
)*'!0-##-+ 7!H%45 *<N!45/2%6<+ H4+ <)%#-'#:f N'!,#!/#:f '-<-
;%6!0 0!/7!O#:f 0-'*-#6!0 7!H%'#*/-)** h1!#!7*1* I!<<**. 

X<<4%H2%6<+ 6-1O% 7!H%45 '%,*!#-45#!> h1!#!7*1*, N!<6'!-
%##-+ 0 [6] #- !<#!0% <!)*-45#!> <6'-6*$*1-)**. @!H%45 *H%#6*-
$*)*'!0-#- N! <6-6*<6*;%<1*7 H-##:7 H4+ h1!#!7*1!-
H%7!,'-$*;%<1!> <*<6%7:  *'!0<1!> !?4-<6* 2001-2008 ,,. 8 '-<-
<7!6'%##!> <6'-6*$*1-)** /-H-#- N'+7-+ <0+/5 <6'-6 < !6'-<4+7* 
'%,*!#-45#!> h1!#!7*1*. G4+ '-<;%6- N-'-7%6'!0 N+6* !<#!0#:f 
<6'-6 *<N!45/!0-4*<5 N-'-44%45#:% 0:;*<4%#*+ #- <2N%'1!7N5P-
6%'% 8+6<1!,! ,!<2H-'<60%##!,! 2#*0%'<*6%6-. K- !<#!0% '-<;%6!0 
N! *H%#6*$*)*'!0-##!> 7!H%4* N!42;%#- !)%#1- 0-4!0!,! '%,*!-
#-45#!,! N'!H216- * '-<N'%H%4%#*% H!?-04%##!> <6!*7!<6* N! 
!<#!0#:7 <6'-6-7  *'!0<1!> !?4-<6*, ;6! !N'%H%4+%6<+ ;*<4%#-
#!<65P 4PH%> 6'2H!<N!<!?#!,! 0!/'-<6- 0 <6'-6% * %% h1!#!7*;%-
<1!> '!45P. X<<4%H!0-#*% 7!H%4%> N!1-/-4! *f '-?!6!<N!<!?-
#!<65. 

Z7<,3(<03( 
1. d:1!0 G. @-$*+ *4* <%16-? K!0-+ ,-/%6-, q 124 !6 9.11. 2009. 
2.  -#6!' @. d2#6 <:6:f. K!0-+ ,-/%6-, q 127 !6 16.11.2009. 
3. @!OO%'*#- ].W. X<<4%H!0-#*% h1!#!7*1!-H%7!,'-$*;%<1!> 7!-

H%4* I!<<**. K-<6. <?. S. 
4. 8%4*;1!0<1*> d.[. Y*/#%<N!<!?#!<65 #-)**. I!45 <!)*-45#!,! 

<6'%<<- * ,%#%6*;%<1*f !<!?%##!<6%> N!N24+)** 0 '-/0*6** H%7!,'-$*-
;%<1!,! 1'*/*<- * */7%#%#*+ <!<6!+#*+ /H!'!05+ #-<%4%#*+ I!<<**. @.: 
IE@K, 2009. 176 <. 

5. j4%#%0 K.K. Q-'-44%45#:% 0:;*<4%#*+ 0 7!H%4*'!0-#** '!<<*>-
<1!> h1!#!7*1* < 2;%6!7 <!)*-45#!> <6'-6*$*1-)**. // Q-'-44%45#:% 
0:;*<4*6%45#:% 6%f#!4!,** (Q-8[ 2010): ['. 7%OH. #-2;#. 1!#$. – x%-
4+?*#<1: WC'BC, 2010. S.276-286. 

6. Z%6*#*#- E.X. 8:<!1!N'!*/0!H*6%45#:% 0:;*<4%#*+ N'* 7!H%4*-
'!0-#** <6'-6*$*1-)** 0 '%,*!#-45#!> h1!#!7*1% // Q-'-44%45#:% 0:-
;*<4*6%45#:% 6%f#!4!,** (Q-8[ 2010): ['. 7%OH. #-2;#. 1!#$. – x%4+-
?*#<1: WC'BC, 2010. S.629-639. 
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S=$"3=67"22(* 7 722"'(67"22(* $8"$"=2"$<7 
$<3(2: 8"/V"/L & 7U+,3,27: 
8.@. Q!46%'!0*;, E.S. [!#*< 

mk:$  W ", Wkx 
Q!#+6*% “-?<!'?)*!##-+ <N!<!?#!<65” ?:4! */#-;-45#! 

00%H%#! 1-1 f-'-16%'*<6*1- $*'7:, - *7%##!, 1-1 %% "<N!<!?#!<65 
1 0:+04%#*P )%##!<6* #!0!> 0#%_#%> *#$!'7-)**, %% 2<0!%#*P * 
1!77%';%<1!72 *<N!45/!0-#*P" (Cohen, Levinthal, 1990). Q!/O% 
h6! N!#+6*% <6-4* !6#!<*65 * 1 <6'-#% 0 )%4!7. X7%%6<+ '+H 6%!'%-
6*;%<1*f * h7N*'*;%<1*f *<<4%H!0-#*>, N!1-/:0-PM*f, ;6! -?-
<!'?)*!##-+ <N!<!?#!<65 +04+%6<+ 0-O#:7 $-16!'!7, 1!6!':> 
!N'%H%4+%6 2<N%f H!,!#+PM%,! '-/0*6*+. 

X##!0-)*!##-+ <N!<!?#!<65, <!,4-<#! $!'724*'!01% 
Furman et al (1990), – h6! “<N!<!?#!<65 <6'-#: 1-1 N!4*6*;%<1!,! 
* h1!#!7*;%<1!,! <2?u%16- N'!*/0!H*65 * 1!77%')*-4*/*'!0-65 
N!6!1 *##!0-)*!##:f 6%f#!4!,*> 0 6%;%#*% H4*6%45#!,! N%'*!-
H-”. 

K-<1!451! #-7 */0%<6#!, #- H-##:> 7!7%#6 #% *7%%6<+ #* 
!?M%N'*#+6!,! <6'!,!,! !N'%H%4%#*+ -?<!'?)*!##!> * *##!0-)*-
!##!> <N!<!?#!<6%> 1-1 h1!#!7*;%<1*f N!1-/-6%4%>, #* 2?%H*-
6%45#!> 7%6!H!4!,** *f */7%'%#*+. 8 /#-;*6%45#!> ;-<6* '-?!6 
N! h6!> 6%7-6*1% -06!': #% N'!0!H+6 '-/,'-#*;%#*+ 7%OH2 H027+ 
<N!<!?#!<6+7*, 07%<6! h6!,! H-P6<+ !)%#1* 0!/7!O#!<6%> #-2;-
#!-6%f#*;%<1!,! '-/0*6*+ 0 )%4!7, 0 ?!45_%> <6%N%#* !'*%#6*'!-
0-##:% #- *##!0-)**. 

8 H-##!> '-?!6% H%4-%6<+ N!N:61- /-N!4#*65 h6!6 N'!?%4. 
@: !N'%H%4+%7 -?<!'?)*!##2P <N!<!?#!<65 1-1 /-6'-6: #- !H#!-
N'!)%#6#!% 20%4*;%#*% !?M%> $-16!'#!> N'!H216*0#!<6* %H*#*-
): 1-N*6-4- /- <;%6 /-*7<60!0-#*+ /-'2?%O#:f 6%f#!4!,*>. E#--
4!,*;#:7 !?'-/!7 !N'%H%4+%6<+ *##!0-)*!##-+ <N!<!?#!<65. c%-
45P *<<4%H!0-#*+ +04+%6<+ '-/'-?!61- 7%6!H!4!,** */7%'%#*+ 
h6*f H02f N!1-/-6%4%> * 0:+04%#*% 04*+PM*f #- #*f $-16!'!0. 

Q'%H4-,-%7-+ 7%6!H!4!,*+ !N*'-%6<+ #- !?!?M%#*% 7!H%4* 
h1!#!7*;%<1!,! '!<6- (Polterovich and Tonis, 2005), 2;*6:0-PM%>, 
#-'+H2 < #-1!N4%#*%7 1-N*6-4-, N'!)%<<: *7*6-)** * <!/H-#*+ 
#!0:f 6%f#!4!,*>. @!H%45 N'*7:1-%6 1 14-<<2 7!H%4%> _27N%6%-
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'*-#<1!,! 6*N- (Acemoglu et al, 2002). 8 !64*;*% !6 Polterovich and 
Tonis (2005), 2;*6:0-%6<+ ?!45_%% 1!4*;%<60! $-16!'!0, !?u+<-
#+PM*f h$$%16*0#!<65 *7*6-)*> * *##!0-)*>; *<N!45/2P6<+ H0% 
-456%'#-6*0#:% ,*N!6%/: ! <0+/* 7%OH2 N-'-7%6'-7* 7!H%4* * 
H-##:7*. Q'%H4!O%#- 6-1O% 7!H*$*1-)*+ 7!H%4*, 2;*6:0-PM-+ 
h0!4P)*P ;%4!0%;%<1!,! 1-N*6-4-. 

Q'%H4-,-%7-+ N'!)%H2'- !)%#*0-#*+ -?<!'?)*!##!> * *#-
#!0-)*!##!> <N!<!?#!<6%> N'%H<6-04+%6 <!?!> <!;%6-#*% 1-4*?-
'!01* 7!H%4* * h1!#!7%6'*;%<1*f '-<;%6!0. 8 1-;%<60% *<6!;#*-
1!0 H-##:f *<N!45/2P6<+ WDI, ICRG, ?-/: H-##:f N! $*/*;%-
<1!72 * ;%4!0%;%<1!72 1-N*6-42 (Nehru and Dhareshwar, 1993; 
Barro and Lee, 2000). 8 *6!,% !N'%H%4+P6<+ /#-;%#*+ N-'-7%6'!0 
7!H%4*, <!,4-<2PM*%<+ < H-##:7*, * ,%#%'*'2P6<+ N'%H<1-/-#-
#:% 7!H%45P 6'-%16!'** '-/0*6*+ H4+ ?!4%% 60 <6'-# /- N%'*!H < 
1980 N! 2006,. G4+ ?!45_*#<60- <6'-# 7!H%45 N!1-/:0-%6 ?4*/12P 
1 H%><60*6%45#!<6* 1-'6*#2 *f '-/0*6*+ * N'-0H!N!H!?#!% <!!6-
#!_%#*% N!1-/-6%4%> -?<!'?)*!##!> * *##!0-)*!##!> <N!<!?#!-
<6*. @!H%45 0!<N'!*/0!H*6 !<#!0#:% ;%'6: '-<N'%H%4%#*+ <6'-# 
N! 2'!0#P H2_%0!,! 88Q, H%7!#<6'*'2+ +04%#*% ,'2NN!0!> <f!-
H*7!<6*.  

Q'!0%H%##:% '-<;%6: N!H60%'OH-P6 #-_2 !<#!0#2P ,*N!-
6%/2: '-/0*0-PM*%<+ <6'-#: *7%P6 N'%*72M%<60! 0 -?<!'?)*!#-
#!> <N!<!?#!<6* N%'%H '-/0*6:7* (h6! !H#- */ $!'7 “N'%*72M%-
<60- !6<6-4!<6*” (Gershenkon, 1962)), 6!,H- 1-1 '-/0*6:% <6'-#: 
!?4-H-P6 42;_%> *##!0-)*!##!> <N!<!?#!<65P. [-1O% N!H60%'-
OH-%6<+ ,*N!6%/- (N'!0%'%##-+ *#:7 <N!<!?!7 0 '-?!6% Q*124*-
#!> (2009)) ! 6!7, ;6! ;%4!0%;%<1*> 1-N*6-4 ?4-,!N'*+6#! 04*+%6 
#- *##!0-)*!##2P <N!<!?#!<65, - #- -?<!'?)*!##2P – 4*_5 #%-
/#-;*6%45#!. 

e#-#*% -?<!'?)*!##!> * *##!0-)*!##!> <N!<!?#!<6%> <6'--
#: *  f-'-16%'- 04*+#*+ #- #*f '-/4*;#:f $-16!'!0 +04+%6<+ 
0-O#!> *#$!'7-)*%>, !6 1!6!'!> /-0*<*6 0:?!' #-2;#!-
6%f#*;%<1!> * N'!7:_4%##!> N!4*6*1*. Q!42;%##:% '%/2456-6: 
-162-45#: H4+ I!<<**, N%'%H 1!6!'!> 0 #-<6!+M%% 0'%7+ <6!*6 /--
H-;- $!'7*'!0-#*+ #-)*!#-45#!> *##!0-)*!##!> <*<6%7: * 0:-
?!' <6'-6%,** '-/0*6*+. 
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B(67"2(9?2"$<? +(&3"(D,2<"': &"+0  
83787$L'(<? 502&67: 8"9,U2"$<7? 

Q!<N%4!0 X.B. 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
S2M%<602PM-+ h1!#!7*;%<1-+ 6%!'*+ '-<<7-6'*0-%6 h1!#!-

7*12 1-1 N!4% * '%/2456-6 0/-*7!H%><60*+ '-)*!#-45#:f h1!#!-
7*;%<1*f -,%#6!0. Q'* h6!7 6%!'*+ !?:;#! N'*N*<:0-%6 '-)*!-
#-45#!% N!0%H%#*% «-06!#!7#:7 *#H*0*H-7», - N'* '-<<7!6'%#** 
7-1'!h1!#!7*;%<1*f 7!H%4%> -N%44*'2%6 1 «'%N'%/%#6-6*0#:7 
-,%#6-7». @%OH2 6%7 +<#!, ;6! H-O% -,%#6: < !H*#-1!0!> $2#1)*-
%> N!4%/#!<6*, #! #-f!H+M*%<+ 0 '-/#:f <!<6!+#*+f, ?2H26 H%7!#-
<6'*'!0-65 <!0!12N#!% N!0%H%#*%, #% !N*<:0-PM*%<+ #*1-1!> 
%H*#!> N!4%/#!<65P. 

8 H!14-H% ?2H%6 N'*0%H%# '+H '%/2456-6!0 !?'-?!61* h7N*-
'*;%<1*f H-##:f, 1!6!':% +<#! N!1-/:0-P6, ;6! ?!45_*% <!0!-
12N#!<6* <2?u%16!0, 0:N!4#+PM*f <f!H#:% $2#1)** 0 h1!#!7*-
1%, H%7!#<6'*'2P6 ?!4%% N!<4%H!0-6%45#!% * N'!<6!% («?!4%% '--
)*!#-45#!%») N!0%H%#*%, ;%7 1-OH:> */ -,%#6!0 0 !6H%45#!<6*. 
d!4%% 6!,!, N'*14-H#:% 7!H%4* h1!#!7*1* $-16*;%<1* *<N!45/2-
P6 *7%##! h6! N'%H<6-04%#*%, !<6-04++ <4!0- ! '%N'%/%#6-6*0#:f 
-,%#6-f *<14P;*6%45#! 0 N'%H*<4!0**. 

 -1 N265 1 !?u+<#%#*P '-)*!#-45#!<6* 7-1'!-,%#6!0 0 H!1-
4-H% ?2H26 '-<<7!6'%#: '%/2456-6: *<<4%H!0-#*+ H02f 7!H%4%>, 
N%'0-+ N!1-/:0-%6, ;6! !N6*7-45#:> !6?!' 6!',!0)%7 <42;->#! 
N!<62N-PM*f /-+0!1 #- N!12N12 #-?!'!0 ?4-, N'*0!H*6 1 2<6--
#!04%#*P #- ':#1% h6*f ?4-, '-0#!0%<*+, 1!6!'!% N!  6%!'** N!-
42;-%6<+ N'* #-4*;** 2 N!12N-6%4%> %H*#!> $2#1)** N!4%/#!<6*. 
l6- h$$%16*0#-+ $2#1)*+ N!4%/#!<6* +0#! 0:'-O-%6<+ ;%'%/ '-<-
N'%H%4%#*% <42;->#:f /-+0!1 #- N!12N12. 

86!'-+ 7!H%45 N!1-/:0-%6, ;6! 0:?!' 7%<6- '-?!6: N! 
N'*#)*N2 ;*<6!,! N!H'-O-#*+ '-<N'!<6'-#%##:7 !?'-/)-7 !?%<-
N%;*0-%6 !N6*7-45#!% < 6!;1* /'%#*+ 0<%> <*<6%7: '-<N'%H%4%#*% 
/-#+6!<6*. 
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 ,<"/7&( <,V27&"-X&"2"+7E,$&"D" "="$2"'(27* 
72',$<767; ' 8"'L],27, =,U"8($2"$<7 
502&67"273"'(27* 83"+L]9,22LV  

83,/837*<7; 
K.8. I-H*!#!0, S.Q. I-H*!#!0- 

$)?T=TFT $"cW [+= Y4)3T-C'T'+*F+-?31%  
.1'))1-31?]=V'?31% 434O']== =].  .S. :1j4%?31-1, 
Y4)3T-C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  

^31)1]=3= = ?'+9=?4 
I-<<7-6'*0-%6<+ /-H-;- 6%f#*1!-h1!#!7*;%<1!,! 2N'-04%#*+ 

?%/!N-<#!<65P $2#1)*!#*'!0-#*+ #%1!6!'!> 1'2N#!> ,*N!6%6*;%-
<1!> N'!7:_4%##!> <*<6%7: (BQS) #- !<#!0% $<3(<,D77 X&"2"+7-
E,$&7 (&<7'2"D" 83"<7'"/,;$<'7* 37$&0 '"U27&2"',27* "8($2"; 
$7<0(677. Q'* h6!7 BQS N'%H<6-04+%6<+ 1-1 <4!O#-+ 6%f#*1!-
h1!#!7*;%<1-+ <*<6%7- <! <6'2162'!>, <!<6!+M%> */ N <!<6-0#:f 
;-<6%> 

{ }N21 k,,k,kK K= . 
Q!4-,-%6<+, ;6! #-H%O#!<65 $2#1)*!#*'!0-#*+ BQS 0 )%-

4!7 /-0*<*6 !6 #-H%O#!<6* $2#1)*!#*'!0-#*+ 0<%f %% <!<6-0#:f 
;-<6%>. 

jQI]G]D]KX]. Q!H $<3(<,D7,; X 72',$<73"'(27* 
<'%H<60 S 0 N!0:_%#*% #-H%O#!<6* (?%/!N-<#!<6*) BQS N!#*7--
%6<+ 6'!>1-:  

[ ] ( ) ( )( )><><>< == NN
T

N21N xSQ;xS;x,,x,xxX ΔK , 

,H%  −∈= ilii Aax i  1!#1'%6#-+ (li-+, li = 1,…,ji) 0:?'-##-+ -45-
6%'#-6*0- 7%'!N'*+6*+ N! N!0:_%#*P #-H%O#!<6* (?%/!N-<#!<6*) 
i-> <!<6-0#!> ;-<6* BQS; 

( ) ( )−= ∑
=

><

N

1i
iiN xsxS  <277-'#:% *#0%<6*)** 0 '%-4*/-)*P 

0%16!'- 0:?'-##:f -456%'#-6*0 >< Nx , ( ) iii Sxs ∈ ; 
( )( ) ( )( ) =−= ><>< N0N xSQQxSQΔ  

( ) ( ) ( )( ) =++++−= NNN0220211010 xpp,,xpp,xppP1Q ΔΔΔ K
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( ) ( ) ( )( )−++++−= N21 lNNN0l2202l11010 app,,app,appP1Q ΔΔΔ K

<!1'-M%#*% 0%'!+6#!<6* -0-'** BQS. 
S 2;%6!7 h6!,! !N'%H%4%#*+ 7!O#! N!4!O*65 <2M%<60!0--

#*% $2#1)** ($2#1)*+ !,'-#*;%#*+ '*<1-) !O*H-%7!,! 2M%'?-   
( )XM

.ÓÙ

Cˆ
Δ , 

N'%H!60'-M-%7!,! /- <;%6 '%-4*/-)** <6'-6%,** X.  
 
 (<,+(<7E,$&(* 8"$<(2"'&( U(/(E7.  
8-'*-#6 1. ['%?2%6<+: #- 7#!O%<60% ( )

23
Sχ  H!N2<6*7:f 

<6'-6%,*> *#0%<6*'!0-#*+ 0 N!0:_%#*% #-H%O#!<6* (?%/!N-<#!-
<6*) BQS #->6* 6-12P <6'-6%,*P ( )

23
SX χ⊂∗ , 1!6!'-+ N'* /--

H-##!7 4*7*6% $*#-#<*'!0-#*+ Se !?%<N%;*0-%6 7-1<*7-45#:> 
2'!0%#5 !O*H-%7!,! N'%H!60'-M-%7!,! 2M%'?- (<#*O%#*+, !,'--
#*;%#*+, 2<6'-#%#*+ '*<1-) 0<4%H<60*% 0!/7!O#!> -0-'**: 

( )
( ),XMmaxargX

.45
23

CˆSX
Δ

χ⊂

∗ =   ( ) ( )
2

N

1i
ii SxsXS ≤= ∑

=

∗∗ . 

8-'*-#6 2. ['%?2%6<+: #- 7#!O%<60% χ  0<%f 6%f#*;%<1* N!4%/-
#:f <6'-6%,*> *#0%<6*'!0-#*+ 0 N!0:_%#*% #-H%O#!<6* (?%/!N-<#!-
<6*) BQS #->6* 6-12P <6'-6%,*P χ⊂X , 1!6!'-+ !?%<N%;*0-%6 7*-
#*7-45#:% *#0%<6*)*!##:% /-6'-6: 0 N!0:_%#*% #-H%O#!<6* (?%/!-
N-<#!<6*) BQS N'* /-H-##!7 2'!0#% 

2Cˆ .45

MΔ  !O*H-%7!,! N'%H!6-

0'-M-%7!,! 2M%'?- (<#*O%#*+, !,'-#*;%#*+, 2<6'-#%#*+ '*<1-) 
0<4%H<60*% 0!/7!O#!> -0-'**: 

( ) ( ),xsXSminargX
N

1i
iiX

∑
=⊂

∗ ==
χ

  ( )
2CˆCˆ .45.45

MXM ΔΔ ≥∗ . 

O9* 3,],27* 8"$<('9,22LV U(/(E 3($$+(<37'(:<$* /'( 
+,<"/(:  
 – +,<"/ "="=F,22"D" &'(U79(D3(2.7(2(, <2M#!<65 1!6!'!-
,! /-14P;-%6<+ 0 $!'7-45#!7 N%'%f!H% !6 /-H-;* < '-/4*;#!> '-/-
7%'#!<65P )%4%0!> $2#1)** * !,'-#*;%#*> (6%f#*1!-
h1!#!7*;%<1!>) 1 /-H-;% < %H*#!> <6!*7!<6#!> '-/7%'#!<65P (h1!-
#!7*1!-6%f#*;%<1!> *4* N'!<6! h1!#!7*;%<1!>).  
 – +,<"/ X&"2"+7E,$&"D" (2(9"D(, <2M#!<65 1!6!'!,! <!<6!-
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*6 0 /-7%#% <!N'+O%##!> N%'%7%##!> h1!#!7*;%<1!> 0%4*;*#!>, 
!6'-O-PM%> <7:<4 2"3+(<7'( X55,&<7'2"$<7 [. [. G"'".79"-
'(.  

K$$9,/"'(27, U(/(E7 "8<7+(9?2"D" 083('9,27* 
/9* /72(+7E,$&"; +"/,97 D(U"'"D"  

+,$<"3"./,27* 
E. . S1*?- 
.m W " 

I-<<7-6'*0-%6<+ H*#-7*;%<1-+ 7!H%45 ,-/!0!,! 7%<6!'!O-
H%#*+ < 0/-*7!04*+PM*7* <10-O*#-7* [1]. 80!H+6<+ <4%H2PM*% 
!?!/#-;%#*+: N - $!#H H!?:0-PM*f <10-O*#, N -!,'-#*;%#*% 
<0%'f2 #- $!#H H!?:0-PM*f <10-O*#, q  - <'%H#*> H%?*6 H!?:-
0-PM*f <10-O*#, δ - 1!h$$*)*%#6 H*<1!#6*'!0-#*+,  c- <6!*7!<65 
N'*'!H#!,! ,-/-,   – N-'-7%6', *<N!45/2PM*><+ N'* !N*<-#**  
14-<<-    0!,#26:f  $2#1)*> (0< <1). S6-0*6<+ <4%H2PM-+ /-H-;- 
!N6*7-45#!,! 2N'-04%#*+ #- ?%<1!#%;#!7 *#6%'0-4% 0'%7%#*.  

04O4V4. ['%?2%6<+ 7-1<*7*/*'!0-65 $2#1)*!#-4 
0

tc q N e dtη η δ
∞

−∫  

N'*  H*$$%'%#)*-45#!> <0+/*  
.

,q Q qN= − = −   
#-;-45#!7 2<4!0**                      q0>0                             
* !,'-#*;%#** #- 2N'-04%#*%          .0 NN ≤≤                      

CN'-04%#*% N N'*#-H4%O*6 7#!O%<602 */7%'*7:f $2#1)*>. 
X<N!45/2+  '%/2456-6: '-?!6 [2] *4* [3], N!4!O*6%45#! '%-

_-%6<+ 0!N'!<  ! <2M%<60!0-#** '%_%#*+ H4+ N!<6-04%##!> /-H-;* 
#- ?%<1!#%;#!7 *#6%'0-4% 0'%7%#*. G-4%%, N'*7%#++  N'*#)*N- 
7-1<*727- Q!#6'+,*#-,  H!1-/:0-%6<+  <4%H2PM-+ 6%!'%7-.  

c'1+']4. J?6= 9Q[16)')1 )'+49')?T91 (1 ) Nδ η− < , T1 
1[T=]467)Q] +'P')='] &4O4V= 1 [+= η∈(0,1) )4 9?'] =)T'+946' 
(0,∞) f96f'T?f F[+496')=', &4O4))1' i1+]F61% ( ) (1 )N t δ η= −%  . 
. [+1T=9)1] ?6FV4' 1[T=]467)Q] +'P')=']  f96f'T?f F[+496')=' 

~N N= . 
Z7<,3(<03( 

1. :4+-F619 W.b., M4V4TF+19 ..W., S'O1?''9  ... S*<6%7#:> -#-4*/ 0 
N%'<N%16*0#!7 N4-#*'!0-#** H!?:;* ,-/-. @.: K%H'-,1991. 
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2. Balder E.J. On existence result for optimal economic growth problems. 
Journal of mathematical analysis and applications. V 95, 1983. P. 195-213. 

3.  ?''9 Y.:., <+fj=]?3=%  .., c4+4?7'9  .:. Q'*#)*N  7-1<*727- 
Q!#6'+,*#- * /-H-;* !N6*7-45#!,! h1!#!7*;%<1!,! '!<6-.// ['. @X IEK, 
-2007.  - [. 257. S. 1-272. 

I8<7+7U(67* $"$<('( 7 $<3(<,D7; 3(U'7<7*  
=7U2,$-,/7276 &"+8(277  

E.K. S!4!7-6*# 
.m  W " 

8 <6'-6%,*;%<1!7 2N'-04%#** _*'!1! N'*7%#+%6<+ N!'6-
$%45#:> -#-4*/, N!/0!4+PM*> 0 H*0%'<*$*)*'!0-##!> 1!7N-#** 
!N'%H%4+65 <!<6-0  <6'-6%,*;%<1*f ?*/#%<-%H*#*) (Sd]), <!!60%6-
<602PM*f '-/4*;#:7 #-N'-04%#*+7 H%+6%45#!<6* 1!7N-#**. 
Q!'6$%45 H!4O%# !?%<N%;*0-65  N'-0*45#!% <!;%6-#*% Sd], 
*7%PM*f #%H!<6-6!1 * */?:6!1  H%#%O#:f <'%H<60. 

8 '-?!6% [1] '-<<7-6'*0-%6<+ /-H-;- $!'7*'!0-#*+ <?-4-#-
<*'!0-##!,! N!'6$%4+, !?%<N%;*0-PM%,! 7-1<*7*/-)*P #-1!N-
4%##!> N'*?:4* 1!7N-#** < 2;%6!7 6!,!, ;6! '-/4*;#:% Sd] 7!-
,26 *<N!45/!0-65 '-/4*;#:% <6'-6%,** '-/0*6*+.  

Q2<65 I %<65 7#!O%<60! Sd] – 1-#H*H-6!0 #- 014P;%#*% 0 
N!'6$%45 1!7N-#**  ⊆I, n=|I|, * 1-OH-+ Sd] */   7!O%6 *<N!45-
/!0-65 '-/4*;#:% <6'-6%,** '-/0*6*+ */  7#!O%<60- J,  
m = |J| < /-H-##:7* $2#1)*+7* N'!,#!/#!> H*#-7*1* N'*?:4* 

.,1,,),( TtJjIitf j
i =∈∈   '!7% 6!,!, /-H-%6<+ $2#1)*+ F0( ) 

?-4-#<- H!f!H!0 * /-6'-6, !6#!<+M*f<+ 1! 0<%> 1!7N-#**. 80!H*6-
<+ 6-1O% n  f m 7-6'*)- X( ) 6-1-+, ;6! ,1)( =ωijX  %<4* i-+ Sd], 

i∈ , *<N!45/2%6  j-P <6'-6%,*P,  *#-;% 0)( =ωijX .  
Z2#1)*+ #-1!N4%##!> N'*?:4* 1!7N-#** F( , X, t) !6'-O--

%6 <277-'#2P N'*?:45 0<%f Sd], N!42;%##2P 1 7!7%#62 t, %<4* 
1-OH-+ Sd]  c  #!7%'!7  i∈  *<N!45/2%6 <6'-6%,*P < #!7%'!7  j, 
/-0*<+M*7 !6 i (δ  - <6-01- H*<1!#6*'!0-#*+): 

∑∑ ∑
=∈ =

−=
t

t

j
iij

i

m

j
ttfXtXF

1'1
.)'exp()'()(),,( δωω

ω
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S6-0*6<+ <4%H2PM-+ !N6*7*/-)*!##-+ /-H-;-: #->6* 6-12P 
<!0!12N#!<65 Sd] 1!7N-#**  *⊆I * 6-1*% <6'-6%,** Sd] */  *, 
;6!?: 7-1<*7*/*'!0-65 #-1!N4%##2P  N'*?:45 0<%> 1!7N-#**: 

)(
0

11
maxmax)()exp()()(

ωωω
ωδω

XIi

T

t

j
iij

m

j
FttfX

⊆∈ ==
→+−∑ ∑∑        

N'* !,'-#*;%#*+f  

∑
=

=
m

j
ijX

1
1)(ω , }1,0{∈ijX , i∈{;   LTXF ≥),,(ω , 

0),,( ≥tXF ω , Tt ,1= .  
G4+ H-##!> /-H-;* < #%N!4*#!7*-45#!> <4!O#!<65P 

O(nT(2m)n) #%!?f!H*7! N'!0!H*65 !N6*7*/-)*P !H#!0'%7%##! * 
N! <!<6-02 Sd], * N! <!<6-02 <6'-6%,*>, *<N!45/2%7:f Sd]. Q'* 
h6!7 #%!?f!H*7! N'!0%'+65 !,'-#*;%#*% 0),,( ≥tXF ω  H4+ 1-OH!-
,! ,!H-, ;6! *<14P;-%6 <6-#H-'6#:% <N!<!?: !6?'-1!01*. 

I%_%#*% /-H-;* N'!*/0!H*6<+ <4%H2PM*7 !?'-/!7  < *<-
N!45/!0-#*%7 -NN'!1<*7-)*!##!-1!7?*#-6!'#!,! 7%6!H-  [2]: 
• H4+ 1-OH!,! $*1<*'!0-##!,! 7#!O%<60- {⊆I  N'* N!7!M* 7!-
H*$*)*'!0-##!,! 7%6!H- 0%60%> * ,'-#*)  *M%6<+ !N6*7-45#:> 
#-?!' <6'-6%,*> 0<%f Sd] */ {, 2H!04%60!'+PM*f N%'0!> ,'2NN% 
!,'-#*;%#*>, - 6-1O%  7#!O%<60! '%_%#*>, ?4*/1*f 1 !N6*7-45-
#!72; 
• #- 7#!O%<60% N!42;%##:f ?4*/1*f '%_%#*> #-f!H*6<+ #-*-
42;_%% '%_%#*% M*, 2H!04%60!'+PM%% 06!'!72 !,'-#*;%#*P, * 
H4+ #%,! '-<<;*6:0-%6<+  P({) = F({, X*,T) + F0({);  
• H4+ 7-1<*7*/-)** P({) *<N!45/2%6<+ 7!H*$*)*'!0-##:> 7%-
6!H N!<4%H!0-6%45#:f '-<;%6!0; N'*7%#*7!<65 7%6!H- <4%H2%6 */  
<2?7!H24+'#!<6* P({) N'* '%_%#** /-H-;* #- 7-1<*727. 

Q'%H4!O%##:> N!Hf!H 7!O%6 ?:65 *<N!45/!0-# H4+   '-/-
4*;#:f <*<6%7, #-N'*7%', H4+ '%_%#*+  /-H-;* !H#!0'%7%##!> 
!N6*7*/-)** <!<6-0- * H*#-7*1* $*#-#<*'!0-#*+ *#0%<6*)*!#-
#:f N'!%16!0 )%4%0:f 1!7N4%1<#:f N'!,'-77 N'* <6'-6%,*;%<1!7 
2N'-04%#** '%,*!#!7. 

Z7<,3(<03( 
1. S!4!7-6*# E.K. Z!'7*'!0-#*% !N6*7-45#!,! <!<6-0- ?*/#%<-

%H*#*) 1!7N-#** < 2;%6!7 <6'-6%,*> *f '-/0*6*+ //  X#$!'7-)*!##:% 
6%f#!4!,**, 2008, q2, S. 68-73. 
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2. v-;-62'!0 8.I. ENN'!1<*7-)*!##!-1!7?*#-6!'#:> 7%6!H H!1!7-
N!/*)** * 1!7N!/*)** <*<6%7 * 1!#%;#:% 6!N!4!,*;%<1*% N'!<6'-#<60-, 
'%_%61*, !N6*7*/-)*+ // Y8@ * @Z, 1985, [.25, q12. S. 1777-1794. 

>372*<7, X&"9"D"-X&"2"+7E,$&7V 3,],27; 2( 
"$2"', 8372678( /'0V&37<,37(9?2"$<7 

 8.@. C7:0-1*#  
.1+1)'j?3=% -1?F)=9'+?=T'T  

K- <%,!H#+_#*> H%#5 <6-4 <!0%'_%##! !;%0*H#:7 6!6 $-16, 
;6! N'*#+6*% !?!<#!0-##!,! * ,'-7!6#!,! 2N'-04%#;%<1!,! '%_%-
#*+ 0 4P?!> !6'-<4*, - 6%7 ?!4%% 0 2N'-04%#** 2<6!>;*0:7 (H!-
N2<6*7:7 N! K.K. @!*<%%02) '-/0*6*%7 6%''*6!'*>, #%0!/7!O#! 
?%/ #-4*;*+ * *<N!45/!0-#*+ *#6%,'*'!0-##!> *#$!'7-)** ! %% 
<!)*-45#!-h1!#!7*;%<1!7 * h1!4!,!-N'*'!H#!7 N!6%#)*-4%.  -O-
H-+ 6%''*6!'*+ N'%H<6-04+%6 <!?!> <4!O#2P h1!4!,! - h1!#!7*;%-
<12P <*<6%72, )%4%0!% <!<6!+#*% 1!6!'!> !N'%H%4+%6<+ 6'%?!0--
#*+7* 1 1!#%;#!72 '%/2456-62 2N'-04%#;%<1!> H%+6%45#!<6*.  

8 H-##!> <*62-)** H4+ N'*#+6*+ 1!7N'!7*<<#:f h1!4!,!-
h1!#!7*;%<1*f '%_%#*> N'%H4-,-%6<+ *<N!45/!0-65 H02f1'*6%'*-
-45#:> N!Hf!H 1 2N'-04%#*P 2<6!>;*0:7 '-/0*6*%7 6%''*6!'*> 
[1]. Q'*#)*N H02f1'*6%'*-45#!<6* 2N'-04%#*+ /-14P;-%6<+ 0 #%-
!?f!H*7!<6* */7%'%#*+ h$$%16*0#!<6* '%/2456-6-  2N'-04%#;%-
<1!> H%+6%45#!<6*  0 1!4*;%<60%##!7 * 1-;%<60%##!7 -<N%16-f, 
6.%., #- +/:1% H02f !<#!0#:f N'!6*0!'%;*0:f !?!?M%##:f 1'*6%-
'*%0 2<6!>;*0!,! '-/0*6*+: «h1!#!7*;%<1!,!» - «1!4*;%<60!» * 
«h1!4!,*;%<1!,!» - «1-;%<60!» *4* «'*<1 #%H!<6*O%#*+ )%4%> 2<-
6!>;*0!,! '-/0*6*+ 6%''*6!'*>».  

E#-4*/ <!0'%7%##!,! 2'!0#+ 2<6!>;*0!,! 6%''*6!'*> N!1--
/:0-%6, ;6! H! <*f N!' 7: *7%%7 H%4! < 1!4*;%<60%##:7* 1'*6%-
'*+7* <!)*-45#!-h1!#!7*;%<1!,! '-/0*6*+ (6*N- N'*?:45#!<6*, 
'%#6-?%45#!<6*, !?u%7- 0:N2<1- * H'.), N!/0!4+PM*7* !60%6*65 
#- 0!N'!<, <1!451! #2O#! N4-6*65 /- '%/2456-6. Q'* h6!7 #% H-%6<+ 
!60%6 #- 0!N'!<, <1!451! * ;%7 N'*H%6<+ '-<N4-;*0-65<+ /- #%2;%6 
6'%?!0-#*> 1 1-;%<602 '%/2456-6- (/- #%2;%6 '*<1- #%H!<6*O%#*+ 
)%4%> 2<6!>;*0!,! '-/0*6*+) * #%!N'%H%4%##!<6* h1!4!,*;%<1*f, 
<!)*-45#:f * h1!#!7*;%<1*f N!<4%H<60*> 2N'-04%#;%<1!> H%+-
6%45#!<6*. 
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@%6!H!4!,*+ H02f1'*6%'*-45#!,! N!Hf!H- 1 0:'-?!61%  h$-
$%16*0#:f 2N'-04%#;%<1*f  '%_%#*> N! '-/0*6*P 6%''*6!'*> !<-
#!0-#- #- *H%% !H#!0'%7%##!,! 2;%6- N'*?:45#!<6* (H!f!H#!<6*) 
* '*<1- $*#-#<!0:f !N%'-)*>. 8 <!0'%7%##:f 2<4!0*+f h6! 6'%-
?!0-#*% H!4O#! ?:65 7!H*$*)*'!0-#! <4%H2PM*7 !?'-/!7: 4P-
?-+ 1!4*;%<60%##-+ !)%#1- (1'*6%'*>) h$$%16*0#!<6* '%/2456-6- 
2N'-04%#;%<1!> H%+6%45#!<6* H!4O#- ?:65 H!N!4#%#- !)%#1!> 
'*<1- #%H!<6*O%#*+ N4-#*'2%7!,! h$$%16- 2<6!>;*0!,! '-/0*6*+. 
Q'* h6!7 0!/#*1-P6 H0% !<#!0#:% /-H-;*: 1) f%HO*'!0-#*% '*<1!0 
#- !<#!0% *f 1!4*;%<60%##!> !)%#1*  0 H%#%O#!> $!'7%  (6-1 #--
/:0-%7-+ Var-7%6!H!4!,*+)   * 2) N'*#+6*% 2N'-04%#;%<1*f  '%_%-
#*>, 1-1 0:?!' #-*?!4%% N'%HN!;6*6%45#!,! 0-'*-#6- */ <!!60%6-
<602PM%,! 7#!O%<60- Q-'%6!-!N6*7-45#:f (1!7N'!7*<<#:f) 0--
'*-#6!0 2<6!>;*0!,! '-/0*6*+  6%''*6!'*>. 

[-1*7 !?'-/!7, N'%H4-,-%7-+ 7%6!H!4!,*+ H02f1'*6%'*-45-
#!,! N!Hf!H- 1 N'*#+6*P !?!<#!0-##:f h1!4!,!-h1!#!7*;%<1*f 
'%_%#*> < <-7!,! #-;-4- !'*%#6*'!0-#- #- *<N!45/!0-#*% 0 1-;%-
<60% !?!?M%##!> 7%': '*<1-  2N'-04%#;%<1!> H%+6%45#!<6*  *#6%-
,'-45#!> !)%#1* 6'2H#!<6* H!<6*O%#*+ )%4%> 2<6!>;*0!,! '-/0*-
6*+ 6%''*6!'*>, 1!6!'-+ *7%%6 0%'!+6#!<6#2P *#6%'N'%6-)*P [3]. 
G02f1'*6%'*-45#:> N!Hf!H 1 2N'-04%#*P 1-;%<60!7 6%''*6!'*> 
N!/0!4+%6 0*/2-4*/*'!0-65 N!*<1 * <2M%<60%##! <!1'-6*65 ;*<4! 
-#-4*/*'2%7:f 0-'*-#6!0 1!7N'!7*<<#:f h1!4!,!-h1!#!7*;%<1*f 
'%_%#*> < !H#!0'%7%##:7 1!#6'!4%7 *f  h$$%16*0#!<6*. 

Z7<,3(<03( 
1.C7:0-1*# 8.@. CN'-04%#*% 1-;%<60!7 6%''*6!'*> #- !<#!0% *#6%-

,'-45#!> !)%#1* h1!4!,*;%<1!,! '*<1- // l1!4!,*;%<1!% N4-#*'!0-#*% * 
2N'-04%#*%. – 2007. - q 4(5). – S.14-18. 

2. Q%'0!/0-#<1*> E.E., Q%'0!/0-#<1-+ [.K. Z*#-#<!0:> ':#!1: '-<-
;%6 * '*<1.  -  @.: X#$'--@, 1996.  – 172 <. 

3.  -N4*#<1*> E.X., I2<<7-# X.d., C7:0-1*# 8.@. E4,!'*67*/-)*+ * 
7!H%4*'!0-#*% <4-?!$!'7-4*/!0-##:f /-H-; 0:?!'- #-*42;_*f 0-'*-#-
6!0 <*<6%7. - 8!'!#%O:   X/H-0! 8BC, 1991.  - 168 <. 
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 "/,973"'(27, $9(="5"3+(97U"'(22LV U(/(E 
3,$03$2"; "8<7+7U(677 2( "$2"', $72<,U(  
2"3+(<7'2"D" 7 (/(8<7'2"D" 8"/V"/"' 

8.@. C7:0-1*#  
.1+1)'j?3=% -1?F)=9'+?=T'T  

8 N'*14-H#:f *<<4%H!0-#*+f h1!4!,!-h1!#!7*;%<1*f <*<6%7 
(llS) <2M%<60%##!% 7%<6! /-#*7-%6 <4-?!$!'7-4*/!0-##-+  /-H--
;- '%<2'<#!> !N6*7*/-)** 2<6!>;*0!,! '-/0*6*+ 6%''*6!'*>. 
['2H#!<65 '%_%#*+ N!H!?#:f /-H-; 0! 7#!,!7 !N'%H%4+%6<+ !6-
<26<60*%7 +0#!,! -#-4*6*;%<1!,! 0*H- *<N!45/2%7:f /-0*<*7!-
<6%> «'%<2'<:-'%/2456-6», #%!N'%H%4%##!<65P 0 0:?!'% )%4%0:f 
2<6-#!0!1, !6<26<60*%7 2#*0%'<-45#!,! */7%'*6%4+ 014-H- N!H-
<*<6%7 0 H!<6*O%#*% )%4%> <*<6%7:, - 6-1O%, #%H!<6-6!;#!> N! 
<2M%<602, *#$!'7-)*!##!> !<#!0!> H4+ N'*#+6*+ !?!<#!0-##:f 
h1!4!,!-h1!#!7*;%<1*f '%_%#*>. 

K*/1*> *#$!'7-)*!##:> 2'!0%#5 7-6%7-6*;%<1!,! !N*<--
#*+ <4-?!$!'7-4*/!0-##:f /-H-; '%<2'<#!> !N6*7*/-)** +04+%6-
<+ <4%H<60*%7 #%!N'%H%4%##!<6* 6'%?!0-#*> 1 1-;%<602 * #%<6-#-
H-'6#!<6* <*62-)*> N'*#+6*+ h1!4!,!-h1!#!7*;%<1*f '%_%#*>. 
K%!N'%H%4%##!<65 0 0:?!'% )%4%0!> $2#1)**  N!'!OH%#- #-4*;*-
%7 ?!45_!,! ;*<4- '-/#!*7%##:f,  N'!6*0!'%;*0:f N!1-/-6%4%> 
1-;%<60- * *f N'*#-H4%O#!<65P 1 '-/4*;#:7 *%'-'f*;%<1*7 
2'!0#+7 N'*#+6*+ '%_%#*>. K%<6-#H-'6#!<65 <*62-)** N'*#+6*+ 
'%_%#*> f-'-16%'*/2%6<+ 0:<!1!> '-/7%'#!<65P /-H-;*, -4,!'*6-
7*;%<1!> $!'7!> /-H-#*+ /-0*<*7!<6%> (0!/7!O#!<65P 0:;*<4%-
#*+ H4+ 1-OH!,! 0-'*-#6-  4*_5  /#-;%#*>  N'%H)%4%0:f $2#1)*>  
* $2#1)*>-!,'-#*;%#*>),  #%/#-#*%7 +0#!,! -#-4*6*;%<1!,! 0*H- 
$2#1)** N'%HN!;6%#*+ DQI (0!/7!O#!<65P !N%'*'!0-65 0 N'!-
)%<<% N!*<1- #-*42;_*f 0-'*-#6!0 4*_5 «N!6!;%;#:7» /#-#*%7 
DQI ! H-##!> $2#1)**), #%/#-#*%7 * 6'2H#!$!'7-4*/2%7!<65P  
'+H-  0-O#:f  <0!><60 N'%H)%4%0:f $2#1)*> * $2#1)** N'%HN!;-
6%#*+ (#-N'*7%', !0'-O#!<6*, #%!H#!h1<6'%7-45#!<6*), - 6-1O% 
<0!><60 !?4-<6* N!*<1- (#-N'*7%',  #%0:N214!<6*, H*<1'%6#!<6*). 

8 !<#!0% N'%H4-,-%7!> 6%f#!4!,** N'*#+6*+ 1!7N'!7*<<-
#:f h1!4!,!-h1!#!7*;%<1*f '%_%#*> 4%O*6 00%H%#*% 2#*0%'<-45-
#:f !)%#!1 1-;%<60- 6*N- «6'2H#!<6* !?%<N%;%#*+ '%<2'<-7*» * 
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«'*<1 #%H!<6*O%#*+ )%4%> 2<6!>;*0!,! '-/0*6*+ 6%''*6!'*>», 
1!6!':% *7%P6 0%'!+6#!<6#2P *#6%'N'%6-)*P. 80%H%##:% f-'-1-
6%'*<6*1* N!/0!4+P6 %<6%<60%##:7 !?'-/!7 N%'%>6* 1 *#$!'7--
)*!##:7 !)%#1-7 (0 ;-<6#!<6*, !)%#1-7 <6!*7!<6#!,! 6*N-) * !6-
H%4*65 <2M%<60%##! #%4*#%>#2P ;-<65 '-<_*'%##!> 7!H%4* '%-
<2'<#!> !N6*7*/-)**, <0+/-##2P < 0:?!'!7 1!h$$*)*%#6!0 )%4%-
0!> $2#1)**, !6 4*#%>#!> ?-/!0!> 7!H%4*, !?:;#!, ?!45_!> '-/-
7%'#!<6*. Q!h6!72 N'%H<6-04+%6<+ /-1!#!7%'#:7 0:H%4%#*% «O%-
<61!>» * «,*?1!>» ;-<6%> 6%f#!4!,** 7!H%4*'!0-#*+ <4-?!$!'7--
4*/!0-##:f /-H-; N'*#+6*+ h1!4!,!-h1!#!7*;%<1*f '%_%#*>. 
«Y%<61-+» ;-<65 014P;-%6 #!'7-6*0#:% (-1<*!7-6*;%<1*%) N!H-
f!H: 1 $!'7*'!0-#*P ;-<6#:f * *#6%,'-45#:f !)%#!1 '*<1-, - 
«,*?1-+» ;-<65 - -H-N6*0#:> N!Hf!H 1 7!H%4*'!0-#*P /-H-; N'*-
#+6*+ h1!4!,!-h1!#!7*;%<1*f '%_%#*> 0 2<4!0*+f #%N!4#!6: * 
#%!N'%H%4%##!<6* -N'*!'#!> *#$!'7-)**. 8 !<#!0% -H-N6*0#!> 
-4,!'*67*/-)** 4%O*6 0%'!+6#!<6#-+ N%'%$!'724*'!01- *<f!H-
#!> N!<6-#!01* /-H-;*, !?%<N%;*0-PM-+ %% ?!4%% N!4#2P $!'7--
4*/-)*P < 0!/7!O#!<65P N'*7%#%#*+ 6*N!0:f (0-'*-)*!##:f) 
N'*%7!0 N!<6'!%#*+ ;%4!0%1!-7-_*##:f N'!)%H2' N!*<1- #-*-
42;_*f 0-'*-#6!0 llS. 

[-1*7 !?'-/!7, N'%H4-,-%7-+ 6%f#!4!,*+ N'*#+6*+ h1!4!-
,!-h1!#!7*;%<1*f '%_%#*> !'*%#6*'!0-#- #- 0!<<6-#!04%#*% 4*-
#%>#!> )%4%0!> $2#1)** 6*N- !?!?M%##:f /-6'-6 < «2H-;#! N!-
H!?'-##:7*» 1!h$$*)*%#6-7*, 2;*6:0-PM*% #%4*#%>#:% h$$%1-
6: /-0*<*7!<6* «'%<2'<:-'%/2456-6». Q'* h6!7 '-<_*'%##-+ 7!-
H%45 '%<2'<#!> !N6*7*/-)** H!4O#- H-0-65 0!/7!O#!<65 #-'2_%-
#*+ «0 <'%H#%7» 4*7*6*'2PM*f !,'-#*;%#*> H4+ ?!4%% N!4#!> 
$!'7-4*/-)** /-H-; N'*#+6*+ h1!4!,!-h1!#!7*;%<1*f '%_%#*>. 
S0!><60! 4*#%>#!<6* ?-/!0!> 7!H%4* N'%H<6-04+%6 _*'!1*% 0!/-
7!O#!<6* N! N-'-7%6'*;%<1!72, 0-'*-#6#!72 * N!<4%!N6*7*/--
)*!##!72 -#-4*/2 /-H-;* '%<2'<#!> !N6*7*/-)** #- !<#!0% *<-
N!45/!0-#*+ <6-#H-'6#:f N-1%6!0 N'*14-H#:f N'!,'-77. X7%##! 
6-1*7 N26%7 !<2M%<604+%6<+ ,%#%'*'!0-#*% <!0%62PM%> *#$!'-
7-)** H4+ !/#-1!74%#*+ h1<N%'6!0 < N!<4%H<60*+7* N'*#*7-%7:f 
'%_%#*>. 
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Optimal control of discrete and differential  

inclusions with distributed parameters  
in gradient form 

Elimhan N. Mahmudov 
Industrial Engineering Department, Faculty of Management, Is-

tanbul Technical University, Turkey 
The considered problems described by multivalued mappings 

with ordinary and partial differential inclusions consist one of the inten-
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sive developable field in optimal control theory. Consequently, a lot of 
problems in economic dynamics, classical optimal control theory, espe-
cially in hydrodynamical engineering, vibrations, chemical, heat, diffu-
sion, i.e. processes can be reduced to such researches. The proved dual-
ity theorems allow one to conclude that a sufficient condition for an 
extremum is an external relation for the primary and dual problems. 
The presented paper is divided conditionally into three parts.  

In the first part we study an optimization problems for discrete  
inclusions  
                  minimize              ∑

−=
=

1,...,0
,...,1

,, )(
Lx

Tt
xtxt ug    (1) 

               subject to          (ut+1,x , ut,x+1) ∈ Ft,x( ut,x),  (2) 
   and ut,L = α tL , t ∈ H1, u0,x = β0x, x ∈L 0 (α 0L = β0L)     (3) 
where H1 = {0,.., T-1}, L 0  = {0,.., L}, gt,τ : Rn → R1 ∪ {± ∞} are func-
tions taking values on the extended line, Ft,x is multivalued mapping 
Ft,x: Rn →

nR2

2 , and α tL, β0 x are fixed vectors. A set of points 
{ }

0),(, LHxtxtu
×∈

= {ut,x : (t, x) ∈H×L 0  ,  (t, x) ≠ (T, L)}, H = {0,.., T} is 

called a feasible solution for the problem (1) - (3) if it satisfies the in-
clusion (2) and boundary conditions (3).  In term of Hamiltonian func-
tion to multivalued mapping the locally adjoint mapping (LAM) is in-
troduced and for non-convex discrete inclusion are formulated neces-
sary and sufficient conditions for optimality. Is used the normal cone 
construction for similar to LAM definition and is called the coderiva-
tive of multivalued mapping at a given point. Moreover, as is shown in 
the paper, the use of convex upper approximation (CUA) and locally 
tents are very suitable to obtain the optimality conditions for stated 
problems. The proved equivalence theorems allow us to make the nec-
essary connection between optimality conditions for discrete and dis-
crete approximation problems. It appears that by passing to the formal 
limit in optimality conditions of problem (PA) we can formulate suffi-
cient conditions of optimality in the Euler-Lagrange form for continu-
ous problem with partial differential inclusions: 

minimize ( ) ( )∫∫∫ +=⋅⋅
1

0
0 ),,1(,),,()) , (( dxxxugdtdxxtxtuguJ

R

  (4) 

subject to  ∈∇ ),( xtu  ),),,(( xtxtuF , 0 < t ≤ 1,  0 ≤ x < 1, 
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⎟
⎠
⎞⎜

⎝
⎛

∂
∂

∂
∂==∇

x
u

t
uugradu ,      (5) 

and   u (t, 1) = α (t), u (0, x) = β (x),  α (0) = β (1),  R = [0,1] ×  [0,1], 
(6)  
Here F(.,t,x): Rn → 

nR2

2  is a convex multivalued mapping, g(.,t,x) and 
)(.,0 xg  are continuous functions; g : Rn ×  R → R1 , g0 : Rn ×  [0, 1] → 

R1 and α(t) and β (x) are absolutely continuous functions,  α : [0, 1] → 
Rn , β : [0, 1] → Rn. The problem is to find a solution ),(~ xtu  of the 
boundary value problem (5), (6) that minimizes (4). Here an admissible 
solution is understood to be an absolutely continuous functions satisfy-
ing almost everywhere(a.e) (5) with summable first partial derivatives.     

In the third part of the work the duality problem for continuous 
problem, which is based on duality theory of discrete approximation 
problem (PD) are constructed.  

Capacity and Scheduling Estimates for a  
Manufacturing Cell with Processing  

Time Variability 
H.C. Ralph 

Clayton State University 
Variability in general is a major factor in inefficiency and waste.  

Yet, with the intensity of manufacturing competition worldwide, pres-
sure to decrease response time to customer orders, and with the avail-
ability of innovations in technology, such inefficiencies become less 
and less tolerable.  Random variability in processing times leads to un-
certainty in many aspects of the management of production, including 
also in calculation of effective capacity and in scheduling.  No exact 
mathematical solutions are available for such problems in capacity and 
scheduling, even under the most liberal simplifying assumptions con-
cerning the statistical distributions of the variability.  Such problems 
have been demonstrated to be Np-Hard. 

The most effective method to deal with such variability is, of 
course, to isolate causes where possible and eliminate the variability.  
The remaining variability in processing time may be subject to various 
algorithms and estimation techniques which have been developed to 
approximate solutions to the problems of capacity and scheduling. 
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This present research describes an partitioning technique for per-
formance measures of a computer-simulated multi-station manufactur-
ing cell, which, when separating predictable parts of consumed capacity 
from unpredictable parts, allows a highly accurate composite estimate 
to be made in production run scheduling and capacity usage on the cell.  
Makespan for a manufacturing run is analyzed on the basis of perform-
ance measures for the last station in the manufacturing cell.  Partitioned 
unpredictable portions of these performance measures are then sub-
jected to statistical analysis and study for the purpose of determining 
upper and lower parameter bounds, to identify the existence of any cor-
relations with input parameters. 

In addition, it can be shown that the analysis presented here has 
practical application on the factory floor, as it requires relatively little 
input information of the sort that is often routinely collected during 
manufacturing operations, particularly for systems operating under a 
philosophy of continuous improvement. 

This study is a continuation of my dissertation, “The Influence of 
Variability on the Performance of a Manufacturing Cell” (2007). 

[L*'9,27, ="9?2LV <0=,3&09,U"+:  
'97*27, $"67"-X&"2"+7E,$&7V 5(&<"3"'*  

 . . E0*4!0 
$)?T=TFT 9QV=?6=T'67)1% ]4T']4T=3= W " 

jH#- */ 0-O#%>_*f /-H-; 0 <!<6-0% 1!7N4%1<- 7%' N! ?!'5?% 
< !N-<#:7* *#$%1)*!##:7* /-?!4%0-#*+7* – 0:+04%#*% ?!45#:f. 
S0!%0'%7%##!% 0:+04%#*% N!/0!4+%6, N'%OH% 0<%,!, N'*#+65 7%': 
H4+ '-H*1-45#!,! <#*O%#*+ hN*H%7*!4!,*;%<1!> !N-<#!<6* ?!45-
#!,! H4+ !1'2O-PM*f, - 6-1O% 2<1!'*65 * 2N'!<6*65 4%;%#*% <--
7!,! ?!45#!,!. X<<4%H!0-#*% N'!)%<<- 0:+04%#*+ ?!45#:f #%!?-
f!H*7! 1-1 H4+ 7!#*6!'*#,- * !N6*7*/-)** <-7!,! N'!)%<<- 0:-
+04%#*+, 6-1 * H4+ N!42;%#*+ *<f!H#:f H-##:f H4+ 7!H%4*'!0--
#*+ hN*H%7*!4!,*;%<1!,! N'!)%<<- 0 )%4!7. 

S2M%<60%##:7 $-16!'!7, 04*+PM*7 #- 0:+04%#*% ?!45-
#:f, +04+P6<+ *f #%!H#!'!H#!<65 N! <!)*!-h1!#!7*;%<1*7 N-'--
7%6'-7. 8 H!14-H% ?2H%6 N'%H<6-04%#- 7!H%45 0:+04%#*+ ?!45#:f 
                                                
* I-?!6- N!HH%'O-#- ,'-#6!7 IZZX 07-01-00577-- * ,'-#6!7 Q'%/*H*2-
7- IEK «Z2#H-7%#6-45#:% #-21* – 7%H*)*#%». 
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62?%'124%/!7 !',-#!0 H:f-#*+ ([jG), 2;*6:0-PM-+ H-##:> 6*N 
#%!H#!'!H#!<6* ?!45#:f [1]. j<#!0!> H4+ #%% N!<42O*4- 7!H%45 
[2], N!<6'!%##-+ 0 1-;%<60% 0<N!7!,-6%45#!,! *#<6'27%#6- hN*H%-
7*!4!,*;%<1*f *<<4%H!0-#*>. 

Q!4#-+ 7!H%45 $!'7*'!0-#*+ N!6!1!0 0:+04%##:f ?!45#:f 
!N*'-%6<+ #-: 
  H02f<6-H*>#2P 7!H%45 6%;%#*+ ?!4%/#* ('-##++ * N!/H#++ 
<6-H** '-/4*;-P6<+ N! N'*/#-12 '-<N-H- 61-#%> 4%,1*f), 
  N'%H<6-04%#*% ! '-/H%4%#** 7%6!H!0 0:+04%#*+ #- -16*0#:% 
* N-<<*0#:% (-16*0#:% 7%6!H: N!/0!4+P6 0:+04+65 ?!45#:f #- 
?!4%% '-##*f <6-H*+f, ;%7 N-<<*0#:%), 
  4*#%>#!-H*$$%'%#)*-45#!% !N*<-#*% !6H%45#:f N'!)%<<!0 
0:+04%#*+ ?!45#:f, 
  N'%HN!4!O%#*% ! 6!7, ;6! <!)*!-h1!#!7*;%<1*% N-'-7%6': 
1-OH!,! ?!45#!,! !N'%H%4+P6 %,! H!<62N#!<65 H4+ 0:+04%#*+ * 
6%7 <-7:7 7!H*$*)*'2P6 %,! <1!'!<65 0:+04%#*+. 

Q!4#-+ 7!H%45 !N*<:0-%6 1!#12'%#)*P 7%OH2 N'!)%<<-7* 
0:+04%#*+ ?!45#:f, N'!,'%<<*'!0-#*+ ?!4%/#*, <N!#6-##!,! <--
7!*/4%;%#*+ * ,*?%4* ?!45#:f. @#!,!<6-H*>#!% N'%H<6-04%#*% 
6%;%#*+ ?!4%/#* N!/0!4+%6 #%/-0*<*7! !)%#*65 <1!'!<65 (h$$%1-
6*0#!<65) 0:+04%#*+ * N!4#2P /-?!4%0-%7!<65 (1!4*;%<60! #!0:f 
<42;-%0 ?!4%/#*). Q'*04%;%#*% *#H*0*H2-45#:f <!)*!-
h1!#!7*;%<1*f f-'-16%'*<6*1 N!/0!4+%6 26!;#*65 h6* !',-#*/-)*-
!##! * hN*H%7*!4!,*;%<1* /#-;*7:% !)%#1*. 

8 1-;%<60% *<f!H#:f H-##:f *<N!45/2%6<+ '!<<*><1-+ ,!<2-
H-'<60%##2P <6-6*<6*1- N! 0:+04%#*P [jG (N!4*)%0!> 2;%6 0:-
+04%##:f <42;-%0 [jG N! Z!'7% 089/2-6?). l6* H-##:% 014P;-P6 
0 <%?+ *#$!'7-)*P ! <!<6!+#** ?!45#!,! (0 6.;. ! #-4*;** '-<N--
H-), ! %,! <!)*!-h1!#!7*;%<1*f f-'-16%'*<6*1-f * ! 7%6!H% 0:+0-
4%#*+ (-16*0#:> *4* N-<<*0#:>). [%<6!0:% '-<;%6: N'!0!H*4*<5 
#- H-##:f N! `'!<4-0<1!>, d'+#<1!> * S-'-6!0<1!> !?4-<6+7. 

Q!42;%##:% '%/2456-6: <0*H%6%45<602P6 ! /#-;*6%45#:f 
'-/4*;*+f 0 !',-#*/-)** * h$$%16*0#!<6* 0:+04%#*+ 7%OH2 '-<-
<7-6'*0-%7:7* !?4-<6+7*. j?#-'2O%#!, ;6! 0%H2M*7 $-16!'!7 
'-##%,! 0:+04%#*+ +04+%6<+ #-f!OH%#*% N!H 7%H*)*#<1*7 #-H/!-
'!7 (#-f!OH%#*% 0 4%;%?#!7 2;'%OH%#** *4* #- 2;%6% 0 #%7, ;-<-
6:% N!<%M%#*+ 0'-;-), - $-16!'!7 N!/H#%,! 0:+04%#*+ – «<!)*-
-45#-+ #%014P;%##!<65» (-41!,!4*/7, N'*#-H4%O#!<65 1 1'*7*-
#-45#!> <'%H%, !6<26<60*% !N'%H%4%##!,! 7%<6- O*6%45<60-). 
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M%% /-0*<*7!<65 0:<!6: 7*1'!'%45%$- ( y ) !6 <'%H#%> N4!6#!<6* 
N!;0%##!> 6!4M* ,42?*#: 200-210 <7 ( x ), 
 126.82 202.14y x= − + . (1) 
C'-0#%#*% (1) N!42;%#! N! 0:?!'1% */ 8 6!;%1, }8,...,2,1{=Ω , #--
f!H+M*f<+ #- 6%''*6!'** GO-#*?%1<1!,! <6-)*!#-'-. 

E#-4*/ ,'-$*1!0 N!;0%##:f N'!$*4%> * ,%!,'-$*;%<1!,! 
!N*<-#*+ 6!;%1, N'*0%HU##:f 0 [1], N!/0!4+%6 <H%4-65 0:0!H ! 6!7, 
;6! 7#!O%<60! Ω  #%!H#!'!H#!, !#! <!<6!*6 */ 14-<<!0: 

}{ 4,3,2,11 =ω  – 7*1'!0!/0:_%#*+, }{ 8,7,62 =ω  – /-N-H*#: * 7*1-
'!<14!#, }{53 =ω  – /-N-H*#- #- 7*1'!0!/0:_%#**. 

S6-6*<6*;%<1*> -#-4*/ H-##:f ! N4!6#!<6* N!;0: 0 14-<<-f 
1ω  * 2ω  N!H60%'OH-%6 h6!6 0:0!H. Q! H-##:7 '-?!6: [1] H4+ 

N4!6#!<6* N!;0: ?:4* 0:;*<4%#: 0 1-OH!7 14-<<% iω , 2,1=i , 
<'%H#*% /#-;%#*+ 33.1~

1 =µ  53.1~
2 =µ , H*<N%'<** 00075.02

1 =σt , 
00067.02

2 =σt . Q! 1'*6%'*P Z*_%'- [2] N'*#*7-%6<+ ,*N!6%/- ! 
'-0%#<60% H*<N%'<*> 2

1σ , 2
2σ  14-<<!0. Q! 1'*6%'*P B-2<<- 14-<<: 

1ω , 2ω  *7%P6 <6-6*<6*;%<1* /#-;*7!% '-/4*;*% <'%H#*f 1
~µ , 2

~µ .  
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d!4%% 6!;#2P /-0*<*7!<65 0:<!6: '%45%$- !6 N4!6#!<6* 
N!;0: H-P6 2'-0#%#*+ '%,'%<<**, N!42;%##:% !6H%45#! N! 14-<-
<-7:  

48.30467.204ˆ:1 +−= xyω , 48.114600.745*:2 +−= xyω . (2) 

 
I*<2#!1 

K- '*<2#1% */!?'-O%#: 6!;1* *<f!H#!> 0:?!'1* Ω  * ,'--
$*1* $2#1)*> y  (N2#16*'!7) ŷ , *y . 

[-?4*)- 
[!;#!<65 0:;*<4%#*> 0:<!6: 8:-

?!'1* 
 !h$. 1!''%-
4+)** ( )yxr ,  S'. -?<. 

!_*?1- yΔ  
max

yΔ  S'.-10-H'-6. 
!614. σ~  

Ω  
1ω  

2ω  

-0.959 
-0.989 
-0.831 

3.32 
0.69 
1.09 

5.53 
1.38 
1.63 

3.84 
0.82 
1.16 

Q! H-##:7 6-?4*): <4%H2%6, ;6! 2'-0#%#*+ (2) 6!;#%% !N'%-
H%4+P6 /-0*<*7!<65 0:<!6: '%45%$- !6 N4!6#!<6* N!;0:, ;%7 
2'-0#%#*% (1). 

Z7<,3(<03( 
1. E?-62'!0 d. G. Q4!6#!<65 N!;0: 1-1 $-16!' $!'7*'!0-#*+ 7*1'!-

'%45%$- 0 N!42N2<6:#% S%0%'#!,! Q'*1-<N*+, Q!;0!0%H%#*%, 2007, q7, < 
831-937. 

2.  '-7%' B. @-6%7-6*;%<1*% 7%6!H: <6-6*<6*1*. @.: @*', 1975. 
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I8<7+7U(67* 83"6,$$( U(8"92,27* 9(U,32LV 
+7],2,; 3(/7"(&<7'2L+7 7U"<"8(+7 '"/"3"/( 

E.E. d%4!4*N%)1*>, ].E.@-4*#*#-,  .j. S%7%#!0 
.QV=?6=T'67)Q% m')T+ =]. . .b1+1O)=8Q)4 W " 

 :1?319?3=% H1?FO4+?T9'))Q% e)=9'+?=T'T 
=]')= :... _1]1)1?194 

d!4%% N!420%1- 6!72 #-/-H ?:4- <$!'724*'!0-#- /-H-;- *<-
N!45/!0-#*+ 0 7*'#:f )%4+f h#%',** 6%'7!+H%'#!,! <*#6%/-, 1!-
6!'-+ 0:H%4+%6<+ N'* <4*+#** 4%,1*f +H%': H%>6%'*+ (D) * 6'*6*+ 
([), D * D, D * 3K%. S 6%f N!' '-/'-?-6:0-P6<+  H0- !<#!0#:f N!H-
f!H- 1 '%_%#*P N!<6-04%##!> /-H-;*. l6! 7-,#*6#:> 6%'7!+H%'-
#:> <*#6%/ * *#%')*-45#:> 6%'7!+H%'#:> <*#6%/ (X[S). 

XH%+ X[S 0N%'0:% ?:4- */4!O%#- 0 '-?!6% [1]. 8 X[S *<-
N!45/2P6<+ 4-/%'#:% 7*_%#* (D@), 1!6!':%, 0 ;-<6#!<6*, N!H0%'-
,-P6<+ N'+7!72 !?42;%#*P 4-/%'!7. l6* 7*_%#* N'%H<6-04+P6 
<!?!> 6!#1!<6%##:% <$%':,  */,!6!04%##:% */ ,-/!N'!#*)-%7:f 
7-6%'*-4!0 [2]. 

X/2;-%7-+ 4-/%'#-+ 7*_%#5 N'%H<6-04+%6 <!?!> H02f<4!>-
#2P <$%'*;%<12P !?!4!;12. 8#%_#*> /-M*6#:> _-'!0!> <4!> 
*/,!6!04%# */ N!4*<6*'!4- *4* N!4**7*H- GDP. 8#26'%##*> <4!> 
N!'*<6:>, */,!6!04%# */ N%#!N!4*<6*'!4-. 8 !64*;*% !6 '-?!6 [3-
5]  '-<<7!6'%#- /-H-;- /-N!4#%#*+ H02f<4!>#!> 7*_%#* ,-/!!?-
'-/#:7 +H%'#:7 6!N4*0!7, !H*# */ <4!%0 1!6!'!> +04+%6<+ N!'*<-
6!> <'%H!>, ;6! N'*0!H*6 1 '%_%#*P <*<6%7 #%4*#%>#:f N-'-?!-
4*;%<1*f 2'-0#%#*>. DP?!> '%O*7 /-N!4#%#*+ N'%HN!4-,-%6, ;6! 
'-/#!<65 7%OH2 0#%_#*7 * 0#26'%##*7 H-04%#*%7 #- <6%#12 <$%-
': #% N'%0:_-%6 /-H-##2P 0%4*;*#2, 1!6!'-+ !N'%H%4+%6<+ N'!;-
#!<6#:7* <0!><60-7* !?!4!;1*. Q!<4%H#%% N'%HN!4-,-%6 /#-#*% 
/-0*<*7!<6*  !6 0'%7%#* 0#26'%##%,! H-04%#*+, 1!6!'!% +04+%6<+ 
$2#1)*!#-4!7 !6 '%O*7- #-,#%6-#*+ 0#%_#%,! H-04%#*+. Q!-
<1!4512 ,-/ N'* 0:<!1!7 H-04%#** #% +04+%6<+ *H%-45#:7, - N'!;-
#!<6#:% N-'-7%6':  * 1!h$$*)*%#6: ,-/!N'!#*)-%7!<6* 7-6%-
'*-4!0 <6%#1* 7*_%#* 7!,26 ?:65 #% N!<6!+##:7* 0%4*;*#-7*, 
6! 0-O#2P '!45 0 *<<4%H!0-#** N'!?4%7: /-N!4#%#*+ 4-/%'#:f 
7*_%#%> +H%'#:7 6!N4*0!7 #-f!H+6 7%6!H: 7-6%7-6*;%<1!,! 7!-
H%4*'!0-#*+. X<<4%H!0-4-<5 <$%'*;%<1* <*77%6'*;#-+ 7!H%45 H4+ 
#%*H%-45#!,! ,-/-,  N!6!1 1!6!'!,! ;%'%/ 0#%_#*> <4!> N!H;*#+-
%6<+ /-1!#2 Z*1-. 8 h6!7 <42;-% N4!6#!<65 ,-/-, 1-1 $2#1)*+ 0'%-
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7%#* * '-<<6!+#*+ !6 )%#6'- 7*_%#*, N!H;*#+%6<+ 2'-0#%#*P 
H*$$2/** 

21 1
2

1 r D
t r rr
ρ ρ∂ ∂∂=
∂ ∂ ∂

. 

8 N!'*<6!7 <4!% N!6!1 !N*<:0-%6<+ /-1!#!7 G-'<*, * 2'-0-
#%#*% H4+ N4!6#!<6* *7%%6 0*H 

22 2
22

( ) 1m pkr
t r rr
ρ ρ

µ
∂ ∂∂=

∂ ∂ ∂
. 

X/7%#%#*% N4!6#!<6* ,-/- 0 N!4!<6* 7*_%#* !N*<:0-%6<+ 
H*$$%'%#)*-45#:7 2'-0#%#*%7 

          3d
dt
ρ =

2

2 2

2

3
r r

k p
r r
ρ
µ =

∂
∂

.                                        (1) 

 
 

S0+/5 7%OH2 N4!6#!<65P * H-04%#*%7 H4+ #%*H%-45#!,! ,-/- 
!N*<:0-%6<+ 2'-0#%#*%7 8-#-H%'-8--45<-. Q'* %<6%<60%##:f ,'--
#*;#:f * #-;-45#:f 2<4!0*+f, 7!H%45 N'%H<6-04+%6 #%4*#%>#2P 
#-;-45#!-1'-%02P /-H-;2 H4+ <*<6%7: N!424*#%>#:f N-'-?!4*;%-
<1*f 2'-0#%#*>, '%_%#*% 1!6!'!> *<N!45/2%6<+ N'* *#6%,'*'!0--
#** 2'-0#%#*+ (1). Q'!0%H%##:> ;*<4%##:> -#-4*/ 7!H%4* N!1--
/-4, ;6! 0 _*'!1!7 H*-N-/!#% N'-16*;%<1* 0-O#:f /#-;%#*> 1!-
h$$*)*%#6- N!'*<6!<6* * '-/7%'- N!' 0#26'%##%,! N!'*<6!,! <4!+ 
– h6* N-'-7%6': 7-4! 04*+P6 #- 0'%7+ /-N!4#%#*+ 7*_%#* ,-/!7, 
;6! !<!?%##! 0-O#! N'* 0:?!'% 7-6%'*-4- 0#26'%##%,! <4!+. K*-
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O% N'*0%H%# ,'-$*1 /-0*<*7!<6* 7*#*7-45#!,! 0'%7%#* /-N!4#%-
#*+ 7*_%#* ,-/!7 ( 0 ;-<-f) H! 1000 -67 !6 '-/7%'- H*-7%6'- N!' 
(0 717) 0#26'%##%,! <4!+. 

Z7<,3(<03( 
1. K.B.d-<!0, j.K. '!f*#. e?619=' +4&1-+'94 [64&]Q =&6FV')='] 1[-

T=V'?31-1 -')'+4T1+4.// Yl[Z.1964. [. 47. S.171-175. 
2. X.8.E4%1<-#H'!0-, E.E.d%4!4*N%)1*>, ].I. !'%_%0-. Y1?T1f)=' 

[+1*6']Q 3+=1-'))Qg T1[6=9)Qg ]=P')'% 9 ?19+']'))1% [+1-+4]]' 
=)'+8=467)1-1 T'+]1fO'+)1-1 ?=)T'&4. // 8%<6#*1 IE]K, 2007, 6.7, q 2, 
<. 37 – 42. 

3. E.E.Belolipetskii A.A. Mathematical modeling and optimization of the 
processes of lazer target gas filling // Computational math. and cybernetics . 
(Vestnik Moskovskogo Universiteta  . Seria 15) , Allerton Press 
Inc.,1997,q2,p.53-58.  

4.I.V.Aleksandrova, A.A.Belolipetskiy. An efficient method for filling tar-
gets with a highly-pressurized gas fuel. // J. of the Moscow Physical Society, 
1999, q9, p.325-335. 

 5. I.V.Aleksandrova, A.A.Belolipetskiy. Mathematical models for filling 
polymer shells with a real gas fuel. // J. Laser and Particle Beams .1999,v.17, 
q 4, p.701-712.. 

 "/,973"'(27, 8"/'7.2"$<7 "$"=,; $ 0E,<"+ 
X&"9"D"-57U7"9"D7E,$&7V 8(3(+,<3"'*  

K.8.d%4!6%4!0, X.E. !#!0-4%#1! 
.QV=?6=T'67)Q% 8')T+ =].  . .b1+1O)=8Q)4 W ", 
:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (He) 
jH#!> */ 0-O#%>_*f N'!?4%7 N!N24+)*!##!> h1!4!,** +0-

4+%6<+ /-H-;- !N*<-#*+ N'!<6'-#<60%##! – 0'%7%##!> H*#-7*1* 
N!N24+)**.. K%<7!6'+ #- 6!, ;6! 0 #-<6!+M%% 0'%7+ N'%H4!O%#! * 
*<<4%H!0-#! ?!45_!% ;*<4! 7!H%4%>, H4+ !N*<-#*+ h6!> H*#-7*-
1*, !<6-%6<+ !61':6:7 0!N'!< !? *<N!45/!0-#*% h1<N%'*7%#6-45-
#:f h1!4!,! – $*/*!4!,*;%<1*f H-##:f H4+ !)%#1* N-'-7%6'!0 
7!H%4%>. 

8 '-?!6% N!<6'!%#-  *7*6-)*!##-+ 7!H%45 N*M%0!> -16*0-
#!<6* N!N24+)** !<!?%> < 2;%6!7 *f h1!4!,! –$*/*!4!,*;%<1*f  
N-'-7%6'!0 < )%45P */2;%#*+ /-0*<*7!<6* '-H*2<- *#H*0*H2-45-
#!> -16*0#!<6* !<!?%> !6 N4!6#!<6* N!N24+)** * N-'-7%6'!0 !<!-
?%>. 
                                                
* I-?!6- 0:N!4#%#- 0 '-71-f ,'-#6- IZZX q 09-0700-398-   
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K- '%_%61% 0 2/4-f, 1!6!'!> '-<N!4-,-%6<+ '%<2'<, !N*<:-
0-%7:> H*<1'%6#:7 -#-4!,!7 2'-0#%#*+ Z%'f5P45<6-, <42;->#:7 
!?'-/!7 '-<N!4-,-P6<+ !<!?* N!N24+)**. j<!?* f-'-16%'*/2P6<+ 
*#H*0*H2-45#:7 0!/'-<6!7  * 7-<<!>. 

jN*<:0-P6<+ N'!)%<<: '!OH%#*+, '!<6-, N%'%7%M%#*+, 
0/-*7!H%><60*+ H'2, < H'2,!7 * ,*?%4* !<!?%>.  -OH:> */ 0:_% 
N%'%;*<4%##:f N'!)%<<!0 !N'%H%4+%6<+  0!/'-<6!7, 7-<<!> * 6%-
12M*7 N'!<6'-#<60%##:7 '-<N!4!O%#*%7 !<!?*. G4+ !)%#1* h1!-
4!,! – $*/*!4!,*;%1*f N-'-7%6'!0 !<!?* ?%'26<+ #-62'#:% H-#-
#:% [1,2]. 

Q'*0%H%#: N'%H0-'*6%45#:% '%/2456-6: *7*6-)*!##:f 
h1<N%'*7%#6!0. [-1 0 '-?!6% N!42;%#- /-0*<*7!<65  '-H*2<- *#H*-
0*H2-45#!> -16*0#!<6* !<!?%> !6 N4!6#!<6* N!N24+)**., N'!H!4-
O*6%45#!<6* O*/#* !<!?%> !6 <'%H#%,! *#6%'0-4- 0'%7%#* 7%OH2 
'!OH%#*+7*,, /-0*<*7!<65 N4!6#!<6* N!N24+)** !6 *#6%#<*0#!<6* 
'!<6- N*M%0!,! '%<2'<- 

Z7<,3(<03( 
1. A.South. Ex rngitapolating from individual movement behavior to popu-

lation spacing patterns in a ranging mammal. Ecological Modelling, 117, 1999, 
343-360 p 

2. R.Mac Nally. Modelling confinement experiments in community ecol-
ogy: differential mobility among competitors. Ecological Modelling, 129, 
2000, 65-85 . 

I M7$<,+, 5"3+73"'(27* 89(2"' /"=LE7 2,5<7 
8.K. d!?:4%0 

.QV=?6=T'67)Q% 8')T+ W " 
S*<6%7- $!'7*'!0-#*+ N4-#!0 H!?:;* #%$6* N'%H#-/#-;%#- 

H4+ 1!7N5P6%'#!,! '-<;%6- !<#!0#:f 6%f#*1!-h1!#!7*;%<1*f N!-
1-/-6%4%> '-/'-?!61* ,'2NN: #%$6+#:f 7%<6!'!OH%#*>. 

B /-0*<*7!<6* !6 #-4*;*+ *#$!'7-)** <*<6%7- $!'7*'2%6 
0-'*-#6 N4-#- N! /-H-##!> *<f!H#!> *#$!'7-)** (*7*6-)*!##:> 
'%O*7) *4*, '%_-+ <!!60%6<602PM2P -NN'!1<*7*'2PM2P !N6*-
7*/-)*!##2P /-H-;2, !N'%H%4+%6 (0 '-71-f N'%HN!4-,-%7:f !,'--
#*;%#*>) 0-'*-#6 *<f!H#!> *#$!'7-)**, N! 1!6!'!72 7!O%6 ?:65 
<$!'7*'!0-# N'!%16 N%'<N%16*0#!,! N4-#-, 42;_*> N! /-H-##!72 
1'*6%'*P (!N6*7*/-)*!##:> '%O*7). 

X7*6-)*!##:> '%O*7 !<#!0-# #- '-/'-?!6-##!> 0 8:;*<-
4*6%45#!7 )%#6'% IEK 7!H%4* $2#1)*!#*'!0-#*+ !?u%16- < !,'--
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#*;%##:7 O*/#%##:7 '%<2'<!7. 8 <!!60%6<60** < H*#-7*;%<1*7 
<!<6!+#*%7 7!H%4* !N'%H%4+P6<+ /#-;%#*+ 2'!0#%> H!?:;* #%$6* 
* h1<N42-6-)*!##!,! ?2'%#*+. 8 !6<26<60*% N'!%16- '-/'-?!61* 
h6! N!/0!4+%6 N!42;*65 !<#!0#:% %% N!1-/-6%4* H4+ 1-OH!,! 7%-
<6!'!OH%#*+ ,'2NN: /- '-<;%6#:> N%'*!H. 

X7*6-)*!##-+ 7!H%45 $2#1)*!#*'!0-#*+ *<N!45/2%6<+ 1-1 
!<#!0- H4+ N!<6-#!01*, *<<4%H!0-#*+ * '%_%#*+ <!!60%6<602PM*f 
!N6*7*/-)*!##:f /-H-;. 8 1-;%<60% 1'*6%'*+ h$$%16*0#!<6* 7!-
,26 ?:65 0:?'-#: '-/4*;#:% N!1-/-6%4*, - H!<6*O%#*% !N6*7-45-
#!,! <!<6!+#*+ 7!O%6 ?:65 !?%<N%;%#! */7%#%#*%7 h4%7%#6!0 *<-
f!H#!> *#$!'7-)** < 2;%6!7 #-4!O%##:f !,'-#*;%#*>. I%/2456--
6: '%_%#*+ -NN'!1<*7*'2PM*f /-H-; N!1-/:0-P6 h1<N%'62 N! 
N4-#*'!0-#*P #-N'-04%#*+ 242;_%#*+ N'!%16- * N!/0!4+P6 <2-
H*65 ! #%!?f!H*7:f '%<2'<-f H4+ 0:N!4#%#*+ O%4-%7:f !,'-#*-
;%#*>. 

S6'2162'- -4,!'*67!0 S*<6%7: !?%<N%;*0-%6 6-1O% 0!/-
7!O#!<65 -#-4*/- 7!H*$*1-)*> '-<;%6#:f 7%6!H*1, <,4-O*0-#*% 
#%<!,4-<!0-##!<6* (N'!6*0!'%;*>) !6H%45#:f <6-H*> '-<;%6!0, 
04*+#*+ */7%#%#*> #- /#-;%#*+ !6H%45#:f N!1-/-6%4%>. 87%<6% < 
*/7%#%#*%7 #!'7-6*0#!> '-<;%6#!> ?-/: h6! N!/0!4+%6 h1<N%'62 
N! N4-#*'!0-#*P 4%,1! N'!0%'+65 <0!* 0-'*-#6:. I%/2456-6: '-<-
;%6!0 !6!?'-O-P6<+ 0 6-?4*;#!> * ,'-$*;%<1!> $!'7-f, 1-1 #- 
H*<N4%%, 6-1 * 0 N%;-6#!7 0*H%. 

G,&"<"3L, <,"3,<7E,$&7, ($8,&<L $72<,U(  
$9".2LV 3($83,/,9,22LV 7+7<(67"22LV 

+"/,9,;*  
W.X. d'!H<1*> 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
G%4-%6<+ N!N:61- 00%<6* $!'7-4*/!0-##!% !N*<-#*% 7!H%-

4%> #%1!6!'!,! 14-<<- <4!O#:f <*<6%7.  4P;%0:7* N!#+6*+7* 
h6!> $!'7-4*/-)** +04+P6<+ N!#+6*+ 1!7N!#%#6, 1!6!':% 7!,26 
!?'-/!0:0-65 1!7N4%1< * 1!7N4%1<-, <!<6!+M%,! */ 1!7N!#%#6, #! 
#- #%1!6!'!7 ?!4%% 0:<!1!7 2'!0#% -?<6'-1)** 7!,2M%7 0!<N'*-
#*7-65<+ 1-1 %H*#-+ 1!7N!#%#6-. 8 '%/2456-6% <4!O#2P <*<6%72 
7!O#! '-<<7-6'*0-65, #-;*#-+ < !H#!> 1!7N!#%#6: #- <-7!7 0:-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX, ,'-#6 q 10-07-00176--.   
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<!1!7 2'!0#% -?<6'-1)**, * 1!#;-+ $'-16-4!7 1!7N!#%#6, #- 
2'!0#% 7-1<*7-45#! N!H'!?#!,! 7!H%4*'!0-#*+. S6%N%#5 N!H'!?-
#!<6* !,'-#*;*0-%6<+ 4*_5 O%4-#*%7 '-/'-?!6;*1- 7!H%4*. Q'%H-
4-,-P6<+ 7%6!H: -#-4*/: * <*#6%/- 7#!,!1!7N!#%#6#:f 7!H%4%>. 
C<6-#-04*0-%6<+ <0+/5 !?u%16#!-<!?:6*>#!,! 7!H%4*'!0-#*+ * 
7!H%4*'!0-#*+ <'%H<60-7* 14-<<*;%<1*f H*#-7*;%<1*f <*<6%7 
[1]. 

jH#*7 */ #-N'-04%#*> '-/0*6*+ *7*6-)*!##!,! 7!H%4*'!-
0-#*+ 6'-H*)*!##! +04+%6<+ 7!H%4*'!0-#*% <4!O#:f !',-#*/-)*-
!##!-6%f#*;%<1*f <*<6%7, 1!6!':% 7!O#! N'%H<6-0*65 1-1 <!0!-
12N#!<65 !6H%45#:f !6#!<*6%45#! #%/-0*<*7:f H'2, !6 H'2,- !?u-
%16!0, 4*_5 0'%7+ !6 0'%7%#* 0/-*7!H%><602PM*f 7%OH2 <!?!>. 
j?:;#! 0!/7!O#!<6* * f-'-16%'*<6*1* h6*f !?u%16!0 f!'!_! */-
0%<6#: *<<4%H!0-6%4P, )%45P O% N!<6'!%#*+ *7*6-)*!##!> 7!H%-
4* +04+%6<+ h1<N%'*7%#6-45#!% N!42;%#*% f-'-16%'*<6*1 <*<6%7: 
0 )%4!7. e-H-;- <*#6%/- <*<6%7: */ 1!7N!#%#6 – #%6'*0*-45#-+, 
!H#-1! 0N!4#% '%_-%7-+ (!?:;#! h0'*<6*;%<1*) /-H-;- (#-N'. [2]). 
8 !<#!0% '%_%#*+ h6!> /-H-;* <*#6%/- 4%O*6 *H%+ 6-1 *4* *#-;% 
H-65 1!7N!#%#6-7 0!/7!O#!<65 N'!+0*65 <%?+, 0'%7+ !6 0'%7%#* 
<*#f'!#*/*'2+ *f H%+6%45#!<65, * #-?4PH-65 N'* h6!7, ;6! N'!*<-
f!H*6 < <*<6%7!> 0 )%4!7. jH#-1!, N!H!?#:> <N!<!? <*#6%/- <6--
0*6 '+H 0!N'!<!0: 
• K% 7!O%6 4* !1-/-65<+ 2 7!7%#6!0 <*#f'!#*/-)** !?u%16!0 

6!;%1 #-1!N4%#*+? 
•  -1-+ H!4O#- ?:65 H*<)*N4*#- H!<62N- !?u%16!0 1 f-'-16%'*-

<6*1-7 <*<6%7: 0 )%4!7? K% ?2H26 4* 0!/#*1-65 <*<6%7-6*;%-
<1*% !_*?1* 7!H%4*'!0-#*+ */-/- N!<6!+##!,! 7%<6- 6%f *4* 
*#:f !?u%16!0 0 <N*<1% N'!<7!6'- 0 N'!)%<<% 0:;*<4%#*>? 

• G!N2<6*7 4* -<*#f'!##:> 0:/!0 7%6!H!0 '-/4*;#:f !?u%16!0 
(;6! ?:4! ?: !;%#5 /-7-#;*0! H4+ '-<N'%H%4%##:f * N-'-4-
4%45#:f 0:;*<4%#*>)? 

• K-1!#%), 1-1 <0+/-#! !?u%16#!-<!?:6*>#!% 7!H%4*'!0-#*% < 
14-<<*;%<1*7 !N*<-#*%7 7!H%4%> <*<6%7-7* H*$$%'%#)*-45-
#:f 2'-0#%#*>? 
@!O#! 0:H%4*65 14-<< 7!H%4%> (#-/!0%7 *f '%,24+'#:7*), 

H4+ 1!6!'!,! #- H-##:% 0!N'!<: *7%%6<+ !60%6 0 O%4-6%45#!7 H4+ 
7!H%4*'!0-#*+ '2<4%.   '%,24+'#:7, #-N'*7%', ?2H26 N'*#-H4%-
O-65 7!H%4*, N!42;-%7:% N26%7 H*<1'%6*/-)** <*<6%7 !?:1#!-
0%##:f H*$$%'%#)*-45#:f 2'-0#%#*> < N'-0!> ;-<65P, 2H!04%-
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60!'+PM%> 2<4!0*P D*N_*)- [3]. G4+ H-##!,! 14-<<- 7!O#! 
!?!<#!0-##! 00%<6* O%<612P H*<)*N4*#2 */7%#%#*+ f-'-16%'*-
<6*1 <*<6%7:: 1-OH:> !?u%16 7%#+%6 6!451! <0!* f-'-16%'*<6*1*, 
;6! N!/0!4+%6 0:/:0-65 7%6!H: -<*#f'!##!. 

Z7<,3(<03( 
1. d'!H<1*> W.X., Q-04!0<1*> W.K. I-/'-?!61- *#<6'27%#6-45#!> 

<*<6%7: '-<N'%H%4%##!,! *7*6-)*!##!,! 7!H%4*'!0-#*+ 
//X#$!'7-)*!##:% 6%f#!4!,** * 0:;*<4*6%45#:% <*<6%7:, q4, 2009, S. 
3-15. 

2. d'!H<1*> W.X., D%?%H%0 8.W. X#<6'27%#6-45#-+ <*<6%7- *7*6--
)** MISS @.: 8c EK SSSI, 1991, 180 <. 

3. Q-04!0<1*> W.K., d%4!6%4!0 K.8., d'!H<1*> W.X X7*6-)*!##!% 
7!H%4*'!0-#*% @.: X/H. )%#6' «E1-H%7*+», 2008, 236 <. 

I 3('2"',$7*V +(&3"$7$<,+*  
].8. B-<#*1!0- 

:Sc$ 
Q!<4% '-?!6 ].[. GO%>#<- (1!#)- 50-:f ,!H!0 XX 0%1-) * 

E.GO. 8*45<!#- (1!#)- 60-:f ,!H!0 vv 0%1-) 0 4*6%'-62'% H!<6--
6!;#! N'!;#! 21'%N*4-<5 1!#)%N)*+ ! N4!H!60!'#!<6* N%'%#%<%-
#*+ -NN-'-6- <6-6*<6*;%<1!> $*/*1* (<7., 1#*,2 l. b'UH*#,%'- 
“S6-6*<6*;%<1-+ 6%'7!H*#-7*1-”) #- '-/4*;#:% 7-1'!<*<6%7: (0 
;-<6#!<6*, 0<6'%;-PM*%<+ 0 f*7*;%<1!> 1*#%6*1%, h1!#!7*1%, 
?*!4!,**, <!)*-45#!> <$%'%). 

Q'*0%H%7 H!0!45#! !?M2P <f%72, 0 1!6!'2P 4!O-6<+ 7#!-
,*% */0%<6#:% 7-1'!<*<6%7:, *7%PM*% %H*#<60%##!% N!4!O%#*% 
'-0#!0%<*+: 
1. @-1'!<*<6%7- <!<6!*6 */ !,'!7#!,! ;*<4- '-0#!N'-0#:f N'!-
#27%'!0-##:f -,%#6!0, 1-OH:> */ 1!6!':f 7!O%6 #-f!H*65<+ 0 
!H#!7 */ <!<6!+#*>. x*<4! <!<6!+#*>, 1-1 7*#*727, #- #%<1!451! 
N!'+H1!0 7%#5_% ;*<4- -,%#6!0 (*#!,H-, 7!O#! * ?%/ h6!,! 6'%?!-
0-#*+). I-<N'%H%4%#*% -,%#6!0 (< 2;%6!7 #!7%'!0) N! <!<6!+#*+7 
?2H%7 #-/:0-65 7*1'!<!<6!+#*%7, - ?%/ 2;%6- #!7%'!0 – 7-1'!<!-
<6!+#*%7. 
2. e-H-#- 7-'1!0<1-+ H*#-7*1- (0!!?M% ,!0!'+, #%4*#%>#-+) h0!-
                                                
* I-?!6- N!HH%'O-#- ,'-#6-7* IZZX q 10-07-00620--, 10-01-00321--. 
I-?!6- N'!0%H%#- 0 '-71-f '%-4*/-)** ZcQ «K-2;#:% * #-2;#!-
N%H-,!,*;%<1*% 1-H': *##!0-)*!##!> I!<<**» #- 2009 – 2013 ,!H: (K -
215Q(1)-9, Q1490).  
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4P)** '-<N'%H%4%#*+ -,%#6!0, 0 !<#!02 1!6!'!> #- 7*1'! 2'!0#% 
N!4!O%#- '-0#!N'-0#!<65 -,%#6!0: '-0#!0%'!+6#! 0:?*'-%6<+ 
-,%#6 *, 0 /-0*<*7!<6* !6 6!,! 0 1-1!7 <!<6!+#** !# #-f!H*6<+, 
“<42;->#!” N%'%0!H*6<+ 0 #!0!% <!<6!+#*%, -#-4!,*;#! '-<<7-6'*-
0-%6<+ N-'#:> !?7%# <!<6!+#*+7*. K- 7-1'! 2'!0#% h6! <!!60%6-
<602%6 N'*#)*N-7 f*7*;%<1!> 1*#%6*1*. Q'%HN!4-,-%6<+, ;6! */ 
4P?!,! 0!/7!O#!,! 7-1'!<!<6!+#*+ 7!O#! N%'%>6* <!,4-<#! 6--
1!> H*#-7*1% 0 4P?!% H'2,!% (f-'-16%'#!% 0'%7+ 6-1!,! N%'%f!H- 
!N'%H%4+%6 <1!'!<65 <f!H*7!<6* 1 '-0#!0%<*P). [-1O% <;*6-%6<+, 
;6! !N*<-##-+ H*#-7*1- *7%%6 7-1'! /-1!#: <!f'-#%#*+ (<!!6#!-
_%#*+ (1-1 N'-0*4!, 4*#%>#:%) 7%OH2 7-1'!0%4*;*#-7*, 1!6!':% 
#% 7%#+P6<+ <! 0'%7%#%7). 

Q2<65 0:N!4#+%6<+, f!6+ ?:, !H#! */ N'*0!H*7:f #*O% 2<-
4!0*>: a) H*#-7*1- /-H-#- 4*#%>#!> N!42,'2NN!> (!H#!'!H#!<65); 
=) H*#-7*1- “!?'-6*7-” (H%6-45#:> ?-4-#<, 2<4!0*% 6*N- b6P-
1%45?%',- *4* 2<4!0*% 2#*6-'#!<6*); ') !<2M%<604+%6<+ 6%'7!H*-
#-7*;%<1*> N'%H%45#:> N%'%f!H (;*<4! -,%#6!0 * <!<6!+#*> <6'%-
7+6<+, <!f'-#++ N'!N!')**, 1 ?%<1!#%;#!<6*) * 0:N!4#+%6<+ %<6%-
<60%##:> <1%>4*#,. [!,H- N'* #%?!45_*f !,!0!'1-f h',!H*;%<1-+ 
7-'1!0<1-+ H*#-7*1- N'*0!H*6 #- ?!45_*f 0'%7%#-f 1 <6-)*!-
#-'#!> (*#0-'*-#6#!>) Q2-<<!#!0<1!> 7%'% (N'+7!% N'!*/0%H%#*% 
'-<N'%H%4%#*> Q2-<<!#-) #- N'!<6'-#<60% 7-1'!<!<6!+#*>. l6- 
7%'- h1<N!#%#)*-45#! ?:<6'! 1!#)%#6'*'2%6<+, < '!<6!7 ;*<4- 
-,%#6!0, 0 !1'%<6#!<6* #-*?!4%% 0%'!+6#!,! 7-1'!<!<6!+#*+, 1!-
6!'!% * N'*#*7-%6<+ /- N!4!O%#*% '-0#!0%<*+ 7-1'!<*<6%7:. 

e-H-;- N!*<1- #-*?!4%% 0%'!+6#!,! 7-1'!<!<6!+#*+ -<*7-
N6!6*;%<1* (N! ;*<42 -,%#6!0) h10*0-4%#6#- /-H-;% 7-1<*7*/-)** 
h#6'!N*>#!,! $2#1)*!#-4- (0!<N!45/!0-4*<5 $!'724!> S6*'4*#-
,-) #- 7#!O%<60% (1-1 N'-0*4!, 0#26'%##!<6* 7#!,!,'-##*1-), /--
H-##!7 !,'-#*;%#*+7* - /-1!#-7* <!f'-#%#*+. Q'*+6#!> !<!?%#-
#!<65P 6-1!,! 14-<<- /-H-; +04+%6<+ +0#-+ (4%,1! 0:N*<:0-%7-+) 
/-0*<*7!<65 '%_%#*+ N'+7!> /-H-;*, ;%'%/ H0!><60%##:% N%'%-
7%##:%. Q!<1!4512 ;*<4! !,'-#*;%#*>, 1-1 N'-0*4!, #- 7#!,! N!-
'+H1!0 7%#5_% ;*<4- N'+7:f N%'%7%##:f, 6! h$$%16*0#:% ;*<-
4%##:% 7%6!H: ?-/*'2P6<+ #- '%_%#** H0!><60%##!> /-H-;*: /--
H-;* 7*#*7*/-)** 0:N214!> $2#1)** #- #%!6'*)-6%45#!7 !'6-#-
6%. @!O#! N!1-/-65 (].8. B-<#*1!0-, Y8@ * @Z, q 3, 2009), ;6! 
7#!,*% N!N24+'#:% 0 4*6%'-62'% ;*<4%##:% 7%6!H: '%_%#*+ h6!> 
H0!><60%##!> /-H-;* +04+P6<+ ?-'5%'#!-72456*N4*1-6*0#:7* 
-#-4!,-7* 10-/*,'-H*%#6#:f *6%'-)*!##:f 7%6!H!0. 
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f$<";E7'"$<? $7$<,+L «8(3(U7<-V"U*72» $  
2,$&"9?&7+7 D3088(+7 7 '(37(2<(+7  

'"U=0/7<,9* *  
E.K. B%'-<*7!0 

:1?319?34f ]'O=8=)?34f 434O']=f =]')= $.:. Y'V')194 
X/0%<6#!, ;6! H4+ '+H- -#6'!N!#!/#:f /-?!4%0-#*> 0 N!N2-

4+)** ;%4!0%1- N-'-44%45#! )*'124*'2P6 #%<1!451! 0-'*-#6!0 
0!/?2H*6%4+, * N'%H<6-04+%6 *#6%'%< *<<4%H!0-65, /- <;%6 ;%,! 
0!/7!O#! *f H4*6%45#!% 0/-*7#!% <!<2M%<60!0-#*%. 

Q2<65 S – H!4+ 0!<N'**7;*0!> ;-<6* N!N24+)**, Ik – H!4+ 
N!N24+)**, *#$*)*'!0-##!> k-:7 0-'*-#6!7 0!/?2H*6%4+, 
k=1,…,n, 1/βk – H4*6%45#!<65 /-?!4%0-#*+ k-:7 0-'*-#6!7 0!/?2-
H*6%4+, - αk – -16*0#!<65 7%f-#*/7- N%'%H-;* h6!,! 0-'*-#6-, 1/γ - 
<'%H#++ N'!H!4O*6%45#!<65 O*/#*. [!,H- H*#-7*1- <*<6%7: ?2-
H%6 /-H-0-65<+ 2'-0#%#*+7*

∑
=

−+−=

−=

n

k
kk

kkkk
k

SIS
dt
dS

ISI
dt
dI

1
)1(γα

βα      (1) 

G-4%% 1'!7% N!4!O*6%45#!<6* 1!#<6-#6 ?2H%7 <;*6-65, ;6! 
βk>γ, 6-1 1-1 H4*6%45#!<65 /-?!4%0-#*+ #% 7!O%6 ?:65 ?!4%% H4*-
6%45#!<6* O*/#*. d2H%7 <;*6-65, ;6! <*<6%7- (1) /-H-#- #- 7#!O%-
<60% }1...,0,...,0,0:),...,,{( 111 ≤+++≥≥≥= nnn IISIISIIST , 6-1 1-1 *#:% 2<-
4!0*+ <!!60%6<602P6 !6'*)-6%45#:7 H!4+7 0!<N'**7;*0:f, *#-
$*)*'!0-##:f *4* #%0!<N'**7;*0:f. 

X/ N%'0!,! 2'-0#%#*+ <*<6%7: (1) <4%H2%6, ;6! I(t)=0 6!,H- * 
6!451! 6!,H-, 1!,H- I(t)≡0. [!,H- 0-'*-#6: < #24%0!> H!4%> *#$*-
)*'!0-##:f 7!O#! *<14P;*65 */ <*<6%7: (1), /-7%#*0 2<4!0*% 
Ik{0 #- Ik>0. G!1-/-#- 

[%!'%7- 1. 8 21-/-##:f 0:_% N'%HN!4!O%#*+f '%_%#*+ 
<*<6%7: (1) 7!O#! #%!,'-#*;%##! N'!H!4O-65 N! 0'%7%#* 0 N!-
4!O*6%45#2P <6!'!#2. Q'* h6!7: 
- %<4* kk βα ≤ , 6! 0)( →tI k ; 
- %<4*  jjii βαβα // < , 6! 0)(/)( →tItI ji ; 

- %<4* kk βα >  * H4+ ki ≠  kkii βαβα // < , 6! 0)( →tI i , 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6- IZZX q 09-07-00398 
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0)( ≠→ ItI k . S6-)*!#-'#!% '%_%#*% <*<6%7: (1) <2M%<602%6, 
%H*#<60%##! * +04+%6<+ h1<N!#%#)*-45#! 2<6!>;*0:7 ,4!?-45#:7 
-66'-16!'!7;   
- %<4* <2M%<602P6 Njk j ,...,1, = , 6-1*%, ;6! 

( ) ( ) 1/.../
11

>==
NkNk kk βαβα  * H4+ 0<%f !<6-45#:f i  

( ) ( )iik k
βαβα //

11
> , 6!  0)( →tI i , 0)( ≠→ jkk ItI

j
. 

X/ 6%!'%7: 1 <4%H2%6, ;6! %<4* *7%%6<+ 0-'*-#6, 2 1!6!'!,! 
1!#6-16#!% ;*<4!   ?!45_%, ;%7 2 H'2,*f 0-'*-#6!0, 6! !# *f 0:-
6%<#+%6. ]<4* O% %<65 #%<1!451! 0-'*-#6!0 < !H*#-1!0:7* 7-1<*-
7-45#:7* 1!#6-16#:7* ;*<4-7*, 6! h6* 0-'*-#6: 0:6%<#+P6 !<-
6-45#:%. jH#-1! 0 N!<4%H#%7 <42;-% *7%%6<+ ?%<1!#%;#!% 1!4*;%-
<60! <6-)*!#-'#:f '%_%#*> < 4P?:7* !6#!<*6%45#:7* H!4+7* 
*#$*)*'!0-##:7* !<6-0_*7*<+ 0-'*-#6-7*, * N! h6!72 !6#!_%-
#*P N!4!O%#*% '-0#!0%<*+ ?%/'-/4*;#!. 

K! H-O% 0 <42;-% '-0%#<60- 1!#6-16#:f ;*<%4 2 #%<1!451*f 
0-'*-#6!0 *f H4*6%45#!% <!<2M%<60!0-#*% 0 N!N24+)** 7-4!0%'!-
+6#! */-/- <6!f-<6*;%<1*f h$$%16!0.  

Z7<,3(<03( 
1. B%'-<*7!0 E.K., I-/O%0->1*# 8.K. C;%6 #%!H#!'!H#!<6* N!N24+-

)** N'* *<<4%H!0-#** '-<N'!<6'-#%#*+ *#$%1)** // ['2H: X#<6*626- 
<*<6%7#!,! -#-4*/- IEK. – 2007, [!7 31(1), S. 116-121. 

2. B%'-<*7!0 E.K. G*#-7*1- ,%6%'!,%##!> <*<6%7: «N-'-/*6-f!/+*#» 
< */7%#+%7!> <6%N%#5P */!4*'!0-##!<6* // ['2H: X#<6*626- <*<6%7#!,! 
-#-4*/- IEK. – 2009, [!7 42(1), S. 224-230. 

I8<7+7U(67"22L, +,<"/L '  
+(<,+(<7E,$&"; /7(D2"$<7&,*  

8.Z.G%75+#!0 
Y4)3T-C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
e-H-;* H*-,#!<6*1* * N'!,#!/*'!0-#*+ (0 6!7 ;*<4% 0 7%H*-

)*#% * 6%f#*1%) N'%H<6-04+P6 <2M%<60%##:> * 0<% 0!/'-<6-PM*> 
*#6%'%< * N'*04%1-P6 0#*7-#*% *<<4%H!0-6%4%>  *  N'-16*1!0. G4+  
*f '%_%#*+ *<N!45/2P6<+ '-/4*;#:% 7%6!H: * N!Hf!H:. K-*?!4%% 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% I!<<*><1!,! Z!#H- Z2#H-7%#6-45-
#:f X<<4%H!0-#*>  (Q'!%16 IZZX q 09-01-00360)  
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'-<N'!<6'-#%##:7* * h$$%16*0#:7* +04+P6<+ <6-6*<6*;%<1*% 
7%6!H:,  7%6!H:   H*<1'%6#!,! -#-4*/- * 6%!'** !?2;%#*+. j#* 
!<!?%##! h$$%16*0#: N'* #-4*;** ?!45_!,! <6-6*<6*;%<1!,! 7--
6%'*-4-.      

G'2,!> N!Hf!H !<#!0-# #- <0%H%#** N!H!?#:f /-H-; 1 /-H--
;-7 !N6*7*/-)**. l6!6 N!Hf!H #-;-4 -16*0#! '-/0*0-65<+ 0 50-60-
f ,!H-f N'!_4!,! <6!4%6*+. j# N'*04%1-6%4%# *, 1-1 !1-/-4!<5, 
h$$%16*0%# N'* !6<26<60** ?!45_!> <6-6*<6*;%<1!> ?-/: H-##:f. 
8 '-71-f h6!,! N!Hf!H- 0#-;-4% ?:4* '-/'-?!6-#: 4*#%>#:> H*<-
1'*7*#-#6#:> -#-4*/ (DGE) * !<#!0-##:% #- #%7 6%f#!4!,*+ data 
mining * 7%6!H !N!'#:f N4!<1!<6%> (SVM - support vector 
machine), *<N!45/2PM*% 7%6!H: 4*#%>#!,! * 10-H'-6*;#!,! N'!-
,'-77*'!0-#*+. l6!6 N!Hf!H #% /-7%#+%6 <6-6*<6*;%<1*>, - H!-
N!4#+%6 %,! * N!/0!4+%6 N'!0%<6* ?!4%% N!4#!% *<<4%H!0-#*% /--
H-; *H%#6*$*1-)** * '-<N!/#-0-#*+.  

8 H!14-H% N!H0!H+6<+ *6!,* *<<4%H!0-#*>, 0 f!H% 1!6!':f 
?:4* /-4!O%#: !<#!0: #%,4-H1!,! H*<1'*7*#-#6#!,! -#-4*/- 
(KGE). Q'%H4-,-%7:> N!Hf!H #-f!H*6<+ 0 '2<4% !N6*7*/-)*!##!-
,! #-N'-04%#*+. Q!<6'!%##:% #- !<#!0% KGE -4,!'*67: !1-/--
4*<5 0N!4#% 1!#12'%#6!<N!<!?#:7* * h$$%16*0#:7*. K%,4-H1*> 
H*<1p*7*#-#6#:> -#-4*/ N!/0!4+%6 <6'!*65 * */2;-65 ?!4%% 6!;-
#:% 7-6%7-6*;%<1*% 7!H%4*, !<#!0-##:% #- N'*7%#%#** #%,4-H-
1!,! -#-4*/-, * 0 '+H% <42;-%0 <2M%<60%##! 242;_*65 1-;%<60! 
*H%#6*$*1-)** * '-<N!/#-0-#*+ N! <'-0#%#*P < DGE. KGE !<#!-
0-# #- N'*7%#%#** 7%6!H!0 #%,4-H1!,! -#-4*/- * #%H*$$%'%#)*-
'2%7!> !N6*7*/-)**. 8 ;-<6#!<6*, ?:4* N!<6'!%#: 7-6%7-6*;%-
<1*% !N6*7*/-)*!##:% 7!H%4* H4+ 1!#1'%6#:f 14-<<!0 /-H-; H*-
-,#!<6*1* * *H%#6*$*1-)**, 0:+04%#: "%<6%<60%##:%" 1'*6%'*-
-45#:%  

Z2#1)*!#-4: H4+ h6*f 7!H%4%> * *f -NN'!1<*7-)*> ("<2'-
'!,-6#:f" $2#1)*!#-4!0), N'!0%H%#! *<<4%H!0-#*% * <'-0#%#*% 
'-/4*;#:f 0*H!0 14-<<*$*1-6!'!0 (4*#%>#:f, ,4-H1*f * #%,4-H-
1*f) 0 /-H-;-f *H%#6*$*1-)**, */2;%#: *f <0!><60-. I-#%% *<-
N!45/!0-4*<5 7%6!H: '-#O*'!0-#*+ N-'-7%6'!0 (0:H%4%#*% #-*-
?!4%% <2M%<60%##:f N'*/#-1!0) < N!7!M5P 0%'!+6#!<6#:f <!!?-
'-O%#*> (0 N'%HN!4!O%#**, ;6! N-'-7%6': N!H;*#+P6<+ 6!72 *4* 
*#!72 0%'!+6#!<6#!72 /-1!#2). 8 KGE H4+ '-#O*'!0-#*+ N-'--
7%6'!0 *<N!45/2P6<+ !N6*7*/-)*!##:% N!Hf!H:, <!/H-# 7%6!H 
"h1<N'%<<-H*-,#!<6*1*" < N!7!M5P 7%6!H!0 «7-4!7%'#!>» H*-,-
#!<6*1*. Q!<1!4512 «7-4!7%'#-+» H*-,#!<6*1-  N'%H<6-04+%6 <!-
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?!> H!0!45#! N'!<62P N'!)%H2'2, %% 7!O#! N'*7%#+65 H4+ ?:<6-
'!> (f!6+ * #%H!<6-6!;#! 6!;#!>) H*-,#!<6*1*, ;6! 7!O%6 !1-/-65-
<+ N!4%/#:7 #- N'-16*1%. I-/'-?!6-# 7%6!H "0*'62-45#:f" h1<-
N%'6!0. S!/H-# 7%6!H «,4-0#!,! h1<N%'6-», < N!7!M5P 1!6!'!,! 
2H-4!<5 <2M%<60%##! 242;_*65 1-;%<60! *H%#6*$*1-)**. 

S$%'- N'*7%#%#*+ KGE '-<N'!<6'-#%#- #- /-H-;* N'!,#!-
/*'!0-#*+ (#-N'*7%', N'!,#!/*'!0-#*% h$$%16*0#!<6* '-/4*;#:f 
7%6!H!0 4%;%#*+ 0 7%H*)*#%). 

Z7<,3(<03( 
1. V.F.Demyanov. Mathematical diagnostics via nonsmooth analysis. Op-

timization Methods and Software. 2005. Vol. 20, Nos. 2-3. P. 197-218. Taylor 
and Francis. Abingdon, Oxon, UK. 

 2. 8.8.G%75+#!0-, 8.Z.G%75+#!0, E.8.  !1!'*#-, 8.@. @!*<%%#1!. 
Q'!,#!/*'!0-#*% h$$%16*0#!<6* f*7*!-6%'-N** N'* 4%;%#** !#1!4!,*-
;%<1*f /-?!4%0-#*>. 8%<6#*1 S-#16-Q%6%p?2p,<1!,! 2#*0%p<*6%6-; S%p*+ 
10. Q'*14-H#-+ 7-6%7-6*1-. X#$!'7-6*1-. Q'!)%<<: 2N'-04%#*+. 2006, 
0:N. 4, <. 30-36. 

 727+(&$2(* 579?<3(67* /'0+,32LV 8"9,; 
E.K. -624%0, @.Z.@-4%0*#<1*>, B.@.S!4!7-f-  

c9'+?31% -1?FO4+?T9'))Q% F)=9'+?=T'T 
I-/'-?!6-#: 7%6!H: #%4*#%>#!> $*456'-)** <42;->#:f N!-

4%> 0 2<4!0*+f #%!N'%H%4%##!<6* #- !<#!0% N'*#)*N!0 ,-'-#6*'!-
0-##!,! '%/2456-6- * !N6*7*/-)** !<'%H#%##!,! 1'*6%'*+ $*456-
'-)**.  4P;%0-+ *H%+ 7%6!H!0 /-14P;-%6<+ 0 *<N!45/!0-#** '-/-
4!O%#*+  N!4+ N! 1!!'H*#-6#:7 $2#1)*+7, 0! 00%H%#**  '-/#:f 
2'!0#%>  *#$!'7*'!0-##!<6* ! #%!N'%H%4%##:f N-'-7%6'-f, N!H-
4%O-M*f !)%#*0-#*P N'* $*456'-)** N!4+, * <0%H%#** N!42;-%-
7:f !N6*7*/-)*!##:f /-H-; 1 /-H-;-7 7-6%7-6*;%<1!,! N'!,'-7-
7*'!0-#*+. 

 !#1'%6#!, '%_%#- /-H-;- $*456'-)** H027%'#:f  N!4%> 
N'* <4%H2PM*f *<f!H#:f N!4!O%#*+f: 
- 2'-0#%#*% #-?4PH%#*+ <!H%'O*6 <42;->#:% <!<6-04+PM*% ijψ  < 
*#6%'0-4-7* *f 0!/7!O#:f /#-;%#*>    

                             ,,1;,1, SjLiba ijijij ==≤≤ψ  
- 2'-0#%#*% <!<6!+#*+, !N*<:0-PM%% N!4%, N'%H<6-04+%6<+ 0 0*H%  
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1 1
( , ) ( ) ( ),

N R

nm n m
n m

g x y d x yη µ
= =

= ∑ ∑ ,H% ( ), 1,n x n Nη =  * 

Rmym ,1),( =µ  1!!'H*#-6#:% $2#1)** <!!60%6<60%##! H4+ 1!-

!'H*#-6 x  *  y , RmNndnm ,1,,1, ==  - #%*/0%<6#:% N-'--
7%6': '-/4!O%#*+ N!4+, N!H4%O-M*% !)%#1%. 

S2M#!<65 $*456'-)** <0!H*6<+ 1 0:;*<4%#*P N-'-7%6'!0 
RmNndnm ,1,,1, == , N26%7 '%_%#*+ /-H-;*  

( ) ( ) ( )
2

{ } { } 1 1 1 1
min max , ,

nm ij

L S N R

ij i j nm n i m j ijd i j n m
f x y d x y

ψ
χ η µ ψ

= = = =

⎧ ⎫⎡ ⎤− −⎨ ⎬⎣ ⎦ ⎭⎩
∑ ∑ ∑ ∑

,H% ijχ  - 0%< */7%'%#*+ N!4+ ),( ji yxf , 1!6!'-+  N'%!?'-/2%6<+  1 
/-H-;%  7-6%7-6*;%<1!,! N'!,'-77*'!0-#*+:     

#->6*          vmin    
N'* 2<4!0** 

( ) ( ) ( )
2

1 1 1 1
,

L S N R

ij i j nm n i m j ij
i j n m

f x y d x y vχ η µ ψ
= = = =

⎧ ⎫⎡ ⎤− − ≤⎨ ⎬⎣ ⎦ ⎭⎩
∑ ∑ ∑ ∑

< 2;%6!7       .,1;,1, SjLiba ijijij ==≤≤ψ  

G4+ <42;-%0, 1!,H-  ijψ +04+%6<+ <42;->#!> 0%4*;*#!> < 

1!''%4+)*!##:7* 7!7%#6-7* ][ klijijkl MK ψψ= , ,H% 

ijklijkl ijklK K K≤ ≤ , ;,1, Lki =  Slj ,1, = , *4* */0%<6#: 14-<<: '-<-

N'%H%4%#*> )( ijij ψΦ  < !,'-#*;%##:7* H*<N%'<*+7*, H!1-/-#!, ;6! 
N!<6'!%#*% $*456'!0 !<2M%<604+%6<+ <!!60%6<60%##! N! 1'*6%'*P 
0*H-  

( ) ( ) ( )
2

{ } 1 1 1 1
min max , ,

nm

L S N R

ij i j nm n i m j ijd i j n m
f x y d x yχ η µ ψ

= = = =

⎧ ⎫⎡ ⎤Μ − −⎨ ⎬⎣ ⎦ ⎭⎩
∑ ∑ ∑ ∑

,H% 7-1<*727 ?%'%6<+ N! /#-;%#*+7 1!''%4+)*!##:f 7!7%#6!0 */ 
21-/-##:f H*-N-/!#!0,  *4* N! 1'*6%'*P 0*H-  

( )[ ( ) ( )] }.,min
2

1 11 1}{ jmin

N

n

R

m
nmji

L

i
ij

S

jd
yxdyxf

nm

µηχ ∑∑∑∑
= == =

−
⎩
⎨
⎧

        

C<6-#!04%#!, ;6! -#-4!,*;#:7 !?'-/!7 $!'724*'2P6<+ * 
'%_-P6<+ /-H-;* 7*#*7-1<#!> $*456'-)** * H4+  <42;-+ !?'-?!6-
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1* N!4%> '-/7%'#!<6* ?!45_% H02f. 
Q'%H4!O%#! H0- 7%6!H- '-<M%N4%#*+ '%_%#*+ <*<6%7: 

2'-0#%#*> 7%6!H- #-*7%#5_*f 10-H'-6!0, 6'%?2PM*% H4+ %% '%-
_%#*+ #- N!'+H!1 7%#5_*f 0'%7%##:f /-6'-6 l8@, ;%7 14-<<*;%-
<1-+ <f%7- 7%6!H- #-*7%#5_*f 10-H'-6!0.   

d"+89,&$2L; (9D"37<+ "6,2&7 $"$<"*27*  
&"2<3"9730,+"; "=$<(2"'&7  

E.K.  -624%0, @.Z. @-4%0*#<1*>, B.@. S!4!7-f- 
c9'+?31% -1?FO4+?T9'))Q% F)=9'+?=T'T 

I%_-%6<+ /-H-;- !?#-'2O%#*+ !?u%16!0 #- */!?'-O%#**, N!42-
;%##!7 !6  !N6*1!-h4%16'!##:f, 6%4%0*/*!##:f *4* '-H*!4!1-)*-
!##:f <'%H<60, < !H#!0'%7%##:7 !)%#*0-#*%7 *f 1!4*;%<60- * 
,%!7%6'*;%<1*f N-'-7%6'!0 N! 1'*6%'*P 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
=≥

−=

=
=∀

−Ω∈

Ω∈

≤≤
−

),(
),...,,,1|(max

),...,,,|(max
,1max

121,...,,

21,...,,

1
121

21 kS
kSXf

kSXf
sk

k

k

Ns
k

k απ
λλλ

λλλ

λλλ

λλλ
 

,H%  N'* 1=k  0:'-O%#*% 0 /#-7%#-6%4% N'*#*7-%6 0*H 
( | 0)f X S = ;  ),...,,|( 1 kkSXf λλ= - $2#1)** N'-0H!N!H!?*> #--

f!OH%#*+ #- */!?'-O%#** k  !?u%16!0 < <!!60%6<602PM*7* 0%1-
6!'-7* ,%!7%6'*;%<1*f N-'-7%6'!0  kλλλ ,...,, 21 ;  ( , )S kπ α =  - N!-
'!,!0!% /#-;%#*%, 0:;*<4+%7!% N'* /-H-##!7 H!N2<6*7!7 2'!0#% 
4!O#!,! #%!?#-'2O%#*+ k  !?u%16!0, Ω - !?4-<65 /#-;%#*> ,%!-
7%6'*;%<1*f N-'-7%6'!0 !?u%16!0,  S - 0!/7!O#!% 1!4*;%<60! 
!?u%16!0 #- */!?'-O%#**, N  - 7-1<*7-45#! 0!/7!O#!% 1!4*;%<6-
0! !?u%16!0 #- */!?'-O%#**, 2<6-#-04*0-%6<+ N! -N'*!'#:7 H-#-
#:7. 8 1-;%<60% !)%#1*  0S  ;*<4- !?u%16!0 0:?*'-%6<+ s , H4+  
1!6!'!,! H!<6*,-%6<+ 0#%_#*> 7-1<*727 0 1'*6%'**, - 0 1-;%<60% 
!)%#!1 N-'-7%6'!0 – /#-;%#*+ 

0
,...,, 21 Sλλλ , H4+ 1!6!':f H!<6*,--

%6<+ 7-1<*727 $2#1)** N'-0H!N!H!?*>. ]<4* N'* 1k =  #%'-0%#-
<60! 0 1'*6%'** #% 0:N!4#+%6<+, 6! 00 =S . 

Q'* '%-4*/-)** 1'*6%'*+  N'* 1-OH!7  k  !<2M%<604+%6<+ 
'-/?*%#*% N!42;%##!,! */!?'-O%#*+ 1-1 H027%'#!,! 7#!O%<60- 
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X  */7%'%#*> !<0%M%##!<6%> ( , )i jf x y , ,H%   ix , jy - <6'!;#-+ * 

<6!4?)!0-+ 1!!'H*#-6: N*1<%4-, Mi ,1= , 1,j L= , LM × - '-/7%' 
*/!?'-O%#*+ 0 N*1<%4-f, 6-1 ;6! !?u%162 ν  */ k  <6-0*6<+ 0 <!!6-
0%6<60*% 1-1-+-6! N!H!?4-<65 XX ⊂ν . j;%0*H#!, 0 1-1*f-6! N!-
H!?4-<6+f !?u%16!0 7!O%6 #% ?:65, 6! %<65   U

ν
ν YXX \= , ,H%  Y  - 

#%<0+/#-+ 0 !?M%7 <42;-% N!H!?4-<65, 0 1!6!'!> #%6 !?u%16!0. l6! 
'-/?*%#*% 2<6-#-04*0-%6<+ !H#!0'%7%##! < )%45P !)%#*0-#*+ 1!-
4*;%<60- !?u%16!0  S  #- 1-OH!7 */!?'-O%#**, N!42;-%7!7 0 <!-
!60%6<602PM*> 6%12M*> 7!7%#6 0'%7%#*, ?%/ 00%H%#*+ -N'*!'-
#:f H-##:f ! νX . 

8 <0+/* < !67%;%##:7* !<!?%##!<6+7* #- */!?'-O%#** <#-;--
4- 00!H*6<+ N!1':6*%- <%61- < N'+7!2,!45#:7* +;%>1-7* '-/7%'- 

TT ×   N*1<%4!0, N!4-,-+, ;6! 0 +;%>1% 7!,26 ?:65 */7%'%#*+ !<-
0%M%##!<6%> !6 #%?!45_!,! ;*<4- !?u%16!0 (%<6%<60%##! – *f 7!-
O%6 * #% ?:65); ,'-#*): <%61* <!07%M-P6<+ < ,'-#*)-7* N'+7!-
2,!45#!,! */!?'-O%#*+ 1-H'-.  

eH%<5 H4+  2=S   !67%6*7, ;6!  
1 2 1 1 2 2( | 2, , ) ( | 1, ) ( | 1, )f X S f X S f X Sλ λ λ λ= ∈Ω = = ∈Ω × = ∈Ω   

,H%  XXX =∪ 21 ,  021 =∩ XX  * $!'7*'!0-#*% N!H7#!O%<60 

1X , 2X   !<2M%<604+%6<+ N!<'%H<60!7 N'!0%'1* N!1-/-6%4+ ?4*/!-
<6* 1-OH!> N-': !<0%M%##!<6%>  ),( µyxf l , Xyxf ji ∈),( , 

, 1,...,l i l= ; jj ,...,1, =µ  #- !6!OH%<604%#*%; -#-4!,*;#!% *7%%6 
7%<6! * N'* 2>S . 

j6!OH%<604%#*% N-' !<0%M%##!<6%> !<2M%<604+%6<+, %<4* 
2 2

1( , ) ( , )] ( / 2 ) ( )l i jf x y f x yµ σ ρ π α⎡ − ≥⎣ , ,H%  2σ - H*<N%'<*+ !_*?-
1* */7%'%#*+ !<0%M%##!<6*,   ρ  - 1!h$$*)*%#6 1!''%4+)** !<0%-
M%##!<6%>, )(1 απ - N!'!,; *#-;% – !#* #% !6!OH%<604+P6<+. 8 '%-
/2456-6% 0:N!4#%#*+ !N%'-)** !6!OH%<604%#*+ H4+ 7#!O%<60- X   
<6'!*6<+ 7-6'*)- !6!OH%<604%#*+ %,! h4%7%#6!0, * !6:<1*0-P6<+ 
%,! 7-1<*7-45#:% 0#26'%##% 2<6!>;*0:% N!H7#!O%<60- -@8CQ:. 
Xf ;*<4! N'%H<6-04+%6   !)%#12 <#*/2 ;*<4- !?u%16!0  S  0 +;%>1%, 
<!?<60%##! @8CQ – <!!60%6<602PM%% N!H7#!O%<60!  νX , - *f 
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<!0!12N#!<65 – '-/?*%#*% 7#!O%<60- X . 
Q! @8CQ-7 !)%#*0-P6<+ * H'2,*% ,%!7%6'*;%<1*% N-'--

7%6': */!?'-O%#*> !?u%16!0 * *f $'-,7%#6!0.  
8<% #-/0-##:% !N%'-)** N'!,'-77#! '%-4*/!0-#: * *#$!'-

7-)*!##! <!N'+O%#: 0 <!<6-0% 1!7N4%1<#!,! -4,!'*67-. 

K$$9,/"'(27, "8,3(67; &"2$<3073"'(27*  2"'LV 
+0UL&(9?2LV $<3",' 7 &"+8"U767; 2( "$2"', 
+(<37E2"D" (2(97U( D,2,<7E,$&"D" &"/( 
E.E.  !?4+1!0, S.8. Q%62f!0, X.8. S6%N-#+# 
:1?319?34f -1?FO4+?T9'))4f 31)?'+94T1+=f 

$)?T=TFT ]4P=)19'O')=f W " 
:1?319?3=% -1?FO4+?T9'))Q% -1+)Q% F)=9'+?=T'T  
X<<4%H!0-#*% !N%'-)*> * <*<6%7 N%'%H-;* ,%#%6*;%<1!> 

*#$!'7-)** +04+%6<+ !H#!> */ !<#!0#:f /-H-; ?*!*#$!'7-6*1* * 
7-6%7-6*;%<1!> ?*!4!,**. 8-O#:7 #-N'-04%#*%7 h6*f *<<4%H!0--
#*> +04+%6<+ */2;%#*% 7-6'*;#:f N'%H<6-04%#*> -4$-0*6#:f <*<-
6%7 ,%#%6*;%<1!,! 1!H-, 1!6!'!% N!/0!4+%6 0:+04+65 -4,!'*67:, 
<6'2162'#:% /-1!#!7%'#!<6* * 0/-*7!<0+/* 0 -#<-7?4+f 7!4%12-
4+'#:f <6'2162' #-<4%H<60%##!> *#$!'7-6*1* [ !#!N%45;%#1!, 
I27%', 1975; Q%62f!0, 2008; Petoukhov, He, 2009].  

8 H!14-H% N'*0!H+6<+ H-##:% -#-4*/- 1'!#%1%'!0<1*f <%-
7%><60 ,%#%6*;%<1*f 10-H'-6#:f 7-6'*) 6*N- [C A; U G](K), ,H% S, 
A, U, G ()*6!/*#, ,2-#*#, 2'-)*4, ,2-#*#)– -/!6*<6:% !<#!0-#*+ 
,%#%6*;%<1!,! 1!H-, ( ) – 1'!#%1%'!0<1-+ <6%N%#5 0 0*H% )%4!,! 
N!4!O*6%45#!,! ;*<4-. 8 f!H% h6!,! -#-4*/- *<N!45/!0-# 6!6 
$-16, ;6! 1!7N4%7%#6-'#-+ N-': -/!6*<6:f !<#!0-#*> A-U <!%H*-
#%#- H027+ 0!H!'!H#:7* <0+/+7*, - N-'- S-G – 6'%7+ 0!H!'!H#:-
7* <0+/+7*. l6* ;*<4- 0!H!'!H#:f <0+/%> H-0#! N!H!/'%0-4*<5 #- 
!<!?2P *#$!'7-)*!##2P /#-;*7!<65. Q!H<6-#!01- H-##:f ;*-
<4!0:f /#-;%#*> 1-OH!> ?210: 0 <*70!45#:% 7-6'*): [C A; U 
G](K) 6'-#<$!'7*'2%6 *f 0 ;*<4!0:% ,%#%6*;%<1*% 7-6'*):, 
*7%PM*% 0*H 7%6'*;%<1*f 6%#/!'!0: [3  2; 2  3](K). X/04%;%#*% 
10-H'-6#!,! 1!'#+ */ )%4!;*<4%##:f 7-6'*) h6!,! 1'!#%1%'!0-
<1!,! <%7%><60- N!'!OH-%6 1'!#%1%'!0<1!% <%7%><60! «/!4!6:f» 
7-6'*) [f  f-1; f-1  f](K), 0<% 1!7N!#%#6: 1!6!':f '-0#: *''-)*!-
#-45#!72 ;*<42 /!4!6!,! <%;%#*+ f = (1+50.5)/2 = 1,618… 0 6!> *4* 
*#!> )%4!> <6%N%#*.  
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X/2;%#*% h6!> !61':6!> <0+/* ,%#%6*;%<1!,! 1!H- < /!4!6:7 
<%;%#*%7, */0%<6#:7 0 6%!'** *<<4%H!0-#*+ !N%'-)*> * h<6%6*1% 
N'!N!')*>, N!/0!4*4! 0:+0*65 7-6%7-6*;%<12P <0+/5 <%7%><60- 
«10*#6!0:f» ,%#!7-6'*) [3 2; 2 3](K) < 7-<62N%##:7 N*$-,!'%>-
<1*7 72/:1-45#:7 <6'!%7. Q!<4%H#*>, 1-1 */0%<6#!, <6'!*6<+ #- 
,%!7%6'*;%<1!> N'!,'%<<** < 1!h$$*)*%#6!7 10*#6: 3/2 * #- -4-
,!'*67% <0%H%#*+ %% ;4%#!0 0 !H*# !16-0#:> *#6%'0-4 (1-2). 8 
h6!7 <6'!% <!H%'O*6<+ 7 ;4%#!0 (N! ;*<42 !6#!_%#*> ;-<6!6 7%O-
H2 #!6-7* H!, '%, 7*, $-, <!45, 4+, <*, H!) 0<%,! H02f 0*H!0, #-/:-
0-%7:f «6!#-*#6%'0-4!7» * «N!426!#-*#6%'0-4!7». 

E#-4!,*;#!% '-<<7!6'%#*% <%7%><60- «/!4!6:f» ,%#!7-6'*) 
[f  f-1; f-1  f](K) * <0+/-##!> < #*7 ,%!7%6'*;%<1!> N'!,'%<<** < 1!-
h$$*)*%#6!7 N'!,'%<<** p = 0.5*f2 N!1-/-4!, ;6! 6!6 O% <-7:> 
N*$-,!'%><1*> -4,!'*67 <0%H%#*+ ;4%#!0 N'!,'%<<** 0 !H*# !1-
6-0#:> *#6%'0-4 (1-2) N'*0!H*6 1 <%7%><602 04!O%##:f H'2, 0 
H'2,- 7-6%7-6*;%<1*f <6'!%0. Q!<4%H#*% #-/0-#: <6'!+7* /!4!6!-
,! 02'$- (*4* 02'$-<6'!+7*), N!<1!4512 0%4*;*#- «'» H-0#! */-
0%<6#- 0 ?*!4!,*;%<1!> 7!'$!4!,** N!H *7%#%7 /!4!6!,! 02'$- 
(*4* «/!4!6!,!» H0!>#!,! !6#!_%#*+ N'!%16*0#!> ,%!7%6'**). Q! 
-#-4!,** < N*$-,!'%><1*7 <6'!%7 1-OH:> 02'$-<6'!> <!H%'O*6 
0<%,! H0- 0*H- ;4%#!0 (6!#-*#6%'0-4 * N!426!#-*#6%'0-4). Q!<4%-
H!0-6%45#!<65 02'$-<6'!%0 +04+%6<+ $*?!#-;;*%0!-<62N%##!> N!-
<4%H!0-6%45#!<65P, N!<1!4512 ;*<4! ;4%#!0 0 1-OH!7 */ #*f '-0-
#! !H#!72 */ ;*<%4 Z*?!#-;;*. Q'* h6!7 1!4*;%<60- 6!#-
*#0%'0-4!0 * N!426!#-*#6%'0-4!0 0 1-OH!7 02'$-<6'!% 6-1O% '-0-
#: ;*<4-7 Z*?!#-;;*, * 0%4*;*#: 6!#-*#6%'0-4!0 * N!426!#-
*#6%'0-4!0 0:'-O-P6<+ ;%'%/ ;*<4- Z*?!#-;;*. G*f!6!7*;%<1!% 
H%'%0! <%7%><60- 02'$-<6'!%0 +04+%6<+ !?!?M%#*%7 H%'%0- */-
0%<6#!> /-H-;* Z*?!#-;;* ! 1'!4*1-f.  

8 H!14-H% N'%H<6-04+P6<+ H-##:% N! *<<4%H!0-#*P /#-;%-
#*+ 02'$-<6'!%0 H4+ 6%!'** 72/:1-45#!> ,-'7!#** * 1!7N!/*6!'-
<1!> N'-16*1*, 014P;-+ H-##:% N! /021!0:7 1!#<!#-#<-7 0 #!0:f 
<6'!+f, <!/H-#*P #!0:f *#<6'27%#6!0 * N'. 

Z7<,3(<03( 
1.  !#!N%45;%#1! d.B., I27%' W.d. b " YYYW, 1975, 6. 223, q2, <. 471-
474 
2. Q%62f!0 S.8. :4T+=V)4f -')'T=34, 46-'*+Q -')'T=V'?31-1 31O4, [1-
]'g1F?T1%V=91?T7. @., IvG, 2008  
3. Petoukhov S.V., He M. Symmetrical analysis techniques for genetic systems 
and bioinformatics: Advanced Patterns and Applications. Hershey, USA: 
2009. 
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 "/,9? <,&$<"'"; &"99,&677 /9* 8"7$&(  
725"3+(677 2( ,$<,$<',22LV *UL&(V: 
&9:E,'L, $9"'(, 7V $'*U7 7 &"2<,&$<L  

@.B.  '%>#%< 
``` «E 0$Y"|J cJM"`_`H$$» 

G%><602PM*% N!*<1!0:% <*<6%7: * 7%f-#*/7: N!*<1- 6%1-
<6!0!> *#$!'7-)** 0 ,4!?-45#:f * 4!1-45#:f *#$!'7-)*!##:f 
<%6+f *<N!45/2P6 <4!0-'#:% *#H%1<: 0 1-;%<60% !'*%#6*'!0-##:f 
#- '%_%#*% /-H-; N!*<1- 7!H%4%> 6%1<6!0:f *#$!'7-)*!##:f '%-
<2'<!0. Q!h6!72 0 N!*<1!0:f 7-_*#-f X#6%'#%6- 4%,1! #->6* *<-
6!;#*1 <6*f!60!'#!> <6'!;1* (1-1 N'-0*4!, #-?!' <4!0 0 <6*f!-
60!'#!7 $'-,7%#6% 2#*1-4%#), #! ;-<6! ?:0-%6 6'2H#! <$!'7*'!-
0-65 -H%10-6#:> /-N'!< H4+ N!*<1- #%!?f!H*7!> *#$!'7-)**, *#-
H*0*H2-45#:% <4!0-'#:% f-'-16%'*<6*1* 1!6!'!> -N'*!'* #% +<-
#: N!45/!0-6%4P.  '2N#%>_*% N!*<1!0:% 7-_*#: N:6-P6<+ 
!?!>6* 6'2H#!<6*, <0+/-##:% < #%H!<6-6!;#!> h$$%16*0#!<65P 
N'!<6%>_%> 7!H%4* *#$!'7-)*!##:f '%<2'<!0, /- <;%6 $!'7*'!-
0-#*+ h4%7%#6-'#!> 7!H%4* N!*<1!0!,! N!0%H%#*+ – N'*04%;%#*+ 
<6-6*<6*1* * *<6!'** /-N'!<!0, 014P;-PM*f <4!0- */ /-N'!<- 
1!#1'%6#!,! N!45/!0-6%4+. @: '-/0*0-%7 -456%'#-6*0#:% N!Hf!-
H:. 

8 H-##!> '-?!6% N'%H4!O%#! *<N!45/!0-65 H4+ !',-#*/-)** 
N!*<1- 6%1<6!0!> *#$!'7-)** <%7-#6*;%<1*% 7!H%4* 6%1<6!0:f 
1!44%1)*>, $!'7*'2%7:% < N'*7%#%#*%7 *#$!'7-)*!##!> 6%f#!-
4!,** dZgeK d ^PdM^S ®, 1!6!'-+ 0:;*<4*6%45#! $!'7*'2-
%6 7!H%4* <%7-#6*1* !6H%45#:f H!127%#6!0 0 $!'7% <N*<1!0 <4!0 
< 0%<-7*. S4!0-, 0f!H+M*% 0 6-1*% <N*<1* «14P;%0:f» <4!0, !N'%-
H%4+P6<+ 1-1 #-*?!4%% <*45#! <0+/-##:% 0 1!#1'%6#!7 H!127%#6% 
0 #%1!6!'!7 1!7?*#-6!'#!7 <7:<4%. j1-/-4!<5, ;6! h6* 7#!O%<6-
0- <4!0 +04+P6<+ 2#*1-45#:7* * 0!<N'!*/0!H*7:7* f-'-16%'*-
<6*1-7* H!127%#6-, - 6-1O% #!<*6%4+7* !<#!0#!> 6%7-6*1* * <!-
H%'O-#*+ H!127%#6-. @!H%4* <%7-#6*1* !6H%45#:f H!127%#6!0 
N!/0!4+P6 0:;*<4*6%45#! #-f!H*65 <!H%'O-6%45#! ?4*/1*% 6%1-
<6:. l6! !?%<N%;*0-%6 0 1!44%1)*+f !?u%7!7 H! 10–15 6:<+; 6%1-
<6!0 0:;*<4*6%45#:> N!*<1 6%7-6*;%<1* !H#!'!H#:f ,'2NN H!12-
7%#6!0 0 !6<26<60*% -N'*!'#!> *#$!'7-)** ! #-4*;** * <!<6-0% 
6-1*f ,'2NN (/-H-;- 14-<6%'*/-)** 6%1<6!0!> 1!44%1)**) * 0:;*<-
4*6%45#!% $!'7*'!0-#*% 14P;%0:f <4!0 * -##!6-)*> ,'2NN 6%1-
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<6!0 (<%7-#6*;%<1!> 7!H%4* 1!44%1)** 21-/-##!,! !,'-#*;%##!,! 
!?u%7- *, !H#!0'%7%##!, 7!M#!,! #-0*,-)*!##!,! <'%H<60-). 

8 #-<6!+M%> '-?!6% H4+ N'-16*;%<1* #%!,'-#*;%##:f N! 
!?u%72 1!44%1)*> 6%1<6!0 #- %<6%<60%##!7 +/:1% <H%4-# <4%H2P-
M*> _-, – 7!H%45 <%7-#6*1* 1!44%1)** <6'!*6<+ #%N!<'%H<60%##! 
#- !<#!0-#** 7!H%4%> <%7-#6*1* !6H%45#:f H!127%#6!0. G4+ h6!-
,! <4!0-'#:> <!<6-0 N!<4%H#*f 7!H%4%> !?u%H*#+%6<+ * 2N!'+H!-
;*0-%6<+ N! #%0!/'-<6-#*P <277-'#!,! 0%<- <4!0 0 H!127%#6-f 
1!44%1)**. j?M*> !?u%7 <N*<1- <4!0, 014P;%##:f 0 7!H%45 <%-
7-#6*1* 1!44%1)**, !,'-#*;*0-%6<+ #-4*;*%7 f!6+ ?: !H#!,! 
<4!0- */ <N*<1- N!;6* 0 1-OH!7 H!127%#6% 1!44%1)**. G4+ !',--
#*/-)** N'!)%<<!0 N!*<1- *#$!'7-)** ?2H%7 *<N!45/!0-65 <%-
7-#6*;%<12P 7!H%45 * '%/2456-6: %% -#-4*/-. 8!-N%'0:f, 7#!O%-
<60- <4!0, <0+/-##:f 0 '-71-f 1!44%1)** N! 1!7?*#-6!'#!72 1'*-
6%'*P, $!'7-45#! -#-4!,*;#!72 1!7?*#-6!'#!72 1'*6%'*P H4+ 
0:+04%#*+ 14P;%0:f <4!0 !6H%45#:f H!127%#6!0. 8!-06!':f, 
7#!O%<60- <4!0, H4+ 1!6!':f f-'-16%'%# !?M*> 1!#6%1<6 0 '-71-f 
<4!0, 014P;%##:f 0 <%7-#6*;%<12P 7!H%45 1!44%1)** ($!'7-45-
#:> -#-4!, '%_%#*+ /-H-;* 14-<6%'*/-)** 6%1<6!0!> 1!44%1)** 
H4+ 7#!O%<60 <4!0, *<N!45/!0-#*% 1!6!':f <0+/-#! N! 2N!7+#2-
6!72 1!7?*#-6!'#!72 1'*6%'*P). @#!O%<60- N%'0!> 1-6%,!'** 
N!1-/:0-P6 #-4*;*% <7:<4!0:f <0+/%> <4!0. d4*/1*> 1!#6%1<6 
*<N!45/!0-#*+ !N'%H%4+%6 ,'2NN: <4!0, f-'-16%'#:% H4+ !H#!> 
N'%H7%6#!> !?4-<6* (6%7-6*1*). 8 <%7-#6*;%<1!> 7!H%4* 1!44%1-
)** 2H-%6<+ $!'7-45#! 0:H%4*65 <4!0-, !/#-;-PM*% !6H%45#:% 
!<!?! /#-;*7:% 6%7: (!#* 0:H%4+P6<+ */ !?M*f 1!#6%1<6!0 0 
'-71-f <%7-#6*;%<1!> 7!H%4*), * <4!0-, !N'%H%4+PM*% <6*4*<6*-
;%<1*% !<!?%##!<6* 0<%> 1!44%1)** (#%h$$%16*0#:% H4+ *<N!45-
/!0-#*+ N'* N!*<1%). I-/4*;*+ <7:<4!0:f <0+/%> * 1!#6%1<6!0 
*<N!45/!0-#*+ <4!0 <2M%<60%##: H4+ *H%#6*$*1-)** 0-O#!> *#-
$!'7-)**. d2H26 N'*0%H%#: 1!#1'%6#:% N'*7%': * '-<<7!6'%#: 
6%f#!4!,*;%<1*% 0!/7!O#!<6* *<N!45/!0-#*+ N'%H4!O%##:f 1!#-
<6'21)*> H4+ !',-#*/-)** h$$%16*0#!,! <7:<4!0!,! N!*<1- 6%1-
<6!0!> *#$!'7-)** #- %<6%<60%##:f +/:1-f. 
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I 2,&"<"3LV 8"/V"/(V ' U(/(E(V +"/,973"'(27**  
D. . 2/57*#- 

<Hce =].  .".cF[16'94 – < $ ("$e), <4&4)7, W1??=f 
Q'*7%#*6%45#! 1 /-H-;-7 7!H%4*'!0-#*+ 0 H*#-7*1% <4!O-

#:f <*<6%7 < 7#!,!0'%7%##:7* 7-<_6-?-7* '-/0*0-P6<+ N!#+6*+ 
* 7%6!H: 14-<<*;%<1!> 6%!'** 2<6!>;*0!<6*, '-<<7-6'*0-%6<+ 
!?!?M%#*% N'*#)*N- <0%H%#*+ H4+ !?M%,! 1-;%<60%##!,! -#-4*/-. 
K- ?-/% %H*#!,! N!Hf!H-, < 1!7?*#*'!0-#*%7 6'-H*)*!##:f 7%-
6!H!0 6%!'** 2<6!>;*0!<6* * 6%!'** 0!/72M%#*> 00!H*6<+ *<f!H-
#-+ N!<6-#!01-, N!/0!4+PM-+ <0!H*65 '%_%#*% /-H-; 7!H%4*'!0--
#*+ 1 '%,24+'#!> <f%7%. Q'%H4-,-P6<+ <*<6%7-6*;%<1*% N'!)%H2-
': H4+ N!<6'!%#*+ <*<6%7 <'-0#%#*+ (2N'!M%##:f 7!H%4%>). Q'* 
h6!7 0 1-;%<60% N!'!OH-PM%> <*<6%7: *, <!!60%6<60%##!, 0 1-;%-
<60% N!'!OH-PM%,! '%_%#*+ N'*#*7-P6<+ #%4*#%>#-+ (N! <!0!-
12N#!<6* 0<%f 00%H%##:f N%'%7%##:f) <*<6%7- *, <!!60%6<60%##!, 
%% '%_%#*%. eH%<5, 0 !64*;*% !6 6'-H*)*!##:f N!Hf!H!0, N!'!O-
H-PM-+ <*<6%7- – <*#,24+'#! 0!/72M%##-+, - N!'!OH-PM%% '%-
_%#*% #% %<65 0:'!OH%##!%. 

Q'*7%#*6%45#! 1 <6'2162'% 7%f-#*1!-7-6%7-6*;%<1*f 7!-
H%4%> < ?!45_*7* * 7-4:7* N-'-7%6'-7*, 7!H%4*'2PM*f H*#--
7*;%<1*% N'!)%<<: #- N'*7%'% <*<6%7 <6-?*4*/-)**, !'*%#6-)** 
* 2N'-04%#*+, < 2;%6!7 *f f-'-16%'#:f !<!?%##!<6%> H-%6<+ '-/-
0*6*% 7%6!H*1* < N!<6'!%#*%7 2N'!M%##:f 7!H%4%> 0 1-;%<60% 
'-<;%6#:f (s-7!H%4%>). I-/'-?-6:0-%7:> -4,!'*67, !<#!0-##:> 
#- 7%6!H!4!,** 6%!'** 2<6!>;*0!<6* E.@.D+N2#!0-, < '-<_*'%#*-
%7 N!<6-#!0!1 K.B.x%6-%0-, Q.E. 2/57*#-, 8.8.I27+#)%0-, H!0%-
H%##:> H! *#O%#%'#!,! 2'!0#+, N!/0!4+%6 N! '-/'-?!6-##!> <f%7% 
0 '-71-f N!<6-04%##!> H*#-7*;%<1!> /-H-;* '-/H%4+65 N-'-7%6': 
* N%'%7%##:% 0 *<f!H#!> <*<6%7% #- <2M%<60%##:% * #%<2M%<6-
0%##:%, 0:+04+65 #%<2M%<60%##:% <6%N%#* <0!?!H: < N!<4%H2P-
M*7 N%'%f!H!7 1 1!''%16#!> '%H2)*'!0-##!> 7!H%4* (*H%-4*/*-
'!0-##!> 0 <!!60%6<602PM%7 <7:<4%), < 0:+<#%#*%7 04*+#*+ !6-
?'!_%##:f #%*H%-45#!<6%> #- H*#-7*;%<1*% <0!><60-. j6H%45#:> 
*#6%'%< N'%H<6-04+%6 /-H-;- ! N!<6'!%#** !N6*7-45#!> 7%f-#*1!-
                                                
* I-?!6- 0:N!4#+%6<+ N'* N!HH%'O1% I!<<*><1!,! Z!#H- Z2#H-7%#6-45-
#:f X<<4%H!0-#*>. 
 



153 

7-6%7-6*;%<1!> 7!H%4*, 7*#*7-45#!> 7!H%4* (N! K.K.@!*<%%02), 
N'*%74%7!> 0 '-71-f N!<6-04%##!> /-H-;* 0 N'*14-H#:f !?4-<-
6+f, H4+ <*<6%7 < '-/#!7-<_6-?#:7* N%'%7%##:7*. 

Q!42;%##:% '%/2456-6: *44P<6'*'2P6<+ #- N'*7%'-f <*<-
6%7 1!#1'%6#!,! $*/*1!-6%f#*;%<1!,! <!H%'O-#*+. 

`87/,+7"9"D7* <0=,3&09,U(:  
(2(97U 3,D7"2(9?2LV "$"=,22"$<,; 7 $3('2,27, 

83"D3(++ &"2<3"9*  
j.E. @%45#*;%#1! 

:He =]. :... _1]1)1?194 
@-6%7-6*;%<1!% 7!H%4*'!0-#*% +04+%6<+ 0-O#:7 *#<6'2-

7%#6!7 0 hN*H%7*!4!,**. j#! N!/0!4+%6 */2;-65 N'!)%<<: '-<-
N'!<6'-#%#*+ *#$%1)*!##:f /-?!4%0-#*>, H%4-65 N'!,#!/: * '-/-
'-?-6:0-65 N'!,'-77: 1!#6'!4+. 

c%4* H-##!> '-?!6: /-14P;-4*<5 0 *<<4%H!0-#** N'!)%<<- 
'-<N'!<6'-#%#*+ 62?%'124%/- 0 '%,*!#-f c%#6'-45#!,! $%H%'-45-
#!,! !1'2,- IZ, 0:+04%#** '%,*!#-45#:f !<!?%##!<6%> h6!,! 
N'!)%<<- * <'-0#%#** N'!,'-77 1!#6'!4+.  

8 '-?!6% '-<<7!6'%#- 7-6%7-6*;%<1-+ 7!H%45, !N*<:0-PM-+ 
!<#!0#:% !<!?%##!<6* '-<N'!<6'-#%#*+ 62?%'124%/- 0 I!<<** [1]. 
8 !?M%7 0*H% 7!H%45 7!O%6 ?:65 /-N*<-#- <4%H2PM*7 !?'-/!7 
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S N!7!M5P 7%6!H- <!N'+O%##:f 2'-0#%#*> *<<4%H!0-#- 
;20<60*6%45#!<65 '%_%#*> 7!H%4*  1 */7%#%#*P N-'-7%6'!0. G4+ 
0-'*-)** $2#1)*!#-4-, /-H-##!,! 0 0*H% <1-4+'#!,! N'!*/0%H%-
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#*+, N!42;%#! 0:'-O%#*% ;%'%/ 0-'*-)*P N-'-7%6'!0 7!H%4*, '%-
_%#*% *<f!H#!> * <!N'+O%##!> /-H-; [2]. 

8 1-;%<60% $2#1)*!#-4!0 /-H-#: !<#!0#:% hN*H%7*!4!,*-
;%<1*% N!1-/-6%4*: H!4+ ?!45#:f * H!4+ *#$*)*'!0-##:f *#H*0*-
H!0. I-<;%6: N'!0!H*4*<5 H4+ 14 '%,*!#!0, 0f!H+M*f 0 <!<6-0 
cZj IZ. 

8 '%/2456-6% -#-4*/- ;20<60*6%45#!<6* '-<<7!6'%##:% '%-
,*!#: '-/H%4%#: #- 3 ,'2NN: N! <N!<!?2 N!HH%'O-#*+ *#$%1)** 0 
N!N24+)**. 8 '%,*!#-f 1 6*N- 0%H2M*7 +04+%6<+ N'!)%<< -16*0--
)** *#$%1)** 2 4*), *#$*)*'!0-##:f 0 H%6<60%; 0 '%,*!#-f 2 6*-
N- H!N!4#*6%45#:> 014-H 0#!<*6 N'!)%<< *#$*)*'!0-#*+ 0 <'%H% 
0/'!<4!,! #-<%4%#*+; 0 '%,*!#-f 3 6*N- - ?:<6'!% '-/0*6*% ?!4%/-
#* N!<4% *#$*)*'!0-#*+. 

[-1O% N'!0%H%#! <'-0#%#*% <6'-6%,*> 1!#6'!4+, #-N'-04%#-
#:f #- 242;_%#*% 0:+04%#*+ * 242;_%#*% 4%;%#*+ ?!45#:f. 
S6'-6%,**, !'*%#6*'!0-##:% #- 4%;%#*% ?!45#:f, N'*0!H+6 1 
<#*O%#*P ;*<4%##!<6* ?!45#:f, N!42;-PM*f 4%;%#*%, #! N'-1-
6*;%<1* #% !1-/:0-P6 04*+#*+ #- ;*<4! *#$*)*'!0-##:f *#H*0*-
H!0 * #%0:+04%##:f ?!45#:f. S6'-6%,**, !'*%#6*'!0-##:% #- 0:-
+04%#*%, N!/0!4+P6 27%#5_*65 1-1 ;*<4! ?!45#:f, 6-1 * ;*<4! 
*#$*)*'!0-##:f, ;6! H%4-%6 *f ?!4%% h$$%16*0#:7*.  

[-1*7 !?'-/!7, 0 '-<<7!6'%##:f 14 '%,*!#-f cZj IZ !6-
4*;-P6<+ 7%f-#*/7: N!HH%'O-#*+ *#$%1)** 0 N!N24+)**, !H#-1! 
#-*?!4%% h$$%16*0#:7* <6'-6%,*+7* 1!#6'!4+ 62?%'124%/- H4+ 
0<%f '%,*!#!0 +04+P6<+ N'!,'-77:, #-N'-04%##:% #- N!0:_%#*% 
1-;%<60- 0:+04%#*+ ?!45#:f. 

Z7<,3(<03( 
1. Melnichenko O.A., Romanyukha A.A. A model of tuberculosis epidemi-

ology: estimation of parameters and analysis of factors influencing the dynam-
ics of an epidemic process. // Russ. J. Numer. Anal. Math. Modelling. 2008, 
vol. 23, No. 1, pp. 63-75. 

2. @%45#*;%#1! j.E. @!H%45 '-<N'!<6'-#%#*+ 62?%'124%/-: -#-4*/ 
;20<60*6%45#!<6* // ['2H: 4 @%OH2#-'!H#!> 1!#$%'%#)** N! N'!?4%-
7-7 2N'-04%#*+, 2009, <6'. 857-863. 
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 (<,+(<7E,$&(* +"/,9? /9* "6,2&7  
X55,&<7'2"$<7 'L*'9,27* 72/7'7/00+"',  

83,/3($8"9".,22LV & &"9"2"3,&<(9?2"+0 3(&0*  
 K.8. Q%')%0, 8.K. D%!#%#1!, ].W. v!726!0- 

`]?3=% i=6=46 $)?T=TFT4 ]4T']4T=3=  Y` W " 
`]?34f 1*64?T)4f 36=)=V'?34f *167)=84   

I-##++ H*-,#!<6*1- * 0:+04%#*% N!4*N!0 H4+ 4PH%> <6-'_% 
50 4%6 <2M%<60%##! <#*O-%6 '*<1 '-/0*6*+ * <7%'6#!<65 #-<%4%-
#*+ !6 1!4!#!'%16-45#!,! '-1- ( II). 8 #-<6!+M%% 0'%7+  #-'+H2 < 
6'-H*)*!##:7   7%6!H!7  $*?'!1!4!#!<1!N** (Z S)   #-;*#-%6 
-16*0#!  N'*7%#+65<+ 7%6!H 0*'62-45#!> 1!4!#!<1!N** (8 S), 
!'*%#6*'!0-##:> #- !?<4%H!0-#*% #-<%4%#*+ < N!7!M5P  1!7N5-
P6%'#!,! 6!7!,'-$-.  -OH:> */ h6*f 7%6!H!0 *7%%6 <0!* 1!#-
1'%6#:% !<!?%##!<6*, <0+/-##:% < h$$%16*0#!<65P 0:+04%#*+ 
N!4*N!0,  !',-#*/-)*%> * <6!*7!<65P !?<4%H!0-#*+ N-)*%#6!0. 
c%45P #-<6!+M%> '-?!6: +04+%6<+ N!<6'!%#*% 7-6%7-6*;%<1!> 
7!H%4*, !N*<:0-PM%> '!<6 N!4*N!0 2 *#H*0*H227!0 <6-'_% 50 
4%6, * !)%#1- h$$%16*0#!<6* 0:+04%#*+ 6-1*f *#H*0*H227!0 < 
N!7!M5P Z S * 8 S.  

I-<<7-6'*0-%6<+ ,*N!6%6*;%<1-+ N!N24+)*+, <!<6!+M-+ */ 
*#H*0*H227!0 0!/'-<6- 40 * ?!4%% 4%6.  8<+ N!N24+)*+  '-/?*0-%6-
<+ #- 6 ,'2NN: 
   N – *#H*0*H227: ?%/ N!4*N!0, 
   D – 27%'_*% *#H*0*H227: (?%/ 2;%6- <7%'6#!<6* !6  II), 
   S – *#H*0*H227: < N!4*N-7* H! 6 mm *  6 | 9 mm, 
   V – 0:+04%##:% *#H*0*H227: < N!4*N-7* H! 6 mm *  6 | 9 mm, 
   U – 0:+04%##:% *#H*0*H227: < N!4*N-7* <0:_% 9 mm, 
   W – #%0:+04%##:% *#H*0*H227: < N!4*N-7* <0:_% 9 mm.  

Q'!H!4O*6%45#!<65 0'%7%#* O*/#* *#H*0*H227!0 !N*<:-
0-%6<+ <42;->#!> 0%4*;*#!> < '-<N'%H%4%#*%7 @%>1f%7--
B!7N%')-.  K-;*#-+ < 0!/'-<6- 40 4%6, *#H*0*H227 7!O%6 N!N-<65  
0 ,'2NN2 '*<1- < 6!;1* /'%#*+  '-/0*6*+  II (0!/#*1#!0%#*% N!-
4*N!0). l6!6 '*<1 /-0*<*6 !6 0!/'-<6- *#H*0*H227-. DP?!> *#H*-
0*H227 7!O%6 <-7!<6!+6%45#! !?'-6*65<+ 1 0'-;2 4*?!  7!O%6 N!-
N-<65 #- !?<4%H!0-#*% N! N'!,'-77% <1'*#*#,- ()%4%#-N'-04%#-
#:> N%'*!H*;%<1*> !<7!6').  Q!4*N:  0:+04+P6<+ < #%1!6!'!> 
                                                
*  I-?!6- N!HH%'O-#- IZZX,  N'!%16 N 09-01-00098-a. 



 156

0%'!+6#!<65P, 1!6!'-+ /-0*<*6 1-1 !6  *f '-/7%'-, 6-1  * !6 *<-
N!45/2%7!,! 7%6!H- (Z S *4* 8 S).   -OH!72 *#H*0*H2272 '%-
1!7%#H2%6<+ N4-#!0!%  N!<%M%#*% 0'-;- 0 !N'%H%4%##!7  0!/'-<6%, 
#-N'*7%', 50, 60 * 6.H. 4%6.  j?'-M%#*% 1 0'-;2 f-'-16%'*/2%6<+ 
H027+ N-'-7%6'-7*:  -H,%'%#6#!<65 – O%4-#*% *#H*0*H227- N'!-
f!H*65 !?<4%H!0-#*% 0 N%'0:> '-/, 1!7N4-%#6#!<65 –  O%4-#*% *#-
H*0*H227- N'!f!H*65 !?<4%H!0-#*% N!06!'#!.  I!<6 N!4*N!0 H4+ 
1!#1'%6#!,! *#H*0*H227- /-H-%6<+ 2'-0#%#*%7 
                 ,)0(,...,2,1)),(1()1()( 0xxtttxtx ==+−= α               
,H%  )(tx  – '-/7%' N!4*N!0 (mm) #- 7!7%#6 0'%7%#* t, 1!6!':> 
!6<;*6:0-%6<+ !6 N!+04%#*+ N!4*N!0 0 #%1!6!'!7 0!/'-<6% (t = 0),  
0%4*;*#- )(tα  !6'-O-%6 6%7N N'*'!<6- N!4*N!0 /- !H*# ,!H 0 /--
0*<*7!<6* !6 6%12M%,! '-/7%'-.        ]<4* '-/7%' N!4*N!0 <0:_% 9  
mm, 6! *#H*0*H227 N!N-H-%6 0 ,'2NN2 0:<!1!,! '*<1- N! H-45-
#%>_%72 '-/0*6*P  II. 

Q'%H<6-04%#: '%/2456-6: 0:;*<4*6%45#:f h1<N%'*7%#6!0 
H4+ N!N24+)** */ N = 100000 *#H*0*H227!0. j)%#%#: <'%H#*% 
;*<4%##!<6* ,'2NN U, W H4+ '-/4*;#:f /#-;%#*> N-'-7%6'!0 7!-
H%4*. C<6-#!04%#!, ;6! 8 S *7%%6 N'%*72M%<60! N%'%H Z S N'* 
2'!0#% 1!7N4-%#6#!<6* 0.8 H4+ 8 S *  0.3 – 0.5 H4+ Z S.   I%/245-
6-6: 0:;*<4%#*> N!1-/:0-P6, ;6!  N'*7%#%#*% 8 S 7!O%6 N'*-
0!H*65 1 <2M%<60%##!72 <#*O%#*P ;*<4%##!<6%> ,'2NN U, W. 

Z7<,3(<03( 
1. Pickhardt P.J., et al. Cost-Effectiveness of Colorectal Cancer Screening 

with Computed Tomography Colonography // Cancer, June 1, 2007, V.109, 
N.11, pp.2213-2221. 

2. Luebeck E.G., et al. Multistage carcinogenesis and the incidence of colo-
rectal cancer // PNAS, November 12, 2002, V.99, N.23, pp.15095-15100. 

3. B%'!#6!4!,*+ in silico: <6-#!04%#*% #!0!> H*<)*N4*#:: @-6%7-6*-
;%<1*% 7!H%4*, -#-4*/ H-##:f * 0:;*<4*6%45#:% h1<N%'*7%#6:. S?!'-
#*1 #-2;#:f 6'2H!0. Q!H '%H. B.X. @-';21- * H'. @.: dXKj@, 2007.  
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>"//,3.&( 8372*<7* 3,],27; 837 "&(U(277  
X&$<3,22"; 8"+"F7 ' E3,U'LE(;2LV $7<0(67*V*  

E.d.Q%6'!0<1*>1, E.8.S7*'#!02, [.8.D%0-_!0-2 
1. $)?T=TFT ?=?T'])1-1 4)46=&4 W ",  

2 Y4)3T-C'T'+*F+-?3=% =)?T=TFT =)i1+]4T=3= =  
49T1]4T=&48== W " 

Q!HH%'O1- N'*#+6*+ '%_%#*> 0 !61':6!> *#$!'7-)*!##!> 
<'%H% <0+/-#- < #%!?f!H*7!<65P -#-4*/- * !?'-?!61* ?!45_*f 
!?u%7!0 H*#-7*;%<1!> *#$!'7-)**, N!<62N-PM%> !6 -06!#!7#:f 
'%<2'<!0. 8 '-?!6% N'%H4-,-%6<+ 1!#)%N62-45#-+ 7!H%45 N!HH%'O-
1* N'*#+6*+ '%_%#*> 0 !61':6!> *#$!'7-)*!##!> <'%H% N'* !1--
/-#** h1<6'%##!> N!7!M* 0 ;'%/0:;->#:f <*62-)*+f (xS), 1!6!-
'-+ !?%<N%;*0-%6 !N%'-6*0#!% N!42;%#*% 1-'6*#: 6%12M%> <*62--
)** /- <;%6 *<N!45/!0-#*+ /#-#*> N'!?4%7#!> !?4-<6*, 27%#5_%-
#*+ !?u%7!0 N!<62N-PM%> *#$!'7-)** * <!1'-M%#*+ 0'%7%#* #- 
%% !?'-?!612. 8 1!#)%N62-45#!> 7!H%4* 0:H%4+P6<+ N!H,!6!0*-
6%45#-+ * h1<N42-6-)*!##-+ <6-H** N!HH%'O1* N'*#+6*+ '%_%#*+. 

K- N!H,!6!0*6%45#!> <6-H** h1<N%'6-7* N'!?4%7#!> !?4-<-
6*: 

1. S!/H-%6<+ !#6!4!,*+ N'!?4%7#!> !?4-<6* «2N'-04%#*% ;'%/-
0:;->#:7* <*62-)*+7*» (N'*14-H#-+ !#6!4!,*+), 1!6!'-+ /-H-%6 
*#6%#<*!#-45#!% !N*<-#*% /#-#*> N'!?4%7#!> !?4-<6* [1]. j#6!-
4!,*+ N!HH%'O*0-%6 $!'7-4*/-)*P /#-#*>, <!,4-<2PM2P<+ <! 
<N%)*$*1-)*%> /-H-;* 2H!04%60!'%#*+ !,'-#*;%#*>.  

2. jN'%H%4+P6<+ *7%PM*%<+ -06!#!7#:% '%<2'<: !61':6!> 
*#$!'7-)*!##!> <'%H:.  

3. S!/H-P6<+ * '%,*<6'*'2P6<+ Web-<%'0*<:, *<N!45/2%7:% 
H4+ 7!H%4*'!0-#*+ $2#1)*> '%<2'<!0 <'%H:. 

l1<N42-6-)*!##-+ <6-H*+ <!<6!*6 */ <4%H2PM*f h6-N!0. 
1. D*)!, N'*#*7-PM%% '%_%#*+ (DQI), /-H-%6 6*N xS, 0 1!6!-

'!> 6'%?2%6<+ N!HH%'O1- N'*#+6*+ '%_%#*+. 8!/7!O#:% 6*N: xS 
<N%)*$*)*'!0-#: 0 N'*14-H#!> !#6!4!,**. 

2. X/ N'*14-H#!> !#6!4!,** */04%1-P6<+ /#-#*+, '%4%0-#6#:% 
'-<<7-6'*0-%7!72 6*N2 <*62-)**, 1!6!':% *#6%,'*'2P6<+ 0 -?<6-
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (N'!%16: 08-01-00247,  
08-07-00264, 09-07-12111), N'!,'-77: Q'%/*H*27- IEK «X#6%44%162-45#:% *#-
$!'7-)*!##:% 6%f#!4!,**, 7-6%7-6*;%<1!% 7!H%4*'!0-#*%, <*<6%7#:> -#-4*/ * 
-06!7-6*/-)*+» (N'!%16: 207, 213) 
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'-16#:> 1!#6%1<6, N'%H<6-04+PM*> <!?!> !#6!4!,*;%<12P 7!H%45 
<*62-)**. X#6%,'*'2%7:% /#-#*+ 014P;-P6 0 <%?+ 1!#)%N62-45-
#:% /#-#*+ (<N%)*$*1-)*+ !?u%16!0 '%-45#!,! 7*'-, 0!04%;%##:f 
0 xS) * /#-#*+ ! /-H-;-f (<N%)*$*1-)*+ /-H-;). Q%'0!!;%'%H#!> 
/-H-;%> N'* xS +04+%6<+ <!<6-04%#*% N4-#- H%><60*> 2;-<6#*1!0 
!N%'-)** N! !1-/-#*P h1<6'%##!> N!7!M*.  

3. K- !<#!0-#** !6!?'-O%#*> 7%OH2 N'*14-H#!> !#6!4!,*%> * 
!N*<-#*+7* Web-<%'0*<!0 */ 7#!O%<60- /-'%,*<6'*'!0-##:f 
Web-<%'0*<!0 $!'7*'2%6<+ #-?!' 1!#6%1<6#!-/-0*<*7:f Web-
<%'0*<!0, H4+ !N*<-#*> 1!6!':f <2M%<602P6 !6!?'-O%#*+ 0 /#--
#*+, 0!_%H_*% 0 -?<6'-16#:> 1!#6%1<6.  

4. X/ #-?!'- 1!#6%1<6#!-/-0*<*7:f Web-<%'0*<!0 $!'7*'2%6<+ 
<%65 Web-<%'0*<!0 #- !<#!0-#** 1'*6%'*%0 h$$%16*0#!<6*, 0 1--
;%<60% 1!6!':f 0:<62N-P6 1'*6%'** #-*?!45_%> $2#1)*!#-45#!-
<6* * #-*?!45_%,! 0%<- '%<2'<-. 

5. S%65 Web-<%'0*<!0 N!'!OH-%6 N'*14-H#!> 1!#6%1<6, 1!6!-
':> <42O*6 1!#1'%6*/-)*%> -?<6'-16#!,! 1!#6%1<6- H4+ '%-45#:f 
2<4!0*> * +04+%6<+ H4+ DQI 1-'6*#!> xS.  

6. e-H-;*, <N%)*$*)*'!0-##:% 0 -?<6'-16#!7 * N'*14-H#!7 
1!#6%1<6-f, '%_-P6<+ 1-1 /-H-;* 2H!04%60!'%#*+ !,'-#*;%#*>, 
'%/2456-6!7 ;%,! +04+%6<+ 7#!O%<60! H!N2<6*7:f '%_%#*>. 8 ;--
<6#!<6*, H4+ <!<6-04%#*+ N4-#- H%><60*> 2;-<6#*1!0 !N%'-)** N! 
!1-/-#*P h1<6'%##!> N!7!M* 0 xS '%/2456*'2PM%% 7#!O%<60! 
N'%H<6-04+%6 <!?!> #-?!': N!6%#)*-45#! 0!/7!O#:f 2;-<6#*1!0 
!N%'-)** < 0!/7!O#:7* 7-'_'26-7* *f <4%H!0-#*+.  

7. @#!O%<60! H!N2<6*7:f '%_%#*> N%'%H-%6<+ DQI H4+ 0:?!-
'- !1!#;-6%45#!,!, #-*42;_%,! < %,! 6!;1* /'%#*+ '%_%#*+ [2], 
1!6!'!% <;*6-%6<+ N'*#+6:7 '%_%#*%7. 

8. E?<6'-16#:> * N'*14-H#!> 1!#6%1<6: <!f'-#+P6<+ 0 -'f*0% 
1!#6%1<6!0, - 7#!O%<60! <,%#%'*'!0-##:f '%_%#*> * N'*#+6!% 
'%_%#*% <!f'-#+P6<+ 0 N'!$*4% DQI. 

Z7<,3(<03( 
1. Q!<N%4!0 G. E. Y=TF48=1))1' F[+496')=': T'1+=f = [+43T=34. – @: 

K-21-, 1986. 288 <.  
2. Q%6'!0<1*> E. d. c'1+=f [+=)fT=f +'P')=%. – @.: X/H-6%45<1*> 

)%#6' «E1-H%7*+», 2009. 400 <.  
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f27<(32L, $7++,<377 7 +(<37E2L, "8,3(<"3L 
D,2,<7E,$&"D" &"/( 

S.8.Q%62f!0 
$)?T=TFT ]4P=)19'O')=f W " 

d*!4!,*;%<1-+ h0!4P)*+ ?-/*'2%6<+ #- #-<4%H2%7:f !N%'--
)*+f '-/0!'-;*0-#*+ * 6*'-O*'!0-#*+ !N'%H%4%##:f $!'7 2N!'+-
H!;%#*+. G!14-H N!<0+M%# *<<4%H!0-#*P *7%PM*f<+ <0+/%> 7%O-
H2 7-6'*;#:7* $!'7-7* N'%H<6-04%#*+ ,%#%6*;%<1!,! 1!H- * 
2#*6-'#:7* 7-6'*;#:7* !N%'-6!'-7*.  

X#6%'%< 1 0!/7!O#!> '!4* 2#*6-'#:f <*77%6'*> H4+ 7-6%-
7-6*;%<1!,! 7!H%4*'!0-#*+ ,%#%6*;%<1*f N'!)%<<!0 * <*<6%7 !N-
'%H%4%#, N'%OH% 0<%,!, H027+ !?<6!+6%45<60-7*. 8!-N%'0:f, 7!4%-
124: ,%#%6*;%<1!,! 1!H- N'*#-H4%O-6 7*1'!7*'2, N!H;*#%##!72 
/-1!#-7 10-#6!0!> 7%f-#*1*. 8 N!<4%H#%> 0-O#2P '!45 *,'-P6 
2#*6-'#:% 7-6'*;#:% !N%'-6!':, N!<1!4512 h0!4P)*+ /-71#26!> 
10-#6!0!> <*<6%7: +04+%6<+ 2#*6-'#!>. 8!-06!':f, */0%<6#- /#--
;*7!<65 2#*6-'#:f <*77%6'*> 0 6%!'** h4%7%#6-'#:f ;-<6*), 0 
1!6!'!> *7%##! #- !<#!0% h6*f <*77%6'*> ?:4 <H%4-# '+H $2#H--
7%#6-45#:f !61':6*> (<7., #-N'*7%', [I27%', Z%6, 1970]). l6* 
$-16: N'*H-P6 !<!?:> <7:<4 N!*<12 0!/7!O#!<6%> -H%10-6#!,! 
N'%H<6-04%#*+ -#<-7?4%> 7!4%124+'#:f h4%7%#6!0 ,%#%6*;%<1!,! 
1!H- 0 $!'7% 2#*6-'#:f 7-6'*). [-1!> N!*<1 !<2M%<604+%6<+ -0-
6!'!7 0 '-71-f 7-6'*;#!> ,%#%6*1*, 1!6!'-+ */2;-%6 '-/4*;#:% 
-<N%16: 7-6'*;#:f $!'7 N'%H<6-04%#*+ ,%#%6*;%<1!,! 1!H-, N'%-
OH% 0<%,!, 1'!#%1%'!0<1*f <%7%><60 10-H'-6#:f 7-6'*) < +H'!7 0 
0*H% 7-6'*): [C A; T G](n), ,H% S, A, G, [ – ?210: ,%#%6*;%<1!,! 
-4$-0*6- (-/!6*<6:% !<#!0-#*+ – )*6!/*#, -H%#*#, ,2-#*#, 6*7*#), 
- (n) – 1'!#%1%'!0<1-+ <6%N%#5. 

Q'*!'*6%6 0 <6-#!04%#** 7-6'*;#!> ,%#%6*1* N'*#-H4%O*6 
!6%;%<60%##!> #-21% * 0!<f!H*6 1 N*!#%'<1!> '-?!6% ( !#!N%45-
;%#1!, I27%', 1975), 0 1!6!'!> 0N%'0:% ;%6:'% ?210: ,%#%6*;%-
<1!,! -4$-0*6- N'%H<6-04%#: 1!7N!#%#6-7* 10-H'-6#!> 7-6'*): 
06!'!,! N!'+H1- * '-<<7!6'%#- 06!'-+ 1'!#%1%'!0<1-+ <6%N%#5 
h6!> 7-6'*): H4+ */2;%#*+ <1':6:f <*77%6'*> ,%#%6*;%<1!,! 
1!H-. 8 #-<6!+M%% 0'%7+ *<<4%H!0-#*+ N! 7-6'*;#!> ,%#%6*1% -1-
6*0#! 0%H26<+ 0 I!<<** * /- '2?%O!7 (Q%62f!0, 2008; Petoukhov, 
He, 2009). 

8 H!14-H% N!1-/:0-%6<+, ;6! 2;%6 7!4%124+'#:f !<!?%##!-
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<6%> -/!6*<6:f !<#!0-#*> ,%#%6*;%<1!,! 1!H- N!/0!4+%6 %<6%<6-
0%##:7 !?'-/!7 N'*H-65 7-6'*)-7 ,%#%6*;%<1!,! 1!H- 0*H 2#*-
6-'#:f 7-6'*). j<0%M-P6<+ 7-6%7-6*;%<1*% <0!><60- 1'!#%1%-
'!0<1*f <%7%><60 h6*f 2#*6-'#:f ,%#%6*;%<1*f 7-6'*); )*14*;%-
<1*f ,'2NN 2#*6-'#:f N'%!?'-/!0-#*>, 0!/#*1-PM*f N'* 0!/0%-
H%#** h6*f 7-6'*) 0 )%4:% <6%N%#*; */7%#%#*+ 2#*6-'#:f ,%#%6*-
;%<1*f 7-6'*) N'* N%'%<6-#!01-f ,%#%6*;%<1*f h4%7%#6!0. * N'. 
j?<2OH-P6<+ N'*7%#%#*+ H-##:f 2#*6-'#:f 7-6'*;#:f !N%'-6!-
'!0 * -4,!'*67!0 #- *f !<#!0% H4+ 7!H%4*'!0-#*+ #-<4%H2%7:f 
?*!4!,*;%<1*f $%#!7%#!0: N!7%f!2<6!>;*0!,! 1!H*'!0-#*+; *%-
'-'f*> )*14*;%<1*f <6'2162' * N'!)%<<!0, <*#f'!#*/*'!0-##:f 
0! 0'%7%#*; +04%#*> N-4*#H'!7#!<6* ,%#%6*;%<1*f <%10%#)*>  * 
H'. E#-4*/*'2%6<+ 0!N'!< ! 0!/7!O#!7 *<N!45/!0-#** +/:1- 2#*-
6-'#:f <*77%6'*> 0 _*'!1!7 14-<<% N'!?4%7 ?*!4!,*;%<1!> <--
7!!',-#*/-)**. I-<<7-6'*0-P6<+ N%'<N%16*0: *<N!45/!0-#*+ <%-
7%><60 2#*6-'#:f ,%#%6*;%<1*f 7-6'*) H4+ '-/0*6*+ #!0:f 0*H!0 
,%#%6*;%<1*f -4,!'*67!0 0 *#6%'%<-f '!?!6!6%f#*1*, <*<6%7 *<-
12<<60%##!,! *#6%44%16-, N!7%f!2<6!>;*0!,! 1!H*'!0-#*+ * 6.N. 

Z7<,3(<03( 
1.  !#!N%45;%#1! d.B., I27%' W.d.  4-<<*$*1-)*+ 1!H!#!0 0 ,%#%6*-

;%<1!7 1!H%. b " YYYW, 1975, 6.223, q 2, <. 471;  
2. I27%' W.d., Z%6 E.X. c'1+=f F)=T4+)1% ?=]]'T+==. @., K-21-, 

1970. 
3. Q%62f!0 S.8. :4T+=V)4f -')'T=34, 46-'*+Q -')'T=V'?31-1 31O4, 

[1]'g1F?T1%V=91?T7. @., I%,24+'#-+ * f-!6*;%<1-+ H*#-7*1-, 2008;   
4. Petoukhov S.V., He M. Symmetrical analysis techniques for genetic sys-

tems and bioinformatics: Advanced Patterns and Applications. Hershey, USA: 
2009.  

K$$9,/"'(27* +(<37E2LV "8,3(<"3"' '  
+(<37E2"; D,2,<7&, 7 D,2,<7E,$&7, (9D"37<+L 

S.8. Q%62f!0, G.b.  -6-#!0 
 $)?T=TFT ]4P=)19'O')=f W ",   

:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT 
@!4%124+'#-+ ,%#%6*1- 0:+0*4- %H*#<60! 7!4%124+'#:f 

!<#!0 ,%#%6*;%<1!,! 1!H*'!0-#*+ 2 0<%f O*0:f !',-#*/7!0. ]% 
H!<6*O%#*+ N'*0%4* 1 #!0!72 !N'%H%4%#*P <-7!> O*/#*: «Y*/#5 
%<65 N-'6#%'<60! 7%OH2 ,%#-7* * 7-6%7-6*1!>» (Stewart, 1999). 
 -1-+ O% 7-6%7-6*1- <!<6!*6 < ,%#%6*;%<1*7 1!H!7 0 N-'6#%'<1*f 



161 

!6#!_%#*+f * <N!<!?#- -H%10-6#! !6'-O-65 !N%'-)*!##:% * 
<6'2162'#:% !<!?%##!<6* <*<6%7 ,%#%6*;%<1!,! 1!H*'!0-#*+? 

jH#*7 */ '-/0*0-%7:f N!Hf!H!0 1 '%_%#*P h6!,! 0!N'!<- 
+04+%6<+ */2;%#*% 7-6'*;#:f $!'7 N'%H<6-04%#*+ -#<-7?4%> 7!-
4%124+'#:f h4%7%#6!0 ,%#%6*;%<1!,! 1!H-, 1'-61! *7%#2%7!% 7-6-
'*;#!> ,%#%6*1!> (Q%62f!0, 2008; Petoukhov, He, 2009). X7%%6<+ 
7#!,! *<f!H#:f N'%HN!<:4!1 H4+ !<!?!,! 0#*7-#*+ 1 7-6'*;#:7 
N'%H<6-04%#*+7 ,%#%6*;%<1!,! 1!H-. K-N'*7%', ,%#%6*;%<1!% 1!-
H*'!0-#*% !?4-H-%6 0:<!1!> N!7%f!2<6!>;*0!-<65P, - <!0'%7%#-
#:% N!7%f!2<6!>;*0:% 1!H: ?-/*'2P6<+ 0! 7#!,!7 #- !N%'-)*+f 
< 7-6'*)-7*; *#$!'7-)*+ 0 1!7N5P6%'-f f'-#*6<+ 0 0*H% 7-6'*), 
* N'. X<<4%H!0-#*+ N! 7-6'*;#!> ,%#%6*1% *7%P6 )%45P '-/0*6*% 
!N%'-)*!##:f 7-6%7-6*;%<1*f 7!H%4%> <4%H2PM*f ?*!4!,*;%-
<1*f $%#!7%#!0: N!7%f!2<6!>;*0!<6* ,%#%6*;%<1!,! 1!H*'!0-#*+; 
#-<4%H2%7!<6* *%'-'f*> )*14*;%<1*f N'!)%<<!0 * <*<6%7, f-'-1-
6%'#:f H4+ O*0:f !',-#*/7!0; <*#f'!##!<6* #-<4%H2%7:f )*14*-
;%<1*f N'!)%<<!0; <O-6!<6* #-<4%H2%7!> *#$!'7-)**; #-<4%H2%-
7:f !<!?%##!<6%> '-/7#!O%#*+ ,%#%6*;%<1!> *#$!'7-)** N'* 
H%4%#** 14%6!1; -4,!'*67*;%<1!,! 1!#<6'2*'!0-#*+ N%'0*;#!,! 
<6'!%#*+ ?%41!0 <! 7#!O%<60!7 N-4*#H'!7!0 * N!06!'!0 0 #*f. 

8 H!14-H% N'%H<6-04%#: '%/2456-6: *<<4%H!0-#*+ <%7%><60- 
,%#%6*;%<1*f 7-6'*) 6*N- [C A; U G]( ) 0 <0+/* < 0:'!OH%##!<65P 
,%#%6*;%<1!,! 1!H-, ,H% C, A, U, G - -/!6*<6:% !<#!0-#*+ ,%#%6*-
;%<1!,! 1!H- ()*6!/*#, -H%#*#, 2'-)*4 * ,2-#*#), 1!6!':% !?:;#! 
*#6%'N'%6*'2P6<+ 1-1 ?210: ,%#%6*;%<1!,! -4$-0*6-; <6%N%#5 0 
<1!?1-f ( ) N'%H<6-04+%6 <!?!> )%4!;*<4%##2P 1'!#%1%'!0<12P 
<6%N%#5. j<!?!% 0#*7-#*% 2H%4+%6<+ <42;-P  =3, N'* 1!6!'!7 
,%#%6*;%<1-+ (8*8)-7-6'*)- <!H%'O*6 0<% 64 ,%#%6*;%<1*f 6'*N4%-
6- 0 2N!'+H!;%##!> N!<4%H!0-6%45#!<6*. j<!?%##!<6* 0:'!OH%#-
#!<6* ,%#%6*;%<1!,! 1!H- !N'%H%4+P6 H%4%#*% h6!,! 7#!O%<60- 64 
6'*N4%6!0 #- H0- '-0#:f N!H7#!O%<60-: 32 6'*N4%6!0 < «<*45#:-
7* 1!'#+7*» * 32 6'*N4%6!0 <! «<4-?:7* 1!'#+7*» ( !#!N%45-
;%#1!, I27%', 1975).  

@!/-*;#!% '-<N!4!O%#*% h6*f 0*H!0 6'*N4%6!0 0 7-6'*)-f 
6*N- [C A; U G](3) #%!O*H-##! #!<*6 <*77%6'*;#:> f-'-16%'. j#! 
0:0!H*6 #- H%7!#<6'*'2%7:% 0 H!14-H% <0+/* ,%#%6*;%<1!,! 1!H- 
< !'6!,!#-45#!> <*<6%7!> $2#1)*> I-H%7-f%'-, <! <N%)*-45#:7 
<%7%><60!7 7-6'*) EH-7-'- * !'6!,!#-45#:7* <*<6%7-7* $2#1-
)*> C!4_-, */0%<6#:7* 0 6%!'** N!7%f!2<6!>;*0!,! 1!H*'!0--
#*+, <N%16'-45#!,! -#-4*/- * N'. G%7!#<6'*'2P6<+ <!H%'O-6%45-
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#:% 7-6%7-6*;%<1*% <0!><60- 0!/#*1-PM*f 7!/-*;#:f ,%#!7-6-
'*): *#0-'*-#6#!<65 *f <0+/%> < #-/0-##:7* $2#1)*+7* I-H%-
7-f%'- * C!4_- N'* _*'!1!7 7#!O%<60% N%'%<6-#!0!1 ,%#%6*;%-
<1*f h4%7%#6!0 0 ,%#!7-6'*)-f, 1-'H*#-45#! 7%#+PM*f *f 7!/--
*;#:> !?4*1; 6%6'--'-/7#!O%#*% 7-6'*) N'* *f 0!/0%H%#** 0 
10-H'-6, -<<!)**'2%7!% < 6%6'--'-/7#!O%#*%7 N!4!0:f 14%6!1 
N'* 7%>!/%; !?'-/!0-#*% )*14*;%<1*f ,'2NN 7-6'*) N'* 0!/0%H%-
#** #!'7*'!0-##:f 7-6'*) 0 <6%N%#* («,%#%6*;%<1*% )*$%'?4--
6:», *<N!45/2%7:% H4+ 7!H%4*'!0-#*+ #-<4%H2%7:f )*14*;%<1*f 
N'!)%<<!0 0 O*0:f !',-#*/7-f) * H'. 

j?<2OH-%6<+ N'*7%#*7!<65 h6*f '%/2456-6!0 1 '-/0*6*P 6-1 
#-/:0-%7:f ,%#%6*;%<1*f -4,!'*67!0, *#6%#<*0#! *<N!45/2%7:f 
0 N!<4%H#*% H%<+6*4%6*+ 0 '-/4*;#:f !?4-<6+f #-21* * 6%f#*1*.  

Z7<,3(<03( 
1.  !#!N%45;%#1! d.B., I27%' W.d.  4-<<*$*1-)*+ 1!H!#!0 0 ,%#%6*-

;%<1!7 1!H%. b " YYYW, 1975, 6.223, q 2, <. 471; 2) Q%62f!0 S.8. :4T-
+=V)4f -')'T=34, 46-'*+Q -')'T=V'?31-1 31O4, [1]'g1F?T1%V=91?T7. @., 
IvG, 2008;  

2. Petoukhov S.V., He M. Symmetrical analysis techniques for genetic sys-
tems and bioinformatics: Advanced Patterns and Applications. Hershey, USA: 
2009. 4) Stewart, I. Life's other secret: The new mathematics of the living 
world. New-York: Penguin, 1999. 

>372678 X'"9:67"22"; "8<7+(9?2"$<7  
' +"/,9*V  $<30&<0373"'(22LV =7"$7$<,+* 

8.K. I-/O%0->1*#  
.QV=?6=T'67)Q% 8')T+ W " =].  . . b1+1O)=8Q)4 

K-N'-04%##!<65 %<6%<60%##!,! !6?!'- 0 2<4!0*+f 1!#12'%#-
)** N'*0!H*6 #- 1 $!'7*'!0-#*P <6'2162', 1!6!':% 7!,26 <;*-
6-65<+ 2<6!>;*0:7*. K- N'*7%'% N'!<6%>_%> 7!H%4* 1!#12'%#)** 

1!#%;#!,! ;*<4- ?*!4!,*;%<1*f 0*H!0 ( )i
i i

dx
x f x

dt
= , 1, ,i n= K , 

1( , , )nx x x= K   #-f!H*7 0 1-;%<60% #%!?f!H*7!,! 2<4!0*+ 2<6!>-
;*0!<6* N!4!O%#*+ '-0#!0%<*+ 0*H- 1( , , ,0, ,0)mx x x= K K ; 

0ix > , 1, ,i m= K  '-0%#<60! ( ) max( ( ))i jf x f x= , 1 i m≤ ≤ , 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX.  !H N'!%16-  09-07-00398 
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1 j n≤ ≤ . j#! *7%%6 f-'-16%' h1<6'%7-45#!,! <!!6#!_%#*+ * #--
/:0-%6<+ [+=)8=[1] ^916q8=1))1% 1[T=]467)1?T=. ],! ?*!4!,*-
;%<1*> <7:<4 /-14P;-%6<+ 0 6!7, ;6! 0:O*0_*% 0 '-0#!0%<#!7 
<!<6!+#** 0*H: !?+/-#: *7%65 7-1<*7-45#:% /#-;%#*+ 7-4562/*-
-#<1*f 1!h$$*)*%#6!0 <'%H* 0<%f N!6%#)*-45#! H!N2<6*7:f, 0:-
;*<4%##:f 0 h6!7 <!<6!+#**. l6* 1!h$$*)*%#6: f-'-16%'*/2P6 
«<*42» 0*H!0 0 %% H-'0*#!0<1!7 N!#*7-#**, %<4* *7%65 0 0*H2 
$!'724*'!012 N'*#)*N- ! 0:O*0-#** <*45#%>_*f.  

Q!<1!4512 0 N!4!O%#** '-0#!0%<*+ 0*H: <! <6-'_*7* #!-
7%'-7* !6<26<602P6, 6! *f 7!O#! <;*6-65 0*'62-45#:7*, 6.%. H!-
?-0*65 1 *f <!0!12N#!<6* 4P?:% H'2,*% 0*H:, *7%PM*% ,*N!6%-
6*;%<12P 0!/7!O#!<65 !1-/-65<+ 0 *<f!H#!7 #-?!'%. Q'* h6!7 
'-/4*;-PM*% *f N-'-7%6': 7!,26 *7%65 N'!*/0!45#2P N'*'!H2 *, 
0 ;-<6#!<6*, 0:?*'-65<+ */ #%1!6!'!> !?4-<6* N'!<6'-#<60- N-'--
7%6'!0, 6-1 ;6! /-H-;- !N6*7*/-)** ?2H%6 '%_-65<+ 2O% N! !6#!-
_%#*P 1 #%>. [-1!% '-<_*'%#*% N!/0!4+%6 #-f!H*65 */!4*'!0-#-
#:% /#-;%#*+ N-'-7%6'!0, N'* 1!6!':f '-0#!0%<#!% <!<6!+#*% 
!1-/:0-%6<+ 2<6!>;*0:7. K- h6!7 N26* <6'!*6<+ 7%6!H*1- 0:;*<-
4%#*+ /#-;%#*> N-'-7%6'!0 (10-/*)<6-)*!#-'#:f ?*!4!,*;%<1*f 
<*<6%7, H4+ !N'%H%4%#*+ 1!6!':f #-62'#:% */7%'%#*+ 7!,26 !1--
/-65<+ #%0!/7!O#:7* *4* /-6'2H#*6%45#:7*.  

8 7-6%7-6*;%<1*f 7!H%4+f 1!#1'%6#:f <6'2162'*'!0-##:f 
?*!4!,*;%<1*f <*<6%7 #-*?!45_2P 6'2H#!<65 0:/:0-%6 N!<6'!%-
#*% $2#1)*!#-4!0, *<N!4#+PM*f '!45 7-4562/*-#<1*f $2#1)*> 0 
'-<<7!6'%##!7 N'*7%'%. Q'* *f !?#-'2O%#** -#-4!,*  */4!O%#-
#:f '%/2456-6!0 7!,26 ?:65 N!;%'N#26: */ !?M%> 6%!'** <0+/* 
2<6!>;*0!<6* * !N6*7-45#!<6* H4+ <42;-+ '-<N'%H%4%##:f 10-/*-
4*#%>#:f <*<6%7 [1], [2]. 8 1-;%<60% N'*7%'!0 '-<<7-6'*0-%6<+ %% 
N'*4!O%#*% 1 <*<6%7-7 < )'[+'+Q9)1% 91&+4?T)1% = [+1?T+4)?T-
9'))1%  ?T+F3TF+1%.  Q!<4%H#*> */ #*f  N'*0!H*6 1 6%!'** 31++'-
6f8=1))1% 4O4[T1]'T+==, N!/0!4+PM%> !)%#*0-65 <6%N%#5 #%?4--
,!N!42;*+ !?<4%H2%7!> ?*!4!,*;%<1!> ,'2NN: N! f-'-16%'2 0:-
'!OH%##!<6* '-<N'%H%4%#*+ %% N'%H<6-0*6%4%> 0 !?4-<6* */7%-
'+%7:f N-'-7%6'!0 [3].  

Z7<,3(<03( 
1. W4&j'94%3=) ..".  S0+/5 2<6!>;*0!<6* * !N6*7-45#!<6* 0 7*1'!-

h0!4P)*!##:f '-<N'%H%4%##:f <*<6%7-f 10-/*4*#%>#!,! 6*N-. @., 8:-
;*<4*6%45#:> )%#6' IEK, 1991, 47 <. 

2. W4&j'94%3=) ..".  C<6!>;*0!<65 * h0!4P)*!##-+ !N6*7-45#!<65 
N'*4!O%#*+ 10-/*4*#%>#!> 6%!'** 1 1!#1'%6#:7 '-<N'%H%4%##:7 ?*!-
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4!,*;%<1*7 <*<6%7-7. @., 8:;*<4*6%45#:> )%#6' IEK, 1994, 34 <. 
3. W4&j'94%3=) .."., x[=T1)319 :.$. @!H%45#!% !?!<#!0-#*% 1!'-

'%4+)*!##!> -H-N6!7%6'** < N'*7%#%#*%7 7%6!H!0 h0!4P)*!##!> !N6*-
7-45#!<6*. // Y2'#-4 8:;*<4*6%45#!> @-6%7-6*1* * @-6%7-6*;%<1!> 
Z*/*1*, 6. 43, q 2, <. 318-330, 2003  

M"'3,+,22L, 83"=9,+L 7$$9,/"'(27* "8,3(67;  
8.I. v-;-62'!0 

.m W " 
X<<4%H!0-#*% !N%'-)*> 1-1 #-2;#-+ H*<)*N4*#- <$!'7*'!-

0-4-<5 ?!4%% N+6*H%<+6* 4%6 #-/-H. S2M%<602P6 '-/4*;#:% 6!41!-
0-#*+ <!H%'O-#*+ h6!,! #-2;#!,! #-N'-04%#*+. Q'*0%H%7 !H#! */ 
#*f, N'*#-H4%O-M%%  1'2N#!72 <N%)*-4*<62 0 h6!> !?4-<6* K.K. 
8!'!?5%02 * N'*0%H%##!% 0 «@-6%7-6*;%<1!> h#)*14!N%H**» (6. 2, 
1979 ,.): «X<<4%H!0-#*% !N%'-)*> – N!<6'!%#*%, '-/'-?!61- * N'*-
4!O%#*+ 7-6%7-6*;%<1*f 7!H%4%> N'*#+6*+ '%_%#*>. S!H%'O-#*-
%7 6%!'%6*;%<1!,! -<N%16-  *<<4%H!0-#*+ !N%'-)*> +04+%6<+ -#--
4*/ * '%_%#*% 7-6%7-6*;%<1*f /-H-; 0:?!'- 0 /-H-##!7 7#!O%<6-
0% H!N2<6*7:f '%_%#*> h4%7%#6-, 2H!04%60!'+PM%,! 6%7 *4* 
*#:7 1'*6%'*+7 !N6*7-45#!<6* * #-/:0-%7!,! !N6*7-45#:7 '%-
_%#*%7 /-H-;*». 

S2M%<602P6  * H'2,*% !N'%H%4%#*+, 26!;#+PM*% *4* '-<-
_*'+PM*% h6! N!#+6*%, #! !<#!0#-+ <265 0 h6!7 !N'%H%4%#** !6-
'-O%#-. e- N'!_%H_*% ,!H: ?:4* '-/'-?!6-#: '-/4*;#:% 7%6!H: 
*<<4%H!0-#*+ !N%'-)*>, 7#!,*% */ 1!6!':f <$!'7*'!0-4*<5 0 <--
7!<6!+6%45#:% #-2;#:% #-N'-04%#*+. Q%'%;*<4*7 !<#!0#:% 7%-
6!H:, f!6+ %<65 !N-<#!<65, ;6! #% 0<% */ #*f ?2H26 2N!7+#26:. l6! 
)%4:> 14-<< 7%6!H!0 7-6%7-6*;%<1!,! N'!,'-77*'!0-#*+ (4*#%>-
#!%, 0:N214!%, 0!,#26!%, #%4*#%>#!%, H*<1'%6#!%, N-'-7%6'*;%-
<1!%, <6!f-<6*;%<1!%, H*#-7*;%<1!%, H'!?#!-4*#%>#!% * 6.N.), 7#!-
,!1'*6%'*-45#-+ !N6*7*/-)*+, /-H-;* #-f!OH%#*+ 7-1<7*#- 
(7*#7-1<-), 6%!'*+ *,', 6%!'*+ N!4%/#!<6* * H'. I-/'-?!6-##!<65 
h6*f 7%6!H!0 #%!H*#-1!0-: #-*?!4%% '-/'-?!6-##:7* */ #*f +0-
4+P6<+ 4*#%>#!% * 0:N214!% N'!,'-77*'!0-#*%.  

d!45_*#<60! /-H-; *<<4%H!0-#*+ !N%'-)*> N'%Hu+04+%6 0:-
<!1*% 6'%?!0-#*+ 1-1 1 6%f#*;%<1!72 (hardware), N'!,'-77#!72 
(software) * -4,!'*67*;%<1!72 (brainware) !?%<N%;%#*P l8@ *, 0 
<0!P !;%'%H5, 04*+P6 #- '-/0*6*% l8@ * $!'7*'!0-#*%  *f N-'1-. 
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S$%'- N'*7%#%#*+  *<<4%H!0-#*+ !N%'-)*> 014P;-%6 0 <%?+ !,-
'!7#!% ;*<4! /-H-; 6%f#*;%<1*f, 6%f#*1!-h1!#!7*;%<1*f, <!)*-
-45#!-h1!#!7*;%<1*f, '%,*!#-45#:f,  ;6! <N!<!?<602%6 242;_%-
#*P 1-;%<60- N'*#*7-%7:f '%_%#*>. 

d!45_!> 014-H 0 '-/0*6*% 7%6!H!0 *<<4%H!0-#*+ !N%'-)*>   
<H%4-# 1!44%16*0!7 <!6'2H#*1!0 8:;*<4*6%45#!,! )%#6'- *7. 
E.E.G!'!H#*):#- IEK. 8 <0!*f N!<4%H#*f '-?!6-f -1-H%7*1 
E.E.G!'!H#*):# N%'%;*<4+4 * -#-4*/*'!0-4 !<#!0#:% 6'2H#!<6*, 
< 1!6!':7* 0<6'%;-%6<+ *<<4%H!0-6%45 N'* N!N:61-f N'*7%#%#*+ 
7%6!H!0 *<<4%H!0-#*+ !N%'-)*> N'* '%_%#** <4!O#:f /-H-;. K- 
!<#!0-#** ?!45_!,! !N:6- '%_%#*+ 1!#1'%6#:f  /-H-;  N'*#+6*+ 
'%_%#*> * */2;%#*+ h6*f '-?!6  #-7 2H-4!<5 <,'2NN*'!0-65 * 
<$!'724*'!0-65 <4%H2PM*% 1'2N#:% N'!?4%7:, 1!6!':% <%>;-< 
<6!+6 N%'%H <N%)*-4*<6-7* N! *<<4%H!0-#*P !N%'-)*>, #-/0-0 *f 
N'!?4%7-7* G!'!H#*):#-. 

Q'!?4%7- 1. K-2;#:% !<#!0: $!'7-4*/!0-##!,! N!<6'!%#*+ 
7-6%7-6*;%<1*f 7!H%4%>. 

Q'!?4%7- 2. jN!<'%H!0-##:% 7%6!H: 7-6%7-6*;%<1!,! 7!-
H%4*'!0-#*+ #- !<#!0% 7-6%7-6*;%<1!> !?'-?!61*  #-1!N4%##!> 
*#$!'7-)**. 

Q'!?4%7- 3. [%f#!4!,*+ <!07%<6#!,! *<N!45/!0-#*+ 7-6%-
7-6*;%<1!,! 7!H%4*'!0-#*+, <6-6*<6*1* * '-<N!/#-0-#*+ !?'-/!0.  

Q'!?4%7- 4. j?!<#!0-#*% N!4#!6: <*<6%7: N'*/#-1!0, !N*-
<:0-PM*f *<<4%H2%7!% +04%#*%. 

Q'!?4%7- 5. [%!'%6*;%<1*% !<#!0: N!<6'!%#*+ ;%4!0%1!-
7-_*##:f <*<6%7  H4+ N4!f! $!'7-4*/2%7:f  +04%#*>. 

j?<2OH-%6<+ <!0'%7%##!% <!<6!+#*% */2;%##!<6*  h6*f N'!-
?4%7 * N26* *f '%_%#*>. Q'*0!H+6<+ N'*7%': 1!#1'%6#:f ;%4!-
0%1!-7-_*##:f <*<6%7. 
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!N*<-6%45#:f #-21-f //  *?%'#%6*1-, 1983, q4. S. 6-10. 

3. v-;-62'!0  8.I. x%4!0%1!-7-_*##:% <*<6%7: – 6%!'%6*;%<1*% 
!<#!0:, !N:6 '-/'-?!61* * N%'<N%16*0:. «Q'!?4%7: N'*14-H#!> 7-6%-
7-6*1* * *#$!'7-6*1*. x-<65 II- X#$!'7-6*1-». @.: 8c IEK, 1992. S. 
31-48. 

4. v-;-62'!0 8.I. Q'!?4%7: 7-6%7-6*;%<1!,!  7!H%4*'!0-#*+ 0 
!N*<-6%45#:f #-21-f * N26* *f '%_%#*+. «8:;*<4*6%45#-+ 7-6%7-6*1- * 



 166

*#$!'7-6*1-». @.: 8c IEK, 1996. S. 152-161. 

d"33,9*67"22(* (/(8<"+,<37*.  
I6,2&( X55,&<7'2"$<7 9,E,27*.* 

bN*6!#1!0 @.X. 
.m W ", :1?394 

8 N!<4%H#%% 0'%7+ *<<4%H!0-6%4*, '-?!6-PM*% < 7%H*1!-
?*!4!,*;%<1!> *#$!'7-)*%>, !?#-'2O*4* h$$%16 */7%#%#*+ 1!'-
'%4+)*!##:f f-'-16%'*<6*1 7%OH2 $*/*!4!,*;%<1*7* N-'-7%6'--
7* !',-#*/7!0 N'* 0!/#*1#!0%#** 0#%_#%,! 0!/H%><60*+ #- N!N2-
4+)*P [1].  Q!Hf!H 1 !)%#1% h6!,! 0!/H%><60*+ ?:4 #-/0-# 7%6!-
H!7 1!''%4+)*!##!> -H-N6!7%6'**.  

I-<<7-6'*0-%6<+ N!N24+)*+, !<!?* 1!6!'!> !64*;-P6<+ H'2, 
!6 H'2,- /#-;%#*+7*  *#H*0*H2-45#:f N-'-7%6'!0. S;*6-%6<+, ;6! 
;*<4!  N-'-7%6'!0 1!#%;#!, !#* #%N'%':0#: * !,'-#*;%#:, 
6.%. nx R∈Ω⊂ .  

G-4%% <;*6-%6<+, ;6! */7%#%#*+ N-'-7%6'!0 !N*<:0-P6<+ 
2'-0#%#*%7  !47!,!'!0--Z!11%'--Q4-#1- <   N!<6!+##:7* 1!h$-
$*)*%#6-7*, 6-1 ;6! H4+ <'%H#%> N4!6#!<6* '-<N'%H%4%#*+ ;*<-
4%##!<6* N!N24+)** u(x,t) 0:N!4#%#!  
 ( , )tu u a u∂ = − ∇ + Δb                                                                   (1) 
  eH%<5 a>0 − 1!h$$*)*%#6 H*$$2/**, b=−ben,  0%16!'  <#!<-, 
7!H%4*'2PM*> 0#%_#%% 0!/H%><60*% #- N!N24+)*P, 

1( ,..., ) n
nx x x R= ∈Ω⊂ . 

G4+ ,'-#*;#:f 2<4!0*> #%N'!#*)-%7!<6*:  
( , ) | 0,bu a u ∂Ω− ∇ =ν    

,H% ν − 0%16!' 0#%_#%> #!'7-4* 1 ,'-#*)% ∂Ω, <2M%<602%6 %H*#<6-
0%##!% (< 6!;#!<65P H! 27#!O%#*+ #- 1!#<6-#62) <6-)*!#-'#!% 

'%_%#*% 2'-0#%#*+ (1) 0*H-: 0( ) ( )
nbx

a
nu x v x v e

−
= = .  ) 

@-6%7-6*;%<1!> 7!H%45P */7%'+%7:f 0 /-H-;-f 1!''%4+)*-
!##!> -H-N6!7%6'** 0%4*;*# +04+P6<+ #-?!': 4*#%>#:f $2#1)*> 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6- IZZX  q 09-07-00398. 
 



167 

1
,

n

i i
i

x
=
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x
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ψ = ψ∑    

< #%#24%0:7 #-?!'!7 1!7N!#%#6, - 7!H%45P !N'%H%4+PM*f <0!>-
<60- -H-N6-)** <6-6*<6*;%<1*f f-'-16%'*<6*1  – *f 1!h$$*)*%#6: 
1!''%4+)** N! '-<N'%H%4%#*P (2): 

 2 2 1/ 2
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( [( ) ] [( ) ])
M M MK

M M M M
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, ,H%
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( )n

x u x dx
M x x

u x dx
Ω

Ω

ϕ
ϕ =

∫

∫
 − <'%H#%% /#-;%#*% $2#1)** ϕ(x) 

N! '-<N'%H%4%#*P u(x) 0 !?4-<6* Ω. 
8 ,'2?!7 <42;-%  ,'-#*)- !?4-<6* ∂Ω 7!O%6 ?:65 N'%H<6-0-

4%#- 0 0*H% ∂Ω=
1

2 2

1
{ : ( )},

n

n i i
i

x x a x o x
−

=
= +∑  ,H% 0<% ai>0, i=1,…,n−1. 

Q!4!O*7 11

1 1
( ,..., ,0).n

na a
−

−

ϕϕ
ϕ =  

j<#!0!> 6%!'** 1!''%4+)*!##!> -H-N6!7%6'** +04+%6<+ 
<4%H2PM%% 260%'OH%#*% [2]. 

G4+ 0,ϕ ≠  0ψ ≠  [+= b→∞ *7%%6 7%<6! <f!H*7!<65 

 ( , )( , )
( , )( , )

K ϕ ψϕ ψ →
ϕ ϕ ψ ψ

. 

 ,/7672$&7; 837+,3 
X<<4%H!0-4-<5 h$$%16*0#!<65  4%;%#*+  ?!45#:f < '-/#!> 

<6%N%#5P !O*'%#*+  < N!7!M5P 7%6!H- 1!''%4+)*!##!> -H-N6!-
7%6'**. 8<% N-)*%#6: ?:4* '-/H%4%#: #- 3 ,'2NN:.    X/2;-4*<5 
<4%H2PM*% N-'-7%6':: 7-<<- 6%4-, O*'!0-+ 7-<<-, 6!M-+ 7-<<-, 
!?M-+ 0!H-, 7!;%0*#-, 1'%-6*#*#, f!4%<6%'*# * 6'*,4*)%'*H:.  

G-4%% ?:4* 0:;*<4%#: 0%<- 1!''%4+)*!##:f ,'-$!0 

,

,
| | 0.5

| |
i j

i j
r

G r
≥

= ∑  H4+ 3 ,'2NN ?!45#:f !O*'%#*%7 H! * N!<4% N'!0%-

H%##!,! 4%;%#*+. 
 !''%4+)*!##:> -#-4*/ N!1-/-4 27%#5_%#*% 0%<- 1!''%4+-

)*!##!,! ,'-$- 2 0<%f ,'2NN ?!45#:f N!<4% 4%;%#*+, ;6! N!1-/:-
0-%6 h$$%16*0#!<65 4%;%#*+.  

I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6- IZZX  q 09-07-
00398. 
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Pareto Frontier Visualization in Decision Making 
with Uncertain Feasible Decision Sets * 

R.V. Efremov, A.V. Lotov 
Rey Juan Carlos University, Spain, 

Dorodnicyn Computing Centre of Russian Academy of Sciences 
The paper describes a method for supporting the decision mak-

ing in the case of uncertain feasible decision sets. In the framework of 
the method, the decision problem is transformed into a multi-objective 
optimization (MOO) problem, which is studied by visualization of the 
Pareto frontier. In contrast to other methods that try to visualize the 
Pareto frontier, we apply the Pareto frontier visualization based on the 
interactive decision maps (IDM) technique [1], which offers the dis-
play of the objective tradeoffs in a clear way. The decision maker 
learns information on the influence of uncertainty on the feasibility 
frontier and on objective tradeoffs between robustness and perform-
ance indicators. This information helps to identify the preferred feasi-
ble combination of robustness and performance and to construct the 
associated decision. 
                                                
*Dr. R.Efremov was supported by the Catalan Water Agency. Prof. A.Lotov 
was supported by Russian Foundation for Basic Research (grants no 09-01-
13534 and 10-01-00199) 
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In decision problems without uncertainty, the set of feasible deci-
sions X, which belongs to the decision space nR , is given precisely. In 
this paper we assume that the feasible set is given by a system of com-
pact sets  10  , ≤≤ sX s . The parameter s describes the level of certainty 
of sX : the decrement of the value of s results in the increment of the 
uncertainty of the set. Namely, it is assumed that 

 while  0 1s sX X s s′ ′′ ′ ′′⊇ ≤ < ≤ . It means that the more certain set 
 sX ′′ is comprised by the less certain set sX ′ . The set 1X  contains the 

decision vectors nRx∈ , which are feasible for sure. The set 0X  is the 
largest feasible set, the decisions nRx∈  outside of 0X  cannot be fea-
sible in any case. To describe the reliability of a decision nRx∈ , we 
use the membership function  }10 ,:sup{)( ≤≤∈= sXxsx sµ , which 
values vary between zero and one. Let f : nR  → mR  be a mapping from 

nR  to the objective space mR : performance of a decision nRx∈  is 
described by the objective vector y= f(x), with m objectives yi, i=1,…,m. 
The set Y = f (X) is denoted as the feasible objective set. Without loss of 
generality, we assume that the objectives must be maximized. 

To transform the decision problem under uncertainty into a new 
MOO problem, which, however, does not contain uncertainty, we in-
troduce a new objective )(1 xym µ=+ , which describes the robustness of 
the decisions. Surely, one is interested in high robustness of the chosen 
decision. Therefore, the value of the objective )(1 xym µ=+  must be 
maximized. Thus, we have got the new multi-objective maximization 
problem with 0Xx∈  and the objective vector 1  +∈ mRy , where 

)(xfy =  for mRy∈   and =+1my }10 ,:sup{ ≤≤∈ sXxs s . 
We illustrate our approach with the linear problems with uncer-

tainty in the right-hand sides of the inequalities bAx ≤  that describe the 
feasible set. Let us assume that ],[ 01 bbb∈ , where bi, i = 1,…,I, is de-
scribed by the membership function )( ii bφ : 
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Then, the robustness of a decision nRx∈  is given by the function 
},...,1   ,)-(,,10 :max{)( 100 Iisbbbxassx iiii =−>≤<≤≤=µ , 

which can be used as the robustness objective. 
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DECERNS: Web-based  Multi-Criteria Spatial Deci-
sion Support System 
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Environmental risk analysis and sustainable land-use planning 
require implementation of tools for spatial information analysis, prob-
lem-oriented models for assessment of risk values, and corresponding 
methods for decision-making support. As a rule, land-use management 
problems are complex and involve multiple and often competing objec-
tives/criteria. 

DECERNS WebSDSS. DECERNS (Decision Evaluation in 
Complex Risk Network Systems) is a web-based distributed Spatial De-
cision Support System (SDSS) for multi-criteria analysis of a wide 
range of spatially-explicit land management alternatives. It integrates 
all basic GIS functions and implements several Multi-Criteria Decision 
Analysis (MCDA) methods and tools. DECERNS can also be integrated 
with a model server containing generic and site specific models for en-
vironmental risks analysis as well as other decision criteria under con-
sideration. 
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The Application Programming Interface integrates the three main 
components of SDSS: GIS-subsystem, MCDA-subsystem, and Models. 
DECERNS is developed upon open source java technologies. 

GIS Functions. The GIS subsystem is designed to have all of the 
basic GIS features for handling spatial information, including multi-
layered vector/raster map visualizations and coloring; editing legends; 
zooming/panning; measurements (distance, polygon area); features se-
lection; attributes viewing and analysis, including statistical analysis, 
buffering; overlays (union, intersection, and subtraction of cartographic 
layers); rasterization; geostatistics; support of different cartographic 
projects; and support of all common GIS map formats.  

Decision Support Methods and Tools. The following multi-
criteria methods are used in the DECERNS:  

- basic MADM methods such as MAVT (Multi-Attribute Value 
Theory); AHP (Analytic Hierarchy Process); TOPSIS  (Technique for 
Order Preference by Similarity to the Ideal Solution); and 
PROMETHEE (Preference Ranking Organization METHod for 
Enrichment Evaluations); 

- advanced MADM methods such as MAUT (Multi-Attribute 
Utility Theory); ProMAA (Probabilistic Multi-criteria Acceptability 
Analysis);  
and some extensions of MADM methods based on fuzzy set ap-
proaches: F-MAVT (Fuzzy MAVT), and FMAA (Fuzzy MAA).  

The following tools are also used within the MCDA-subsystem: 
Value Tree for problem structuring; Value Path for source data 
presentation; Scatter Plot for presentation of source data in 2-
dimensional criteria space; weight Sensitivity analysis; value/utility 
function sensitivity analysis; different graphical and tabular tools for 
probabilistic input/output data presentation, including setting source 
probability distributions for the criteria (MAUT, ProMAA) and weights 
(ProMAA) with the use of normal, uniform, log-normal and delta 
distributions; different graphical and tabular tools for fuzzy input/output 
data presentation, including setting source fuzzy numbers for criteria 
and weights (F-MAVT, FMAA). 

Uncertainties are addressed through sensitivity analysis for 
weight coefficients, and using random performance (for MAUT), ran-
dom weights and random performance (ProMAA), and, accordingly, 
fuzzy weights and fuzzy performance (for F-MAVT and FMAA).  
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DECERNS has also group decision support capabilities. This tool 
allows the user to create and process various types of surveys and ques-
tionnaires (e.g., voting mechanisms) while interacting with MCDA 
modules within multi-criteria problem structuring and analyzing.  

SDSS. Special tools are used in DECERNS for integrating GIS 
and DMS functions and methods, setting spatial alternatives and criteria 
specification, including automatically transferring attributes for all the 
alternatives into the performance table for map-based criteria. Tools 
(Model Provider) for integrating DECERNS and models within investi-
gation of spatial [multi-criteria] problems have been developed.  

The DECERNS SDSS has been implemented for investigation of 
several actual case studies on land-use planning, and risk management. 
New case studies with implementation of the DECERNS features and 
tools for solving multi-criteria problems are being undertaken. 

New Approach to Multi-Criteria Acceptability  
Analysis 

B.Yatsalo, S.Gritsyuk, O.Mirzeabasov 
National Research Nuclear University IATE MEPHI 

 Obninsk, Russia, yatsalo@iate.obninsk.ru 
The practice of Multiple Criteria Decision Analysis 

(MCDA) is faced with uncertainty of objective and subjective 
values of criteria and preference judgments. For analysis of vari-
ous internal and external uncertainties within the discrete multic-
riteria analysis (MADM), including inaccuracy, randomness and 
vagueness, the appropriate multicriteria approaches and methods 
are used [1-3]. 

- Family of SMAA (Stochastic Multicriteria Acceptability 
Analysis) methods presents stochastic approaches to realization 
of multicriteria acceptability methods through estimation of ac-
ceptability and rank acceptability indices based on implementa-
tion of Monte Carlo simulation [4].  

-  Multicriteria methods (extensions of different ‘classi-
cal/crisp’ MCDA methods) for uncertainty treatment with im-
plementation of fuzzy sets have been developed [5]. 
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In this paper we present a method for probabilistic multicri-
teria acceptability analysis, ProMAA. ProMAA treats both prob-
ability distributions of criteria values and weight coefficients and 
determinates rank acceptability indices through assessing prob-
abilities of events “alternative ai  has the rank k”, i,k=1,…,n, 
based on a pairwise comparison of alternatives in an integrated 
scale.  

The presented (utility based) method, ProMAA-U, is close 
to SMAA-2 method [4] however, methodological approaches to 
SMAA and ProMAA implementation (mathematical formalism) 
and corresponding computational algorithms are completely dif-
ferent.  

In ProMAA, the “rank events”  Sik={Alternative ai  has the rank 
k} are constructed based on pairwise comparison of alternatives. Rank-
ing or screening alternatives {ai, i=1,…n} within ProMAA is based on 
the analysis of rank acceptability indices, i.e., the matrix {Pik}, 
Pik=P(Sik), i,k=1,…,n.  

Implementation of the ProMAA method is based on original 
software library RandFunction for assessing the probability distribution 
function of a random variable 1( ,..., )mfξ ξ ξ= , where jξ  is a random 
variable with a given density of distribution, j=1,…, m, for a wide class 
of functions f( ). For assessing probability distribution of 1( ,..., )mf ξ ξ  
numerical computing is used without Monte Carlo simulation. 

Within ProMAA, the distributions of weights wj in the given 
variation intervals [ , ]min max

j jw w  may be used. The recommended ap-
proach to setting weight coefficients in ProMAA-U is a natural one and 
corresponds to the steps for assignment of scaling factors as in swing 
weighting method for MAUT.  

Analytical expressions can facilitate in development of various 
extensions and generalizations, and exploring relations and their influ-
ence on possible output results. Besides, the basic ProMAA algorithm 
can be transformed and adjusted for other approaches to uncertainty 
analysis, e.g., for treatment of vagueness/fuzziness. 

ProMAA-U method has been implemented within the spatial de-
cision support system DECERNS WebSDSS. 
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/-0*<+M-+ !6 0%16!'- N-'-7%6'!0 α . G4+ !N'%H%4%#*+ N-'-7%6'!0 
α  DQI /-H-%6 H!N!4#*6%45#2P *#$!'7-)*P – 0%16!' 0β , 1!6!-
':> !N'%H%4+%6 0!/7!O#:% /#-;%#*+ α  0 0*H% 7#!O%<60- 0( )A β , 
0 *H%-4% !H#!h4%7%#6#!%, #! #% *<14P;-%6<+ * N2<6!% 7#!O%<60!. 

Q'* 0X ≠ ∅  * $*1<*'!0-##!7 α  7#!O%<60! '%_%#*> H4+ 
H-##!> N'!)%H2': ?2H%7 6-1O% !?!/#-;-65 0 0( , ( ), )F X W x α , - 
7#!O%<60! '%_%#*> N'* 0<%f 0!/7!O#:f /#-;%#*+f α  1-1 

0

0 0
( )

( , ( ), )
A

SF F X W x
α β

α
∈

= U . 

d2H%7 <;*6-65, ;6! SF ≠∅ , %<4* !H#!0'%7%##! 0X ≠ ∅ , 

0( )A β ≠ ∅  * 0 0 0( , ( ), ) ( )F X W x Aα α β≠ ∅ ∀ ∈ , 0 N'!6*0#!7 <42;-% 
SF = ∅  * /-H-;2 ?2H%7 #-/:0-65 #%<!?<60%##!>. 8 h6!7 <42;-% 
N!,'2/*7 %% 0 N-'-7%6'*;%<1!% <%7%><60! /-H-; <4%H2PM*7 !?'--
/!7. d2H%7 <;*6-65, ;6! 7#!O%<60! 0!/7!O#:f <6'-6%,*> X  /-H--
%6<+ !,'-#*;%#*+7*, 1!6!':% N-'-7%6'*/!0-#: 0%16!'!7 Mµ∈ , 
6. %. ( )X µ , N'* h6!7 *<f!H#!% 0 0 0( ),X X Mµ µ= ∈ . 8%16!' 1'*6%-
'*%0 W  6-1O% N-'-7%6'*/!0-# ( , ),W x ω ω∈Ω , N'* h6!7 

0 0( ) ( , ),W x W x ω ω= ∈Ω . G4+ N'!*/0!45#:f /#-;%#*> N-'-7%6'!0 
, ,β µ ω  * $*1<*'!0-##!> N'!)%H2': ( , ( ), )F X W x α  7#!O%<60! 

'%_%#*> %<65 
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( )
( , , ) ( ( ), ( , ), )

A

SF F X W x
α β

β µ ω µ ω α
∈

= U . 

d2H%7 N'%HN!4-,-65, ;6! <2M%<602%6 <!0!12N#!<65 ( , , )β µ ω  
6-1-+, ;6! ( , , )SF β µ ω ≠ ∅ . K- 7#!O%<60% N-'-7%6'!0 ( , , )λ β µ ω=  
00%H%7 #%1!6!'2P 7%6'*12 ρ . Q!<6-0*7 /-H-;2 7*#*7-45#!> 
1!''%1)** #%<!?<60%##!> /-H-;*: 0 ( )

( , ) min
SF λ

ρ λ λ
≠∅

→ , ,H% 

0 0 0 0( , , )λ β µ ω= . ]% '%_%#*% *λ  ?2H%6 !N'%H%4+65 <!?<60%##2P 
('-/'%_*72P) /-H-;2, -NN'!1<*7*'2PM2P *<f!H#2P #%<!?<60%#-
#2P /-H-;2. 

K-N'*7%', /-H-;- 7-6'*;#!> 1!''%1)** N!'!,!0:f /#-;%#*> 
4*#%>#:f 1'*6%'*%0 * !,'-#*;%#*> < 7*#*7-1<#:7 1'*6%'*%7 
-NN'!1<*7-)** *7%%6 0*H:  

min    max {⎢⎢[-h,H] ⎢⎢s , ⎢⎢w ⎢⎢s : (A+H) x = b+ h, x,h,H,w 
  Wk (x) = (Ck , x) = ck

0- wk, wk{0, x {0, k=1,…,r}, 

- %% '%_%#*% <0!H*6<+ 1 N!<4%H!0-6%45#!<6* /-H-; 4*#%>#!,! N'!-
,'-77*'!0-#*+. 

Q'%H4!O%##:> N!Hf!H 7!O#! '-<N'!<6'-#*65 #- 7#!,*%  
7%6!H: $!'7-4*/-)** * '%_%#*+ 7#!,!1'*6%'*-45#:f /-H-;. 

h9"E2L; +,<"/ 8"$<3",27* 2,+(27809730,+LV 
83"6,/03 +2"D"&37<,37(9?2"D" 'L="3(* 

K.E.  !',*# 
$)?T=TFT [+1*6'] F[+496')=f W ", :1?394 

I-<<7-6'*0-%6<+ /-H-;- N!<6'!%#*+ #%7-#*N24*'2%7:f N'!-
)%H2' 1!44%16*0#!,! 0:?!'- !?M%<60!7, <!<6!+M*7 */ n -,%#6!0, 
0 2<4!0*+f, 1!,H- 7#!O%<60! H!N2<6*7:f -456%'#-6*0 A +04+%6<+ 
1!7N-16#:7 0:N214:7 N!H7#!O%<60!7 mℜ  - N'%HN!;6%#*+ -,%#-
6!0 #-H H-##:7 7#!O%<60!7 !N*<:0-P6<+ ])1-1]'+)1-
1O)1[=319Q]= $2#1)*+7* N'%HN!;6%#*+ [1]. 

8 '-?!6% [2] H!1-/-#!, ;6! 4P?-+ #%7-#*N24*'2%7-+ N'!)%-
H2'- 1!44%16*0#!,! 0:?!'- H4+ N!H!?#!> 7!H%4* +04+%6<+ 1*1*-
t'))1% ]'O=4))1% ?g']1%, 2H!04%60!'+PM%> F?619=q ['+'?'V'-
                                                
* I-?!6- N!HH%'O*0-%6<+ ,'-#6!7 IZZX ~ 09-07-00093-4 
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)=+. j?!?M%##-+ 7%H*-##-+ <f%7- [2,3] N'%H<6-04+%6 */ <%?+ #--
?!' */ m #%/-0*<*7:f 1O)1]'+)Qg ]'O=4))Qg ?g'] [4]. j?!?M%#-
#-+ 7%H*-##-+ <f%7- !N'%H%4+%6<+ #- 7*#*7-45#!7 m-7%'#!7 N--
'-44%N*N%H% ( )B A

)
, 0 1!6!':> 0N*<-#! A. Q!h6!72 N'* N'*7%#%-

#** !?!?M%##!> 7%H*-##!> <f%7: '%/2456-6!7 0:?!'- 7!O%6 
!1-/-65<+ #%H!N2<6*7-+ -456%'#-6*0- */ 7#!O%<60- ( ) \B A A

)
, H--

O% %<4* <!!?M%#*+ 0<%f -,%#6!0 N'*#-H4%O-6 A. ]<4* 2<4!0*% N%-
'%<%;%#*+ 0:N!4#%#! H4+ 1-1!>-4*?! !?!?M%##!> 7%H*-##!> <f%-
7:, 6! '%/2456-6 0:?!'- N'* *<N!45/!0-#** h6!> <f%7: ,-'-#6*-
'!0-##! N'*#-H4%O*6  A [2]. 

jH#-1!, !6H%45#!> #%6'*0*-45#!> /-H-;%> +04+%6<+ N'!0%'-
1- – 2H!04%60!'+%6 4*  1!#1'%6#-+ !?!?M%##-+ 7%H*-##-+ <f%7- 
2<4!0*P N%'%<%;%#*+ *4* #%6 H4+ 1!#1'%6#!,! A [5]. 8 '-?!6% [6] 
?:4* N'%H4!O%# 7%6!H -#-4*/- !?!?M%##:f 7%H*-##:f <f%7, N!-
/0!4+PM*> <2M%<60%##! 2N'!<6*65 H-##2P /-H-;2.  '!7% 6!,!, 
H-##:> 7%6!H N!/0!4+%6 !N'%H%4*65 H4+ /-H-##!> !?!?M%##!> 
7%H*-##!> <f%7: #%!?f!H*7:% 6'%?!0-#*+ 1 7#!O%<602 H!N2<6*-
7:f -456%'#-6*0 A, N'* 0:N!4#%#** 1!6!':f h6- !?!?M%##-+ 7%-
H*-##-+ <f%7- 2H!04%60!'+%6 2<4!0*P N%'%<%;%#*+ H4+ H-##!,! A. 

8 '-71-f H-##!,! H!14-H- */4-,-%6<+ H-45#%>_%% '-/0*6*% 
'%/2456-6!0 '-?!6: [6] – *61V)Q% ]'T1O N'!0%'1* <0!><60- N%'%-
<%;%#*+. 8 !<#!0% H-##!,! 7%6!H- 4%O*6 6!6 $-16, ;6! 4P?-+ 
!?!?M%##-+ 7%H*-##-+ <f%7- '-/?*0-%6 0<% 7#!O%<60! ( )B A

)
 #- 

1!#;%#:> #-?!' *61319 - m-7%'#:f N-'-44%N*N%H!0. 8<% -456%'#--
6*0:, N'*#-H4%O-M*% !H#!72 ?4!12 !?4-H-P6 !H*#-1!0:7* <0!>-
<60-7*, #- -#-4*/% 1!6!':f !<#!0:0-%6<+ N'!0%'1- 2<4!0*+ N%'%-
<%;%#*+. X<N!45/!0-#*% H-##!,! $-16- N!/0!4+%6 <2M%<60%##! 
27%#5_*65 6'2H!%71!<65 N'%H4!O%##!,! 0 [6] 7%6!H-. 

Q'*7%#%#*% ?4!;#!,! 7%6!H- 1 N!<6'!%#*P #%7-#*N24*-
'2%7:f N'!)%H2' 7#!,!1'*6%'*-45#!,! 0:?!'-  *44P<6'*'2%6<+ 
N'*7%'!7 '%_%#*+ /-H-;* N!<6'!%#*+ #%7-#*N24*'2%7!,! 7%f--
#*/7- '-<N'%H%4%#*+ '%<2'<!0 #- !<#!0% N'!)%H2' ,!4!<!0-#*+ 

Z7<,3(<03( 
1. Barber`a, S., Strategy-proof social choice. In: Arrow, K. J., Sen, A. K., 

Suzumura, K. (Eds.), Handbook of Social Choice and Welfare. 2006 Vol. 2. 
2. Barbera S., Masso J., Serizawa S. Strategy-proof voting on compact 

ranges // Games and Behavior. 1998. Vol. 25.  
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3. Border K., Jordan J. Straightforward elections, unanimity and phantom 
voters // Review of Economic Studies. 1983. Vol. 50. 

4. Moulin H. On strategy-proofness and single-peakedness // Public 
Choice. 1980. Vol. 35. 

5. d2'1!0 8.K., X<1-1!0 @.d.,  !',*# K.E. Q'*7%#%#*% !?!?M%##:f 
7%H*-##:f <f%7 H4+ N!<6'!%#*+ #%7-#*N24*'2%7!,! 7%f-#*/7- 7#!,!-
1'*6%'*-45#!> -16*0#!> h1<N%'6*/: // Q'!?4%7: 2N'-04%#*+. -  2008. -  
q4. - S. 38-47. 

6.  !',*# K.E. E#-4*/ '%-4*/2%7!<6* '%/2456-6!0 7#!,!1'*6%'*-45-
#!> h1<N%'6*/: - N'*7%#%#*% "<0!><60- N%'%<%;%#*+"/ Q'!?4%7: 2N'-0-
4%#*+, 2009 ,. , q6 S. 18-27 

@7=37/2L; +,<"/ (883"&$7+(677 "="9"E&7  
`/.'"3<(->(3,<", "$2"'(22L; 2( 7$8"9?U"'(277 

«'2,]2,D"» 7$<"E27&( 3,],27;*  
E.8. D!6!0, @.K.b%'<6!?*6!0 

.QV=?6=T'67)Q% 8')T+ =].  . .b1+1O)=8Q)4 W " 
@%6!H: -#-4*/- <4!O#:f <*<6%7 #- !<#!0% 0*/2-4*/-)** 

,'-#*): Q-'%6! +04+P6<+ !H#*7 */ #-*?!4%% N%'<N%16*0#:f #--
N'-04%#*> 7#!,!1'*6%'*-45#!> !N6*7*/-)** (@ j) [1]. 8 )%4+f 
H*-4!,!0!,! -#-4*/- 7#!,!7%'#!> ,'-#*): Q-'%6! 6'%?2%6<+ 
N'%H0-'*6%45#! -NN'!1<*7*'!0-65 !?!4!;12 lHO0!'6--Q-'%6! 
(jlQ), 1!6!'-+ H4+ /-H-;* @ j N'%H<6-04+%6 <!?!> 7-1<*7-45#!% 
(N! 014P;%#*P) 7#!O%<60!, *7%PM%% 62 O% ,'-#*)2 Q-'%6!, ;6! * 
'-<<7-6'*0-%7-+ /-H-;- @ j [2]. 8 #%4*#%>#:f /-H-;-f @ j H4+ 
-NN'!1<*7-)** jlQ ?:4* '-/'-?!6-#: ,*?'*H#:% 7%6!H:, !<#!-
0-##:% #- <*#6%/% 7%6!H!0 ,4!?-45#!,! <42;->#!,! N!*<1-, 4!-
1-45#!> !N6*7*/-)**, <O-6*+ !?4-<6* N!*<1- * ,%#%6*;%<1*f 7%-
6!H!0 !N6*7*/-)** [3]. l6* 7%6!H: N!1-/-4* <0!P h$$%16*0#!<65 
0 N'*14-H#:f /-H-;-f [4]. 8 6! O% 0'%7+, h6* 7%6!H: 7-4!h$$%1-
6*0#: 0 <42;-% ?!45_!,! ;*<4- 4!1-45#:f h1<6'%727!0 * /!# ?%/-
'-/4*;*+ 1'*6%'*-45#:f $2#1)*>. e-H-;- 6-1!,! 6*N- 0<6'%6*-
4-<5, #-N'*7%', N'* 7#!,!1'*6%'*-45#!7 -#-4*/% N'!?4%7 2N'-0-
4%#*+ 0!H!f'-#*4*M-7* #- !<#!0% 7!H%4%>, !N*<-##:f 0 '-?!6% 
                                                
*I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%1-
6: 09-01-12098, 09-01-13534 * 10-01-00199), QZX Q'%/*H*27- IEK Q-2 
* QZX j@K IEK q3.  
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[5]. G4+ -NN'!1<*7-)** jlQ 0 7#!,!h1<6'%7-45#:f /-H-;-f ?:4! 
N'%H4!O%#! 2<!0%'_%#<60!0-65 '-/'-?!6-##:% '-#%% 7%6!H: #- 
!<#!0% N'*7%#%#*+ *H%>, !N*<:0-%7:f 0 H-##!> '-?!6%. 

j<#!0#-+ 6'2H#!<65, 0!/#*1-PM-+ N'* -#-4*/% /-H-; < 
?!45_*7 ;*<4!7 4!1-45#:f h1<6'%727!0 * !?4-<6%> #%;20<60*-
6%45#!<6*, <!<6!*6 0 6!7, ;6! 0 h6*f /-H-;-f 7%6!H: ,'-H*%#6#!,! 
6*N- !1-/:0-P6<+ #%h$$%16*0#:7*. X<N!45/!0-#*% '-/4*;#:f 
<42;->#:f <6-'6!0:f 6!;%1 #% '%_-%6 N'!?4%7:, %<4* '-/7%'-
#!<65 /-H-;* * ;*<4! 4!1-45#:f h1<6'%727!0 0%4*1*. [-1*7 !?'--
/!7, 0 '-71-f ,*?'*H#:f 7%6!H!0 !<6-%6<+ N'*7%#+65 7%6!H: <42-
;->#!,! N!*<1- * ,%#%6*;%<1*% 7%6!H:, 1!6!':%, 1-1 N!1-/:0-%6 
!N:6, <-7* N! <%?% #% H-P6 0!/7!O#!<6* 0 !?!/'*7!% 0'%7+ N!-
<6'!*65 2H!04%60!'*6%45#2P -NN'!1<*7-)*P.  

8 N'%H4-,-%7!7 /H%<5 N!Hf!H% 7%6!H: -NN'!1<*7-)** 
jlQ 2<!0%'_%#<602P6<+ #- !<#!0% N'*04%;%#*+ «0#%_#%,!» *<-
6!;#*1- '%_%#*>, 1!6!':% N'%H#-/#-;%#: H4+ 2<1!'%#*+ N'!)%<<- 
-NN'!1<*7-)** jlQ ,%#%6*;%<1*7 7%6!H!7. @!O#! *<N!45/!0-65 
'%_%#*+, N'%H4!O%##:% h1<N%'6-7*, 4*?! '%_%#*+, #->H%##:% < 
N!7!M5P '%_%#*+ /-H-; !N6*7*/-)** #- !<#!0% 2N'!M%##:f 7!-
H%4%>, <1-O%7, #%>'!##:f <%6%>, -NN'!1<*7*'2PM*f *<f!H#2P 
7!H%45. 8 2N!7+#26!> /-H-;% 2N'-04%#*+ 0!H!f'-#*4*M-7* 7!O-
#! '-<<7!6'%65 7!H%4* < 2N'!M%##:7 !N*<-#*%7 #%!N'%H%4%##!-
<6*, - *7%##!, <;*6-65 ?%4:7 _27!7 !614!#%#*% !?u%7- 0!H:, N!-
<62N-PM%,! 0 0!H!f'-#*4*M%, !6 %,! <'%H#%,! /#-;%#*+, ?4-,!H--
'+ ;%72 2H-%6<+ N'*7%#*65 7%6!H H*#-7*;%<1!,! N'!,'-77*'!0--
#*+.  

8 N'!0%H%##!7 *<<4%H!0-#**, *<N!45/2+ 0<%,! !H#! '%_%-
#*%, N'%H4!O%##!% h1<N%'6!7, < N!7!M5P ,%#%6*;%<1!,! 7%6!H- 
2H-4!<5 #->6* H!<6-6!;#! 6!;#2P -NN'!1<*7-)*P jlQ 0 ;%6:-
'%f1'*6%'*-45#!> /-H-;% @ j, !<#!0-##!> #- 7!H%4* [5].  

Z7<,3(<03( 
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teractive and Evolutionary Approaches. Lecture Notes in Computer Sci-
ence, V. 5252. Berlin-Heidelberg. Springer, 2008. P. 213-244. 
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185 
 

Y8@*@Z. 2006. [. 46(11). S. 2009-2023. 
4. A.Lotov, V. Berezkin, G. Kamenev, Miettinen K. Optimal Control of Cool-

ing Process in Continuous Casting of Steel Using a Visualization-Based 
Multi-Criteria Approach // Applied Mathematical Modelling.V. 29(7). P. 
653-672.  

5. Soncini-Sessa R., Cellina F., Pianosi F., Weber E. Integrated and Partici-
patory Water Resources Management: Practice. Amsterdam. Elsevier, 
2007. 

S&$7"+(<7E,$&7; 8"/V"/ & $0.,27: +2".,$<'( 
>(3,<": $"'3,+,22", $"$<"*27, *  

8.G.K!,*# 
Y4)3T-C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
I-<<7-6'*0-%6<+ /-H-;- (7!H%45) 7#!,!1'*6%'*-45#!,! 0:-

?!'- 〉〈 XfX f,, , ,H% 
X  | 7#!O%<60! 0!/7!O#:f 0-'*-#6!0 ('%_%#*>), */ 1!6!-

'!,! <4%H2%6 !<2M%<604+65 0:?!';  
),...,( 1 mfff = , m{2 | 0%16!'#:> 1'*6%'*>, !N'%H%4%##:> #- 

7#!O%<60% X  * N'*#*7-PM*> ;*<4!0:% /#-;%#*+ 0 -'*$7%6*;%-
<1!7 0%16!'#!7 N'!<6'-#<60% mR ; 

Xf  – -<*77%6'*;#!% ?*#-'#!% !6#!_%#*% <6'!,!,! N'%H-
N!;6%#*+ DQI, !N'%H%4U##!% #- 7#!O%<60% X.   

I%/2456-6!7 '%_%#*+ /-H-;* 7#!,!1'*6%'*-45#!,! 0:?!'- 
+04+%6<+ 7#!O%<60!7 0:?*'-%7:f 0-'*-#6!0 C(X).  

CH!?#! 6-1O% *<N!45/!0-65 7#!O%<60! 0!/7!O#:f 0%16!'!0 
mRXfY ⊂= )(  * 7#!O%<60! 0:?*'-%7:f 0%16!'!0 
))(()( XCfYC = . S;*6-%6<+, ;6! #- 7#!O%<60% 0!/7!O#:f 0%16!-

'!0 Y /-H-#! !6#!_%#*% <6'!,!,! N'%HN!;6%#*+ Yf  (1!6!'!% #- 
N'-16*1% !?:;#! N!4#!<65P #% */0%<6#!), %<6%<60%##:7 !?'-/!7 
<!,4-<!0-##!% < !6#!_%#*%7 Xf  . 

@!H%45 7#!,!1'*6%'*-45#!,! 0:?!'- 〉〈 YY f,  0 6%'7*#-f 
0%16!'!0 014P;-%6 7#!O%<60! 0!/7!O#:f 0%16!'!0 Y  * !6#!_%-
#*% <6'!,!,! N'%HN!;6%#*+ Yf , /-H-##!% #- 7#!O%<60% Y , - '%-
                                                
* I-?!6- N!HH%'O-#- ,'-#6!7 IZZX (N'!%16 q  08-01-00301-). 
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_%#*%7 /-H-;* 7#!,!1'*6%'*-45#!,! 0:?!'- 0 6-1!7 <42;-% +04+-
%6<+ 7#!O%<60! 0:?*'-%7:f 0%16!'!0 C(Y).  

Q'*#*7-P6<+ <4%H2PM*% ;%6:'% «'-/27#:%» -1<*!7:. 
E1<*!7- 1. b6f 6q*1% [4+Q 9'3T1+19 Yyy ∈′′′, , FO196'T91-

+fqt=g ?11T)1P')=q yy Y ′′′ f , 9Q[16)')1 )(YCy ∉′′ . 
E1<*!7- 2. b6f 1T)1P')=f Yf  ?Ft'?T9F'T =++'i6'3?=9)1' 

= T+4)&=T=9)1' [+1O16j')=' f  )4 9?A 3+=T'+=467)1' [+1?T+4)-
?T91 mR . 

 E1<*!7- 3. <4jOQ% =& 3+=T'+='9 mfff ,...,, 21  ?1-64?194) ? 
1T)1P')='] [+'O[1VT')=f f . 

E1<*!7- 4. `T)1P')=' [+'O[1VT')=f f  f96f'T?f =)94+=-
4)T)Q] 1T)1?=T'67)1 6=)'%)1-1 [161j=T'67)1-1 [+'1*+4&194-
)=f. 

8 2<4!0*+f -1<*!7 2–4 !6#!_%#*% f  +04+%6<+ 1!#2<#:7 < 
!<6':7 0:N214:7 1!#2<!7, #% <!H%'O-M*7 #-;-4- 1!!'H*#-6 (<7. 
[1]), ;6! N!/0!4+%6 H4+ '-/0*6*+ 6%!'** -16*0#! *<N!45/!0-65 -N-
N-'-6 0:N214!,! -#-4*/-. 

I%_%#*% N'!?4%7: <2O%#*+ 7#!O%<60- Q-'%6! !<2M%<604+-
%6<+ #- !<#!0% 6-1 #-/:0-%7:f «10-#6!0 *#$!'7-)**» !? !6#!_%-
#** N'%HN!;6%#*+ [2], 1!6!':% f-'-16%'*/2P6 ,!6!0#!<65 DQI 
N'!+04+65 !N'%H%4%##2P ,*?1!<65 0 N'!)%<<% N'*#+6*+ '%_%#*> – 
2<62N-65 N! !H#*7 1'*6%'*+7 '-H* N!42;%#*+ 0:*,':_- N! 1--
1*7-6! H'2,*7 1'*6%'*+7. e-7%6*7, ;6! #-4*;*% «10-#6- *#$!'-
7-)**»  7!O%6 ?:65 !f-'-16%'*/!0-#! * 0 6%'7*#-f !6#!<*6%45-
#!> 0-O#!<6* 1'*6%'*%0.  

j<#!0#:% N!4!O%#*+ * '%/2456-6: -1<*!7-6*;%<1!,! N!H-
f!H- */4!O%#: 0 1#*,% [1]. S! 0'%7%#* %U 0:f!H- N'!_4! 5 4%6 * 
/- h6! 0'%7+ 2H-4!<5 <2M%<60%##! N'!H0*#265<+ 0 '-/0*6** H-##!-
,! N!Hf!H-. 8 ;-<6#!<6*, 2<6-#!04%#: '%/2456-6:, 1!6!':% <!H%'-
O-6 !)%#1* <0%'f2 H4+ #%*/0%<6#!,! 7#!O%<60- 0:?*'-%7:f 0%1-
6!'!0 (0-'*-#6!0) 0 0*H% !N'%H%4%##:f N!H7#!O%<60 7#!O%<60- 
Q-'%6!, N!42;%##:% #- !<#!0% '-/4*;#!,! '!H- #%N'!6*0!'%;*0:f 
1!#%;#:f #-?!'!0 «10-#6!0 *#$!'7-)**». l6* #!0:% '%/2456-6: 
N'%HN!4-,-%6<+ N!H'!?#! !?<2H*65 0 H!14-H%. 

Z7<,3(<03( 
1. K!,*# 8.G. C+=)fT=' +'P')=% 9 ])1-13+=T'+=467)1% ?+'O': 316=-

V'?T9'))Q% [1Og1O (2-% */H. *<N'. * H!N.) . @.: ZXe@E[DX[, 2005. 
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2. K!,*# 8.G. C+1*6']4 ?Fj')=f ])1j'?T94 C4+'T1: [1Og1OQ 3 
+'P')=q// X<12<<60%##:> *#6%44%16 * N'*#+6*% '%_%#*>. – 2008, q 1, 
S. 98-112.  

 2"D"&37<,37(9?2L; (2(97U  
<"3D"'"; 8"97<7&7∗ 
8.G. K!,*#, E.8.Q'-<!4!0  

Y4)3T-C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
Q2<65 #%1!6!'!% ,!<2H-'<60! (#-N'*7%', I!<<*+) #- <0!%7 

0#26'%##%7 ':#1% 6!',2%6 N'!H216!7, 1!6!':> N'!*/0!H*6<+ 1-1 
0#26'* <6'-#:, 6-1 * H'2,*7* <6'-#-7* /- '2?%O!7. 8<4%H<60*% 
6!',!04* ,!<2H-'<60! N!42;-%6 H!f!H 

S txp qyτ= +                                                   (1) 
,H% t – #-4!, #- H!?-04%##2P <6!*7!<65 (0 #-<6!+M%% 0'%7+ 0 I!<-
<** t=18%), 
 x – !?u%7 N'!*/0!H<60- H-##!,! N'!H216- 0 I!<<**, 
 p – ':#!;#-+ )%#- N'!H216- #- 0#26'%##%7 ':#1% I!<<**, 
 � – 00!/#-+ N!_4*#- #- *7N!'6 N'!H216-, 
 q – )%#- N'!H216- /- '2?%O!7, 
 y – !?u%7 *7N!'6-. 
 X7N!'6%' (/H%<5 *7%P6<+ 0 0*H2 0<% 2;-<602PM*% *7N!'-
6%':, %<4* *f #%<1!451!) H-##!,! N'!H216- '-<N!4-,-%6 N'*?:45P 

[ (1 ) ]D y p qτ= − +                                                 (2) 
S6'-#--N!6'%?*6%45 N'!H216- <6!*6 N%'%H 0:?!'!7 '%,24*-

'!0-#*+ *7N!'6- 0 /-0*<*7!<6* !6 <*62-)** < N!7!M5P 0%4*;*#: 
00!/#!> N!_4*#:. c%45P 6-1!,! '%,24*'!0-#*+ 7!O%6 ?:65 7-1-
<*7*/-)*+ H!f!H- (1) *4* O% '!<6 H!4* !6%;%<60%##!,! N'!*/0!H*-
6%4+ 0 !?u%7-f N'!H-O. c%45P *7N!'6%'-, 1!6!'!> !# H!?*0-%6<+ 
0-'5*'!0-#*%7 !?u%7- *7N!'6-, +04+%6<+ 4*?! N'*?:45 (2), 4*?! 
;*<4! '-?!;*f 7%<6 0 <6'-#-f, N'!*/0!H+M*f *7N!'6*'2%7:> 
N'!H216, 1!6!'!% H-4%% N'*#*7-%6<+ N'+7!  N'!N!')*!#-45#:7 
!?u%72 *7N!'6-. 

Q'* H!N!4#*6%45#:f N'%HN!4!O%#*+f ! <N'!<% #- N'!H216 
0#26'* <6'-#: '-<<7-6'*0-P6<+ <4%H2PM*% 6'* /-H-;*.  
                                                
∗ I-?!6- N!HH%'O-#- ,'-#6!7 IZZX (N'!%16 q  08-01-00301-). 
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i(/(E( S: #->6* 7#!O%<60! Q-'%6! H4+ H02f )%4%0:f $2#1-
)*> S * D N'* 0,0,0 ≥≥≥ Dy τ . 8#26'%##%% N'!*/0!H<60! 0 
h6!> /-H-;% <;*6-%7 N!<6!+##:7. I%/2456-6 '%_%#*+ /-H-;* E !N-
'%H%4+%6 0!/7!O#!<6* 0/-*7#:f <6'-6%,*> ,!<2H-'<60- * *7N!'-
6%'-. @#!O%<60! Q-'%6! (*4* h$$%16*0#!% 7#!O%<60!) /-H-%6 !?-
4-<65 1!7N'!7*<<!0 0 6!',!0!> N!4*6*1% * 0:?!' 0#26'* #%,! N!-
/0!4+%6 /- <6!4!7 N%'%,!0!'!0 (*4* O% 7%6!H!7 «N'!? * !_*?!1») 
2<6-#!0*65 0/-*7!0:,!H#2P <6'-6%,*P.  

i(/(E( h: #->6* 7#!O%<60! Q-'%6! H4+ 6'%f )%4%0:f $2#1-
)*> S, D * Y = y N'* 0, 0, 0y Dτ≥ ≥ ≥ . 8#26'%##%% N'!*/0!H<60! x 
0 h6!> /-H-;% 6-1O% <;*6-%7 N!<6!+##:7. I%/2456-6 '%_%#*+ /-H--
;* d !N'%H%4+%6 0!/7!O#!<6* 0/-*7#:f <6'-6%,*> ,!<2H-'<60--
N!6'%?*6%4+, *7N!'6*'2PM*f 1!7N-#*> * ,!<2H-'<60, N'!*/0!H+-
M*f *7N!'6, 6-1 1-1 H!N!4#*6%45#!> )%45P !N6*7*/-)** +04+%6<+ 
20%4*;%#*% (*4* #% 27%#5_%#*%) ;*<4! '-?!;*f 7%<6. E162-45-
#!<65 6-1!,! *<<4%H!0-#*+ N!+04+%6<+, %<4* *7N!'6 0 <6'-#2-
N!6'%?*6%4+ H!<6-6!;#! 0%4*1, ;6!?: N'!$<!P/: <6'-#:-
N'!*/0!H*6%4+ *4* !',-#:, 1!#6'!4*'2PM*% h1<N!'6, N!6'%?!0--
4* !6 N'-0*6%45<60- !60%6#:f 7%' #- 2<6-#!04%#*% 00!/#:f N!-
_4*#.  

i(/(E( [: #->6* 7#!O%<60! Q-'%6! H4+ 6'%f )%4%0:f $2#1-
)*> S, D * X = x N'* 0,0,0 ≥≥≥ Dy τ . S;*6-%6<+, ;6! 0#26'%#-
#%% N'!*/0!H<60! x 0 h6!> /-H-;% +04+%6<+ N%'%7%##:7 * <!!60%6-
<602%6 $2#1)** N'%H4!O%#*+ !6%;%<60%##!,! N'!*/0!H<60-. 8 6--
1!> N!<6-#!01% /-H-;- -#-4*/*'2%6 0!/7!O#!<6* N'!6%1)*!#*<6-
<1!,! N!0%H%#*+ < )%45P <H%4-65 <!?<60%##!% N'!*/0!H<60! ?!4%% 
1!#12'%#6#!-<N!<!?#:7 *4* N'!<6! 20%4*;*65 !?u%7 <!?<60%##!-
,! N'!*/0!H<60-, ;6! !60%;-%6 /-?!6% N'-0*6%45<60- <6'-#:-
N!6'%?*6%4+ ! ;*<4% '-?!;*f 7%<6-f 0 <0!%> <6'-#%. 

G4+ 1-OH!> /-H-;* #-f!H*6<+ <!!60%6<602PM%% 7#!O%<60! 
Q-'%6!. Q!<1!4512 h6! 7#!O%<60! +04+%6<+ H!<6-6!;#! _*'!1*7, 
H4+ %,! <2O%#*+ N'%H4-,-%6<+ *<N!45/!0-65 -1<*!7-6*;%<1*> N!H-
f!H, '-/0*0-%7:> !H#*7 */ -06!'!7 * !<#!0-##:> #- *<N!45/!0--
#** 1!4*;%<60%##!> *#$!'7-)** ! ,!6!0#!<6* 2;-<602PM*f 0 
6!',!04% <6!'!# *H6* #- !N'%H%4%##:> 1!7N'!7*<<. E#-4*/*'2%6-
<+ '%/2456-6 <2O%#*+ 7#!O%<60- Q-'%6! 0 /-0*<*7!<6* !6  ,*?1!-
<6* N!0%H%#*+ <6!'!# #- ':#1%.  
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I8<7+7U(67"22L, U(/(E7 
<,"377 '(.2"$<7 &37<,37,'* 

8.8. Q!H*#!0<1*> 
H1?FO4+?T9'))Q% F)=9'+?=T'T – .Q?P4f P3164 ^31)1]=3= 

8 6%!'** 0-O#!<6* 1'*6%'*%0 [1, 2] 7#!,*% '%_-PM*% N'--
0*4-, /-H-PM*% #- 7#!O%<60% 0%16!'#:f !)%#!1 Z !6#!_%#*% #%-
<6'!,!,! N'%HN!;6%#*+ R < *<N!45/!0-#*%7 #-1!N4%##!> *#$!'-
7-)** ! N'%HN!;6%#*+f 4*)-, N'*#*7-PM%,! '%_%#*%, 0 1!6!'2P 
014P;-P6<+ <0%H%#*+ !? !6#!<*6%45#!> 0-O#!<6* 1'*6%'*%0, )%#-
#!<6* _1-45#:f !)%#!1 1'*6%'*%0 * H'., +04+P6<+ N-'-7%6'*;%-
<1*7*. ]<4* 0%4*;*#- (0%16!'#!,!) N-'-7%6'- λ, f-'-16%'*/2PM%-
,! N'%HN!;6%#*+, */0%<6#- 6!;#!, 6! '%_-PM%% N'-0*4! $!'724*-
'2%6<+ N'* N!7!M* #%<6'!,*f #%'-0%#<60 H4+ !H#!> *4* #%<1!45-
1*f ;*<4!0:f $2#1)*>  ηt  * *7%%6 0*H:  yRz ⇔ ηt(y⎪λ) ≥ ηt (z⎪λ),     
t = 1,…, τ,  ,H%  y, z − <'-0#*0-%7:% N! N'%HN!;6*6%45#!<6* 0%1-
6!'#:% !)%#1*, τ ≥ 1. ]<4* O% *#$!'7-)*+ ! N'%HN!;6%#*+f #%-
6!;#- 0 6!7 <7:<4%, ;6! !N'%H%4+%6 4*_5 7#!O%<60! Λ 0!/7!O#:f 
/#-;%#*> N-'-7%6'- λ, 6! N!4-,-%6<+, ;6! 0%16!'#-+ !)%#1- y #% 
7%#%% N'%HN!;6*6%45#-, ;%7 z, 1!,H- 0<% 21-/-##:% 0:_% #%'-0%#-
<60- 0:N!4#+P6<+ N'* 4P?!7 λ∈Λ, *4*, ;6! '-0#!<*45#!, 1!,H- 

.,...,1,0)()(min τληληλ =≥−Λ∈ tzy tt                    (*) 

jN6*7*/-)*!##:% /-H-;* H4+ (*) !64*;-P6<+ <4%H2PM*7* 
<2M%<60%##:7* !<!?%##!<6+7*: 1) !6:<1-#*+ 7*#*727!0 #% 6'%-
?2%6<+, #! #2O#! 6!;#! 0:+<#*65: 0%'#! 4*, ;6! !#* #% 7%#5_% 
#24+; 2) /-H-;* *7%P6 !6#!<*6%45#! #%?!45_2P '-/7%'#!<65 (H! 
H%<+61- N%'%7%##:f * #%<1!451*f H%<+61!0 !,'-#*;%#*>). 

Q'* 4*#%>#:f !,'-#*;%#*+f #- 0%4*;*#: 1!h$$*)*%#6!0 
0-O#!<6* 1'*6%'*%0 * <1!'!<65 '!<6- N'%HN!;6%#*> 0H!45 *f _1--
4: /-H-;- 7*#*7*/-)** H4+ N'!0%'1* 0:N!4#%#*+ (*) !1-/:0-%6<+ 
?*4*#%>#!> (τ = 1). Q!<1!4512 !?M*% ;*<4%##:% 7%6!H: ?*4*-
#%>#!,! N'!,'-77*'!0-#*+ +04+P6<+ N'*?4*O%##:7* [3], 6! -1-
62-45#!> +04+%6<+ N'!?4%7- '-/'-?!61* 6!;#:f * h1!#!7#:f 7%-
6!H!0 '%_%#*+ 6-1*f !N6*7*/-)*!##:f /-H-;. 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% D-?!'-6!'** 
-#-4*/- * 0:?!'- '%_%#*> BC-8bl. 



 

 

190

G4+ <42;-+, 1!,H- *7%P6<+ *#6%'0-45#:% !,'-#*;%#*+ H4+ 
!6H%45#:f /#-;%#*> )%##!<6* _1-45#:f !)%#!1, ?*4*#%>#-+ /--
H-;- <0!H*6<+ 1 #%<1!451*7 /-H-;-7 4*#%>#!,! N'!,'-77*'!0-#*+ 
[4, 5]. G4+ !?M%,! <42;-+ 4*#%>#:f !,'-#*;%#*> 0 '-?!6-f [6, 7] 
?:4! N'%H4!O%#! <0!H*65 ?*4*#%>#:% /-H-;* 1 /-H-;-7 4*#%>#!-
,! N'!,'-77*'!0-#*+ N26%7 <N%)*-45#!> /-7%#: N%'%7%##:f. 
jH#-1! *<<4%H!0-#*+, N'!0%H%##:% <!07%<6#! < Q!H*#!0<1*7 
8*1. 8., N!1-/-4*, ;6! h6!6 N!Hf!H !_*?!;%#! 

G4+ '%_%#*+ ?*4*#%>#:f /-H-; */ (*), 0 1!6!':f *7%P6<+ 
*#6%'0-45#:% !,'-#*;%#*+ #- <6%N%#* N'%0!<f!H<60- 0 0-O#!<6* 
!H#*f 1'*6%'*%0 #-H H'2,*7* * <1!'!<65 '!<6- N'%HN!;6%#*> 
0H!45 *f _1-4:, '-/'-?!6-# (<!07%<6#! < K%4P?*#:7 E.Q.) 6!;-
#:>, <0!?!H#:> !6 !_*?!1 !1'2,4%#*+, h$$%16*0#:> 0:;*<4*-
6%45#:> 7%6!H, *<N!45/2PM*> -#-4*6*;%<1*% 0:'-O%#*+ H4+ 1!-
!'H*#-6 1'->#*f 6!;%1 (0%'_*#) 7#!,!7%'#:f 7#!,!,'-##*1!0 
!,'-#*;%#*>. l6!6 7%6!H '%-4*/!0-# 0 1!7N5P6%'#!> <*<6%7% N!H-
H%'O1* N'*#+6*+ 7#!,!1'*6%'*-45#:f '%_%#*> DASS. 

Z7<,3(<03( 
1. C1O=)19?3=% .... 80%H%#*% 0 6%!'*P 0-O#!<6* 1'*6%'*%0 0 7#!,!-

1'*6%'*-45#:f /-H-;-f N'*#+6*+ '%_%#*>: C;%?#!% N!<!?*%. − @.: Z*/-
7-64*6. 2007. 

2. Podinovski V.V. On the use of importance information in MCDA prob-
lems with criteria measured on the first ordered metric scale // Journal of Mul-
ti-Criteria Decision Analysis. 2009. V. 15. P. 163 – 174. 

3. YT+'34619?3=%  .Y., `+619  ... d*7-6'*;#:% *,': * ?*4*#%>#!% 
N'!,'-77*'!0-#*%. − @.: Z*/7-64*6, 2007. 

4. Salo A.A., Hämäläinen R.P. Preference assessment by imprecise ratio 
statements // Operations Research. 1992. V. 40. P. 1053 – 1061. 

5 Mateos A., Jiménez A., R#os-Insua S. Solving dominance and potential 
optimality in imprecise multi-attribute additive problems // Reliability engi-
neering and system safety. 2003. V. 79. P. 253 – 262. 

6. Eum Y.S., Park K.S., Kim S.H. Establishing dominance and potential op-
timality in multi-criteria analysis with imprecise weight and value // Computer 
and Operation Research. 2001. V. 28. P. 397 – 409. 

7. Lee K.S., Park K.S., Kim S.H., Lee K.S. Extended methods for identify-
ing dominance and potential optimality in multi-criteria analysis with impre-
cise information // European journal of operational research. 2001. V. 134. P. 
557 – 563. 
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I 8"$<3",277 +2".,$<'( 
X55,&<7'2LV ',&<"32LV "6,2"& 

`.X. I-?*#!0*; 
.QV=?6=T'67)Q% m')T+ =].  . . b1+1O)=8Q)4  W " 
I%_%#*% 0-O#:f < N'-16*;%<1!> 6!;1* /'%#*+ h1<6'%7-45-

#:f /-H-; 7%6!H-7* *<<4%H!0-#*+ !N%'-)*> N'!6%1-%6, 1-1 N'-0*-
4!, 0 2<4!0*+f #%!N'%H%4%##!<6*, 0:/0-##!> 0!/H%><60*%7 #%1!#-
6'!4*'2%7:f N'*'!H#:f $-16!'!0 4*?! N'+7:7 N'!6*0!H%><60*-
%7 N'!6*0#*1-; 0!/#*1-%6 #%!N'%H%4%##!<65 * 6!,H-, 1!,H- -H%1-
0-6#! !)%#*65 h$$%16*0#!<65 N'*#*7-%7:f '%_%#*> 7!O#! 4*_5 
< N!7!M5P #%<1!451*f ;-<6#:f 1'*6%'*%0 h$$%16*0#!<6*, - #% 
!H#!,! (<1-4+'#!,!) 1'*6%'*+. 

8 1-;%<60% '%_%#*+ /-H-;* 7#!,!1'*6%'*-45#!> !N6*7*/--
)** '-<<7-6'*0-%6<+ N'!)%H2'- N!<6'!%#*+ 2H!04%60!'*6%45#!> 
-NN'!1<*7-)** 7#!O%<60- h$$%16*0#:f 0%16!'!0 (6.%. 7#!O%<60- 
0%16!'#:f !)%#!1, 1-OH2P */ 1!6!':f #%45/+ 242;_*65 N! 4P?!-
72 */ ;-<6#:f 1'*6%'*%0, #% 2f2H_*0 N! !H#!72 */ !<6-0_*f<+). 
B%#%'*'!0-#*% 7#!O%<60- h$$%16*0#:f 0%16!'!0 7!O%6 ?:65 <0%-
H%#! 1 !6:<1-#*P 0<%0!/7!O#:f h1<6'%727!0 N-'-7%6'*;%<1!> 
$2#1)** ($2#1)** 7*#*727- 0/0%_%##:f ;-<6#:f 1'*6%'*%0), 
;6!, 0!!?M% ,!0!'+, 6'%?2%6 '%_%#*+ 1!#6*#227- !N6*7*/-)*!#-
#:f /-H-;. Q'*f!H*6<+ !,'-#*;*0-65<+ #%1!6!'!> <%65P #- 7#!-
,!7%'#!7 7#!O%<60% N-'-7%6'!0, * f!6+ N!H!?#:% h0'*<6*;%<1*% 
7%6!H: #- N'-16*1% *#!,H- H-P6 f!'!_*% '%/2456-6:, !#* #% 7!-
,26 ,-'-#6*'!0-65 N!42;%#*+ 2H!04%60!'*6%45#!> -NN'!1<*7-)**. 

8 #-<6!+M%7 H!14-H% '-<<7-6'*0-%6<+ ;*<4%##:> 7%6!H N!-
<6'!%#*+ N!<4%H!0-6%45#!<6* -NN'!1<*7-)*> 7#!O%<60- h$$%1-
6*0#:f 0%16!'!0, #% 6'%?2PM*> '%_%#*+ 1!#6*#227- !N6*7*/--
)*!##:f /-H-;; H-%6<+ 6%!'%6*;%<1!% !?!<#!0-#*% 7%6!H- * $!'-
724*'2%6<+ 6%!'%7- ! <f!H*7!<6* (0 7%6'*1% v-2<H!'$-) -NN'!1-
<*7*'2PM%> N!<4%H!0-6%45#!<6* 1 7#!O%<602 h$$%16*0#:f 0%1-
6!'!0. ]<4* N'* '%_%#** 7#!,!1'*6%'*-45#!> /-H-;* 2H-%6<+ N!-
42;*65 #%<1!451! !64*;-PM*f<+ H'2, !6 H'2,- -NN'!1<*7-)*> 
!H#!,! * 6!,! O% 7#!O%<60- h$$%16*0#:f 0%16!'!0 (#-N'*7%', < 
N!7!M5P '-/4*;#:f ;*<4%##:f 7%6!H!0), 0!/#*1-%6 #%N'!<6-+ 
N'!?4%7- <'-0#%#*+ *f N! 1-;%<602: !H#- -NN'!1<*7-)*+ 7!O%6 
!1-/-65<+ 42;_*7 N'*?4*O%#*%7 #%1!6!'!,! N!H7#!O%<60- h$-
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$%16*0#:f 0%16!'!0, - H'2,-+ – %,! H!N!4#%#*+. G4+ '%_%#*+ h6!> 
N'!?4%7: N'%H4!O%#- *#6%,'-45#-+ $2#1)*+ <'-0#%#*+, 2<6-#-0-
4*0-PM-+ #- 7#!O%<60% -NN'!1<*7-)*> 6-1!% ?*#-'#!% !6#!_%-
#*% N'%HN!;6%#*+, ;6! -NN'!1<*7-)**, !6 1!6!':f 7#!O%<60! h$-
$%16*0#:f 0%16!'!0 !614!#+%6<+ #%/#-;*6%45#!, !1-/:0-P6<+ 
N'%HN!;6*6%45#%% 4P?:f H'2,*f. G4+ 0:;*<4%#*+ $2#1)** <'-0-
#%#*+ 7%6!H-7* ;*<4%##!,! *#6%,'*'!0-#*+ '%_%#- /-H-;- '-/-
?*%#*+ !?4-<6* *#6%,'*'!0-#*+ (<6-#H-'6#!,! <*7N4%1<-) '-0#!-
7%'#!> 12?*;%<1!> <%61!>, ;6! N!/0!4+%6 '-<<7-6'*0-65 00%H%#-
#2P $2#1)*P <'-0#%#*+ 0 1-;%<60% N!Hf!H+M%,! *#<6'27%#6- 
!)%#1* 1-;%<60- -NN'!1<*7*'2PM*f 7#!O%<60. 

>37+,2,27, &"26,8677 2,E,<&"; −l +,3L /9* 
3,],27* X&"2"+7E,$&7V U(/(E  

+2"D"&37<,37(9?2"D" "6,27'(27* 7 'L="3(  
K.8. I-H*!#!0 

$)?T=TFT $"cW [+= Y4)3T-C'T'+*F+-?31% .1'))1-
31?]=V'?31% 434O']== =].  .S. :1j4%?31-1 

1 >3,/$<('9,27, 83"$<3(2$<'( 2,E,<&7V X&"2"+7E,$&7V 
/(22LV, "=0$9"'9,22LV 83,7+0F,$<',22L+ '97*27,+ 8"$$7-
=797E,$&"D" 5(&<"3( 2,"83,/,9,22"$<7. 

80!H*6<+ N!#+6*% N'!<6'-#<60- h1!#!7*;%<1!,! N-'-7%6'- < 
#%;%61!> &-7%'!> 1-1 6'!>1-  

{ }λµΣΩ ,, , 
,H% −Ω  7#!O%<60!-#!<*6%45 /#-;%#*> h1!#!7*;%<1!,! N-'-7%6'-  

−Σ  */0%<6#!% 6%!'%6*1!-7#!O%<60%##!% N!#+6*% −s -4,%?-
': (/-71#26!% !6#!<*6%45#! 6 <%7%><60! N!H7#!O%<60); 

 −λµ  #%;%61-+ −λ 7%'- 
80%H%##-+ &-7%'- <-7- N! <%?% #% 6!451! f-'-16%'*/2%6 0 )%-

4!7 2'!0%#5 #%!N'%H%4%##!<6* 0 #%;%61!7 7#!O%<60% h1!#!7*;%-
<1*f H-##:f (7%'2 N'-0H!N!H!?*+, 7%'2 H!0%'*+ *4* 7%'2 <!,4--
<*+), #! 6-1O% 7!O%6 *<N!45/!0-65<+ * H4+ '-<;%6- #%;%61!> 7%': 
4P?!> <!0!12N#!<6* h1!#!7*;%<1*f H-##:f, <!<6-04+PM*f N!4% 
$*#-#<!0!,! *4* *#0%<6*)*!##!,! -#-4*/- N! h1<N%'6#:7 /-14P-
;%#*+7: 
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( )( ) .111 N

1i
i

i
i ⎥

⎦

⎤
⎢
⎣

⎡
−⋅+⋅=⎟⎟⎠

⎞
⎜⎜⎝

⎛
∏

=
ωµλ

λ
ωµ λλ U   (1) 

2 K$8"9?U"'(27, 2,E,<&"D" 72<,D3(9( ' 83"$<3(2$<', 
2,E,<&7V X&"2"+7E,$&7V /(22LV $ −λ +,3"; /9* 3,],27* U(-
/(E7 'L="3(, "=0$9"'9,22"D" '97*27,+ &(& 8"$$7=797E,$&"D", 
<(& 7 (&$7"9"D7E,$&"D" 5(&<"3( 2,"83,/,9,22"$<7. 

jQI]G]D]KX]. K%;%61*7 *#6%,'-4!7 (#%;%61*7 !O*H-#*-
%7) !6 #%;%61!,! N!H7#!O%<60- A

(
 < 2'!0#%0!> $2#1)*%> ( )ωµA , 

AX∈ω  ( Ω∈AX  – #!<*6%45 N!H7#!O%<60-) N! #%;%61!> &-7%'% 

λµ , /-H-##!> 0 N'!<6'-#<60% { }λµΣΩ ,, , #-/:0-%6<+ 7-6%7-6*;%-
<1-+ 1!#<6'21)*+ 0*H-: 

[ ]
[ ]

( )( ){ },,minsupAFEV
1,0

αλ
α

Ψµα
∈

=   (2) 

,H% ( ){ }αωµωΨα ≥∈= AAX . 
K%;%61*> *#6%,'-4 *7%%6 +0#! 0:'-O%##:> <7:<4 – /#-;%#*% 

2'!0#%0!> $2#1)** ( )ωµA . l6! !?<6!+6%45<60! 7!O%6 ?:65 *<N!45-
/!0-#! 0 /-H-;% h1!#!7*;%<1!,! 0:?!'-. 

3 >37+,2,27, 2,E,<&"; $',3<&7 ' 83"$<3(2$<', 2,E,<&7V 
X&"2"+7E,$&7V /(22LV $ −l +,3"; /9* 3,],27* U(/(E7 +2"-
D"&37<,37(9?2"D" "6,27'(27* 7 'L="3(, "=0$9"'9,22"D" 
'97*27,+ 3(U97E2LV 5(&<"3"' 2,"83,/,9,22"$<7. 

jQI]G]D]KX]. Q2<65  
{ }−= N1 ,...,ωωΩ  1!#%;#!% 7#!O%<60! $*#-#<!0:f 1!h$$*-

)*%#6!0, f-'-16%'*/2PM*f $*#-#<!0!% N!4!O%#*% $*'7:;   
( ) ( )−N

P
N1

P
1 ,, ωβωβ K  <!!60%6<602PM%% 7#!O%<60! !6#!<*-

6%45#:f /#-;%#*> (!)%#!1) h6*f $*#-#<!0:f 1!h$$*)*%#6!0, N!-
42;%##:f 7%6!H!7 h1<N%'6#!,! !N'!<- * f-'-16%'*/2PM*f ?4*-
/!<65 (<!N!<6-0*7!<65, N!f!O%<65 * N'!;.) N!4!O%#*+ $*'7: 1 
#%1!6!'!72 N!#+6*P P.  

( ) ( )−N1 ,, ωµωµ λλ K  /#-;%#*+ #%;%61!> &-7%': H4+ <!!60%6-
<602PM*f $*#-#<!0:f 1!h$$*)*%#6!0. 

8 1-;%<60% -456%'#-6*0: 7#!,!1'*6%'*-45#!> !)%#1* $*-
#-#<!0!,! N!4!O%#*+ N'%HN'*+6*+ 7!O%6 <42O*65 #%;%61-+ <0%'6-
1-, "0/0%_%##-+" N! h1<N%'6#!> N!<<*?*4*;%<1!> &-7%'%, <!!60%6-
<602PM-+ N!#+6*P P * 0:;*<4%##-+ N! 7-6%7-6*;%<1!> 1!#<6'21-
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)** 0*H-: 

( ) ( ) ⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛

⎟
⎠
⎞⎜

⎝
⎛=

= i
P
i

,minmaxEST i
P
iN,,1iP ωβλ Ψµωβ

K
, (3) 

,H% ( ) ( ) ( ){ }i
P
ij

P
jji

P
i

ωβωβωΨ
ωβ

≥= , - ( ) ⎟⎠
⎞⎜

⎝
⎛

i
P
i ωβλ Ψµ  !N'%H%4+%6<+ 

6-1 O%, 1-1 * 0 <42;-% < #%;%61*7 *#6%,'-4!7. 
e#-;%#*% PEST  *7%%6 0N!4#% !N'%H%4%##:> <7:<4 * N'%H-

<6-04+%6 <!?!> ".7/(,+L; 03"',2? "<2"$7<,9?2LV U2(E,27; 
572(2$"'LV &"X55767,2<"', !?M*> H4+ 0<%> *f <!0!12N#!<6*.  

I +($]<(=730,+"$<7 8(3(99,9?2LV  
+2"D"5(U2LV +,<"/"' 2,972,;2";  
+2"D"&37<,37(9?2"; "8<7+7U(677*  

E.X. I+?*1!0 
.QV=?6=T'67)Q% 8')T+ =]  . . b1+1O)=8Q)4 W " 
8 #%4*#%>#:f /-H-;-f 7#!,!1'*6%'*-45#!> !N6*7*/-)** 

H4+ -NN'!1<*7-)** !?!4!;1* lHO0!'6--Q-'%6! (jlQ) N'*7%#+-
P6<+ 7#!,!$-/#:% 7%6!H:, !<#!0-##:% #- <*#6%/% 7%6!H!0 ,4!-
?-45#!,! <42;->#!,! N!*<1-, 4!1-45#!> !N6*7*/-)** * <O-6*+ 
!?4-<6* N!*<1-. j<#!0#:% *H%* 6-1!,! <*#6%/- ?:4* N'%H4!O%#: 
0 [1, 2]. ENN'!1<*7-)*+ jlQ +04+%6<+ 6'2H!%71!> /-H-;%> 0 <42-
;-% /#-;*6%45#!> '-/7%'#!<6* N'!<6'-#<60- '%_%#*> * <4!O#:f 
1'*6%'*-45#:f $2#1)*>, N!h6!72 ?:4* '-/'-?!6-#: N-'-44%45-
#:% -4,!'*67: -NN'!1<*7-)** jlQ [4]. 8 <0+/* < '!<6!7 0:;*<-
4*6%45#:f '%<2'<!0 N'%H<6-04+%6 *#6%'%< -#-4*/ h$$%16*0#!<6* 
'-?!6: h6*f -4,!'*67!0 0 <42;-% ?!45_!,! ;*<4- *<N!45/2%7:f 
N'!)%<<!'!0. 

8 1-;%<60% !?u%16- H4+ h1<N%'*7%#6!0 '-<<7-6'*0-4-<5 7#!-
,!1'*6%'*-45#-+ 7!H%45, 1!6!'-+ <6'!*4-<5 #- !<#!0% 7#!,!h1<-
6'%7-45#!> $2#1)** N*1!0. X7%P6<+ H0% N%'%7%##:% x1 * x2, 1!-
6!':% 2H!04%60!'+P6 !,'-#*;%#*+7 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% IZZX (N'!%1-
6: 09-01-12098, 09-01-13534 * 10-01-00199), QZX Q'%/*H*27- IEK Q-2 
* QZX j@K IEK q3.  
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].6 ;5.3[   ],2.3 ;9.4[ 21 −∈−∈ xx  
Z2#1)*+ N*1!0 *7%%6 0*H: 

,10),(),(),(),( 21321221121 +++= xxuxxuxxuxxf  
,H% 

,ex,xxu xx 2
2

2
1 )1(2

1211 )1(3)( +−−−=  
, 

4
110),(

2
2

2
15

2
3
11212

xxexxxxxu −−⎟
⎠
⎞⎜

⎝
⎛ −−−=

 
.

3
1),(

2
2

2
1 )1(

213
xxexxu −+−−=

 
 '*6%'** ,%#%'*'2P6<+ <4%H2PM*7 !?'-/!7: 

.5,...,1     ,),(),( 2121 =++= ixxfxxf iii βα  
E4,!'*67 H02f$-/#!,! 7%6!H- 6%<6*'!0-4<+ N'* '-/#:f 0--

'*-#6-f 7#!,!N'!)%<<!'#!> <*<6%7:, !64*;-PM*f<+ ;*<4!7 N'!-
)%<<!'!0, *<N!45/2%7:f H4+ 0:N!4#%#*+ N'!,'-77:.  

 
 -1 0*H#! */ H-##!,! ,'-$*1-, -4,!'*67 f!'!_! 7-<_6-?*'2%6<+ 
H4+ !6#!<*6%45#! #%?!45_!,! ;*<4- N'!)%<<!'!0 p ≤ 800, #! #% 
0N!4#% N!Hf!H*6 H4+ <*<6%7 < 6:<+;-7* N'!)%<<!'!0. l6! 7!O#! 
!?u+<#*65 6%7, ;6! 0'%7+, /-6'-;%##!% #- 1!772#*1-)*P 7%OH2 
N'!)%<<!'-7* * #- 0:H%4%#*% N-'%6!0<1!,! N!H7#!O%<60- 7#!O%-
<60- #->H%##:f 1'*6%'*-45#:f 6!;%1, #-;*#-%6 N'%0:_-65 0'%7+, 
/-6'-;%##!% #- '%_%#*% /-H-; !N6*7*/-)**. G-45#%>_*> '!<6 
;*<4- N'!)%<<!'!0 7!O%6 6!451! 2f2H_-65 '%/2456-6, 6-1 1-1 ?2-
H26 0!/'-<6-65 '-<f!H: #- 1!772#*1-)*P N'!)%<<!'!0. 
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Z7<,3(<03( 
1. Lotov A.V., Bushenkov V.A., Kamenev G.K. Interactive Decision Maps. 

Boston: Kluwer, 2004. 
2. _1T19  ..., <4]')'9 H.<., E'+'&3=) ..J. ENN'!1<*7-)*+ * 0*/2--

4*/-)*+ N-'%6!0!> ,'-#*): H4+ #%0:N214:f 7#!,!1'*6%'*-45#:f /-H-;// 
GEK, 2002 [. 386. q 6. S.  

3. E'+'&3=) .. J., <4]')'9 H. <., _1T19  . .. B*?'*H#:% -H-N6*0#:% 
7%6!H: -NN'!1<*7-)** #%0:N214!> 7#!,!7%'#!> ,'-#*): Q-'%6!// 
Y8@*@Z. 2006. [. 46(11). S. 2009-2023. 

4. <4]')'9 H.<., _1T19  ..., Wf*=319  .$. I%-4*/-)*+ ,*?'*H#:f 7%-
6!H!0 #%4*#%>#!> 7#!,!1'*6%'*-45#!> !N6*7*/-)** #- 7#!,!N'!)%<-
<!'#:f <*<6%7-f. @.: 8c IEK, 2006. 44 <. 

 ,<"/ 3(U0+2LV 6,9,; ' +2"D"&37<,37(9?2LV 
U(/(E(V $ ',3"*<2"$<2L+7 V(3(&<,37$<7&(+7 

2,"83,/,9,22"$<7*  
E.8. v!47!0 

:He =]. :... _1]1)1?194  
8 '-?!6% !N*<:0-%6<+ 7%6!H '%_%#*+ 7#!,!1'*6%'*-45#!> 

/-H-;* 0:?!'- */ 1!#%;#!,! ;*<4- -456%'#-6*0 ),...,( 1 NxxX = , 
0 1!6!'!> <!!60%6<602PM*% -456%'#-6*0-7 1'*6%'*-45#:% 6!;1* 

),...,( 1 NyyY = , N'*#-H4%O-M*% mR , /-H-#: #%6!;#!: 0%4*;*#- 
i-,! 1'*6%'*+ H4+ j-> -456%'#-6*0: /-H-#- <42;->#!> 0%4*;*#!> 

j
iξ , /#-;%#*% 1!6!'!> N'*#-H4%O*6 !,'-#*;%##!72 !6'%/12. [--

1*7 !?'-/!7, -456%'#-6*0% kx  <!!60%6<602%6 m -7%'#:> <42;->-
#:> 0%16!' ),...,( 1

k
m

kk ξξξ = . Q'%HN!4-,-%6<+ , ;6! <42;->#:% 0%-
4*;*#: k

iξ  #%/-0*<*7: N!N-'#! * 0 <!0!12N#!<6*.  
Q'%H4-,-%7:> 7%6!H '%_%#*+ h6!> /-H-;* !<#!0-# #- *H%+f 

7%6!H- '-/27#:f )%4%> (@Ic), N'%H4!O%##!,! 0 [1] H4+ '%_%#*+ 
/-H-; ?%/ #%!N'%H%4%##!<6*. 8 @Ic, *<N!45/2+ -H-N6*0#:% 7%6!-
H: N!4*hH'-45#!> -NN'!1<*7-)** 0:N214:f 6%4 (<7. [2]), -NN'!1-
<*7*'2%6<+ !?!4!;1- lHO0!'6--Q-'%6! (jlQ) 0:N214!> !?!4!;1* 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (N'!%16: 09-01-
13534 * 10-01-00199). 
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7#!O%<60- Y , 1!6!'-+ H4+ /-H-; max→y  !N'%H%4+%6<+ 1-1 
{ }convYyyyRyY mC

P ∈≤∈= ','| . 8 @Ic *<N!45/2%6<+ 0*-

/2-4*/-)*+ ,'-#*): Q-'%6! 7#!O%<60- c
pY  #- !<#!0% H*-4!,!0!,! 

*/!?'-O%#*+ #- H*<N4%% #-?!'!0 H02f1'*6%'*-45#:f <%;%#*> c
pY  

[2]. X/2;*0 ,'-#*)2 Q-'%6!, N!45/!0-6%45 21-/:0-%6 #- #%> N'%H-
N!;6*6%45#2P 6!;12 ('-/27#2P )%45) * N!42;-%6 #%<1!451! -45-
6%'#-6*0, ?4*/1*f 1 '-/27#!> )%4* 0 !N'%H%4%##!7 <7:<4%. 8 '--
?!6-f [3] @Ic ?:4 N%'%#%<%# #- /-H-;* < #%6!;#!> *#$!'7-)*%> ! 
/#-;%#*+f 1'*6%'*%0, 0 1!6!':f #%!N'%H%4%##!<65 /-H-0-4-<5 0 
0*H% !,'-#*;%##!,! !6'%/1-, 1!6!'!72 N'*#-H4%O*6 /#-;%#*% 1'*-
6%'*+. 8 H-##!> '-?!6% /#-;%#*% 1'*6%'*+ /-H-%6<+ <42;->#!> 0%-
4*;*#!> < !,'-#*;%##:7 #!<*6%4%7.  

8 N'%H4-,-%7!7 #-7* 7%6!H% -NN'!1<*7*'2%6<+ jlQ 

U
N

k

kyconvYconv
1

  
=

= , ,H% )sup,...,sup( 1
k
m

kk essessy ξξ= . 

Q2<65 N!45/!0-6%45 0:?'-4 )%4%02P 6!;12 *y  #- ,'-#*)% Q-'%6! 
h6!> jlQ. 8 1-;%<60% ?4*/1*f 0 )%4%0!> 6!;1% -456%'#-6*0 N'%H-
4-,-%6<+ ?'-65 '%_%#*+ 'x  0<%f /-H-;  

XxUUPXx ∈∀−≥>∈ ,1))()'('(:' αξξ , 
,H% )5.0,0[∈α  - #%1!6!'!% $*1<*'!0-##!% ;*<4!, H4+ $2#1)*> 

)(⋅U  #%1!6!'!,! N!H14-<<- K  14-<<- <6'!,! 7#!,!6!##:f $2#1-
)*>, *7%PM*f 7-1<*727 #-  *yS ∪  0 6!;1% *y , ,H% 

U
N

k

kSuppS
1=

= ξ . S4!O#!<65 /-14P;-%6<+ 0 6!7, ;6! ;*<4! $2#1)*> 

)(⋅U  0 7#!O%<60% K  7!O%6 ?:65 <1!45 2,!H#! ?!45_*7, 0N4!65 
H! ?%<1!#%;#!<6*. x6!?: #% '%_-65 ?%<1!#%;#!% ;*<4! /-H-; #- 
X , <6'!*6<+ 6-1!% ?*#-'#!% !6#!_%#*% R , ;6! N!*<1 '%_%#*+ 
/-H-; H4+ 0<%f )(⋅U  */ K  <0!H*6<+ 1 0:H%4%#*P +H'- h6!,! !6#!-
_%#*+ #- X . 8 ;-<6#!<6*, 2H-4!<5 N!1-/-65, ;6! H4+  

*{ ( ) max ( ), 0, }Ch i i i ii
K U y y y iλ λ= = − − > ∀  

<!!60%6<602PM%% %72 ?*#-'#!% !6#!_%#*% 0R  *7%%6 0*H 
 { } αωξωξωξω −≥>⇒≤∀⇔ 1))()(')(':|(' *

0 iiii yiPxRx . 
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Z7<,3(<03( 
1. B2<%0 G.8., D!6!0 E.8. @%6!H: N!HH%'O1* N'*#+6*+ '%_%#*> 0 /--
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On a Semismooth Newton Method for Quadratic 
Programs with Bound Constraints* 

A.N. Daryina, A.F. Izmailov 
Dorodnicyn Computing Centre of RAS, Moscow 

 Moscow State University, Russia 
Consider the quadratic program with bound constraints given by 

                    [ ]ulxxgxHxxf ,min,,,
2
1)( ∈→+= . (1) 

Here H  is a symmetric nn×  matrix, nRg∈ , ( )nllll ,,, 21 K= , 
( )nuuuu ,,, 21 K= , { }∞−∪∈Rli , { }∞+∪∈Rui , ii ul < , ni ,,2,1 K= , 

[ ] { }niuxlRxul iii
n ,,2,1,, K=≤≤∈=  is a parallelepiped in nR . This 

problem setting is of interesting by itself, since it has numerous applica-
tions (see [1], [2]), and also because symmetric linear complementarity 
problems and quadratic programs with strongly convex objective func-
tions and general linear constraints can be reduced to this problem set-
ting.   

In [3], it was proposed to employ a semismooth Newton method 
to primal-dual optimality systems of general quadratic programs, with-
out any globalization strategies. The numerical results presented in [3] 
demonstrate the extraordinary efficiency of this approach for strongly 
                                                
* This research is supported by Russian Foundation for Basic Research (grants 
10-01-00251, 09-01-90425-Ukr_f), and by RF President’s Grant @ -
119.2009.1 for the state support of young candidates of science. 
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convex quadratic programs with general linear constraints provided that 
the number of constraints does not exceed the number of variables.  

On the other hand, if the number of constraints is greater than the 
number of variables (as in problem (1)), then, as mentioned in [3], this 
primal-dual approach usually fails. Therefore, we propose a different 
(completely primal) way of using a semismooth Newton method for 
problem (1): in the case of positive semidefinite H, problem (1) is re-
placed by equivalent mixed complementarity problem, which, in its 
turn, is replaced by the equivalent non-smooth system of equation. The 
latter is solved by the semismooth Newton method. In order to obtain a 
fully justified finite global algorithm, we propose to combine the sem-
ismooth Newton method with a certain traditional finite method for 
problem (1). This traditional method may be one of the active-set 
methods designed for general quadratic programs, or certain versions of 
the projected gradient method designed specially for problems with 
bound constraints (the latter approach is more efficient for such prob-
lems).  

The numerical results presented in [4] clearly demonstrate that 
the semismooth Newton method is advantageous for dense strongly 
convex problems and convex problems with matrices H  having low 
rank deficiencies. Unfortunately, the robustness and efficiency of the 
semismooth Newton method significantly degrade for convex problems 
with H  having a higher rank deficiency. This can already be seen for 

nr 9.0= . The method becomes useless as r  is decreased further. The 
same is true of non-convex problems.  
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Dual Behavior of Multiplier Methods for Problems 

with Nonunique Lagrange Multipliers*  
A.F. Izmailov  

Moscow State University, Moscow, Russia  
According to some recently obtained results [1], multiplier meth-

ods [2] appear to have very nice local convergence properties even for 
optimization problems with nonunique Lagrange multipliers associated 
to a solution. Specifically, employing the special (but very natural) re-
sidual-based rule to control the penalty parameter in the augmented La-
grangian, local superlinear convergence can be established without any 
constraint qualifications provided the primal-dual starting point is close 
enough to a primal-dual solution satisfying the standard second-order 
sufficient optimality condition. 

These results put into the foreground the question about possible 
and typical scenarios of dual behavior of multiplier methods. One rele-
vant statement of the question is the following: assuming convergence 
of the primal sequence, what are the possible accumulation points of 
the dual trajectory? In this work, we attempt to answer this question: we 
demonstrate that dual accumulation points possess some very special 
properties. This analysis is strongly related to the theory of critical La-
grange multipliers which turn out to play a crucial role for the dual be-
havior of the Newton-type methods for optimization problems with de-
generate constraints [3-6]. We demonstrate that accumulation points of 
dual sequences of multiplier methods must satisfy the second-order ne-
cessary optimality conditions, or be critical, or both. We also study how 
different scenarios of dual behavior affect the convergence rate. Special 
attention is paid to the cases of finite termination, which are quite typi-
cal when full degeneracy occurs, and which also lead to some special 
properties of dual termination points.  

Theoretical analysis presented in this work is supported by ex-
amples and numerical results for randomly generated test problems and 
for test problems from DEGEN test collection [7].  
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Source Conditions for Ill-posed Constrained  
Quadratic Optimization Problem 
M. Ja$imovi$, I. Krni$ and O. Obradovi$  

University of Montenegro 
Ill-posedness of a minimization problem means that small per-

turbations of initial data of the problem may produce big changes in its 
set of solutions. One of the important moments related to studying of an 
ill-posed problem is a construction of the regularizing methods for its 
solving. In our talk we will consider ill-posed problems of minimization 
of quadratic function in Hilbert space,  

     21( ) ,
2

J u Au f u U= − ∈                                                      (1) 

which is, in case of absence of the constraints ( )U H= , equivalent to 
linear operator equation. But, the presence of the constraints significan- 
tly complicates the procedure of regularization.  

In this problem  H and F are real Hilbert space, :A H F→ is a 
linear bounded operator from H to F, f F∈ - a fixed element, and 
U H⊆ - a closed convex set.   

Ill-posedness of the problem generates the necessity to apply 
some methods of regularization [4], that will give satisfying approxima-
tion of solution. We will consider the regularization method based on 
solving of the minimization problem (see [1]) 
           1/2 * 1/2 *( ) ( ) ( ) inf, .T u g A A u g A A A f u Uα α η η α η η η δ

−= − → ∈  (2) 
Here  ( ; )A L H Fη ∈  and f Fδ ∈ are such that  
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               , , , 0.A A f f A a aη δ ηη δ− ≤ − ≤ ≤ >        
Let us note that the previous problem has a unique solution for 0α >  
because the function αT  is strongly convex on U . 

Suppose that the functions αg  defined on [ ]0,a  satisfy the fol-
lowing conditions  
1 ( ) 0,1 / (1 ) ( ) 1 / ( ),sup (1 ( ))p p

ptg t g t t tg tα α ααβ αβ λ α− ≥ + ≤ ≤ − ≤          

0 0[0, ], 0, ,0 , 0.pt a const p p pα λ∈ > = ≤ ≤ >  
Theorem 1. If the parameter ( , )α α η δ=  is chosen such that 

0α →  and 2( ) / 0η δ α+ →  as , 0η δ → , then ∗→ uuα  as , 0η δ → , 
where ∗u  is a solution with minimal norm of (1).        

In our talk we will discuss the possible methods for solving (2)  
when  the set U is defined by linear and quadratic constraints.  

The second question is related to the estimation of the rate of 
convergence of the regularization methods based on solving of  (2). 
These estimations are connected with the source conditions of the type  
                         ,0,),)(( **

2/*
* >∈= pHhhAAQu p                     (3) 

where Q is the operator of the metric projecting on the closed convex 
set U (see [2], [3]). 
       Theorem 2. If the conditions (3) is satisfied and the  parameter 

( , )α α η δ=  is chosen such that /( 2)( ) , ,p pd d constα η δ += + =  
then  .120,)( 0

)2/( −≤≤+≤− +
∗ ppconstuu ppδηα  

In our talk we will also discuss general source condition and 
projective general source condition of the form (see [4]) 
    *

* *( )u A A hφ=  and  ,,))(( **
*

* HhhAAQu ∈= ϕ                        

where  the function : 0, (0, )Aφ ⎡ ⎤ → +∞⎣ ⎦ is an index function i.e. it is 

continuous, strictly increasing and obeys (0) 0.φ =  
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4. Vasil’ev F.P. Methods of optimization, (in Russian), Moscow, 2003. 

On the minimum norm solution of AVE 
S. Ketabchi, H. Moosaei 

Department of Mathematics,University of Guilan 
As was shown in [4], many mathematical programming problems 

can be reduced to LCP which is equivalent to absolute value equation 
as follows (AVE): 

Ax x b− = .       (1) 
In [4],   O.L. Mangasarian considers (1) in the case where all sin-

gular values of matrix A   are exceeding 1. This means that (1) has 
unique solution for any right-hand side b. In this paper, unlike [4], we 
suppose that (1) has a finite number of solutions (at most 2n) or infi-
nitely many solutions, and we try to compute its minimum norm solu-
tion. In fact, we would like to study the following problem under cer-
tain special assumptions on A : 

2min (2)

.

x

Ax x b− =
 

Now we give an algorithm to compute the minimum norm solu-
tion of absolute value equation (AVE) in the special case. 

Lemma 1. The AVE (1) is equivalent to the bilinear program: 
0 min(( ) ) (( ) ),

( ) 0, ( ) 0. (3)
n

T

x R
A I x b A I x b

A I x b A I x b
∈

= + − − −

+ − ≥ − − ≥

 
Proof: see[4]. 
We note that under certain assumptions on  matrix A ,  the bilin-

ear quadratic program (3) is a convex problem (see [4]). The following 
theorem gives us a precise characterization of the solution set of abso-
lute value equation in this case (see [3]). 

Theorem 1. Let *X  be the solution set of problem (3),  and the 
singular values of  matrix A  are greater or equal to 1,  and * *x X∈ ,  
then *x X∈  if and only if x satisfies 

*

*

( ) 0, ( ) 0, ( ) ( ) ,
, . (4)

T T

T T n

A I x b A I x b A A I x A A I x
b Ax b Ax x R

+ − ≥ − − ≥ − = −

= ∈

 
The following system of linear equations is alternative to (4)  

1 2 3 40, , 0.T T T TS u S v S u S v uρ+ = + = ≥
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for any positive value of  ρ , where 
*

1 2 3 4 *

31

2 4

( )
, , , ,

, .

T T T

T T

A I A A I b A A I x
S S S S

A I bb A b Ax
uu

u v
u u

⎡ ⎤ ⎡ ⎤+ − −⎡ ⎤ ⎡ ⎤= = = =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦
⎡ ⎤⎡ ⎤

= = ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

which means that exactly one of them is consistent (see [1]). 
Now we introduce the unconstrained minimization problem for 

the residual vector of this system (see [2]): 

2

2
1 2 3 4

,
. (5)min

n

T T T T

u o v R
S u S v S u S vρ

≥ ∈
+ + − −

 
Suppose that *X  is the same as in Theorem 1, and #*x  denotes 

the minimum norm solution to the system (1). Then we have 

Theorem  2.  Let 
*

*

u
v
⎡ ⎤
⎢ ⎥
⎣ ⎦

 be solution of (5)  then $
*

* 1
*

2

( )wx
w

=  

where * * *
1 1 2( )T Tw S u S v= +  and * * *

2 3 4 .T Tw S u S vρ= − +  
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On the Extragradient projection method 
for saddle-point problems 

V.G. Malinov 
Ulyanovsk State University 
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1.  On the convex closed set Q U E En m× ⊂ ×  we consider the 
saddle-point problem for convex-concave function  ( , )ϕ x u ,  

  ( ) ( ) ( )* * * *, , , ,Q Uϕ ϕ ϕ≤ ≤ ∀ ∈ ∈x u x u x u x u ,          (1)  

where function ϕ( , )x u  defined on the some neighborhood of subset 
W Q U E n m∈ × ⊂ + ,  convex with respect to  nQ E∈ ⊂x   and con-
cave with respect u ∈ ⊂U E m ;    Q E n⊂   and  mU E⊂   are non-
empty convex closed sets on associate Euclidean spaces, normed by 
scalar products.  Assumed that, in view of the function  ϕ( , )x u   has 
"ravine" level surfaces, for solving of problem have advantage multi-
step projection methods.  

This problem connected with difficult extremum problems of 
mathematical physic, optimal control, theory of games, mathematical 
economy.  The goal of this work is construction new method for solv-
ing the problem here is used; his rate of convergence will exceed the 
rate of gradient-projection method. For solving the problem here is used 
saddle-point method based on the two-step two-stage first order four-
parameter projection method, constructed by the idea from [1], [2]:  

[ ]z x yk
Q

k
k

kP= +α ,  

 ( )( )1
1 2 , ,k k k k k

Q k k k xP β γ γ ϕ+ ⎡ ⎤= + − ∇⎢ ⎥⎣ ⎦x z y z u   

 ( )[ ]u u x uk
U

k
k u

k kP k+ += + ∇ ≥1 1 0λ ϕ , , ,    (2)  

where y x xk k k= − −1 ,  parameters of the method  0kα > , λk > 0,  
βk > 0,  1 20, 0k kγ γ> > .  Here on the step by first variable extrapo-

lated point zk  such as x x z x x zk k k k k k+ +− = − + − ≥1 1   

( (1k k+≥ −x z ,  and  z x x xk k− ≤ −* *   when  x xk + =1 * . 

2.  We formulate the conditions for the convergence on  
n mW E +⊂   of the iterative sequence  { }x uk k;   of the method (2) to 

solution of problem (1).  
Theorem.  Let Q E n⊂   and  mU E⊂   are non-empty convex 

closed sets, function ϕ( , )x u  convex- concave with Lipschitz partial 

gradients;  set of saddle-points  ( )x u* *,   of function  ( , )ϕ x u   on 
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W E n m⊂ +   is non-empty, W Q U* * *= × ≠ ∅ ;  ( (k C≤u ;  parameters 

of the method (2) such that  
,/10,0,0,0 0

22
0

11
0 L<<<<<<<< λγγγγαα       (3)  

( )[ ] ( )0 3 20 5 12 5 82
2

2
2

1
2
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2 1
2< < + −⎧⎨⎩

⎫⎬⎭
⎧
⎨
⎩

⎫
⎬
⎭

β γ γ γ γ γmin L L L/ /( ); /
/

.  

Then exist saddle point  ( )x u* *, ∈ ×Q U* *   such that process 

(2)−(3) by the norm of space  n mE E×   converges to saddle point,  
x x u uk kQ U→ ∈ → ∈*

*
*

*,   when  k →∞ ,  for all initial points  

( )x u0 0, ∈ +E n m .  
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A Subgradient Method for an Equilibrium Problem  
S. Scheimberg, P. S. M. Santos 

Federal University of Rio de Janeiro, Brazil, 
Federal University of Piauí, Brazil 

In this work we present an algorithm to solve the following Equi-
librium Problem, denoted by ( , )EP f C : find a point *x C∈  such that  

*( , ) 0f x y y C≥ ∀ ∈  (0.1) 
where C  is a nonempty closed convex subset of Rn, the bifunction 

],(: +∞−∞→× nn RRf  verifies ( , ) 0f x x =  for all  x C∈ , C C×  
is contained in the domain of  f and for all x C∈  the function 

],(:),( +∞−∞→⋅ nRxf  is convex and subdifferentiable at x . We 
denote by *S  the solution set of ( , )EP f C . 

This problem provides a unified framework for a wide class of 
problems. For example, Nash equilibrium problems, variational ine-
quality problems and optimization problems are special cases of 

( , )EP f C . 
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We develop an inexact subgradient projection method. The 
scheme is based on the noninterior projected-like map 

CCRp n →×:  given by Auslender and Teboulle and defined by 
( , ) : arg min{ , ( , )}h

y C
p v x v y D y x

∈
= < > +  

where ,< ⋅ ⋅ >  denotes the standard inner product, 
( , ) ( ) ( ) ( ),hD y x h y h x h x y x= − − < ∇ − >   is a Bregman distance de-

fined by a function RRh n →:  which is strongly convex and differen-
tiable  on C .  The algorithm allows to consider inexact evaluations of 
the subgradients of the function ( , )f x ⋅  at x  for all x C∈ .  

The scheme is summarized as follows: Let 0γ >  and let 
{ },{ },{ }k k kβ ε ξ  be sequences of nonnegative parameters such that 

,kβ = +∞∑  
2 ,kβ < +∞∑  ,k kβ ε < +∞∑  kξ < +∞∑ . 

Step 0: Choose 0x C∈ . Set 0k = . 
Step 1: Let kx C∈ . Obtain 

}.,),(:{:),(2 CyxygyxfRgxxg kk
k

knkkk k ∈∀>−≥<+∈=∂∈ εε

Define ||}||,max{ k
k gγγ =  and k

k
k

βα
γ

= . 

Step 2: Compute 1kx C+ ∈  such that:  
 1 1( ) ( ),k k k k

k kg h x h x x x x Cα ξ+ +< + ∇ −∇ − >≥ − ∀ ∈  

Notice that 1kx +  is a kξ -approximation of ( , )k k
kp g xα . 

In an exact version of this scheme ( 0k kε ξ= = ) we include the 

stopping criteria at step 1 given by 0kg =  and at step 2, 1k kx x += . In 
this case, if the algorithm generates a finite sequence, we conclude that 
the last point is a solution of the equilibrium problem ( , )EP f C . 

We obtain that the whole sequence generated by the algorithm 
converges to a solution of  ( , )EP f C  under the following conditions 
which appear in the literature for equilibrium problems: 

A1. The solution set of  ( , )EP f C  is nonempty and it is equal to 
the solution set of its dual problem (find *x C∈  such that 

*( , ) 0f y x ≤  for all y C∈ ) . 
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A2. 2 ( , )fε∂ ⋅ ⋅  is bounded on bounded sets. 

A3. Let * *x S∈  and x C∈ . If * *( , ) ( , ) 0f x x f x x= = , then 
*x S∈ . 
A4. ( , )f y⋅  is upper semi-continuous for all y C∈ . 

RCMARS  - The New Robust CMARS Method 
Gerhard-Wilhelm Weber, Ayse Özmen and Inci Batmaz 

Middle East Technical University, Ankara – Turkey 
Our recently developed CMARS method is powerful in handling 

complex and heterogeneous data. This method, an alternative approach 
to MARS, a well-known regression tool from data mining and estima-
tion theory,  is based on a penalized residual sum of squares (PRSS) for 
MARS as a Tikhonov regularization  (TR) problem. CMARS treats this 
problem by a continuous optimization technique called Conic Quad-
ratic Programming (CQP) which is permitting to use  interior point 
methods. In this study, we include the existence of uncertainty in the 
future scenarios into CMARS. Indeed, data include noise in both output 
and input variables. This means that the data of the regression problem 
are not exactly known or may not be exactly measured, or the exact 
solution of the problem may not be carried out because of intrinsic in-
accuracy of the devices. Furthermore, the data may undergo small 
changes by variations in the optimal experimental design. This alto-
gether leads to uncertainty in the objective function and in possible 
constraints. Therfore, solutions of the optimization problem may pre-
sent a remarkable sensitivity to perturbations in parameters of the prob-
lem. The data uncertanity results in uncertain constraints and objective 
function. To overcome this difficulty, we refine our CMARS model and 
algorithm by a robust optimization technique proposed to deal with data 
uncertainty. Robust optimization is a modeling methodology to process 
optimization problems in which the data are uncertain and are only 
known to belong to some uncertainty set, except of outliers. We analyze 
how uncertainty enters the CMARS model, firstly, with complexity 
terms in the form of integrals of squared first and second order deriva-
tives of the model functions and, then, the discretized TR and, finally, 
the CQP form of the problem. Then, we introduce a robustification of 
CMARS with robust optimization, as developed by Aharon Ben-Tal, 
Laurent El Ghaoui et al., under both polyhedral and ellipoidal uncer-
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tainty. Because of the computational effort which our robustification of 
CMARS will easily need, we also present the concept of a weak robus-
tification. In this study, we present both our new Robust CMARS 
(RCMARS) and its modification Weak Robust CMARS (WRCMARS) in 
theory, method and applied to real life problems, we discuss structural 
frontiers and give and an outlook to future research. 
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2N'-04%#*+ ?:4* N!42;%#: #%!?f!H*7:% 2<4!0*+ !N6*7-45#!<6* 
0 $!'7% N'*#)*N- 7-1<*727- D.S. Q!#6'+,*#-. S!N'+O%##-+ 
$2#1)*+ 0 h6!7 N'*#)*N% 7-1<*727-, 1-1 * 6'-%16!'*+ *<f!H#!> 
H*#-7*;%<1!> <*<6%7:, !N'%H%4+%6<+ < N!7!M5P '%_%#*+ 6-1 #--
/:0-%7:f N'*<!%H*#%##:f <*<6%7, 1!6!':% 0!/#*1-P6 0 7!7%#6 
*7N245<-. Q'*<!%H*#%##-+ <*<6%7- N!/0!4+%6 0%<6* 6'-%16!'*P * 
<!!60%6<602PM2P <!N'+O%##2P $2#1)*P */ N'*#)*N- 7-1<*727- 
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N'*#)*N- 7-1*727-, 0 ,4!?-45#!7 0'%7%#* t *<f!H#!> H*#-7*;%-
<1!> <*<6%7:, * ?) N'*#)*N!0 7-1<*727- H4+ N'*<!%H*#%##:f 
<*<6%7, '-<<7!6'%##:f H4+ 1-OH!,! 7!7%#6- *7N245<- τ 0 <0!%7 
4!1-45#!7 0'%7%#* s N'*<!%H*#%##!> <*<6%7:. 8<% 21-/-##:% 
N'*#)*N: 7-1<*727- #% +04+P6<+ #%/-0*<*7:7*, #! <0+/-#: <N%-
)*-45#:7* 2<4!0*+7* <!N'+O%#*+, !?u%H*#++<5 6%7 <-7:7 0 !H#2 
%H*#2P 6%!'%72 – 0 N'*#)*N 7-1<*727- Q!#6'+,*#- H4+ /-H-;* 
*7N245<#!,! 2N'-04%#*+. l6!6 N'*#)*N 7-1<*727- ?:4 N!42;%# 
N'* !<4-?4%##:f N'%HN!4!O%#*+f '%,24+'#!<6* <7%_-##:f !,'--
#*;%#*>. 

S '%/2456-6-7* 7!O#! !/#-1!7*65<+ 0 [1]. 
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f x y dxdy∫∫% 2;-<61- S < ,'-#*)%> ∂S /-H-##!> H4*#:: 

1 1 1
1
( ( , ) ( , ))( - ) min,

N

i i i i i i
i

F y x F y x x x+ + +
=

+ →∑
 xN+1=x1, yN+1=y1, 

ρ(xi,yi,xi+1,yi+1)≡((xi+1-xi)2+(yi+1-yi)2)1/2=L/N 

        
(1) 

,H% 
0

( , ) ( , ) .
Y

F Y x f y x dy= ∫  8 !?M%7 <42;-% #-?!' 2N'-04+%7:f N%-

'%7%##:f /-H-;* N'%H<6-04+%6<+ 0 0*H% 0%16!'- y={y11,…,y1N(1),…, 
ym1,…,ymN(m)}≡{y1,…,ym} * <6'2162'- !,'-#*;%#*> *7%%6 0*H  

Gi(y1)≤0, i∈J11, Gi(y1)=0, i∈J21; Gi(y1, y2)≤0, i∈J12, Gi(y1, y2)=0, 
i∈J22; …, Gi(y1, …, ym)=0, Gi(y1,…,ym)≤ 0, i∈J1m, i∈J2m, (2) 
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- )%4%02P $2#1)*P 7!O#! N'%H<6-0*65 0 0*H% G0(y1, …, ym), N'*-
;%7 ?!45_*#<60! <!!6#!_%#*> <0!H*6<+ 1 0*H2 Gj(yi+1,yi)≤0 *4* 
Gj(yi+1,yi)=0. @!H%4*  H*#-7*;%<1*f <*<6%7 0 H*<1'%6#!7 0'%7%#* 
(0 6.;. * < /-N-/H:0-#*%7) +04+P6<+ ;-<6#:7 <42;-%7 6-1*f 7!H%-
4%>, %<4* !?u%H*#*65 N%'%7%##:% <!<6!+#*+ xi(k+1) * N%'%7%##:% 
2N'-04%#*+ ui(k) 0 0%16!' N%'%7%##:f k-,! h6-N- yk. 

Q'*7%#%#*% 7%6!H!0 !N6*7*/-)** 1 7!H%4+7 '-<<7-6'*0-%-
7!,! 6*N- /-;-<62P !,'-#*;*0-%6<+ 6%7 !?<6!+6%45<60!7, ;6! <*<-
6%7- !,'-#*;%#*> !N*<:0-%6 7!H%45 4*_5 0 #%1!6!'!> !1'%<6#!-
<6* 7#!O%<60- H!N2<6*7:f 0%16!'!0 * 6%'+%6 <7:<4 *4* <6-#!0*6-
<+ #%2H!?#!> H4+ 0:N!4#%#*+ '-<;%6!0 0#% %%. Q'*7%'!7 h6!,! 
<42O*6 2<*4%##!% 2<4!0*+ #%<-7!N%'%<%;%#*+ 4*#*>: !,'-#*;%#*% 
#- 7*#*7-45#!% '-<<6!+#*% 7%OH2 %% «N'!6*0!N!4!O#:7* <6!'!-
#-7*». 8 <0+/* < h6*7 N'%*72M%<60! *7%P6 N'+7:% 7%6!H: (0!/-
7!O#:f #-N'-04%#*>, N'!%1)** ,'-H*%#6- *4* *f 1!7?*#-)**), < 
#%1!6!':7* !,!0!'1-7* 6-1O% 7%6!H 4*#%-'*/-)** 
d.K. Q_%#*;#!,!. Xf 6'2H!%71!<65 !N'%H%4+%6<+ /-H-;%> N!-
<6'!%#*+ 0-'*-)** H!N2<6*7!,! N! 0%16!'- y, !?%<N%;*0-PM%> 
2?:0-#*% )%4%0!> $2#1)**, 1!6!'2P 7!O#! h$$%16*0#! '-/?*65 
#- #-?!' /-H-; '-/7%'#!<6* N!'+H1- '-/7%'#!<6* yk, < N'*7%#%#*-
%7 '+H- H%1!7N!/*)*!##:f <f%7. j#* !<#!0-#: #- '-/?*%#** #--
?!'- ε--16*0#:f !,'-#*;%#*> Iε(y)={i∈J1: Gi(y)≥−ε}∪J2 #- N!H-
7#!O%<60- J1, …, JS  * N'%H<6-04%#** N'!*/0!45#!,! 0!/7!O#!,! 
#-N'-04%#*+ 0 0*H% 

 w=H1v1+…+HSvS,     (3) 

,H% 7-6'*): H1,…, HS 0:;*<4+P6<+ */ 2<4!0*+, ;6! H4+ 4P?!,! 
0%16!'- w 

 (Giu(y), w)= (Giu(y), Hsvs),   i∈ Js.  (4) 

G4+ */0%<6#:f H%1!7N!/*)*!##:f <f%7 0:;*<4%#*% 7-6'*) 
Hs * '-<;%6 4*#%>#:f <!!6#!_%#*> (3) 0:N!4#+%6<+ N! '%12''%#6-
#:7 $!'724-7 !6 !H#!,! h6-N- 1 H'2,!72. 8 /-H-;-f !N'%H%4%#*+ 
#-N'-04%#*+ <N2<1- 7*#*7*/*'2P6<+ (G0u(y), Hsvs) N'* !,'-#*;%-
#*+f (Giu(y), Hsvs) ≤0, i∈J1s, (Giu(y), Hsvs) =0, i∈J2s. S6-#H-'6#:% -4-
,!'*67: N'* #-H4%O-M%7 0:?!'% N-'-7%6'!0 !?4-H-P6 4*#%>#!> 
<1!'!<65P <f!H*7!<6*, N!<6'!%# 6-1O% -4,!'*67 <! <0%'f4*#%>-
#!> <f!H*7!<65P.  
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B,D09*37U"'(22L; 2,83,3L'2L;  
X&$<3(D3(/7,2<2L; +,<"/ 3,],27*  

8(3(+,<37E,$&"; +2"D"&37<,37(9?2"; U(/(E7 
3('2"',$2"D" 83"D3(++73"'(27**  

Z.Q. 8-<*45%0, E.S. E#6*N*#, D.E. E'6%75%0- 
:1?319?3=% H1?FO4+?T9'))Q% e)=9'+?=T'T  

=]. :... _1]1)1?194,  
.QV=?6=T'67)Q% 8')T+  

=].  . . b1+1O)=8Q)4 W " 
I-<<7-6'*0-%6<+ 7#!,!1'*6%'*-45#-+ /-H-;- '-0#!0%<#!,! 

N'!,'-77*'!0-#*+, 014P;-PM-+ 0 <%?+ 1-1 ;-<6#:> <42;-> /-H-;2 
7-6%7-6*;%<1!,! N'!,'-77*'!0-#*+, /-H-;2 N!*<1- <%H4!0!> 6!;-
1*, 7#!,!1'*6%'*-45#2P /-H-;2 N!*<1- 6!;1* Q-'%6!, /-H-;2 7*-
#*7*/-)** < '-0#!0%<#:7 0:?!'!7 H!N2<6*7!,! 7#!O%<60- * H'. 
e-H-;- '-<<7-6'*0-%6<+ N'* 2<4!0**, ;6! 0f!H#:% H-##:% /-H-#: 
#%6!;#!. G4+ %% '%_%#*+ N'%H4-,-%6<+ '%,24+'*/!0-##:> #%N'%-
':0#:> 0-'*-#6 h1<6'-,'-H*%#6#!,! 7%6!H-. 

Q2<65 mE - %014*H!0! N'!<6'-#<60! 0%16!'!0-<6!4?)!0 
1( ,..., )T

ma a a= , (T- /#-1 6'-#<N!#*'!0-#*+) < !?:;#:7 <1-4+'#:7 

N'!*/0%H%#*%7 ∑
=

=
m

i

ii
E

baba m

1
,  * #!'7!> 

( ) ( ) 2
1

1

22
1

, ⎟
⎠
⎞⎜

⎝
⎛== ∑

=

m

i

i
EE aaaa mm , { }: 0m mE a E a+ = ∈ ≥ - #%!6'*)--

6%45#:> ,*N%'!'6-#6 0 mE . Q2<65 0W - /-H-##!% 0:N214!% /-71-
#26!% 7#!O%<60! */ %014*H!0- N'!<6'-#<60- 1mE , 0%16!'-$2#1)** 

Tm wfwfwf ))(),...,(()( 21= , Tm wgwgwg ))(),...,(()( 31= - #%N'%-
':0#! H*$$%'%#)*'2%7: #- 0W  * N'*#*7-P6 1!#%;#:% /#-;%#*+; 
N%'%7%##:% 2 21( ,..., )m mT Eλ λ λ= ∈ , 33 ),...,( 1 mTm Eppp ∈= , 1T , 

2T  - 10-H'-6#:% 7-6'*): N!'+H1- 2m , 3m  <!!60%6<60%##!. 
I-<<7-6'*0-%6<+ <4%H2PM-+ /-H-;-: #->6* 6!;12 

                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX, N'!%16 q 09-01-
00388. 
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32
* * * * 0( , , )

def
mmu w p W E Eλ + += ∈Ω = × × , 2H!04%60!'+PM2P 2<4!0*+7: 

{ },,)()(,min 0*2** 2 WwpTwgwfArgw mE ∈≤∈ λ           (1) 

,0)(, *1** ≤−− λλλ Twf       ,2mE+∈∀λ         (2) 

* 2 *, ( ) 0,p p g w T p− − ≤      .3mEp +∈∀         (3) 
e-H-;- (1)-(3) !f0-6:0-%6 1-1 ;-<6#:> <42;-> /-H-;2 7-6%7--

6*;%<1!,! N'!,'-77*'!0-#*+, /-H-;2 7#!,!1'*6%'*-45#!,! N'!-
,'-77*'!0-#*+ 0 <7:<4% Q-'%6!, /-H-;2 7*#*7*/-)** < '-0#!0%<-
#:7 0:?!'!7 H!N2<6*7!,! 7#!O%<60-. K- N'-16*1% 07%<6! 6!;#:f 
0f!H#:f H-##:f )(wf , ( )g w  !?:;#! *7%P6 H%4! < #%1!6!':7* 
*f N'*?4*O%#*+7* )(wfδ , )(wgδ . G!N2<6*7, ;6! */0%<6#!, ;6!: 

2
0

lim | ( ) ( ) | 0mEf w f wδδ→
− = , 0|)()(|lim 30

=−
→

mE
wgwgδδ

, 0Ww∈∀ . 8 

h6!7 <42;-% 1-O%6<+ %<6%<60%##:7, ;6! 7!O#! 0!<N!45/!0-65<+ 
6%7* O% 7%6!H-7* ;6! * N'* 6!;#:f 0f!H#:f H-##:f, /-7%#*0 0 
#*f ( )f w , )(wg  *f N'*?4*O%#*+7*  )(wfδ , ( )g wδ . jH#-1! #- 
h6!7 N26* #% 0<%,H- 7!O#! N!42;*65 #2O#!% N'*?4*O%#*% 1 '%-
_%#*P /-H-;* (1)-(3), 6-1 1-1, 0!!?M% ,!0!'+, /-H-;- #%2<6!>;*0- 
1 0!/72M%#*+7 0f!H#:f H-##:f. Q!h6!72 H4+ '%_%#*+ /-H-;* (1)-
(3) #2O#! N'*04%1-65 *H%* * 7%6!H: '%,24+'*/-)**. 8 H!14-H% 
?2H%6 N'%H4!O%# '%,24+'*/!0-##:> 0-'*-#6 h1<6'-,'-H*%#6#!,! 
7%6!H- '%_%#*+ 7#!,!1'*6%'*-45#!> N-'-7%6'*;%<1!> /-H-;* 
'-0#!0%<#!,! N'!,'-77*'!0-#*+.  

I= "/2"+ /755,3,267(9?2"+ 2,3(',2$<', /9* 
2,'L80&9LV 502&67;  

e.I. B-?*H244*#- 
<4&4)?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

['%?!0-#*% 0:N214!<6* $2#1)*> N'%H<6-04+%6 <!?!> H!-
0!45#! <%'5%/#!% !,'-#*;%#*%, 1!6!'!% 0 0<6'%;-PM*f<+ #- N'-1-
6*1% 6%f#*;%<1*f * h1!#!7*;%<1*f /-H-;-f, #% 0<%,H- 0:N!4#+%6-
<+. Q!h6!72 !?!?M%#*+ N!#+6*+ 0:N214!<6* $2#1)**  0<%,H- 
N'%H<6-04+P6 *<14P;*6%45#:> *#6%'%<, 1-1 < 6!;1* /'%#*+ 6%!-
'**, 6-1 * N'*4!O%#*> 7%6!H!0 7-6%7-6*;%<1!,! N'!,'-77*'!0--
#*+. C<6-#!04%#*% 0-O#:f -N'*!'#:f f-'-16%'*<6*1 7%6!H!0 #%-
0:N214!,! N'!,'-77*'!0-#*+ 6-1*f, 1-1 !?4-<65 N'*7%#*7!<6*, 



219 

$-16 <f!H*7!<6* !N'%H%4+P6<+ H*$$%'%#)*-45#:7* <0!><60-7* 
7*#*7*/*'2%7:f $2#1)*>, - 6-1O% 0!/7!O#!<6+7* <!0'%7%##:f 
7%6!H*1 *<<4%H!0-#*+ <f!H*7!<6* * 2<6!>;*0!<6* */2;-%7:f 7%-
6!H!0. B4-0#:7 H4+ N'*4!O%#*> #%0:N214:f $2#1)*> !1-/:0-%6-
<+ 0:+04%#*% H*$$%'%#)*-45#:f <0!><60, N!H!?#:f <4%H2PM%72 
<0!><602 0:N214:f $2#1)*>: 

'( ) ( ) ( ), ; , ( )f x f y f x x y x y D f− ≤ 〈 − 〉 ∈ , 
,H% ( )D f - !?4-<65 !N'%H%4%#*+ $2#1)** ( )f x , ' ( )f x - ,'-H*%#6 
$2#1)** ( )f x . X/2;%#*P h6!,! 0!N'!<- N!<0+M-%6<+  H-##:> 
H!14-H. 

Q'*7%7 <4%H2PM*% !?!/#-;%#*+: 
{ } { }( , ) : ( ) ( ) ; ( , ) : ( ) ( ) ;n nE f y x R f x f y M f y x R f x f y= ∈ < = ∈ ≤   

              { }( , ) : , 0, ( , ) .nW f y t R t x y x E f y= ∈ − ≥ ∀ ∈  
8 '-?!6% [2] 2<6-#!04%#! <4%H2PM%% <0!><60! h4%7%#6!0 1!-

#2<- ( , )W f y , N!H!?#!% <0!><602 <2?,'-H*%#6!0 0:N214!> $2#1-
)**. 

]<4* $2#1)*+ ( )f x  +04+%6<+ 10-/*0:N214!> 4*N_*)%0!> < 
1!#<6-#6!> L #- nR , 6! H4+ , ( , )ny R x E f y∀ ∈ ∀ ∈  * 0<%f #%#24%0:f 

( , )t W f y∈   0:N!4#+%6<+ #%'-0%#<60!:                              

                       ( ) ( ) , .tf x f y L y x
t

− ≤ 〈 − 〉                          (1) 

E#-4!,*;#:> '%/2456-6 H!1-/-# H4+ <#*/2 <2?H*$$%'%#)*-
'2%7:f $2#1)*> 0 '-?!6% [3]. 8 '-?!6% [1]  H!1-/-#!, ;6! H4+ #%-
N'%':0#! H*$$%'%#)*'2%7!> 4*N_*)%0!> 10-/*0:N214!> $2#1-
)** #%'-0%#<60! (1)  0:N!4#+%6<+ H4+ 0<%f ( , )x M f y∀ ∈  N'* 

' '( ), ( ) .t f y f y= ≠ Ο   
[%!'%7-. ]<4*: ( )f x - #%N'%':0#! H*$$%'%#)*'2%7-+ 10--

/*0:N214-+ $2#1)*+, 2H!04%60!'+PM-+ #- nR  2<4!0*P D*N_*)- 

< 1!#<6-#6!> L, 6! H4+ ,ny R∀ ∈   6-1*f,  ;6! ' ( )f y ≠ Ο , 0:N!4-

#+%6<+  #%'-0%#<60!:       
'

'

( )( ) ( ) , ,
( )

f yf x f y L y x
f y

− ≤ 〈 − 〉  

H4+ 0<%f ( , ).x M f y∀ ∈   
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j67%6*7, ;6! #%!?f!H*7!<65 0 N!H!?#:f  #%'-0%#<60-f 0!/-
#*1-%6 N'* !?!<#!0-#** <f!H*7!<6* #%<6'!,! '%4-1<-)*!##:f 
7%6!H!0 H*$$%'%#)*'2%7!> #%0:N214!> !N6*7*/-)**. 

Z7<,3(<03( 
1. B-?*H244*#- e.I j #%1!6!':f H*$$%'%#)*-45#:f #%'-0%#<60-f   

H4+ #%0:N214:f $2#1)*>. X<<4%H!0-#*+ N! N'*14-H#!> 7-6%7-6*1%.  --
/-#5: X/H-0!  BC. 2010. 8:N.27. C. 50-56. 

2. e-?!6*# `.X.,  !'-?4%0 E.X., v-?*?244*# I.Z. j 7*#*7*/-)** 
10-/*0:N214:f $2#1)*!#-4!0 // X/0. 02/!0. @-6%7-6*1-. 1972. N10, S. 
27-33. 

2.  !##!0 X.8. j <0!><60-f !N!'#:f * 10-/*!N!'#:f 0%16!'!0  X<-
<4%H!0-#*+ N! N'*14-H#!> 7-6%7-6*1%.  -/-#5: X/H-0!  BC. 1990. 
8:N.17. S. 50-57. 

3. Plastria F. Lower subdifferentinable functions and their minimization by 
cutting planes // Journal of optimization theory and applications. 1985. V.46. 
N1. P. 37-53. 

4. Ponstein J.  Seven kinds of convexity // SIAM Review. 1967. V.9. N1. 
P. 115-119. 

 ,<"/ X&$8"2,267(9?2"; (883"&$7+(677 /9* 
3,],27* U(/(E ="9?]"; 3(U+,32"$<7 

8.@. B!'H2#!0<1*> 
:H$:` (e)=9'+?=T'T) :$b W1??== 

XH%+ 7%6!H- <!<6!*6 0 6!7, ;6! *<f!H#-+ 4*#%>#-+ /-H-;- 
/-7%#+%6<+ #%4*#%>#!> /-H-;%> < h1<N!#%#)*-45#!> )%4%0!> 
$2#1)*%> * 7-4:7 N-'-7%6'!7, '%_%#*% 1!6!'!> +04+%6<+ N'*-
?4*O%#*%7 < /-H-##!> 6!;#!<65P '%_%#*> *<f!H#!> * H0!><60%#-
#!> 4*#%>#:f /-H-;. Q!42;%##-+ /-H-;- *7%%6 N'!<6:% !,'-#*;%-
#*+, 0:'-O-PM*% 2<4!0*+ #%!6'*)-6%45#!<6* H4+ H0!><60%##:f 
N%'%7%##:f, 1!6!':% <0+/-#: < !,'-#*;%#*+7* 6*N- #%'-0%#<60 0 
N'+7!> /-H-;% * #% *7%%6 !,'-#*;%#*> H0!><60%##:f N%'%7%##:f, 
<0+/-##:f < !,'-#*;%#*+7* 6*N- '-0%#<60. I-<<7!6'*7 /-H-;2 4*-
#%>#!,! N'!,'-77*'!0-#*+ 0 <4%H2PM%> $!'7%: 

min,→CX 0,  , ≥≥ XBAX T  
,H% T

nxxxX ) ..., , ,( 21= - 0%16!' N%'%7%##:f *<f!H#!> /-H-;*, 
) ..., , ,( 21 n?ccC = - 0%16!' 1!h$$*)*%#6!0 4*#%>#!> $!'7:, 
) ..., , ,( 21 mbbbB = - 0%16!' !,'-#*;%#*>, ( )ijA a= , 1,  2, ..., , i m=  

nj ,...,2 ,1= -7-6'*)- 1!h$$*)*%#6!0. X<f!H#-+ /-H-;- /-7%#+%6<+ 
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-NN'!1<*7*'2PM%>: 
min,)( →+ XCX εϑ  0,  , >≥ XBAX T  

,H% 
1

( ) ln( )
n

j j
j

X x xϑ
=

=∑ , ε -7-4:> N-'-7%6', 0>ε . G4+ h6!> /-H-;* 

H0!><60%##-+ *7%%6 0*H: 

max,
1

)/)((
1 →
∑

− ∑
=

−−
=

n

j

ca
m

i
jiij

eB
εελ

ελ  0λ ≥ , 

 1
(( )/ )

,   1,  ..., 
m

ij i j
i

a c

jx e j n
λ ε ε

=
− −∑

= = . 
c%4%0-+ $2#1)*+ *7%%6 #%N'%':0#:% N'!*/0!H#:% 4P?!,! 

N!'+H1-. l6! <0!><60! N!/0!4+%6 h$$%16*0#! N'*7%#+65 H4+ N!*<-
1- '%_%#*+ ,'-H*%#6#:% 7%6!H:. Q'*0!H+6<+ 6%!'%7: <f!H*7!<6* 
N! N-'-7%6'2 ε  1 !N6*7-45#:7 /#-;%#*+7 )%4%0:f $2#1)*> *<-
f!H#!> * H0!><60%##!> 4*#%>#:f /-H-;, - 6-1O% 1 !N6*7-45#:7 
/#-;%#*+7 <!!60%6<602PM*f N'+7:f * H0!><60%##:f N%'%7%##:f. 
S4%H<60*%7 6%!'%7 <f!H*7!<6* +04+%6<+ !N'%H%4%#*% H*-N-/!#- 
/#-;%#*> N-'-7%6'- ε , 1!6!':> !?%<N%;*0-%6 /-H-##2P N!,'%_-
#!<65 δ  0:;*<4%#*+ !N6*7-45#:f /#-;%#*> )%4%0:f $2#1)*> 
N'+7!> * H0!><60%##!> *<f!H#:f 4*#%>#:f /-H-;: 2 10 e nε δ−< ≤ . 

G4+ '%_%#*+ /-H-;* ?!45_!> '-/7%'#!<6* 7%6!H!7 h1<N!-
#%#)*-45#!> -NN'!1<*7-)**, 7-6'*)- 1!h$$*)*%#6!0 1!6!'!> 
*7%%6 ?4!;#!-H*-,!#-45#2P <6'2162'2, 07%<6! *<f!H#!>, '%_-%6-
<+ H0!><60%##-+ -NN'!1<*7*'2PM-+ /-H-;- <4%H2PM%,! 0*H-: 

,  1,..,

, 1,..., , 1,...,

(( )/ )

 max max ( )
ij i ij i j

i s i dk

i d k qk
k k q k k q

a a c

i s i i i i
i s i d j p

b b e
λ λ ε ε

λ λ λ λ ε ∈ ∈

∈ =

= =

+ − −

∈
∈ ∈ ∈

∑ ∑
+ −∑ ∑ ∑  

0≥iλ , qkdisi k ,...,1  ,  , =∈∈ , 0>ε , 

njex
m

i
jiij ca

j  ..., ,1  ,
)/)((

1 =
∑

= =

−− εελ

. 
,H% s - 7#!O%<60! <0+/:0-PM*f !,'-#*;%#*>; kd - 7#!O%<60! !,-
'-#*;%#*> k - ,! ?4!1-, kp - 7#!O%<60! N%'%7%##:f k - ,! ?4!1-, 
q - 1!4*;%<60! ?4!1!0.  

8:;*<4*6%45#:> -4,!'*67 N'%H<6-04+%6 <!?!> N!1!!'H*-
#-6#:> N!HuU7 N! ,'2NN-7 H0!><60%##:f N%'%7%##:f <0+/:0-P-
M*f * ?4!;#:f !,'-#*;%#*>. S#-;-4- $*1<*'2%7 <0+/:0-PM*% 
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N%'%7%##:% 0≥iλ ,   si∈ ,/-6%7 N! ?4!;#:7 N%'%7%##:7 0iλ ≥ , 
qkdi k ,...,1  , =∈  #-f!H*7 7-1<*727 )%4%0!> $2#1)**, N!<4% h6!,! 

$*1<*'2%7 N!42;%##:% !N6*7-45#:% /#-;%#*+ ?4!;#:f N%'%7%#-
#:f * #-f!H*7 7-1<*727 N! <0+/:0-PM*7, * 6-1 N'!H!4O-%7 H! 
6%f N!', N!1- #% ?2H%6 H!<6*,#26- /-H-##-+ 6!;#!<65. Q'*0!H+6<+ 
'%_%#*+ 1!#1'%6#:f 0:;*<4*6%45#:f /-H-;. 

 2"D"'(37(2<2L; (2(97U ' U(/(E(V "8<7+(9?-
2"D" 8(3(+,<37E,$&"D" $72<,U( * 

B.d. G*,!, K.d. G*,!  
$)?T=TFT 49T1]4T=3= = [+18'??19 F[+496')=f b.` W " 

Q'!%16*'!0-#*% 6%f#*;%<1*f <*<6%7 < 2;%6!7 <42;->#!<6* 
N'!)%<<!0 */7%#%#*+ *f N-'-7%6'!0 <0+/-#! < #%!?f!H*7!<65P 
'%_%#*+ '+H- <4!O#:f * 6'2H!%71*f /-H-;, <'%H* 1!6!':f 0-O#!% 
7%<6! /-#*7-%6 !N6*7-45#:> N-'-7%6'*;%<1*> <*#6%/. j<#!0#:% 
6'2H#!<6* *f '%_%#*+ !?2<4!04%#: #-4*;*%7 6-1*f <0!><60 1-1 
7#!,!7%'#!<65, #%4*#%>#!<65, #%!N'%H%4%##!<65 (0%'!+6#!<6#:> 
f-'-16%' 1'*6%'*+ !N6*7-45#!<6*, H%$*)*6 *#$!'7-)** ! <42-
;->#:f /-1!#!7%'#!<6+f N'!)%<<!0 */7%#%#*+ N-'-7%6'!0, !6<26-
<60*% H!<6-6!;#!> -N'*!'#!> *#$!'7-)** ! )%4%0!> $2#1)** *4* 
%% /-H-#*% 0 -4,!'*67*;%<1!> $!'7%). 8 /-0*<*7!<6* !6 0*H- #%-
!N'%H%4%##!<6* * <N!<!?!0 %% N'%!H!4%#*+ H!4O#: *<N!45/!0-65-
<+ '-/#:% 7%6!H: #-f!OH%#*+ h1<6'%727- )%4%0!> $2#1)** 0 2<-
4!0*+f, 1!,H- !#- * !,'-#*;%#*+ #- #%% +04+P6<+ #%4*#%>#:7* 
$2#1)*+7* 2N'-04+%7:f N-'-7%6'!0. Q'* h6!7 #% 0<%,H- !;%0*H-
#!, 1-1!> */ #*f N'%HN!;6*6%45#%% 0 H-##!> 1!#1'%6#!> <*62-)**, 
- *f N!<4%H!0-6%45#!% N'*7%#%#*% 6'%?2%6 ?!45_*f 0'%7%##:f * 
0:;*<4*6%45#:f /-6'-6. G4+ N'%!H!4%#*+ 0!/#*1-PM*f 6'2H#!-
<6%> 7!O#! *<N!45/!0-65 7#!,!7%6!H#2P 6%f#!4!,*P * 7#!,!0--
'*-#6#:> -#-4*/ #- !<#!0% '-<N-'-44%4*0-#*+ 0:;*<4*6%45#!,! 
N'!)%<<-.  

8-O#:7 h6-N!7 '%_%#*+ /-H-;* !N6*7-45#!,! N-'-7%6'*;%-
<1!,! <*#6%/- 0 2<4!0*+f #%N!4#!6: * #%H!<6-6!;#!> H!<6!0%'#!-
<6* *<f!H#!> *#$!'7-)** +04+%6<+ #-f!OH%#*% h1<6'%727- -4,!-
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% ,'-#6- G8j 
IEK 09-I-Q2-03 Q'!,'-77: $2#H-7%#6-45#:f *<<4%H!0-#*>  Q'%/*H*2-
7- IEK q2. 
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'*67*;%<1* /-H-##!> )%4%0!> $2#1)**. K- h6!7 h6-N% !<#!0#-+ 
6'2H#!<65 0!/#*1-%6 < 20%4*;%#*%7 '-/7%'#!<6*, N!<1!4512 H!<-
6*O%#*% ,-'-#6*'!0-##!,! h1<6'%727- < /-H-##!> 6!;#!<65P N'!-
<6:7 N%'%?!'!7 #- '-0#!7%'#!> <%61% 0 !?4-<6* N!*<1- N'*0!H*6 
1 h1<N!#%#)*-45#!72 0!/'-<6-#*P #%!?f!H*7!,! ;*<4- *<N:6--
#*> !N6*7*/*'2%7!> $2#1)** !6#!<*6%45#! '!<6- '-/7%'#!<6*. 8 
<0+/* < h6*7 0!/#*1-%6 #%!?f!H*7!<65 '%_%#*+ N!<6-04%##!> /--
H-;* < 7%#5_*7 ;*<4!7 *<N:6-#*> (N'!?4%7- 27%#5_%#*+ ;*<4- 
N'!?#:f 6!;%1) N'* <!f'-#%#** 6%f O% 6'%?!0-#*> 1 6!;#!<6* '%-
_%#*+. [-12P 0!/7!O#!<65 !?%<N%;*0-%6 N%'%f!H 1 -H-N6*0#:7 
N!<4%H!0-6%45#:7 7%6!H-7 !N6*7*/-)** /- <;%6 ?!4%% N!4#!,! 
2;%6- -N'*!'#!> *#$!'7-)** !? !N6*7*/*'2%7!> $2#1)**. S'%H* 
#*f 7%6!H: #%'-0#!7%'#:f N!1':6*> H!N2<6*7!,! 7#!O%<60-, 
'%H21)*+ 7#!,!7%'#!> /-H-;* 1 N!<4%H!0-6%45#!<6* !H#!7%'#:f 
/-H-; < N!<4%H2PM*7 N'*7%#%#*%7 h$$%16*0#:f !H#!7%'#:f 
-4,!'*67!0 ,4!?-45#!> !N6*7*/-)**, 7#!,!7%'#:> 7%6!H 4!7--
#:f * 6.H. Q!H!?#:% 7%6!H:, +04++<5 *6%'-6*0#:7* N'!)%<<-7*, 
N!'!OH-P6 N!<4%H!0-6%45#!<65 6!;%1 0 <!!60%6<60** < N'%HN*-
<-##:7 #-?!'!7 N'-0*4, 014P;-PM*7 1'*6%'*> !1!#;-#*+ <;%6-.  

jH#!> */ <6'-6%,*> N!*<1- h1<6'%7-45#:f /#-;%#*> )%4%0!> 
$2#1)** 0 2<4!0*+f #%!N'%H%4%##!<6* 7!O%6 ?:65 *<N!45/!0-#*% 
#-?!'- (0%%'-) N%'%;*<4%##:f 7%6!H!0, -H%10-6#:f *7%PM%><+ 
-N'*!'#!> *#$!'7-)**, #- !<#!0% 6%f#!4!,** '-<N-'-44%4*0-#*+ 
0:;*<4%#*>. l6! H-%6 0!/7!O#!<65 N'!<;*6:0-65 '-/4*;#:% 0-'*-
-#6: #- 1-OH!7 _-,% N!*<1- * 0:?*'-65 42;_*> '%/2456-6 N! /--
H-##:7 1'*6%'*+7, N'%H2<7-6'*0-+ -06!7-6*;%<1*> -#-4*/ '-/-
4*;#:f 0-'*-#6!0 N!42;-%7:f '%/2456-6!0.  

8-O#:7 _-,!7 N'* #-f!OH%#** ,4!?-45#!,! h1<6'%727- 0 
2<4!0*+f #%!N'%H%4%##!<6* +04+%6<+ /-H-#*% #-;-45#!> 6!;1* N!-
*<1-, N!<1!4512 0:?!' %% H-4%1! !6 !?4-<6* ,4!?-45#!,! h1<6'%-
727- N'*0!H*6 1 20%4*;%#*P 0:;*<4*6%45#:f /-6'-6. Q'*7%#%-
#*% 7#!,!0-'*-#6#!> 6%f#!4!,** < *<N!45/!0-#*%7 N-'-44%45#:f 
0:;*<4%#*> N!/0!4+%6 0:?*'-65 %% !?!<#!0-##!, <!1'-M-+ N'!-
)%<< N!*<1-.  

8 H!14-H% -#-4*/*'2%6<+ h$$%16*0#!<65 '-/4*;#:f 0-'*-#-
6!0 '-/?*%#*+ !?4-<6* N!*<1-, !?%<N%;*0-PM*f 2N'!M%#*% 0:?!-
'- #!0:f 6!;%1 #- 1-OH!7 _-,% -H-N6-)**, 26!;#%#*% ,'-#*) /#--
;%#*> )%4%0!> $2#1)** * <!1'-M%#*% N'!<6'-#<60- N-7+6* H4+ 
f'-#%#*+ #%!?f!H*7!> *#$!'7-)**. X<N!45/2P6<+ 7%6!H:, N!-
/0!4+PM*% <!1'-M-65 0'%7+ 0:;*<4*6%45#!,! N'!)%<<- N26%7 !6-
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1-/- !6 N!06!'#!,! N!42;%#*+ /#-;%#*> )%4%0!> $2#1)** 0 2O% 
*<N!45/!0-##:f N'!?#:f 6!;1-f.  

i(/(E7 'L="3( &"99,&<7'( "8<7+(9?2";  
$<30&<03L 
8.8. G*12<-' 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
Q2<65 iP  – N!6%#)*-4 h4%7%#6- <*<6%7:, 1!6!':> /-0*<*6 !6 

#-?!'- N'*/#-1!0 h4%7%#6- * 0/-*7!H%><60*+ < H'2,*7* h4%7%#-
6-7* <*<6%7:. G4+ !)%#1* h$$%16*0#!<6* h4%7%#6!0 <*<6%7: */ 
K  h4%7%#6!0 *<N!45/2%6<+ $%#!7%# 4!,*<6*;%<1!,! 2'-0#%#*+. 
D!,*<6*;%<1!% 2'-0#%#*% 7!O%6 ?:65 N'*7%#%#! H4+ !N*<-#*+ 
<-7:f '-/4*;#:f N'!)%<<!0. S %,! N!7!M5P 7!H%4*'2P6<+ '!<6 
1!4!#** H'!OO%0:f ,'*?!0 * <4!O#:% N'!)%<<: '-/0*6*+ ;%4!0%-
;%<1!,! !?M%<60-.  
1.1. O,<,3+7273"'(22(* U(/(E( "8<7+(9?2"D" 083('9,27*. 

iSOSeS  S.jN'%H%4*65 
,

max ( )
i U

J P , %<4* ,{ }j kU u=  

1
2

1 1
1

( ) ( ), { }, 1,.. ,
N

ir ir i
r

J P C P T P P r N N N
=

= = = <∑  

1

1
0, 1

N

ir ir
r

C C
=

> =∑ ,         (1.1) 

2

1
( ) , 1,... , ,

N

j j j j j jk j k
k

P k P P u t P P j N j kβ α
•

=
= − + = ≠∑                          (1.2) 

[0, ], (0) , 0, 0, 0, 0j jo j j jot T P P k Pβ α∈ = > > > > ,              (1.3) 

,0 1j ku≤ ≤ ,                                                      (1.4) 
,H% N!<4%H#*% #%'-0%#<60-, +04+P6<+ !,'-#*;%#*+7* #- 2N'-04%-
#*+, - ( )iP t  N'%H<6-04+P6 <!?!> h$$%16*0#!<65 (N!6%#)*-4, N'!-
$%<<*!#-45#:% #-0:1* * 6.H.), 0%4*;*#: jk  f-'-16%'*/2P6 *#H*-
0*H2-45#:% N'*/#-1* h4%7%#6!0, jβ  - 1!h$$*)*%#6: H*<<*N-)**, 
N-'-7%6' α  0:?*'-%6<+ */ 2<4!0*+ !,'-#*;%##!<6* '%_%#*+ ( )iP t  
#- !6'%/1% [0, ]t T∈ . 
1.2. M^IjSM^KePMdKP iSOSeK I>^K SZlGI@I f>BS[ZPGKm 

iSOSeS [.jN'%H%4*65 
,

max [ ( )]
i U

M J P , %<4* ,{ }j kU u=  
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1 1
2

1 1
1 1

( ) ( ), { }, 1,.. , , 0, 1
N N

ir ir i ir ir
r r

J P C P T P P r N N N C C
= =

= = = < > =∑ ∑  (1.5) 

2

1
/ , 1,... , ,

N

j j j j j jk j k j j j
k

P k P P u P P P dW dt j N j kβ α µ
•

=

= − + + = ≠∑   (1.6) 

,H% jW - 0*#%'!0<1*> N'!)%<<, 0jµ > , M  - 7-6%7-6*;%<1!% !O*-
H-#*% 

[0, ], (0) , 0, 0, 0j jo j jot T P P Pβ α∈ = > > >                     (1.7) 

,0 1j ku≤ ≤                                                        (1.8) 
,H% N!<4%H#*% #%'-0%#<60-, +04+P6<+ !,'-#*;%#*+7* #- 2N'-04%-
#*+.  

8 1-;%<60% N%'0!,! N'*?4*O%#*+ H4+ '%_%#*+ H*<1'%6#!-
#%N'%':0#:f /-H-; !N6*7-45#!,! 2N'-04%#*+ *<N!45/2P6<+ 7%6!-
H: '%_%#*+ #%<!?<60%##:f /-H-; 4*#%>#!,! N'!,'-77*'!0-#*+ * 
-4,!'*67: 14-<6%'#!,! -#-4*/- (*/ ,'2NN: *#62*6*0#!-
,%!7%6'*;%<1*f), #-*?!4%% N'*,!H#:% H4+ '%_%#*+ /-H-;* $!'7*-
'!0-#*+ )%4%0!,! 1!44%16*0- !N6*7-45#!> <6'2162':.   6-1*7 
-4,!'*67-7 !6#!<+6<+ FOREL, -4,!'*67: @-1- 4*#-, S%?%<6*-#-, 
GO%#<*, KRAB[1]. 

Z7<,3(<03( 
1. G*12<-' 8.8., K%;%2f*# j.8. X<N!45/!0-#*% 14-<6%'#!,! -#-4*/- 0 

$!'7*'!0-#** #-2;#:f 1!44%16*0!0. Y2'#-4 «X<<4%H!0-#*% !N%'-)*>», 
@., 8c IEK, 2005, <6'. 36–42. 

d'(/3(<7E2L, 0$9"'7* "8<7+(9?2"$<7 
/9* =X2D-"$"=LV 083('9,27;  

E.8. G7*6'21 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  

=]')= :..._1]1)1?194 
K- $*1<*'!0-##!7 !6'%/1% [0,T]  '-<<7-6'*0-%6<+ /-H-;- !N-

6*7-45#!,! 2N'-04%#*+  ,1||),,(),( ≤+= uxtguxtfx&  
( (0), ( )) 0, ( (0), ( )) 0,x x T x x Tη φ= ≤  

0 ( (0), ( )) min,J x x Tφ= →  
4*#%>#-+ N! <1-4+'#!72 2N'-04%#*P.  Q2<65 N'!)%<<  (x0(t), u0(t)) 
2H!04%60!'+%6  N'*#)*N2 7-1<*727- < %H*#<60%##:7 #-?!'!7 
7#!O*6%4%> D-,'-#O-, N'*;%7 #- N%'0!> ;-<6* !6'%/1- (0, ))  
2N'-04%#*% ,'-#*;#!% u0(t) = 1 (?h#,), - #- 06!'!> ;-<6* (), T) !<!-
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?!%  u0(t) = 0.  Q2<65 *  %<65 06!'-+ 0-'*-)*+ $2#1)** D-,'-#O-, - 
K %<65 1!#2< 1'*6*;%<1*f 0-'*-)*> ),,( ux  /-H-##:> 4*#%-'*-
/-)*%> 0<%f !,'-#*;%#*> /-H-;*.  80%H%7 10-H'-6*;#:> N!'+H!1  

T
2 2

0

(x, u)  | (0) |  |y|  dt   |y(T)| , , (0) 0,x -O' y u yγ = + + = =∫ &  

.x A x Bu= +&   Q%'%N*<-0 * < N!7!M5P 6.#. N'%!?'-/!0-#*+ B!f- 
( ),yBx += ξ  N'*f!H*7 1 10-H'-6*;#!> $!'7% 0*H-  

0

   q( (0), (T), y(T))  ( , ) ( , ) ( , ) , 
T

G P y Qy y dtξ ξ ξ ξ ξΩ = + + +∫  

,H%  ),0()0(, xyCA =+= ξξξ& 1!6!'-+ '-<<7-6'*0-%6<+ H4+  
],,0[2 TLy ∈   N'*;%7  ( ) 0y t =  #- (0, )).  Q2<65  + (K)  %<65 04!O%-

#*% 0<%f 6'!%1 ))(,,( Tyyξ  */  K  N'*  0)( =ty  #-  (0, ))  0 N'!-
<6'-#<60!  2[0, ] [0, ]n r rC T L T R× ×  * N2<65 H(K)  %<65  /-7:1-#*%  + 
(K)  0 h6!7 N'!<6'-#<60%.  [!,H- H(K) <!<6!*6 */ 0<%f 6'!%1 

),,,( hyξ  2H!04%60!'+PM*f 2'-0#%#*P yCA += ξξ& N'* 
0)( =ty #- (0, )),  * #%1!6!':7 4*#%>#:7 !,'-#*;%#*+7 #- 

)).(),(),0(( TyTξξ  
^,"3,+(.  -) ]<4* N'!)%<<  (x0(t), u0(t)) H!<6-04+%6 <4-?:> 

7*#*727, 6!  0≥Ω  #-  H(K).  
b) ]<4* <2M%<602%6 0a >  6-1!%, ;6!  γa≥Ω   #-  H(K), 6!  

(x0, u0)  H!<6-04+%6 <6'!,*> <*45#:> 7*#*727. 
Q'* #%1!6!':f H!N!4#*6%45#:f N'%HN!4!O%#*+f 7!O#! /--

7%#*65  γ  #- ?!4%% <4-?:> N!'+H!1 
T

2

0

(x, u)  | (0) |  |y|  dt , , (0) 0.x -O' y u yγ ′ = + = =∫ &  

Q!42;%##:% '%/2456-6: N'*7%#+P6<+ 1 /-H-;-7 ?:<6'!H%>-
<60*+, 0 ;-<6#!<6*, 1 /-H-;% @-'1!0-—G2?*#<-.  

I-?!6- 0:N!4#%#- N'*  N!HH%'O1% IZZX, N'!%16 08-01-
00685. 

Z7<,3(<03( 
1. A.V. Dmitruk,  Quadratic order conditions of a local minimum for sin-

gular extremals  in a general optimal control problem // Proc. of  Symposia in 
Pure Mathematics,  v.64 "Diff. Geometry and Control" (G.Ferreyra et al., 
eds.),  American Math. Society, 1999, p.163-198. 
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 ,<"/L 7 83"D3(++2", "=,$8,E,27, /9* 3,],27* 
U(/(E 7$$9,/"'(27* "8,3(67; 2(  
+2"D"83"6,$$"32LV $7$<,+(V* 

W.B. ]062_%#1!, @.E. Q!<:N1*#, X.v. S*,-4 
.m W ", $Y  W " 

e-H-;- N!*<1- ,4!?-45#!,! 7*#*727- (7-1<*727-) $2#1)** 
#- H!N2<6*7!7  7#!O%<60%  X <!<6!*6 0 !6:<1-#** 6-1!> 6!;1* 

Xx ∈* , ;6! )()( * xfxf ≤ ( )()( * xfxf ≥ ) H4+ 0<%f Xx∈ . G-4%% 
?2H%7 N'%HN!4-,-65, ;6! '%_-%6<+ /-H-; 7*#*7*/-)** $2#1)** 
)%4%0!> $2#1)** f. j,'-#*;%#*+, <0+/-##:% < 0:;*<4*6%45#!> 
N!,'%_#!<65P *4* #%H!<6-61!7 '%<2'<!0, ;-<6! #% N!/0!4+P6 #->-
6* 6!;#!% '%_%#*% H-##!> /-H-;*. 8 h6!7 <42;-% N%'%f!H+6 1 N!-
*<12 N'*?4*O%##!,! '%_%#*+, 6.%. 6!;1* */ 7#!O%<60- ε -
!N6*7-45#:f '%_%#*> { }εε +≤∈= )()(: ** xfxfXxX . Q!*<1 
6!;#!,! '%_%#*+ 7!O#! '-<<7-6'*0-65 1-1 ;-<6#:> <42;-> N!*<1- 
N'*?4*O%##!,! '%_%#*+ < 0=ε .  

@#!,*% */ 7%6!H!0 '%_%#*+ /-H-; ,4!?-45#!> !N6*7*/-)** 
!<#!0-#: #- *H%% N!<6%N%##!,! <!1'-M%#*+ 7#!O%<60-, 0 1!6!'!7 
7!O%6 #-f!H*65<+ 6!;1- 7*#*727- < N!7!M5P N'-0*4 '%H21)** * 
2<4!0*> !6<%0-. K%<7!6'+ #- <2M%<60%##:% '-/4*;*+, !?2<4!04%#-
#:% <N%)*$*1!> '%_-%7:f /-H-;, 7!O#! 0:H%4*65 !?M2P <f%72 
!',-#*/-)** 0:;*<4%#*>. 8 N'!)%<<% '-?!6: -4,!'*67- N!HH%'-
O*0-%6<+ 6%12M*> <N*<!1 N!H7#!O%<60, 1!6!':> 0 #-;-45#:> 7!-
7%#6 <!0N-H-%6 < 7#!O%<60!7 P , <!H%'O-M*7 H!N2<6*7!% 7#!O%-
<60!. [-1O% N%'*!H*;%<1* N'!*<f!H*6 !?#!04%#*% #-*7%#5_%,! */ 
0:;*<4%##:f /#-;%#*> )%4%0!> $2#1)**, #-/:0-%7!,! '%1!'H!7.  

j?M-+ <f%7-: 
1. X#*)*-4*/*'!0-65 <N*<!1 N!H7#!O%<60 { }PL = . 
2. 8:?'-65 h4%7%#6 LPi ∈ .  
3. Q'*7%#*65 N'-0*4- !6<%0- * '%H21)** 1 7#!O%<602 iP  * N!-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% N'!,'-77: Q-14 N'%/*H*27- IEK, 
,'-#6!0 IZZX q 08-01-00619-a, 08-07-00072--, 10-07-00301-- 
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42;*65 7#!O%<60! '
iP . 

4. ]<4* 7#!O%<60! '
iP  #% N2<6!, 6! 0:?'-65 6!;12 '

ii PXx ∩∈ * 
7!H*$*)*'!0-65 '%1!'H#!% '%_%#*%: %<4* ( ) ri fxf < , 6! N!4!O*65 

)(, irir xffxx == . 8 <42;-% ∅='
iP , 6! N%'%>6* 1 _-,2 6. 

5. I-/?*65 7#!O%<60! '
iP #- #%<1!451! N!H7#!O%<60 * H!?-0*65 

N!42;%##:% N!H7#!O%<60- 1 <N*<12 L . 
6. ]<4* <N*<!1 L N2<6, 6! /-0%'_*65 -4,!'*67, 0 N'!6*0#!7 <42-
;-% N%'%>6* 1 _-,2 2. 

K-4*;*% !?M%> <f%7: '-?!6: '-/4*;#:f 7%6!H!0 N!/0!4+%6 
'-/'-?!6-65 2#*0%'<-45#2P N'!,'-77#2P *#$'-<6'2162'2 H4+ 
'%_%#*+ /-H-; !N6*7*/-)** #- 7#!,!N'!)%<<!'#:f <*<6%7-f. X#-
$'-<6'2162'- <!H%'O*6 1-'1-<#:% 7!H24*, '%-4*/2PM*% N'*0%-
H%##2P <f%72 H4+ 6'%f 6*N!0:f -'f*6%162': 14-<<*;%<1!> N!<4%-
H!0-6%45#!> -'f*6%162':, 7#!,!N'!)%<<!'#:f <*<6%7 < !?M%> 
N-7+65P * 7#!,!N'!)%<<!'#:f <*<6%7 < '-<N'%H%4%##!> N-7+65P. 
Q'!,'-77- H4+ '%_%#*+ 1!#1'%6#!> /-H-;* #- /-H-##!> N4-6$!'-
7% N!42;-%6<+ !?u%H*#%#*%7 N'!?4%7#!-/-0*<*7:f 7!H24%> H4+ 
h6!> /-H-;* * 1-'1-<#:f 7!H24%>, '%-4*/2PM*f !?M2P <f%72 H4+ 
0:?'-##!> N4-6$!'7:. I-/'-?!6-##-+ N'!,'-77#-+ *#$'-<6'21-
62'- '%-4*/!0-#- 0 0*H% ?*?4*!6%1* 14-<<!0 S*++. G4+ '%-4*/--
)** 1-'1-<#:f 7!H24%> N'*7%#+%6<+ 7%f-#*/7 _-?4!#!0, 6%f#!-
4!,** N-'-44%45#:f 0:;*<4%#*> MPI * POSIX Threads.  

K- <*<6%7-f < !?M%> N-7+65P #%<1!451! N!6!1!0 #%/-0*<*-
7! 0:N!4#+P6 *6%'-)** 1-6, !?'-M-+<5 1 !?M%72 <N*<12 L. G4+ 
N'%H!60'-M%#*+ #%*/?%O#:f N!6%'5, <0+/-##:f < ;-<6!> <*#f'!-
#*/-)*%> N'* H!<62N% 1 !?M%72 <N*<12, 1-OH:> N'!)%<< 6-1O% 
N!HH%'O*0-%6 4!1-45#:> <N*<!1 N!H7#!O%<60. x-<65 N!H7#!-
O%<60 */ h6!,! <N*<1- N%'*!H*;%<1* 1!N*'2%6<+ 0 !?M*>. 8 7!-
7%#6, 1!,H- 4!1-45#:> <N*<!1 *<;%'N:0-%6<+, N!6!1 ?%'%6 #!0!% 
N!H7#!O%<60! H4+ !?'-?!61* */ !?M%,! <N*<1-. I%-4*/-)*+ H4+ 
<*<6%7 < '-<N'%H%4%##!> N-7+65P <4%H2%6 6!> O% <-7!> <f%7%, #! 
07%<6! 1!N*'!0-#*+ N'*7%#+%6<+ N%'%H-;- <!!?M%#*> N! <%6*. 
 4P;%0:7 H4+ 2N'-04%#*+ N'!)%<<!7 0:;*<4%#*> +04+%6<+ 0:?!' 
N-'-7%6'!0, !N'%H%4+PM*f ;-<6!62 !?7%#!0 * ;*<4! N%'%H-0-%-
7:f H-##:f.  

G4+ 27%#5_%#*+ ;*<4- *6%'-)*> N'*7%#+P6<+ h0'*<6*;%-
<1*% -4,!'*67:, N!/0!4+PM*% ?:<6'! #-f!H*65 '%1!'H#!% /#-;%-
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#*%, ?4*/1!% 1 !N6*7-45#!72. [%7 <-7:7 2<*4*0-%6<+ !6<%0 N!H-
7#!O%<60, /-0%H!7! #% <!H%'O-M*f !N6*7-45#:f '%_%#*>. 8:-
;*<4*6%45#:% '%<2'<: '-<N'%H%4+P6<+ 7%OH2 N'!)%<<-7*, 0:-
N!4#+PM*7* N'*0%H%##2P 0:_% !?M2P <f%72 -4,!'*67-, * N'!-
)%<<-7*, 0:N!4#+PM*7* h0'*<6*1*. 8-O#%>_*7 $-16!'!7, 
04*+PM*7 #- N'!*/0!H*6%45#!<65, +04+%6<+ <!!6#!_%#*% 1!4*;%-
<60- N'!)%<<!'!0, '%-4*/2PM*f h6* H0- N!Hf!H-. 

[%f#!4!,*+ N-'-7%6'*/!0-##:f 14-<<!0, N'*7%#+%7-+ 0 
?*?4*!6%1%, H%4-%6 %% 4%,1! '-<_*'+%7!> /- <;%6 H!?-04%#*+ N'!-
?4%7#!-/-0*<*7:f 7!H24%> H4+ 1!#1'%6#:f !N6*7*/-)*!##:f 
/-H-;. K- H-##:> 7!7%#6 < N!7!M5P ?*?4*!6%1* '%-4*/!0-#: 
N'!,'-77: H4+ '%_%#*+ /-H-; #%N'%':0#!> ?%/2<4!0#!> * 2<4!0-
#!> !N6*7*/-)**, ;-<6*;#!-)%4!;*<4%##:f /-H-; < $2#1)*!#-45-
#:7* !,'-#*;%#*+7* * #%1!6!':f /-H-; H*<1'%6#!> !N6*7*/-)**. 
[-1O% '%-4*/!0-# 7%6!H #%'-0#!7%'#:f N!1':6*> '%_%#*+ 7#!-
,!1'*6%'*-45#:f /-H-;. 

I%-4*/!0-##:% 0 '-71-f ?*?4*!6%1* -4,!'*67: H4+ /-H-; 
#%N'%':0#!> * ;-<6*;#!-)%4!;*<4%##!> !N6*7*/-)** !<#!0-#: 
#- 7%6!H% #%'-0#!7%'#:f N!1':6*>[1]. G!?-04%#: H!N!4#*6%45-
#:% N'-0*4- !6<%0-, !<#!0-##:% #- #%!?f!H*7:f 2<4!0*+f !N6*-
7-45#!<6* N%'0!,! N!'+H1-. 80%H%#: 7%6!H: '%H21)** N-'-44%4%-
N*N%H-, 2;*6:0-PM*% )%4!;*<4%##!<65 N%'%7%##:f, - 6-1O%, 0:-
N214!<65 $2#1)*!#-45#:f !,'-#*;%#*>. S N!7!M5P '-/'-?!6-#-
#!> N'!,'-77: '%_%#*+ /-H-; ;-<6*;#!-)%4!;*<4%##!,! N'!-
,'-77*'!0-#*+ 2H-4!<5 <2M%<60%##! 242;_*65 */0%<6#:% '%/245-
6-6: H4+ 6%<6!0!> /-H-;* 7*#*7*/-)** /-6'-6 N'* */,!6!04%#** 
N-'!0!,! 1!64-.  

8 '-71-f ?*?4*!6%1* '%-4*/!0-# 1!7?*#*'!0-##:> 7%6!H 
0%60%> * ,'-#*) H4+ '%_%#*+ /-H-;* !? !H#!7%'#!7 ?24%0!7 '-#-
)%. Q'*7%#+%6<+ 1!7?*#*'!0-#*% 7%6!H- 0%60%> * ,'-#*) < h0'*-
<6*;%<1*7* -4,!'*67-7* 242;_%#*+ '%_%#*+ 0 <!!60%6<60** < 
N'*0%H%##!> 0:_% <f%7!>. [-1O% *<N!45/2%6<+ 1!7?*#*'!0-#*% 
$'!#6-45#!,! * !H#!<6!'!##%,! 7%6!H- !?f!H- H%'%0- 0%604%#*>. 
Q'* h6!7, !H#!<6!'!##%% 0%604%#*% '%-4*/2%6<+ N! 7%6!H2 B!'!-
0*)--S-f#* #- ?-/% ?24%0!,! 0%16!'-, ;6! N!/0!4+%6 H!?*65<+ 0:-
<!1!> <1!'!<6* '-?!6: -4,!'*67-f[2]. 8 '-?!6% [3] N'*0!H*6<+ 
!N*<-#*% '%-4*/-)** 7%6!H- 0%60%> * ,'-#*) H4+ /-H-;* 1!77*-
0!+O%'- < *<N!45/!0-#*%7 <'%H<60 ?*?4*!6%1*.  

d:4* N'!0%H%#: <%'** 0:;*<4*6%45#:f h1<N%'*7%#6!0 H4+ 
'-/4*;#:f #-?!'!0 0f!H#:f H-##:f #- N-'-44%45#:f <*<6%7-f < 
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!?M%> * '-<N'%H%4%##!> N-7+65P H4+ '-/4*;#:f /-H-; H*<1'%6-
#!> * #%N'%':0#!> !N6*7*/-)**. I%/2456-6: h1<N%'*7%#6!0 N!1--
/:0-P6, ;6! '-/'-?!6-##!% N'!,'-77#!% !?%<N%;%#*% N!/0!4+%6 
N!42;-65 0:<!1*% N!1-/-6%4* N-'-44%45#!,! 2<1!'%#*+, h$$%1-
6*0#!<6* * 7-<_6-?*'2%7!<6*[4]. 

Z7<,3(<03( 
1. ]062_%#1! W.B. x*<4%##:> 7%6!H N!*<1- ,4!?-45#!,! h1<6'%-

727- $2#1)*> (N%'%?!' #- #%'-0#!7%'#!> <%61%) // Y8@ * @Z, 1971, [. 
11, q 6, S. 1390-1403. 

2. Q!<:N1*# @. E., S*,-4 X. v.  !7?*#*'!0-##:> N-'-44%45#:> 
-4,!'*67 '%_%#*+ /-H-;* ! '-#)%, X/0%<6*+ IEK, [%!'*+ * <*<6%7: 
2N'-04%#*+, q 4, 2008 , S. 50-58. 

3. X,#-65%0 E.D. I%_%#*% /-H-;* 1!77*0!+O%'- #- 7#!,!N'!)%<-
<!'#:f <*<6%7-f < !?M%> * '-<N'%H%4%##!> N-7+65P// K-2;#:> <%'0*< 0 
<%6* X#6%'#%6: 7-<_6-?*'2%7!<65, N-'-44%45#!<65, h$$%16*0#!<65: ['2-
H: 8<%'!<<*><1!> <2N%'1!7N5P6%'#!> 1!#$%'%#)** (21-26 <%#6+?'+ 
2009 ,., ,. K!0!'!<<*><1). @.: X/H-0! @BC, 2009, C. 134-137. 

4. Y. Evtushenko, M. Posypkin, I. Sigal, A framework for parallel large-
scale global optimization // Computer Science - Research and Development 
23(3), 2009, pp. 211-215. 

I/2"3"/2L; (9D"37<+ D9"=(9?2"; "8<7+7U(677 
$ 7$8"9?U"'(27,+ '$8"+"D(<,9?2"; +"/,97 /9* 

6,9,'"; 502&677  
S.@. ]4<-1!0, 8.X. b*'+%0 

Rj)1-e+467?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
I-<<7-6'*0-P6<+ -4,!'*67: H4+ '%_%#*+ /-H-;*  
 )(min xfabs

Xx∈
 (1) 

,H% RRxf d →:)(  – $2#1)*+ 2H!04%60!'+PM-+ 2<4!0*P D*N-
_*)- 2121 )()( xxLxfxf −≤− , - dRX ⊂  - H!N2<6*7!% 7#!O%-
<60!, 1!6!'!% +04+%6<+ 1!7N-16!7.   !<!?%##!<6+7 /-H-;* (1) 
7!O#! !6#%<6* H4*6%45#!% 0'%7+ 0:;*<4%#*+ /#-;%#*+ )%4%0!> 
$2#1)**, - 6-1O%, 1-1 N'-0*4!, !6<26<60*% -#-4*6*;%<1!,! !N*<--
#*+ $2#1)** )(xf . e-H-;* 0*H- (1) ;-<6! 0<6'%;-P6<+ #- N'-16*1% 
[1, 2].  

Q2<65 { }k
iix 1=  - N!<4%H!0-6%45#!<65 6!;%1 H!N2<6*7!,! 7#!-
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O%<60-, 0 1!6!':f !<2M%<604+%6<+ 0:;*<4%#*% /#-;%#*> )%4%0!> 
$2#1)**. d2H%7 ,!0!'*65, ;6! -4,!'*67 !6#!<*6<+ 1 14-<<2 !H#!-
'!H#:f -4,!'*67!0 ,4!?-45#!> !N6*7*/-)** [2], %<4* !H#!0'%-
7%##! 0:N!4#%#: 6'* 2<4!0*+:  

1. E4,!'*67 +04+%6<+ !H#!'!H#:7, 6. %. H4+ 4P?:f H02f )%-
4%0:f $2#1)*> '-/4*;-PM*f<+ #- 1!#<6-#62 N!<4%H!0-6%45#!<6* 
6!;%1 *<N:6-#*> <!0N-H-P6.  

2. I%/2456-6: 2O% N'!0%H%##:f 0:;*<4%#*> N'%H<6-04+P6<+ 
#% 0 0*H% 6-?4*): #-?!'!0 ( ){ }k

iii xfx 1)(; = , - 0 0*H% N-': $2#1)*> 
))(,),...,(,,()( 11 kkk xfxxfxxmxm =  * 

))(,),...,(,,()( 11 kkk xfxxfxxsxs = , 1!6!':% 2H!04%60!'+P6 <4%-
H2PM*7 2<4!0*+7:  S1. kixfxm iik ,1),()( == ; S2. 

kixs ik ,1,0)( == ; S3. kixxxs ik ,1,,0)( =≠> ; S4. 
)(),( xsxm kk  - 4*N_*)%0:.  

3. Q!6'%?2%7, ;6!?: -4,!'*67 7!, ?:65 N'%H<60-4%# 0 0*H% 
E4,!'*67-:  

o(D 1. 8:?'-65 #-;-45#:% 6!;1* MiRx d
i ,1, =∈ . Q!4!-

O*65 Mk = .  
o(D 2. 8:;*<4*65 ))(),((minarg1 xsxmPabsx kk

Xx
k

∈
+ = , ,H% 

RRxsxmP kk →2:))(),((  - $2#1)*+ 0:?!'-, 1!6!'-+ %H*#<60%##- 
H4+ -4,!'*67-, )(),( xsxm kk  - $2#1)**, 1!6!':% N%'%<6'-*0-P6<+ 
N!<4% 1-OH!> *6%'-)** -4,!'*67- * 2H!04%60!'+P6 2<4!0*+7 E1-
E4.  

o(D 3. 8:;*<4*65 /#-;%#*+ )( 1+kxf  , N!4!O*65 1+= kk  .  
o(D 4. ]<4* 0:N!4#%#! 2<4!0*% 0:f!H-ϕ  , 6! 0:>6*, *#-;% 

0%'#265<+ #- b-, 2.  
G4+ !H#!'!H#:f -4,!'*67!0 [2] H!1-/-#: 6%!'%7- ! <6'21-

62'% -4,!'*67-, ! H!<6-6!;#:f 2<4!0*+f H4+ <f!H*7!<6* N!<4%H!-
0-6%45#!<6* { }k

iix 1=  1 6!;1-7 ,4!?-45#!,! 7*#*727- )%4%0!> 
$2#1)**. S 2;%6!7 h6*f 6%!'%7 /-H-;- N!<6'!%#*P -4,!'*67- ,4!-
?-45#!> !N6*7*/-)** <0!H*6<+ 1 0:?!'2 $2#1)*>  )(),( xsxm kk  
2H!04%60!'+PM*f !N'%H%4%##:7 2<4!0*+7. [-1O% H!1-/-#: 6%!-
'%7:, N!/0!4+PM*% H!<6-6!;#! ?:<6'! 0:N!4#+65 !N%'-)** N!-
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<6'!%#*P $2#1)*> )(),( xsxm kk  * ?:<6'! '%_-65 0<N!7!,-6%45-
#2P /-H-;2 #- b-,% 2. Q'*0!H+6<+ '%/2456-6: ;*<4%##:f h1<N%-
'*7%#6!0 N! <'-0#%#*P N!<6'!%##!,! -4,!'*67- < -#-4!,*;#:7* 
-4,!'*67-7* * 0:+<#+%6<+ #-<1!451! H!4O#! ?:65 6'2H!/-6'-6#! 
0:;*<4%#*% )%4%0!> $2#1)**, ;6!?: N'%H4!O%##:> -4,!'*67 ?:4 
h$$%16*0%#.  

Z7<,3(<03( 
1. E#6!#!0, @. j., ]4<-1!0 S. @., b*'+%0 8. X. K-f!OH%#*% !N6*-

7-45#!,! '-<N!4!O%#*+ '-H*!7-+1!0 0 '-/#!<6#!-H-45#!7%'#!> <*<6%7% 
N!<-H1* 4%6-6%45#!,! -NN-'-6-/ @. j. E#6!#!0, S. @. ]4<-1!0, 8. X.  
b*'+%0 // E0*-1!<7*;%<1!% N'*?!'!<6'!%#*%. – 2005. – q11. – C. 41-45. 

2. Elsakov, S. M. Linear homogeneous algorithms of global optimization / 
S. M. Elsakov, V. I. Shiryaev// The 1st World Congress on Global Optimiza-
tion in Engineering & Science (WCGO2009) – 2009.  

O'";$<',22L; +,<"/ G?:<"2( /9* U(/(E7  
8"90"83,/,9,22"D" 83"D3(++73"'(27**  

8.B.Y-H-#, E.E.j'4!0 
.QV=?6=T'67)Q% 8')T+ =]. b1+1O)=8Q)4 W " 
:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (He) 
I-<<7-6'*0-%6<+ 4*#%>#-+ /-H-;- N!42!N'%H%4%##!,! N'!-

,'-77*'!0-#*+ 

 

min ,

, 1 ,
0.

X

i
i

C X

A X b i m
X

•

• = ≤ ≤
f

 (1) 

eH%<5 ,X C * iA - <*77%6'*;#:% 7-6'*): N!'+H1- n , #%'--
0%#<60! 0X f !/#-;-%6, ;6! 7-6'*)- X N!4!O*6%45#! N!42!N'%-
H%4%#-. [!;1- 7%OH2 H027+ 7-6'*)-7* iA * X 21-/:0-%6 #- *f 

<1-4+'#!% N'!*/0%H%#*%, !N'%H%4+%7!% 1-1 <4%H 7-6'*): T
iA X .  

G0!><60%#- #!> 1 (1) +04+%6<+ /-H-;- 
                                                
*  I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX, ,'-#6 08-01-00608, - 6-1O% 
N'* <!H%><60** Q'!,'-77: N!HH%'O1* 0%H2M*f #-2;#:f _1!4 Kb-
4096.2010.1 * Q'!,'-77: q 3 $2#H-7%#6-45#:f *<<4%H!0-#*> j@K 
IEK .  
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,

1

max ,

,

0.

T
u V

m
i

i
i

b u

u A V C

V
=

+ =∑
f

 (2) 

Q'%HN!4-,-%6<+ ;6! !?% /-H-;* (1) * (2) *7%P6 '%_%#*+ * 
;6! 7-6'*): ,1 ,iA i m≤ ≤  4*#%>#! #%/-0*<*7:.  

8 [1]  H4+ '%_%#*+ /-H-;* (2) ?:4 N'%H4!O%# H0!><60%##:> 
72456*N4*1-6*0#!-?-'5%'#:> 7%6!H, 0 1!6!'!7 *6%'-)** 0%4*<5 
N! H0!><60%##:7 N%'%7%##:7, - N'+7-+ N%'%7%##-+ X  !N'%H%4+-
4-<5 N! H0!><60%##:7 N%'%7%##:7, *<f!H+ */ <N%)*-45#:f /-0*-
<*7!<6%>.  8 #-<6!+M%7 <!!?M%#** *<N!45/2%6<+ !H#- */ 6-1*f 
/-0*<*7!<6%> ( )X u , N'*;%7 N'%H4-,-%6<+ '%_-65 7%6!H!7 K5P-
6!#- <*<6%72 4*#%>#:f 2'-0#%#*> 

 ( ) 0, 1 .i
iA X u b i m• − = ≤ ≤  (3) 

Q2<65 vecM !?!/#-;-%6 N'+72P <2772 <6!4?)!0 10-H'-6-
#!> 7-6'*): M . 8 0%16!'#!> $!'7% <*<6%7- (3) /-N*_%6<+ 1-1 

 ( ) 0 ,vec mvec X u bΑ − =  
,H% vecΑ - 2m n× 7-6'*)-, <6'!1-7* 1!6!'!> +04+P6<+ 0%16!': 

, 1 .ivec A i m≤ ≤  8!/57%7 
1( ) ( ( )) , ( ) .T T

n n vec n vec vec nvec X u D V u L b V L V D− ⊗⎡ ⎤= Φ Α Φ = Α Α +⎣ ⎦  

eH%<5 nL  * nD - h4*7*#-)*!##-+ * H2N4*)*'2PM*% 7-6'*):. x%-
'%/ V ⊗  !?!/#-;%#- 1'!#%1%'!0<1-+ N!42<277- 7-6'*): V , 6.%. 
7-6'*)- [ ] / 2.n nV V I I V

⊗

= ⊗ + ⊗  @-6'*)- ( ( ))V uΦ  +04+%6<+ 
#%!<!?!>, %<4* 6!;1- [ , ( )]u V u  #%0:'!OH%##-+. X6%'-)** 0 7%6!-
H% N'!0!H+6<+ N! <4%H2PM%> '%12''%#6#!> <f%7%: 

( ) ( )
11

1 ,T T
k k vec vec vec k k vec vec ku u V X b vecX

−−⊗ ⊗
+

⎡ ⎤= + Α Α Α + Α −Α⎢ ⎥⎣ ⎦
(4) 

,H% ( ), ( ).k k k kX X u V V u= =   
^,"3,+(. Q2<65 H4+ N'+7!> * H0!><60%##!> /-H-; *7%%6 7%-

<6! <6'!,-+ H0!><60%##!<65, N'*;%7 *f '%_%#*+ X∗  * V∗ <6'!,! 
1!7N4%7%#6-'#:. Q2<65, 1'!7% 6!,!, 6!;1- V ∗  +04+%6<+ 0%'_*#!> 
H!N2<6*7!,! 7#!O%<60- 0 V -N'!<6'-#<60%. [!,H- 7%6!H (4) 4!-
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1-45#! <f!H*6<+ 1 <!!60%6<602PM%72 '%_%#*P H0!><60%##!> /--
H-;* u∗  <! <0%'f4*#%>#!> <1!'!<65P. 

Z7<,3(<03( 
1. 8.B.Y-H-#. G0!><60%##:> 72456*N4*1-6*0#!-?-'5%'#:> 7%6!H H4+ 

N!42!N'%H%4%##!,! N'!,'-77*'!0-#*+. S!!?M%#*+ N! N'*14-H#!> 7-6%-
7-6*1%. @. 8c IEK, 2009, 56 <6'.  

I8<7+7U(67"22L, +,<"/L 3,],27* U(/(E7  
89(273"'(27* 83"7U'"/$<'(, V3(2,27*,  
<3(2$8"3<73"'&7 7 3($83,/,9,27*  

2,5<,83"/0&<"' 
e4!6!0 E.8. 
.m W " 

8 H!14-H% '-<<7-6'*0-P6<+ h1!#!7*1!-7-6%7-6*;%<1-+ 7!-
H%45, 7%6!H: * -4,!'*67: H4+ '%_%#*+ /-H-;* !N6*7*/-)*!##!,! 
N4-#*'!0-#*+ N'!*/0!H<60-, f'-#%#*+ * '-<N'%H%4%#*+ #%$6* * 
#%$6%N'!H216!0 (#/N) 0 6!',!0!-6'-#<N!'6#!> <%6* ([[S).  '*6%-
'*%7 +04+%6<+ 7-1<*7*/-)*+ N'*?:4* !6 N'!H-O #%$6* * #%$6%-
N'!H216!0  N! '-/4*;#:7 1-#-4-7. 

C/4-7* [[S +04+P6<+: 
• C/4:-*<6!1* – N2#16: H!?:;* *4* N!12N1* #%$6*. 
• c%4%0:% 2/4: – 6%'7*#-4: (N'* N'!H-O% #%$6*) *4* #%$6%N%-
'%'-?-6:0-PM*% /-0!H: (KQe) (N'* N%'%'-?!61% #%$6*). 

• Q'!7%O26!;#:% 2/4:, 0 1!6!':f 7!O%6 !<2M%<604+65<+ N%'%-
0-41- #%$6* < !H#!,! 0*H- 6'-#<N!'6- #- H'2,!>, 0'%7%##!% 
<14-H*'!0-#*% #%$6* * '-/21'2N#%#*% (*4* 21'2N#%#*%) N!-
<6-04+%7:f N-'6*> #%$6*. 
Q! 1-OH!72 */ 0*H!0 #/N 2/4-7* [[S +04+P6<+:  

• C/4:-*<6!1* – N2#16: 0:'-?!61* (KQe) *4* N!12N1* #/N. 
• c%4%0:% 2/4: – 6%'7*#-4:, < 1!6!':f !<2M%<604+%6<+ N'!H-O- 
N/N. 

• Q'!7%O26!;#:% 2/4: (#%$6%?-/:), 0 1!6!':f 7!O%6 !<2M%<60-
4+65<+ N%'%0-41- #/N < !H#!,! 0*H- 6'-#<N!'6- #- H'2,!>, 0'%-
7%##!% <14-H*'!0-#*% #/N, '-/21'2N#%#*% N!<6-04+%7:f N-'-
6*> #/N.  
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G2,-7* [QS +04+P6<+: #%$6%- * N'!H216!N'!0!H:, -06!H!'!-
,*, O%4%/#:% H!'!,*, '%;#:% N%'%0!/1* * H'. 

G-##-+ /-H-;- N'*#-H4%O*6 1 14-<<2 7#!,!N'!H216!0:f H*-
#-7*;%<1*f 1!7?*#-6!'#:f /-H-; N!6!1!'-<N'%H%4%#*+ #- <%6+f. 
G4+ %% !N*<-#*+ <$!'724*'!0-#- <*<6%7- h1!#!7*1!-
7-6%7-6*;%<1*f 7!H%4%> * '-/'-?!6-# #-?!' -4,!'*67!0, !<#!0-#-
#:f #- <!0!12N#!<6* 7%6!H!0 H*<1'%6#!> !N6*7*/-)** * '%_%#** 
/-H-;* N!6!1!'-<N'%H%4%#*+ 0 6'-#<N!'6#!> <%6*. 

Q%'%;*<4*7 !<#!0#:% 7!H%4*, N'*7%#+%7:% H4+ !N*<-#*+ 
/-H-;. 
• @!H%45 N!<6-01* <:'5+ !6 #%$6+#:f 7%<6!'!OH%#*> 1 N2#1-

6-7 N%'%'-?!61* ( KQe ). 
• @!H%45 N%'%'-?!61* <:'5+ 0 $*1<*'!0-##:> #-?!' #%$6%-

N'!H216!0. l6- 7!H%45 !?2<4-04*0-%6 H*<1'%6#!<65 *<f!H#!> 
/-H-;* /- <;%6 #%!?f!H*7!<6* 0:?!'-  */ 7#!O%<60- 0!/7!O-
#:f 6%f#!4!,*;%<1*f N'!)%<<!0 6!,!, 1!6!':> H-%6 #-*?!45-
_2P N'*?:45 0 H-##:> 7!7%#6 0'%7%#*.  

• @!H%45 6'-#<N!'6*'!01* #%$6* * #%$6%N'!H216!0. 
• @!H%45 %71!<6* * 0/-*7!<0+/* N%'*!H!0. 

G4+ '%_%#*+ /-H-;* '-/'-?!6-# '+H -4,!'*67!0 H%/-,'%,*'!-
0-#*+ * -,'%,*'!0-#*+ /-H-;*, $!'7*'!0-#*+ «0*'62-45#!> <%6*, 
'%_%#*+ /-H-;* N!6!1!'-<N'%H%4%#*+ < 2;%6!7 N!6%'5,  #-N'-0-
4%##!,! N%'%?!'- 6%f#!4!,*;%<1*f N'!)%<<!0 * '+H H'2,*f -4,!-
'*67!0. 

l6* -4,!'*67: '%-4*/!0-#: 0 S*<6%7% N4-#*'!0-#*+ N'!*/-
0!H<60-, f'-#%#*+, 6'-#<N!'6*'!01* * '-<N'%H%4%#*+ #%$6%N'!-
H216!0, 1!6!'-+ *<N!45/!0-4-<5 N'* '%_%#**  1!#1'%6#:f /-H-;, 
6-1*f 1-1 /-H-;- !N6*7*/-)** 6'-#<N!'6#!> <%6* #%$6%N'!H216!-
!?%<N%;%#*+ 85%6#-7-, !N6*7*/-)** <*<6%7: N'!*/0!H<60-, f'--
#%#*+ * '-<N'%H%4%#*+ N'!H21)** 1'2N#!> #%$6+#!> 1!7N-#** * 
0 '+H% H'2,*f /-H-;. 
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O'0V](D"'L; X&$<3(D3(/7,2<2L; +,<"/  
3,],27* '(37(67"22LV 2,3(',2$<'  
$" $'*U(22L+7 "D3(27E,27*+7*  

E.8. e:1*#-, K.8. @%4%#5;21 
`]?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T 

8-'*-)*!##!% #%'-0%#<60! <! <0+/-##:7* !,'-#*;%#*+7*: 
#->6* 0%16!'  6-1!>, ;6! 

  ,  , (1) 
,H%    ?2H%7 '-<<7-6-
'*0-65 1-1 /-H-;2 !6:<1-#*+ <%H4!0!> 6!;1* $2#1)** D-,'-#O- 

=  , , ,H% 
 – '%_%#*% /-H-;* (1), -  *  – N'+7:% * H0!><60%##:% N%'%-

7%##:%, .  
G4+ '%_%#*+ /-H-;* (1) N'%H4-,-%6<+ *6%'-6*0#-+ <f%7-, *<-

N!45/2PM-+ *H%P H02f_-,!0!,! h1<6'-,'-H*%#6#!,! 7%6!H- [1] 
'%_%#*+ <%H4!0:f /-H-; 1-1 N! N'+7:7 6-1 * N! H0!><60%##:7 
N%'%7%##:7: 

, 
, 

, (2) 
, 

, 
. 

Sf!H*7!<65 *6%'-)*!##!,! N'!)%<<- (2) H!1-/-#- 0 6%!'%7% 1. 
^,"3,+( 1.  CF?T7 9Q[16)fqT?f F?619=f: 

1) Ω – &4]3)FT1', 9Q[F361' ])1j'?T91;  
2) ])1j'?T91 +'P')=% &4O4V= (1) )4 Ω )' [F?T1;  
3) 1['+4T1+  – ]1)1T1))Q%, FO196'T91+fqt=% F?619=q 
_=[P=84 ? 31)?T4)T1% ; 
4) 9'3T1+-iF)38=f  ?=]]'T+=V)4f, FO196'T91+fqt4f F?-
619=q _=[P=84 ? 31)?T4)T1% , O=ii'+')8=+F']4f = 9Q[F364f 
[1   O6f 6q*1-1  , ?Fj')='   )4 O=4-1)46= 394O+4T4 
– 9Q[F364f iF)38=f;  
                                                
* I-?!6- N!HH%'O-#- -#-4*6*;%<1!> 0%H!7<60%##!> )%4%0!> N'!,'-77!> 
«I-/0*6*% #-2;#!,! N!6%#)*-4- 0:<_%> _1!4:», 1!H N'!%16- 2.1.1/2763 
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5) 9'3T1+-iF)38=f  FO196'T91+f'T F?619=q _=[P=84 ? 
31)?T4)T1%  ;  
6)  H4+ 0<%f n;  
7) [4+4]'T+  9Q*=+4'T?f =& F?619=f: 

,   . 

c1-O4 [1?6'O194T'67)1?T7 , 1[+'O'6f']4f +'3F++')T)Q]= ?1-
1T)1P')=f]= (2), ?g1O=T?f ]1)1T1))1 [1 )1+]' 3 1O)1]F =& +'-
P')=% &4O4V= (1). 

S4%H2%6 !67%6*65, ;6! 2<4!0*+ <f!H*7!<6* 0 6%!'%7% 1 6-1*% 
O%, 1-1 * 0 <6-#H-'6#:f h1<6'-N!4+)*!##:f 7%6!H-f [2], ?!4%% 
6!,!, 1-OH-+ *6%'-)*+ N'%H4!O%##!,! H02f_-,!0!,! 7%6!H- 0 N!4-
6!'- '-/- ?!45_% N! 0:;*<4%#*+7 0 <'-0#%#** <! <6-#H-'6#:7*. 
jH#-1! H0- N'!?#:f _-,- 07%<6! !H#!,! H-P6 #- 1-OH!> *6%'-)** 
?!4%% 6!;#!% #-N'-04%#*% H0*O%#*+ */ *<f!H#!> 6!;1*, ;6! 0 #%-
<1!451! '-/ 27%#5_-%6 1!4*;%<60! *6%'-)*> N'%H4!O%##!,! #!0!-
,! 7%6!H-. 

Z7<,3(<03( 
1. @%4%#5;21 K.8. G02f_-,!0:> h1<6'-,'-H*%#6#:> 7%6!H H4+ '%_%-

#*+ <%H4!0:f /-H-; // j7<1*> #-2;#:> 0%<6#*1. S%'*+ «Q'*?!':, 7-_*-
#:, 6%f#!4!,**» – 2009. – q3(83). – S. 33-36. 

2.  !'N%4%0*; B.@. l1<6'-,'-H*%#6#:> 7%6!H H4+ !6:<1-#*+ <%H4!-
0:f 6!;%1 * H'2,*f /-H-;// l1!#!7*1- * 7-6%7-6*;%<1*% 7%6!H:. - 1976. - 
[. 12. - q4. - S. 747-756. 

>"90D9(/&7, 2?:<"2"'$&7, +,<"/L /9* U(/(E 
"8<7+7U(677 $ &"+89,+,2<(32L+7  

"D3(27E,27*+7*  
E.Z. X/7-*4!01, E.D. Q!,!<+#1, @.8. S!4!H!02  

1 :1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  
=]. :... _1]1)1?194 

2 Instituto de Matemática Pura e Aplicada, 
Rio de Janeiro, Brazil 

e-H-;* !N6*7*/-)** < 1!7N4%7%#6-'#:7* !,'-#*;%#*+7* 
(ej j) – 0-O#:> 14-<< /-H-;, N'*04%1-PM*> 0 #-<6!+M%% 0'%7+ 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (1!H N'!%16- 10-
01-00251). 
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?!45_!% 0#*7-#*% <N%)*-4*<6!0. @#!,!;*<4%##:% N'*7%': 0!/-
#*1#!0%#*+ 6-1*f /-H-; 0 N'*4!O%#*+f 7!O#! #->6* 0 [1] * )*6*-
'!0-##!> 6-7 4*6%'-62'%. ej j 6'2H#: H4+ -#-4*/- * ;*<4%##!,! 
'%_%#*+ */-/- #%*/?%O#!> #%'%,24+'#!<6* *f !,'-#*;%#*> 0 4P-
?!> 6!;1% H!N2<6*7!,! 7#!O%<60-.  

@%6!H:, */4-,-%7:% 0 H-##!> '-?!6%, !<#!0-#: #- <N%)*-
-45#!> N%'%$!'724*'!01% ej j, 0N%'0:% N'%H4!O%##!> 0 [2]. 
Q26%7 00%H%#*+ H!N!4#*6%45#!> N%'%7%##!> *<f!H#-+ /-H-;- <0!-
H*6<+ 1 /-H-;% !N6*7*/-)** < ,4-H1*7* !,'-#*;%#*+7*-
'-0%#<60-7*. 8 [2] *<N!45/!0-4-<5 N%'%$!'724*'!01-, !?%<N%;*-
0-PM-+ ,4-H1!<65 <*<6%7: D-,'-#O- 6-1!> /-H-;*.   <!O-4%#*P, 
N4-6!> /- h62 ,4-H1!<65 +04+%6<+ 6!, ;6! N'* #-'2_%#** 0%<57- 
!?'%7%#*6%45#!,! 2<4!0*+ <6'!,!> H!N!4#*6%45#!<6* #*O#%,! 
2'!0#+ 7-6'*)- `1!?* h6!> <*<6%7: 0 '%_%#** #%*/?%O#! !1-/:-
0-%6<+ 0:'!OH%##!>. G-##-+ '-?!6- *<N!45/2%6 N%'%$!'724*'!0-
12, 1!6!'-+ N'*0!H*6 1 #%,4-H1!> <*<6%7% D-,'-#O-. jH#-1!, h6- 
#%,4-H1!<65 *7%%6 0%<57- <6'2162'*'!0-##:> f-'-16%' * H!N2<1--
%6 h$$%16*0#!% N'*7%#%#*% -NN-'-6- <!0'%7%##!,! #%,4-H1!,! 
-#-4*/- * !?!?M%##:f 0%'<*> 7%6!H- K5P6!#-. 8 ;-<6#!<6*, 
!?!?M%##:% 7-6'*): `1!?* 6-1!> <*<6%7: 0 %<6%<60%##:f N'%H-
N!4!O%#*+f +04+P6<+ #%0:'!OH%##:7*. 8 <!;%6-#** <! <0!><6-
0!7 N!42,4-H1!<6* h6!> <*<6%7:, 21-/-##!% <0!><60! ,-'-#6*'2%6 
4!1-45#2P <0%'f4*#%>#2P <f!H*7!<65 N!42,4-H1!,! 7%6!H- K5P-
6!#-. d!4%% 6!,!, 10-H'-6 #%0+/1* <*<6%7: D-,'-#O- N'* h6!7 !1--
/:0-%6<+ ,4-H1!> $2#1)*%>, ;6! N!/0!4+%6 %<6%<60%##:7 !?'-/!7 
,4!?-4*/!0-65 <f!H*7!<65 H-##!,! -4,!'*67-, !',-#*/2+ #- %,! 
!<#!0% 7%6!H <N2<1- H4+ 21-/-##!> ,4-H1!> !)%#!;#!> $2#1)**. 
jH#-1!, < N'-16*;%<1!> 6!;1* /'%#*+, ?!4%% N%'<N%16*0#!> N'%H-
<6-04+%6<+ ,4!?-4*/-)*+ <f!H*7!<6* < *<N!45/!0-#*%7 #%,4-H1*f 
6!;#:f _6'-$#:f $2#1)*> #- !<#!0% N!42,4-H1!,! 7%6!H- N!<4%-
H!0-6%45#!,! 10-H'-6*;#!,! N'!,'-77*'!0-#*+, 1!6!':> 6-1O% 
*/2;-%6<+ 0 '-?!6%.  

Q'*0!H*7:% ;*<4%##:% '%/2456-6: H4+ /-H-; */ 6%<6!0!> 
1!44%1)** MacMPEC [3] N!/0!4+P6 !)%#*65 <*45#:% * <4-?:% 
<6!'!#: N'%H4-,-%7:f -4,!'*67!0. 8 )%4!7, h6* '%/2456-6: N!1--
/:0-P6, ;6! N'%H4!O%##:> N!Hf!H +04+%6<+ 0%<57- 7#!,!!?%-
M-PM*7. 

Z7<,3(<03( 
1. Luo Z.-Q., Pang J.-S., Ralph D. Mathematical programs with equilib-

rium constraints. Cambridge: Cambridge Univ. Press, 1996. 
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2. Stein O. Lifting mathematical programs with complementarity con-
straints // AOR-Preprint 2008. No. 3. University of Karlsruhe. 

3. http://wiki.mcs.anl.gov/leyffer/index.php/MacMPEC  

>"7$& D(3(2<73"'(22"D" 3,],27* "/2"D" &9($$( 
U(/(E /'0V03"'2,'"D" 83"D3(++73"'(27*  

E.8. @-4:_%0 
$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 

8 N!<4%H#%% 0'%7+ N!N24+'#:7 !?u%16!7 0 *<<4%H!0-#** 
!N%'-)*> +04+P6<+ /-H-;* < *%'-'f*;%<1!> <6'2162'!>, 1!6!':% 
#%'%H1! 0!/#*1-P6 #- N'-16*1% N'* *<<4%H!0-#** <4!O#!!',-#*-
/!0-##:f <*<6%7 2N'-04%#*+ (<!)*-45#:f, h1!#!7*;%<1*f, h1!4!-
,!-h1!#!7*;%<1*f) [1]. 8 H-##!> '-?!6% '-<<7-6'*0-%6<+ /-H-;- 
N!*<1- ,-'-#6*'!0-##!,! '%_%#*+ 10-H'-6*;#!-4*#%>#!> H02f-
2'!0#%0!> /-H-;*: 

                   
*

*

sup{ ( , ) | ( )} min,

, ( ) min{ ( ) | ( )},
y

F x y y Y x xy
x X Y x Arg G y y Y x

⎫∈ ↓
⎪
⎬

∈ = ∈ ⎪
⎭

       (BP) 

,H% 1 1
1 1( , ) , , , , ,
2 2

F x y x Cx c x y C y c y= + − +

( ) , ,G y d y=

{ } 1 1| , 0 , ( ) { | , 0},m nX x R Ax a x Y x y R A x B y b y= ∈ ≤ ≥ = ∈ + ≤ ≥

,p mA R ×∈ 1 ,q mA R ×∈ 1 ,q nB R ×∈ 1 10, 0.T TC C C C= ≥ = ≥  
[-1O% '-<<7-6'*0-%6<+ /-H-;- N!*<1- !N6*7*<6*;%<1!,! '%-

_%#*+ <4%H2PM%> H02f2'!0#%0!> /-H-;*: 

        ,
( , ) min,

, min{ ( ) ( , ) | ( )},
x y

y

F x y

x X y Arg G y F x y y Y xυ

⎫↓
⎪
⎬∈ ∈ − ∈ ⎪⎭

           (BPo(υ )) 

,H% 0υ >  – _6'-$#!> N-'-7%6'. 
Q'%HN!4!O*7, ;6! 7#!O%<60! X  !,'-#*;%#! * 7#!O%<60!  

( )Y x  !,'-#*;%#! N'* x X∀ ∈ , 6-1 ;6! : ( ) ,Y Y x Y x X Y∃ ⊆ ∀ ∈ – 
1!7N-16. S4%H2PM-+ 6%!'%7- '-/0*0-%6 <!!60%6<602PM%% 260%'-
OH%#*% */ [2]. 

^,"3,+(. Q2<65 0:N!4#%#: N'%HN!4!O%#*+ !? !,'-#*;%#-
#!<6* , ( )X Y x  * N!<4%H!0-6%45#!<6* { },{ }k kυ τ  6-1!0:, ;6! 
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0, 0.k kυ τ↓ ↓  [!,H- 4P?-+ N'%H%45#-+ 6!;1- N!<4%H!0-6%45#!<6* 

{( , )}k kx y  kτ -'%_%#*> /-H-; (BPo( kυ )) +04+%6<+ ,-'-#6*'!0-##:7 
'%_%#*%7 /-H-;* (BP). 

G-4%% /-H-;- (BPo(υ )) N'* $*1<*'!0-##!7 /#-;%#** N-'--
7%6'- υ  <0!H*6<+ 1 <%7%><602 !H#!2'!0#%0:f /-H-; !N6*7*/-)**: 

       

1 1

1 1 1 , ,

1 1( , , ) , , , ,
2 2

( , , , ) min,

( , , ) ,
x y v

x y v x Cx c x y C y c y

d c y y C y b A x v

x y v D

µ υ υ

⎫Φ = + − + +⎪
⎪⎪+ − + + − ↓ ⎬
⎪

∈ ⎪
⎪⎭

     (P( υµ , )) 

,H% 1 1 1{( , , ) | , ( ), 0, 0},D x y v x X y Y x d c C y vB vυ υ= ∈ ∈ − + + ≥ ≥  0µ >  
– N-'-7%6' _6'-$-. 

G4+ '%_%#*+ /-H-;* (P( ,µ υ )) *<N!45/2%6<+ <6'-6%,*+ ,4!-
?-45#!,! N!*<1- 0 /-H-;-f d.c. N'!,'-77*'!0-#*+, !<#!0-##-+ #- 
2<4!0*+f ,4!?-45#!> !N6*7-45#!<6* [3]. j<#!0#:7* h6-N-7* h6!> 
<6'-6%,** +04+P6<+: 4!1-45#:> N!*<1, N'*0!H+M*> 0 1'*6*;%<12P 
6!;12, * N'!)%H2': 0:f!H- */ 6%12M%> 1'*6*;%<1!> 6!;1*. I-/'--
?!6-#: H0- 0-'*-#6- -4,!'*67- 4!1-45#!,! N!*<1-, '-/0*0-PM*f 
*H%P N!<4%H!0-6%45#!> 7*#*7*/-)** N! ,'2NN-7 N%'%7%##:f 
[4,5] #- <42;-> <0+/-##:f N%'%7%##:f. 

[%<6*'!0-#*% N%'0:f 0-'*-#6!0 N'!,'-77 4!1-45#!,! * 
,4!?-45#!,! N!*<1- N'!H%7!#<6'*'!0-4! h$$%16*0#!<65 N'%H4!-
O%##!,! 7%6!H- ;*<4%##!,! '%_%#*+ /-H-;* (BP). 

Z7<,3(<03( 
1. B%'7%>%' W.d. X,': < #%N'!6*0!N!4!O#:7* *#6%'%<-7*. @.: K-2-

1-, 1976. 
2. @!4!H)!0 G.E. j '%_%#** !H#!,! 14-<<- #%-#6-,!#*<6*;%1*f *,' // 

Y8@ * @Z, 1976, [. 16, q 6. S.1469-1484. 
3. S6'%1-4!0<1*> E.S. l4%7%#6: #%0:N214!> !N6*7*/-)**. – K!0!-

<*?*'<1: K-21-, 2003. 
4. S6'%1-4!0<1*> E.S., j'4!0 E.8. d*7-6'*;#:% *,': * ?*4*#%>#!% 

N'!,'-77*'!0-#*%. – @.: Z*/7-64*6, 2007. 
5. S6'%1-4!0<1*> E.S., j'4!0 E.8., @-4:_%0 E.8. D!1-45#:> N!*<1 0 

10-H'-6*;#!-4*#%>#!> /-H-;% H02f2'!0#%0!,! N'!,'-77*'!0-#*+ // 
S*?Y8@, 2010.  [.13, q1. S.75-88. 
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 ,<"/7&( (2(97<7E,$&"D" &"2$<3073"'(27*  
"8<7+(9?2"D" 3,D09*<"3( ' "8<7+7U(67"22LV 

U(/(E(V <,"377 '7=3"U(F7<L* 
E.G. @*O*H!# 

.1?T1V)1-Y=*=+?3=% -1?FO4+?T9'))Q% T'g)161-=V'?3=% 
F)=9'+?=T'T 

[%!'*+ !N6*7-45#!,! 2N'-04%#*+ 0 #-<6!+M%% 0'%7+ N!42-
;*4- *#6%#<*0#!% '-/0*6*%, !f0-6*0 N'* h6!7 _*'!1*> 1'2, N'!-
?4%7 N'*14-H#!,! f-'-16%'-.   ;*<42 6-1*f N'!?4%7 !6#!<*6<+ 
N'!?4%7- -#-4*6*;%<1!,! 1!#<6'2*'!0-#*+ !N6*7-45#:f '%,24+-
6!'!0, N!<6-04%##-+ E.@. D%6!0:7. d!45_*#<60! '-/'-?!6-##:f 0 
#-<6!+M%% 0'%7+ 7%6!H!0 -#-4*6*;%<1!,! 1!#<6'2*'!0-#*+ !f0--
6:0-P6 ,4-0#:7 !?'-/!7 /-H-;* 2N'-04%#*+, 0 1!6!':f !6<26<6-
02P6 0#%_#*% 0!/72M%#*+ *4* N'%H2<7-6'*0-%6<+ H%><60*% ;-<6-
#:f 0*H!0 0!/72M%#*>. 

8 H-##!> '-?!6% '-/0*0-%6<+ N!Hf!H 1 <*#6%/2 0*?'!/-M*6-
#:f <*<6%7, !<#!0-##:> #- 7%6!H*1% -#-4*6*;%<1!,! 1!#<6'2*'!-
0-#*+ !N6*7-45#:f '%,24+6!'!0. Q'* h6!7 0 1-;%<60% !N6*7*/*-
'2%7!,! 1'*6%'*+ 0:?*'-%6<+ 0 <42;-% H%6%'7*#*'!0-##:f 0!/-
72M%#*> $2#1)*!#-4 

0

1( ) lim ( )
T

T
J u x Qx u Ru dt

T→∞
′ ′= +∫ ,    (1) 

- 0 <42;-% <6!f-<6*;%<1*f 0!/72M%#*> $2#1)*!#-4 

0

1( ) lim { ( ) }
T

T
J u M x Qx u Ru dt

T→∞
′ ′= +∫ ,   (2) 

,H% Q - #%!6'*)-6%45#! !N'%H%4%##-+ N!<6!+##-+ n×n - 7-6'*)-; R 
- N!4!O*6%45#! !N'%H%4%##-+ N!<6!+##-+ r×r-7-6'*)-; { }M ⋅  - 7--
6%7-6*;%<1!% !O*H-#*%. 

j?<2OH-P6<+ 0!N'!<: 0:?!'- 7-6'*) Q * R !?%<N%;*0-P-
M*f 0:N!4#%#*% <4%H2PM*f 6'%?!0-#*>: 

1) 7*#*7*/-)*+ $2#1)*!#-4- <!!60%6<602%6 27%#5_%#*P 
7-1<*7-45#:f !6#!<*6%45#:f <7%M%#*> !?u%16- 0*?'!/-M*6:; 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% -#-4*6*;%<1!> 0%H!7<60%##!> )%4%-
0!> N'!,'-77: @*#*<6%'<60- !?'-/!0-#*+ * #-21* I!<<*><1!> Z%H%'--
)** «I-/0*6*% #-2;#!,! N!6%#)*-4- 0:<_%> _1!4:» (2009-2010 ,!H:), 
'%,*<6'-)*!##:> #!7%': 2.1.1/1533. 



 242

2) 2<4!0*% 7*#*727- $2#1)*!#-4- !?%<N%;*0-%6 <#*O%#*% 
H*#-7*;%<1*f 0!/H%><60*>, N%'%H-0-%7:f < !<#!0-#*+ #- !?u%16, 
H! /-H-##!,! 2'!0#+. 

I-<<7-6'*0-%7:> N!Hf!H 1 <*#6%/2 0*?'!/-M*6#:f <*<6%7 
!<#!0-# #- !?!?M%#*+f 7%6!H*1* -#-4*6*;%<1!,! 1!#<6'2*'!0--
#*+ !N6*7-45#!,! '%,24+6!'- #- <42;-> N!<6!+##! H%><602PM*f 
0#%_#*f 0!/72M%#*> 1-1 H%6%'7*#*'!0-##:f [1], 6-1 * H4+ <6!-
f-<6*;%<1*f [2]. Q'* h6!7 /-H-;- <*#6%/- 0*?'!/-M*6#!> <*<6%7: 
$!'724*'2%6<+ 1-1 0<N!7!,-6%45#-+ /-H-;- -#-4*6*;%<1!,! 1!#<6-
'2*'!0-#*+ !N6*7-45#!,! '%,24+6!'- 0 <42;-% H%6%'7*#*'!0-#-
#:f 0!/72M%#*> < 1'*6%'*%7 (1), *4* 0 <42;-% <6!f-<6*;%<1*f 
0!/72M%#*> < 1'*6%'*%7 (2). 

8 '-?!6% [3] N'%H4!O%# N!Hf!H 1 #-f!OH%#*P !)%#1* <#*/2  
!N6*7-45#!,! /#-;%#*+ 1'*6%'*+ 1-;%<60- 0 /-H-;% !N6*7-45#!,! 
2N'-04%#*+ ! N'%H%45#:f 0!/7!O#!<6+f N'!<6'-#<60%##!> 0*?'!-
/-M*6#!> <*<6%7:. G4+ '-<<7!6'%##!> /-H-;* !N6*7-45#!,! 
2N'-04%#*+ [3] 0 H!14-H% #- !<#!0% !?!?M%#*> -#-4*6*;%<1!,! 
1!#<6'2*'!0-#*+ !N6*7-45#:f '%,24+6!'!0 N'%H4-,-%6<+ 7%6!H*-
1- #-f!OH%#*+ !)%#1* <0%'f2 !N6*7-45#!,! /#-;%#*+ 1'*6%'*+ 
1-;%<60-. 

I-<<7!6'%#: '%_%#*+ '+H- 7!H%45#:f N'*7%'!0. 
Z7<,3(<03( 

1. @*O*H!# E.G. E#-4*6*;%<1*> <*#6%/ !N6*7-45#!,! 2N'-04%#*+ 
N'* N!<6!+##! H%><602PM*f 0!/72M%#*+f. //I!?!6: * '!?!6!6%f#*;%-
<1*% <*<6%7:. X'126<1, 1981. – S.108-111 

2. @*O*H!# E.G. E#-4*6*;%<1!% 1!#<6'2*'!0-#*% !N6*7-45#:f '%-
,24+6!'!0 N'* N!<6!+##! H%><602PM*f <6!f-<6*;%<1*f 0!/72M%#*+f 0 
N'*4!O%#** 1 <*#6%/2 0*?'!/-M*6#:f <*<6%7. //E06!7-6*1- * 6%4%7%f--
#*1-. 2008. q4. S.81-93 

3. @*O*H!# E.G. j? !)%#1% N'%H%45#:f 0!/7!O#!<6%> 0*?'!/-M*6-
#:f <*<6%7. // E06!7-6*1- * 6%4%7%f-#*1-. 2009. q4. S.149-162 

M<(<7$<7E,$&7; 8"/V"/ & 8"$<3",27: 8"7$&"'LV 
83"6,/03 "8<7+7U(677 8(3(+,<3"' $9".2LV 

"=p,&<"'  
8.8. @*f->4!0, 8.@. C7:0-1*#, E.8. b0%)  

.1'))Q% 49=48=1))Q% =)j')'+)Q% F)=9'+?=T'T, .1+1)'j 
Q'%HN!4-,-%6<+, ;6! /-H-;- !N6*7*/-)** N-'-7%6'!0 <4!O-

#!,! !?u%16- <0%H%#- 1 N!*<12 7*#*727- #%1!6!'!> )%4%0!> 
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$2#1)** 7#!,*f N%'%7%##:f:  
f0(x1, x2,…, xn)→min. 

G-##-+ $2#1)*+ 7!O%6 ?:65 7#!,!h1<6'%7-45#!>, #%,4-H-
1!>, *7%65 «!0'-,*» * 6.H.  '!7% 6!,!, N! /-H-##!> 6!;1% (0-'*-#-
62 !?u%16-) gi 0!/7!O#! 6!451! 0:;*<4%#*% /#-;%#*> $2#1)** 
f0(gi), 6.%. )%4%0-+ $2#1)*+ /-H-#- -4,!'*67*;%<1*. 8 6-1!> #%<6-#-
H-'6#!> <*62-)** #%!?f!H*7! *<N!45/!0-65 N!*<1!0:% N'!)%H2-
':, 0 1!6!':f #%6 N'%H<1-/-#*+ N!0%H%#*+ )%4%0!> $2#1)** < N!-
7!M5P %% H*$$%'%#)*-45#:f f-'-16%'*<6*1.  

Q'* *<<4%H!0-#** N!0%H%#*+ )%4%0!> $2#1)** < N!7!M5P 
#%1!6!'!,! -4,!'*67- N!*<1- 7!,26 ?:65 */7%'%#: 4*_5 N%'%-
7%##:% x1, x2,…, xn. Q'%HN!4-,-%6<+, ;6! /#-;%#*+ h6*f N%'%7%#-
#:f, -, /#-;*6, * /#-;%#*+ <-7!> $2#1)** f0(x) 0 N'!)%<<% N!*<1- 
(,%#%'*'!0-#*+ <6-6*<6*;%<1!> *#$!'7-)**) !N'%H%4+P6<+ H%><6-
0*%7 <1':6:f <2M%<60%##:f $-16!'!0.  

G4+ !N'%H%4%#*+ <1':6:f $-16!'!0, 1!6!':% +04+P6<+ <42-
;->#:7* 0%4*;*#-7*, N'*7%#+P6<+ '-/4*;#:% 7%6!H: -#-4*/- 
H-##:f, 0 ;-<6#!<6* 7%6!H ,4-0#:f 1!7N!#%#6. 8 h6*f 7%6!H-f 0 
1-;%<60% *<f!H#!> *#$!'7-)** *<N!45/2P6<+ 7-6'*): <6-6*<6*-
;%<1*f <0+/%> (#-N'*7%', 7-6'*): 1!h$$*)*%#6!0 1!0-'*-)**) 
7%OH2 N%'%7%##:7*. j67%6*7, ;6! 04*+#*% $-16!'- - N%'0!> 
,4-0#!> 1!7N!#%#6:, <!!60%6<602PM%> #-N'-04%#*P #-*?!45_%> 
0:6+#26!<6* 4*#*> 2'!0#+ )%4%0!> $2#1)**, #%!H*#-1!0! <1-/:-
0-%6<+ #- ,'2NN-f <2M%<60%##:f * #%<2M%<60%##:f N%'%7%##:f. 

8 #-<6!+M%% 0'%7+ #- N'-16*1% _*'!1! N'*7%#+P6<+ -4,!-
'*67:, '%-4*/2PM*% '-/4*;#:% 7!H*$*1-)** 7%6!H- N!1!!'H*-
#-6#!,! <N2<1- * 2<6!>;*0:% 1 !_*?1-7 0:;*<4%#*>.  

l6* -4,!'*67: h$$%16*0#%% ,'-H*%#6#:f N'!)%H2' 0 <*62--
)**, 1!,H- 4*#** 2'!0#+ )%4%0!> $2#1)** <*45#! 0:6+#26:, #! 
'-<N!4!O%#: 0H!45 1!!'H*#-6#:f !<%>. jH#-1! '-?!6!<N!<!?-
#!<65 N'!)%H2' N!1!!'H*#-6#!> !N6*7*/-)** '%/1! <#*O-%6<+ 0 
!0'-O#:f <*62-)*+f (N'* #-4*;** <6-6*<6*;%<1*f <0+/%> 7%OH2 
N%'%7%##:7*). 

G4+ N!0:_%#*+ h$$%16*0#!<6* 7%6!H- N!1!!'H*#-6#!,! 
<N2<1- *<N!45/2%6<+ /-7%#- N%'%7%##:f (N%'%f!H 1 #!0:7 N%'%-
7%##:7 z1, z2,…, zn), *<N'-04+PM-+ 4*#** 2'!0#+ )%4%0!> $2#1-
)**. 8 #!0:f N%'%7%##:f !#- 2O% #% +04+%6<+ !0'-O#!>.  

Q'%H4-,-%7:> <6-6*<6*;%<1*> (-H-N6*0#:>) N!Hf!H 1 N!*<-
12 !N6*7-45#:f N-'-7%6'!0 <4!O#:f !?u%16!0 ?-/*'2%6<+ #- N!-
<6'!%#** 7-6'*): B /-7%#: N%'%7%##:f x=Bz 0 '%/2456-6% !?'--
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?!61* 6%12M%> *#$!'7-)**, <#*7-%7!> < 6'-%16!'** <N2<1- 6*N!-
0!,! -4,!'*67- N!1!!'H*#-6#!> !N6*7*/-)** (0!/7!O#!, #%h$-
$%16*0#! '-?!6-PM%,!). [-1*7 !?'-/!7, ,%#%'*'2%7-+ 0 N'!)%<<% 
N!*<1- *#$!'7-)*+ #!<*6 <6-6*<6*;%<1*> f-'-16%'. Q'*;%7, 6!;-
1*, 4%O-M*% #- 6'-%16!'** <N2<1-, !<)*44*'2P6 0H!45 #-N'-04%-
#*+ #-*?!45_%> 0:6+#26!<6* 4*#*> 2'!0#+ )%4%0!> $2#1)**. 
@!O#! N!1-/-65, ;6! 0 h6!7 <42;-% <!0N-H-P6 <!?<60%##:% 0%16!-
': (0 N!'+H1% 2?:0-#*+ <!!60%6<602PM*f *7 <!?<60%##:f /#-;%-
#*>) 1!0-'*-)*!##!> 7-6'*): " * !?'-6#!> 7-6'*): 06!':f ;--
<6#:f N'!*/0!H#:f 10-H'-6*;#!> -NN'!1<*7-)** )%4%0!> $2#1-
)** 1

iG− . Q!h6!72 < 6!;1* /'%#*+ 0:+04%#*+ N%'<N%16*0#:f #--
N'-04%#*> N!*<1- 7!O#! /-7%#*65 7-6'*)2 1

iG−  <6-6*<6*;%<1!> 
!)%#1!>  1!0-'*-)*!##!> 7-6'*)%> ", - $!'7*'!0-#*% 7-6'*): 
/-7%#: N%'%7%##:f B !<2M%<604+65 0 '-71-f 7%6!H- ,4-0#:f 
1!7N!#%#6.  

Q'!0%H%#*% 1!7N5P6%'#:f h1<N%'*7%#6!0 N!1-/:0-%6, ;6! 
N'%H4-,-%7-+ 0:;*<4*6%45#-+ <f%7-  -4,!'*67!0 N!1!!'H*#-6#!> 
!N6*7*/-)** 7!O%6 '-<<7-6'*0-65<+ 1-1 -H-N6*0#!% '-<_*'%#*% 
N'!)%H2' N-'-7%6'*;%<1!,! <*#6%/- <4!O#:f !?u%16!0. 

@9"=(9?2L; 8"7$& "8<7+7$<7E,$&7V 3,],27; ' 
U(/(E(V /'0V03"'2,'"D" 83"D3(++73"'(27*  

E.8. j'4!0 
$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 

e-H-;*, 1!6!':% 0!/#*1-P6 0 '-71-f *<<4%H!0-#*+ h1!#!7*-
;%<1*f, h1!4!,*;%<1*f * $*#-#<!0:f <*<6%7, !?4-H-PM*f, 1-1 
N'-0*4!, *%'-'f*;%<1!> <6'2162'!> [1],[2], 7!,26 ?:65 N'%H<6-0-
4%#: 0 0*H% *%'-'f*;%<1*f *,' (*,' < $*1<*'!0-##!> N!<4%H!0--
6%45#!<65P f!H!0) [3] *4*, #-N'*7%', /-H-; H02f2'!0#%0!,! N'!-
,'-77*'!0-#*+ [4]: 

* 1

         "min",    ( , ) ,

( ) Arg min{ ( , ) | ( , ) }.
x

y

F(x, y) x y D

y Y x f x y x y D

⎧ ↓ ∈⎪
⎨ ∈ = ∈⎪⎩

              (P) 

S4!O#!<65 N'* */2;%#** H02f2'!0#%0:f /-H-; 0!/#*1-%6 
2O% #- <6-H** !N'%H%4%#*+ N!#+6*+ '%_%#*+. K-*?!4%% */0%<6#: 
!N6*7*<6*;%<1*> * N%<<*7*<6*;%<1*> (,-'-#6*'!0-##:>) N!Hf!-
H: 1 '%_%#*P [3], [4]. 8 N%'0!7 <42;-% N'%HN!4-,-%6<+, ;6! *#6%-
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'%<: 0%'f#%,! 2'!0#+ 7!,26 ?:65 <!,4-<!0-#: < H%><60*+7* #*O-
#%,! 2'!0#+. 8! 06!'!7 – 0%'f#*> 2'!0%#5 0:#2OH%# H%><60!0-65 
#%/-0*<*7!, ;6! /#-;*6%45#! 2<4!O#+%6 N!<6-04%##2P /-H-;2. 

Q!<1!4512 '-/'-?!61- ;*<4%##:f 7%6!H!0 '%_%#*+ /-H-; 
H02f2'!0#%0!,! N'!,'-77*'!0-#*+ 0 !?M%> N!<6-#!01% N'%H<6-0-
4+%6<+ #- H-##!7 h6-N% N'-16*;%<1* ?%/#-H%O#!> /-H-;%>, %<6%<6-
0%##! N!>6* N! N26* N!<6'!%#*+ ;*<4%##:f 7%6!H!0 H4+ !6H%45-
#:f 14-<<!0 H02f2'!0#%0:f /-H-; < *<N!45/!0-#*%7 *f <N%)*$*-
1*. 

8 #-<6!+M%% 0'%7+ #%*/0%<6#: h$$%16*0#:% ;*<4%##:% 7%-
6!H: N!*<1- H-O% !N6*7*<6*;%<1*f '%_%#*> 0 N'!<6%>_*f /-H--
;-f H02f2'!0#%0!,! N'!,'-77*'!0-#*+ ?!45_!> '-/7%'#!<6*, N!-
h6!72 '-/'-?!61- #!0:f N!Hf!H!0 1 '%_%#*P h6!> N'!?4%7: +04+-
%6<+ -162-45#!> /-H-;%> *<<4%H!0-#*+ !N%'-)*> [4]. 

8 '-?!6% N'%H4-,-%6<+ #!0:> N!Hf!H 1 '-/'-?!61% ;*<4%#-
#:f 7%6!H!0 N!*<1- !N6*7*<6*;%<1*f '%_%#*> H4+ '+H- 14-<<!0 
H02f2'!0#%0:f /-H-;,  ?-/*'2PM*><+, < !H#!> <6!'!#:, #- 0!/-
7!O#!<6* h10*0-4%#6#!,! N'%H<6-04%#*+ /-H-;* H02f2'!0#%0!,! 
N'!,'-77*'!0-#*+ 0 0*H% #%0:N214!> /-H-;* !N6*7*/-)** [4] N2-
6%7 /-7%#: /-H-;* #*O#%,! 2'!0#+ %% 2<4!0*+7* !N6*7-45#!<6* 
6*N-  -'2_-- 2#--[-11%'-. S H'2,!> – #- 6%!'** ,4!?-45#!,! N!-
*<1-, '-/'-?!6-##!> 0 [5] H4+ '+H- #%0:N214:f /-H-; 7-6%7-6*;%-
<1!,! N'!,'-77*'!0-#*+, 1!6!'-+ N!/0!4+%6 <6'!*65 h$$%16*0#:% 
;*<4%##:% 7%6!H: H4+ !6:<1-#*+ 0 #*f ,4!?-45#:f '%_%#*>. 

S h6!> 6!;1* /'%#*+ 0 '-?!6% *<<4%H2P6<+ 4*#%>#!-
4*#%>#:% (< 4*#%>#:7* )%4%0:7* $2#1)*+7* #- !?!*f 2'!0#+f) 
[6], 10-H'-6*;#!-4*#%>#:% [7], 10-H'-6*;#!-10-H'-6*;#:% * d.c.-
10-H'-6*;#:% H02f2'!0#%0:% /-H-;* [8] ()%4%0-+ $2#1)*+ 0%'f#%-
,! 2'!0#+ N!<4%H#*f N'%H<6-0*7- 0 0*H% '-/#!<6* H02f 0:N214:f 
$2#1)*>). 
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<*?*'<1: K-21-, 2003. 
6. j'4!0 E.8. E4,!'*67: 4!1-45#!,! * ,4!?-45#!,! N!*<1- 0 4*#%>-

#:f H02f2'!0#%0:f /-H-;-f // ['2H: XIV d->1-45<1!> 7%OH2#-'!H#!> 
_1!4:-<%7*#-'- «@%6!H: !N6*7*/-)** * *f N'*4!O%#*+». (2 *P4+-8 
*P4+ 2008 ,., X'126<1, d->1-4), [!7 1. @-6%7-6*;%<1!% N'!,'-77*'!0--
#*%. X'126<1, 2008, <.586-595. 

7. S6'%1-4!0<1*> E.S., j'4!0 E.8., @-4:_%0 E.8. x*<4%##!% '%_%-
#*% !H#!,! 14-<<- /-H-; H02f2'!0#%0!,! N'!,'-77*'!0-#*+  // S*?*'-
<1*> O2'#-4 0:;*<4*6%45#!> 7-6%7-6*1*. – 2010. – [.13, q2. – S. 201-
212. 

8. j'4!0 E.8. E4,!'*67: 4!1-45#!,! * ,4!?-45#!,! N!*<1- 0 #%4*-
#%>#:f H02f2'!0#%0:f /-H-;-f // ['2H: X#<6*626- 0:;*<4*6%45#!> 7--
6%7-6*1* * 7-6%7-6*;%<1!> ,%!$*/*1* Sj IEK, X#$!'7-6*1-, 9, K!0!-
<*?*'<1, 2009. – S. 183-189. 

I/72 8"/V"/ & 3,],27: /'0V03"'2,'";  
&'(/3(<7E2"-972,;2"; U(/(E7  

].B. Q%6'!0- 
$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 

8 '-?!6% '-<<7-6'*0-%6<+ -162-45#-+ /-H-;- *<<4%H!0-#*+ 
!N%'-)*> – /-H-;- H02f2'!0#%0!,! N'!,'-77*'!0-#*+, *<N!45-
/2PM-+<+, #-N'*7%', N'* 7!H%4*'!0-#** *%'-'f*;%<1*f <*<6%7 
2N'-04%#*+ ()%#6' – '%,*!#:, 1!'N!'-)*+ – $*4*-4: * 6.N.) [1,2] 0 
!N6*7*<6*;%<1!> N!<6-#!01% [3]:  

⎪
⎪
⎪

⎭

⎪⎪
⎪

⎬

⎫
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∈=∈
≤×=∈
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ycyCyxcCxxyxF

n
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(BP) 

,H% mpRA ×∈ , mqRA ×∈1 , nqRB ×∈1 , mmRC ×∈ , nnRC ×∈1 , mRc∈ , 
nRdc ∈,1 , pRa∈ , qRb∈ , N'* h6!7 0,0 11 ≥=≥= TT CCCC .  
j67%6*7, ;6! )%4%0-+ $2#1)*+ 0%'f#%,! 2'!0#+ ),( yxF  

+04+%6<+ 0:N214!> 10-H'-6*;#!>, < '-/H%4%##:7* N%'%7%##:7*. 
c%4%0-+ $2#1)*+ #*O#%,! 2'!0#+ +04+%6<+ 4*#%>#!>. 

X<N!45/2+ 2<4!0*+  -'2_-- 2#--[-11%'- H4+ /-H-;* #*O-
#%,! 2'!0#+ 0 (BP), 7!O#! N!42;*65 <4%H2PM2P '-0#!<*45#2P 
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(BP) /-H-;2: 

⎪
⎪
⎭

⎪⎪
⎬

⎫

≥=−−=Φ
≥+≤+≤

↓

.0,0,,),,(
,0,,

,min),(

1

111

,,

vvbxAydvyx
vBdbyBxAbAx

yxF
vyx

  (P) 

j67%6*7, ;6! #-4*;*% ?*4*#%>#!,! !,'-#*;%#*+-
#%'-0%#<60- 0),,( =Φ vyx , N!'!OH-%6 #%0:N214!<65 0 /-H-;% (P).  

[-1*7 !?'-/!7, N!*<1 !N6*7*<6*;%<1!,! '%_%#*+ *<f!H#!> 
10-H'-6*;#!-4*#%>#!> H02f2'!0#%0!> /-H-;* h10*0-4%#6%# '%_%-
#*P #%0:N214!> /-H-;* !N6*7*/-)**. jH#*7 */ <6-#H-'6#:f N!H-
f!H!0 1 '%_%#*P /-H-;* (P) +04+%6<+ N'*7%#%#*% 7%6!H- _6'-$!0 
[1,2]. 8 h6!7 <42;-% #%0:N214!<65 */ !,'-#*;%#*+ /-H-;* N%'%f!-
H*6 0 )%4%02P $2#1)*P * N!+04+%6<+ H!N!4#*6%45#:> _6'-$#!> 
N-'-7%6'.  

8 H-##!> '-?!6% N'%H4-,-%6<+ '%_-65 /-H-;2 (P) #-N'+72P, 
*<N!45/2+ 6%!'*P ,4!?-45#!,! N!*<1- H4+ /-H-; < d.c. !,'-#*;%#*-
%7 [3], N!<1!4512 $2#1)*P Φ , /-H-PM2P ?*4*#%>#!% !,'-#*;%-
#*% 7!O#! N'%H<6-0*65 0 0*H% '-/#!<6* H02f 0:N214:f $2#1)*>: 

),(),,(),,( vxgvyxhvyx −=Φ . Q!H!?#:> N!Hf!H 2O% ?:4 2<-
N%_#! N'*7%#%# '-#%% H4+ 4*#%>#!-4*#%>#:f /-H-; H02f2'!0#%-
0!,! N'!,'-77*'!0-#*+ [4]. 

j<#!0#:7* h6-N-7* N'%H4-,-%7!> <6'-6%,** ,4!?-45#!,! 
N!*<1- [3] +04+P6<+  4!1-45#:> N!*<1 (N!<6'!%#*% 1'*6*;%<1!> 
6!;1* 0 /-H-;% (P)) * N'!)%H2'- ,4!?-45#!,! N!*<1-, N!/0!4+PM-+ 
0:>6* */ 6%12M%> 1'*6*;%<1!> 6!;1*.  
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d.c. !,'-#*;%#*+7* // Y8@ * @Z. 2005.  [. 45, q 3,  <. 435-447. 
7. Q%6'!0- ].B., B'2/H%0- [.8. D*#%>#:% H02f2'!0#%0:% /-H-;* 1-1 /-H--
;* !N6*7*/-)** < #%0:N214:7 !,'-#*;%#*%7 // ['2H: XIV d->1-45<1!> 
7%OH2#-'!H#!> _1!4:-<%7*#-'-. [!7 1. - X'126<1: X/H-0! XSl@ Sj 
IEK, 2008. <. 596-601. 

 ,<"/ 3,],27* 2,D9(/&7V +"2"<"22LV  
3('2"',$2LV U(/(E 

j.8. Q*#+,*#- 
<4&4)?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T,  

i43F67T'T 9QV=?6=T'67)1% ]4T']4T=3= = 3=*'+)'T=3= 
I-<<7-6'*0-%6<+ #%,4-H1-+ '-0#!0%<#-+ /-H-;- 0*H-: #->6* 

6!;12 *u U∈ 6-12P, ;6! 
* *( , ) ( ) ( ) 0h u u f u f u+ − ≥  ,u U∀ ∈   (1) 

,H% U  –  #%N2<6!%, /-71#26!% * 0:N214!% 7#!O%<60! 0 0%M%<60%#-
#!7 N'!<6'-#<60% nR ,  : n nh R R R× →  –  H*$$%'%#)*'2%7-+ 7!-
#!6!##-+ '-0#!0%<#-+ $2#1)*+, ( , )h u ⋅  0:N214- H4+ 0<%f nu R∈ , 

: nf R R→  – 0:N214-+, #! #%!?+/-6%45#! H*$$%'%#)*'2%7-+ 
$2#1)*+.  

G4+ '%_%#*+ /-H-;* (1) N'%H4-,-%6<+ 1!7?*#*'!0-##:> 7%-
6!H '%,24+'*/-)** * <N2<1- N! *#6%'0-45#!> (!)%#!;#!>) $2#1-
)**. 8 N'%H4!O%##!7 7%6!H% * H4+ N!<6'!%#*+ '%,24+'*/!0-##:f 
/-H-;, * H4+ 1!#<6'2*'!0-#*+ *#6%'0-45#!> $2#1)** *<N!45/2%6<+ 
1O)4 = T4 j' 0<N!7!,-6%45#-+ $2#1)*+ (<7. [1]). 

8:?%'%7 0<N!7!,-6%45#2P H*$$%'%#)*'2%72P +49)1]'+)1 
9Q[F36Fq $2#1)*P : n nR R Rϕ × →  * N!<6'!*7 7!H*$*)*'!0-#-
#2P '-0#!0%<#2P /-H-;2: #->6* 6!;12 u Uε∀ ∈  6-12P, ;6! 

( , ) ( ), ( ) ( ) 0h u u u u u f u f uε ε ε εε ϕ+ ∇ − + − ≥  u U∀ ∈  (2) 
,H% 0ε > - N-'-7%6' '%,24+'*/-)**. ]<4* 7#!O%<60! '%_%#*> /--
H-;* (1) #%N2<6!, 6! N!<4%H!0-6%45#!<65 { }uε  N'* 0ε →  <f!H*6<+ 
1 '%_%#*P /-H-;* (1). 

@%6!H '%_%#*+ /-H-;* (1) *7%%6 <4%H2PM2P H02f2'!0#%02P 
<f%72. 8:?%'%7 N!<4%H!0-6%45#!<65 { } 0lε →   N'* l →∞  * 6!;12 

0z U∀ ∈ . G4+ 4P?!,! 1, 2,l = K  N!4-,-%7 0 1lu z −= * '%_-%7 /-H-;2 
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(2) N'* lε ε=  < 6!;#!<65P, /-0*<+M%> !6 ε . j?!/#-;*7 6!;12, 0 
1!6!'!> H!<6*,#26- h6- 6!;#!<65, ;%'%/ lz . [!,H- N!<4%H!0-6%45-
#!<65 { }lz  <f!H*6<+ 1 '%_%#*P /-H-;* (1). 

Q'* h6!7 H4+ '%_%#*+ '%,24+'*/!0-##!> /-H-;* (2) N'*7%-
#+%6<+ 7%6!H <N2<1- N! *#6%'0-45#!> (!)%#!;#!>) $2#1)** εµ , 
1!6!'-+ !N'%H%4%#- <4%H2PM*7 !?'-/!7: 

( ) sup ( , ),
v U

u L u vε εµ
∈

=  

,H% 
[ ]( , ) ( , ) ( ) ( ) ( ) ( )L u v h u v f v f u v uε ε ϕ ϕ= − − + − − . 

 
Z7<,3(<03( 

1.  !##!0, X.8. Q'*?4*O%##:% 7%6!H: H4+ N'+7!-H0!><60%##:f 
0-'*-)*!##:f #%'-0%#<60 <7%_-##!,! 6*N- // X/0. 02/!0. @-6%7-6*1-. –  
2000. – q 12. – S. 55-65.  

O,<,3+7273"'(22L; V("$, 8"3"./,22L;  
(9D"37<+(+7 9"&(9?2"; "8<7+7U(677 

8.]. Q!H!?%H!0 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  

=]')= :... _1]1)1?194 
@#!,*% -4,!'*67: ,4!?-45#!> !N6*7*/-)** <!;%6-P6 ,4!-

?-45#!% *<<4%H!0-#*% !?4-<6* !N'%H%4%#*+ )%4%0!> $2#1)** < 
'+H!7 4!1-45#:f !N6*7*/-)*!##:f N!*<1!0: #-N'*7%', 0 -4,!-
'*67-f 72456*<6-'6- 6!;1* ,4!?-45#!,! N!1':6*+ *<N!45/2P6<+ 
1-1 #-;-45#:% 6!;1* H4+ -4,!'*67!0 4!1-45#!> !N6*7*/-)**. 
@#!,!;*<4%##:% 4!1-45#:% N!*<1*, !H#-1!, ;-<6! H2?4*'2P6 
H'2, H'2,-, <6-'62+ */ '-/#:f 6!;%1, #! <f!H+<5 1 !H#!72 * 6!72 
O% 4!1-45#!72 !N6*7272. [-1*f H2?4*'!0-#*> 7!O%6 ?:65 #%7--
4!, N!h6!72 1!4*;%<60! 4!1-45#:f N!*<1!0 H!4O#! ?:65 7*#*7*-
/*'!0-#!. G4+ h6!> )%4* ;-<6! *<N!45/2P6<+ <N%)*-45#:% 7%6!H: 
14-<6%'*/-)**, <!/H-PM*% 14-<6%': N!6%#)*-45#:f #-;-45#:f 
6!;%1 H4+ 4!1-45#:f N!*<1!0. Q'!)%<< $!'7*'!0-#*+ 6-1*f 14--
<6%'!0 7!O%6 ?:65 !<#!0-#, #-N'*7%', #- '-<<6!+#*+f 7%OH2 6!;-
1-7*: 6!;1* 0#26'* !H#!,! 14-<6%'- «?4*/1*» H'2, 1 H'2,2, - '-/-
#:% 14-<6%': «H-4%1*» H'2, !6 H'2,-. Z-16*;%<1*, 14-<6%': *<-
N!45/2P6<+ /H%<5 H4+ 7!H%4*'!0-#*+ #%1!6!':f '%-45#:f <2M#!-
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<6%>, *7%##! !?4-<6%> N'*6+O%#*+ 4!1-45#:f !N6*727!0. 
`[+'O'6')='. j?4-<65 N'*6+O%#*+ (jQ) 4!1-45#!,! !N6*-

727- x %<65 7#!O%<60! 6!;%1, 6-1*f, ;6! 4!1-45#:> N!*<1, <6-'-
62PM*> */ 4P?!> */ h6*f 6!;%1, <f!H*6<+ 1 x. 

d2H2;* 7!H%4+7* jQ, 14-<6%': *<N!45/2P6<+ 07%<6! #*f 0 
-4,!'*67-f ,4!?-45#!> !N6*7*/-)**. Q!<1!4512 6!451! !H*# 4!-
1-45#:> N!*<1 H!4O%# ?:65 0 *H%-4% 0:N!4#%# H4+ !H#!> jQ, 6! 
O%4-6%45#! /-N2<1-65 6!451! !H*# 4!1-45#:> N!*<1 */ 1-OH!,! 
14-<6%'-. 8 !?M%7 <42;-%, %<4* #!0-+ 6!;1- H!?-04+%6<+ 1 14-<6%-
'2, H4+ 1!6!'!,! 4!1-45#:> N!*<1 2O% 0:N!4#+4<+ H4+ #%1!6!':f 
%,! 6!;%1, 6! #%6 #%!?f!H*7!<6* 0 /-N2<1% 4!1-45#!,! N!*<1- */ 
h6!> 6!;1*. 

[%7 #% 7%#%%, N!#+6*+ 14-<6%'- * jQ #% +04+P6<+ h10*0--
4%#6#:7* * 0/-*7!/-7%#+%7:7*. 8 !?M%7 <42;-%, jQ 7!,26 
*7%65 !;%#5 <4!O#2P $!'72, N'* h6!7 ?:0-%6 6'2H#! * H-O% #%-
0!/7!O#! N!42;*65 1-12P-4*?! ?4*/12P -NN'!1<*7-)*P 1 jQ < 
N!7!M5P 14-<6%'*/-)*!##:f N!Hf!H!0.  -1 <4%H<60*%, 0 N!H!?-
#:f <42;-+f #% 7!O%6 ?:65 ?!45_!,! <7:<4- 0 N'!0%H%#** 14--
<6%'*/-)**. 

8 H-##!> '-?!6% '-<<7-6'*0-P6<+ <*62-)** H%6%'7*#*'!-
0-##!,! f-!<-, N!'!OH-%7!,! -4,!'*67-7* 4!1-45#!> !N6*7*/--
)**. Q'%H4-,-%6<+ <%7%><60! 6%<6!0:f $2#1)*>, N!/0!4+PM%% N!-
42;-65 #-?!': $2#1)*> < $*1<*'!0-##:7 1!4*;%<60!7 4!1-45#:f 
!N6*727!0. I-/'-?!6-#! N'!,'-77#!% !?%<N%;%#*% H4+ ,%#%'-)** 
6%<6!0:f $2#1)*> */ h6!,! <%7%><60-, 7#!,!1'-6#!,! /-N2<1- 6!,! 
*4* *#!,! 7%6!H- 4!1-45#!> !N6*7*/-)** */ '-/4*;#:f #-;-45-
#:f 6!;%1 * 0*/2-4*/-)** N!42;%##:f !?4-<6%> N'*6+O%#*+. G%-
7!#<6'*'2%6<+ +04%#*% H%6%'7*#*'!0-##!,! f-!<- H4+ <!!60%6<6-
02PM*f jQ. 

Q'!0%H%##:% h1<N%'*7%#6: !?#-'2O*0-P6 <4%H2PM*% 
<0!><60- jQ: 1) 0 !?M%7 <42;-%, jQ #% +04+P6<+ #* 0:N214:7*, 
#* H-O% <0+/#:7* 7#!O%<60-7*; 2) 6!;1* '-/#:f jQ 7!,26 ;%'%-
H!0-65<+, $!'7*'2+ 1-'6*#2 H%6%'7*#*'!0-##!,! f-!<-; 3) '-/7%' 
jQ (%% H*-7%6' *4* 7%'- D%?%,-) #% !6'-O-%6 /#-;*7!<6* <!!60%6-
<602PM%,! 4!1-45#!,! !N6*727- (0 ;-<6#!<6*, ,4!?-45#:> !N6*-
727 #% !?+/-6%45#! *7%%6 #-*?!45_2P jQ); 4) $!'7: * '-/7%': 
jQ /-0*<+6 !6 -4,!'*67- 4!1-45#!> !N6*7*/-)**; 5) jQ /-0*<+6 
<1!'%% !6 '-<<6!+#*+ 7%OH2 4!1-45#:7* !N6*727-7*, #%O%4* !6 
/#-;%#*> h6*f !N6*727!0; 6) 14-<6%'*/-)*+, !<#!0:0-PM-+<+ #- 
'-<<6!+#** 7%OH2 6!;1-7*, #% +04+%6<+ -H%10-6#:7 7%6!H!7 H4+ 
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$!'7*'!0-#*+ jQ; 7) 1!#)%N)*+ jQ 7!O%6 ?:65 #%N'!H216*0#!> 
* #%h$$%16*0#!> H-O% H4+ N'!<6:f -4,!'*67!0 4!1-45#!> !N6*-
7*/-)**, 6-1*f 1-1 7%6!H N'*?4*/*6%45#!,! ,'-H*%#6- * <*7-
N4%1<#:> 7%6!H K%4H%'--@*H-. 

[-1*7 !?'-/!7, -4,!'*67: 4!1-45#!> !N6*7*/-)** <4%H2%6 
N'!0%'+65 #- f-!6*;%<1*> f-'-16%' ,%#%'*'2%7:f *7* jQ 4!1-45-
#:f !N6*727!0. I%,24+'#!<65 jQ H!4O#- ?:65 <N%)*-45#!> f--
'-16%'*<6*1!> 6-1*f -4,!'*67!0. 

I 3,],277 2,'L80&9LV U(/(E "8<7+7U(677  
E.S. S6'%1-4!0<1*> 

$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 
I-<<7-6'*0-P6<+ /-H-;* !N6*7*/-)** <6-#H-'6#!,! 0*H-: 

0 ( ) min, ,
( ) 0, 1, , ,

n

i

f x x S R
f x i m

⎫↓ ∈ ⊂ ⎪
⎬≤ = ⎪⎭K

     ( )P  

,H% $2#1)** if  N'%H<6-0*7: 0 0*H% '-/#!<6* H02f 0:N214:f 
$2#1)*> 

( ) ( ) ( ), 0, , .i i if x g x h x i m= − = K  
 -1 */0%<6#! [4,7], 14-<< ( )nDC R  6-1*f (d.c.) $2#1)*> +04+-

%6<+ H!<6-6!;#! _*'!1*7. K-N'*7%', H0-OH: #%N'%':0#! H*$$%-
'%#)*'2%7-+ $2#1)*+ +04+%6<+ d.c. $2#1)*%>,  * 4P?!> <6%N%##!> 
N!4*#!7 6-1O% N'*#-H4%O*6 h6!72 14-<<2.  -1 <4%H<60*%, 4P?-+ 
#%N'%':0#-+ $2#1)*+ #- /-H-##!7 1!7N-16% 7!O%6 ?:65 N'*?4*-
O%#- < 4P?!> 6!;#!<65P #%1!6!'!> d.c. $2#1)*%>. Q!h6!72 4P?-+ 
/-H-;- 0*H- ( )P  < #%N'%':0#:7* , 0, ,iF i m= K , 7!O%6 ?:65 -N-
N'!1<*7*'!0-#- #%1!6!'!> /-H-;%> 0*H- ( )P  < d.c. $2#1)*+7*  

, 0, ,if i m= K . X/0%<6#! [4,5,6,7], ;6! /-H-;- d.c. !N6*7*/-)** ( )P  
7!O%6 !?4-H-65 ?!45_*7 1!4*;%<60!7 4!1-45#:f '%_%#*> * 1'*-
6*;%<1*f 6!;%1  -'2_-- 2##--[-11%'- (  [), 0%<57- H-4%1*f !6 
*<1!7!,! ,4!?-45#!,! '%_%#*+, 1!6!'!% * *#6%'%<2%6 N'-16*1!0. 
Q'+7!% N'*7%#%#*% 14-<<*;%<1*f 7%6!H!0 0:N214!> !N6*7*/-)** 
0 /-0*<*7!<6*  !6 <6-'6!0!,! N'*?4*O%#*+ ;-M% 0<%,! #% N'*0!-
H*6 1 2<N%f2 – !6:<1-#*P *7%##! ,4!?-45#!,! 7*#*727- 0 
( )P [1,2,3].  

 -1 <4%H<60*%, 0 «,4!?-45#!>» !N6*7*/-)** [7] <;*6-%6<+ 
!?M*7 7%<6!7 !66!'O%#*% * #%0!/7!O#!<65 N'*7%#%#*+ 14-<<*-
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;%<1*f 7%6!H!0 !N6*7*/-)** 0 /-H-;-f, <1-O%7, 6*N- ( )P . 8 6! O% 
0'%7+, '-/'-?!61- 7%6!H!0 '%_%#*+ /-H-; #%0:N214!> !N6*7*/--
)** f-'-16%'*/2%6<+ H!7*#*'!0-#*% <f%7 0%60%> * ,'-#*), !6<%-
;%#*> * 6.N., <6'-H-PM*f, 1-1 */0%<6#!, «N'!14+6*%7 '-/7%'#!-
<6*», 1!,H- !?u%7 0:;*<4%#*> '-<6%6 h1<N!#%#)*-45#! N! !6#!-
_%#*P 1 '-/7%'#!<6* /-H-;*. 

8 '-?!6% '-/'-?-6:0-%6<+ H'2,!> N!Hf!H, N'%H<6-04+PM*> 
<!?!> 1!7?*#-)*P H02f N'!)%H2' [4]: 
a) <N%)*-45#:f 7%6!H!0 4!1-45#!,! N!*<1- (S@DQ); 
b) N'!)%H2' 0:f!H- */ 1'*6*;%<1*f 6!;%1, !<#!0-##:f #- 2<4!-
0*+f ,4!?-45#!> !N6*7-45#!<6* (CBj). 

j67%6*7, ;6! 0#26'* 7%6!H!0 4!1-45#!,! N!*<1- *<N!45/2-
P6<+ 7%6!H: 0:N214!> !N6*7*/-)**, ;6! !61':0-%6 0!/7!O#!<65 
H4+ *<N!45/!0-#*+ 6-1*f N-1%6!0 N'!,'-77 1-1 CPLEX, Xpress, 
IGOPT * H'. 

Q'!)%H2': 0:f!H- */ 1'*6*;%<1*f 6!;%1, !<#!0-##:f #- 
CBj [4], H!1-/-4* <0!P h$$%16*0#!<65 #- _*'!1!7 N!4% /-H-;, 
*7%PM*f N'*14-H#!% /#-;%#*%, !6 H*<1'%6#:f /-H-;, <0!H*7:f 1 
#%N'%':0#:7, 6-1*f 1-1 /-H-;- ! 7-1<*7-45#!> 14*1%, H! ?*7-6-
'*;#:f *,', +04+PM*7*<+ #%0:N214:7* <6'2162'-7* [5]. [-1 O% 
?:4* *<<4%H!0-#: *%'-'f*;%<1*% /-H-;* !N6*7*/-)**, 0 1!6!':f 
2H-4!<5 ;*<4%##! !6:<1-65 ,4!?-45#!% '%_%#*% 1-1 0 !N6*7*<6*-
;%<1!7 <7:<4% [6], 6-1 * 0 ,-'-#6*'!0-##!7. 8 N!<4%H#%% 0'%7+ 
#-;-6: *<<4%H!0-#*+ H*#-7*;%<1*f h1<6'%7-45#:f /-H-; < d.c. 
<6'2162'-7*. 

Z7<,3(<03( 
1. 8-<*45%0 Z. Q. x*<4%##:% 7%6!H: *<<4%H!0-#*+ h1<6'%7-45#:f 

/-H-;. – @.: K-21-, 1988,.  
2. ]062_%#1! W.B. @%6!H: '%_%#*+ h1<6'%7-45#:f /-H-; * *f N'*-

7%#%#*% 0 <*<6%7-f !N6*7*/-)**. – @.: K-21-, 1982. 
3. X/7-*4!0 E. Z., S!4!H!0 @. 8. x*<4%##:% 7%6!H: !N6*7*/-)**.– 

@.: Z*/7-64*6, 2008.  
4. S6'%1-4!0<1*> E. S. l4%7%#6: #%0:N214!> !N6*7*/-)**. – K!0!-

<*?*'<1: K-21-, 2003,.  
5. S6'%1-4!0<1*> E. S., j'4!0 E. 8. d*7-6'*;#:% *,': * ?*4*#%>-

#!% N'!,'-77*'!0-#*%. – @.: Z*/7-64*6, 2007 ,.  
6. S6'%1-4!0<1*> E.S., j'4!0 E.8., @-4:_%0 E.8. D!1-45#:> N!*<1 

0 10-H'-6*;#!-4*#%>#!> /-H-;% H02f2'!0#%0!,! N'!,'-77*'!0-#*+ // 
S*?Y8@. 2010.  [.13, q1, c. 75-88. 

7. Horst R., Tuy H. Global Optimization. Deterministic Approaches. Ber-
lin: Springer-Verlag, 1993. 
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@9"=(9?2(* +727+7U(67* 83"7U',/,27*  
'L80&9LV 502&67; 

K.W. C45+#!0-, j.8. v-7*<!0 
$+3FT?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

8 H!14-H% *<<4%H2%6<+ <4%H2PM-+ /-H-;- 7-6%7-6*;%<1!,! 
N'!,'-77*'!0-#*+: 

 ( ) min;f x →   (1) 
 x ∈  X ⊂  Rn,  (2) 

,H%  
 1 2( ) ( ) ( ) ( ),kf x f x f x f x= K   (3) 
 X = { x ∈ Rn : Ax 7 b} ,  (4) 

( )if x  – 0:N214:% #%N'%':0#! H*$$%'%#)*'2%7:%  $2#1)**, 
7#!O%<60! X  !,'-#*;%#!.  

I-<<7-6'*0-%7-+ /-H-;- 0 !?M%7 <42;-% +04+%6<+ 7#!,!h1<-
6'%7-45#!> * *7%%6 _*'!1!% N'-16*;%<1!% N'*7%#%#*% [1]. 8 [1] 
N'%H4!O%# '+H 7%6!H!0  '%_%#*+ 0 N'%HN!4!O%#** #%!6'*)-6%45-
#!<6*  $2#1)*> ( )if x , 0( )if x ≥  N'* x X∈ . 8 N'%H4-,-%7!7 H!1-
4-H% H-##!% N'%HN!4!O%#*% <#*7-%6<+. 

G!14-H <!<6!*6 */ H02f ;-<6%>. 8 N%'0!> ;-<6* *<<4%H2P6<+ 
7%6!H: 4!1-45#!,! N!*<1- 0 /-H-;% (1)-(2), <2M%<60%##:7 !?'-/!7 
*<N!45/2PM*% <6'2162'2 )%4%0!> $2#1)** (3). j<#!02 7%6!H!0 
<!<6-04+P6 7%6!H <!N'+O%##:f ,'-H*%#6!0 0 <!;%6-#** < ,4!-
?-45#!> !H#!7%'#!> 7*#*7*/-)*%>. j?!<#!0:0-%6<+ <f!H*7!<65 
1 <6-)*!#-'#:7 6!;1-7 /-H-;* (1)-(2), N'*0!H+6<+ '%/2456-6: ;*<-
4%##:f h1<N%'*7%#6!0. 

86!'-+ ;-<65 H!14-H- N!<0+M%#- #-f!OH%#*P ,4!?-45#!,! 
7*#*727- /-H-;* (1)-(2). Q'%H4-,-%6<+ *<N!45/!0-65 7%6!H 0%60%> 
* ,'-#*), 0 1!6!'!7 H4+ N!42;%#*+ !)%#!1 ,4!?-45#!,! 7*#*727- 
<#*/2 *<N!45/2P6<+ #%4*#%>#:% !N!'#:% $2#1)**. Q'*0!H+6<+ 
N'-0*4- N!<6'!%#*+ !N!'#:f $2#1)*>, *<<4%H2%6<+ <4!O#!<65 
/-H-;* 7*#*7*/-)** #- 7#!O%<60% (4), !?!<#!0:0-%6<+ <f!H*-
7!<65 1 ,4!?-45#!72 7*#*7272 * N'*0!H+6<+ '%/2456-6: ;*<4%#-
#!,! h1<N%'*7%#6-.  

Z7<,3(<03( 
1. Konno H. Multiplicative programming problems // Handbook of Global 

Optimization. Dordrecht: Kluwer Acad. Publ., 1995. P. 369-406. 
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S9D"37<+L 8"$<3",27* 3,]q<"& &0="' 7  
7V 837+,2,27, ' /7$&3,<2"; "8<7+7U(677  

I.8. v-;-62'!0 
.m  W " 

I-<<7-6'*0-%6<+ #!0:> 6*N '%_U6!1 – '%_U61- 12?!0. x*<4! 
0%'_*# 0<%f <2?12?!0 ,*N%'12?- '-/7%'#!<6*  N  '-0#! 3N. @#!-
O%<60! 0<%f 6-1*f <2?12?!0 N'* <!!60%6<602PM%7 0:?!'% H4+ #*f 
!N%'-)*> !?u%H*#%#*+ * N%'%<%;%#*+ !?'-/2%6 '%_U612, #-/0-#-
#2P '%_U61!> 12?!0 [1, 2]. x*<4! 2/4!0 h6!> '%_U61* '-0#! (3N + 
1).   jN*<:0-%6<+ H0- -4,!'*67- N!<6'!%#*+ 6-1!> '%_U61*.  

j?!/#-;*7 ?210!> K 7#!O%<60! 0<%f <2?12?!0 12?- mC . 
j?!/#-;*7 ;%'%/ C , KC ∈  4P?!> h4%7%#6 7#!O%<60- K . l4%-
7%#6 C  '-/7%'#!<6* r , !?!/#-;*7 ;%'%/ rC  ( m,=r 0,1,2,... ). 
 -OH:> KC∈  !N*<:0-%6<+  H027+ N!H7#!O%<60-7* I{{ ⊂21, , 
,H% 21 {{ ⊂ , { }m,=I 1,2,... , 1{  – #*O#%%, 2{  – 0%'f#%%, 7#!O%-
<60- 0%'_*# 12?- C. Q!h6!72, H4+ 1-OH!,! 1!#1'%6#!,! 12?- 7!O-
#! !N'%H%4*65 ){;({=C 21 . [!,H- 12? 

{ }( ) ( )I;m,;=Cm ∅=∅ 1,2,... .  !4*;%<60! 0%'_*# 0 12?% 

){;({=C 21  '-0#! 12 \2 ωω , * 1!4*;%<60! 0<%f <2?12?!0 '-0#! 
12 \3 ωω .  
G4+ 4P?:f H02f h4%7%#6!0 '%_%61* <N%)*-45#:7 !?'-/!7  

0!H+6<+ !N%'-)** !?u%H*#%#*+ (∨ ) * N%'%<%;%#*+ (∧ ). Q2<65 
){;({=C 2

11
11 , ){;({=C 2

2
2
12 , 1

2
1
1 {{ ⊂ ; 2

2
2
1 {{ ⊂ , 6!,H- 

                 ){{;{({=C=CC 2
2
2

12
1

1
121 ∪∩∨ ,                     

( ) ( )

( ) ( )

1 2 2 1 2 1 2
1 1 2 1 1 2 2

1 2

1 2 1 2
1 1 2 2

  %<4*   

,                                   %<4*   

1
2C({ { ;{ { ), { { { {

C C =

{ { { {

⎧ ∪ ∩ ∪ ⊂ ∩
⎪⎪∧ ⎨
⎪∅ ∪ ⊄ ∩⎪⎩

  

K-  0<%7 7#!O%<60% K  0:N!4#+P6<+ 2 !N%'-)** ∨  * ∧ , N!-
h6!72, N'* h6*f 2<4!0*+f, K  - '%_%61-.  

l6* !N%'-)**  N!/0!4+P6 00%<6* ;-<6*;#:> N!'+H!1 7%OH2 
h4%7%#6-7* KC∈ . Q%'0:> -4,!'*67 N!<6'!%#*+ 0<%f 0%'_*# 
'%_%61* 12?!0 !<#!0-# #- N!<4%H!0-6%45#!7   N!42;%#** *f 0 <!-



255 

!60%6<60** < ;-<6*;#:7 N!'+H1!7. [-1!% N!<6'!%#*% 0%'_*# N!-
/0!4+%6 h$$%16*0#! !',-#*/!0-65 N'!)%<< !6?'-1!01* #%!N6*-
7-45#:f '%_%#*> 0 -4,!'*67-f !N6*7*/-)**. 

86!'!> -4,!'*67 /-14P;-%6<+ 0 6!7, ;6! <#-;-4- $*1<*'2%6-
<+ 7*#*7-45#!% 1{ , N%'%?*'-P6<+ N! N!'+H12 0!/'-<6-#*+ 0 H0!-
*;#!> <*<6%7% *<;*<4%#*+ 0<% 12 {{ ⊃  !6 12 {{ =  H! I{ =2 , * 
<6'!+6<+ <!!60%6<602PM*% 2/4: '%_U61*. e-6%7 1 7#!O%<602 1{  
H!?-04+%6<+ %H*#*)- 0 H0!*;#!> <*<6%7% *<;*<4%#*+, * N%'%?*'--
P6<+ 0<% 12 {{ ⊃  !6 12 {{ =  H! I{ =2 . l6! N!06!'+%6<+ H! 6%f 
N!', N!1- #% <6-#%6 1{ I= . [-1*7 !?'-/!7, 7: N!42;-%7 0<% h4%-

7%#6: '%_U61* 12?!0, N'!>H+ 0<%,! m2  #%/-0*<*7:f N26%>, ;6! 
N!/0!4+%6 <2M%<60%##! ?:<6'%% '%_-65 #%1!6!':% 14-<<:  /-H-; 
H*<1'%6#!> !N6*7*/-)**.  K- '*<2#1% */!?'-O%#- '%_%61- 12?!0 
N'* m=3 < '%?'-7*, N!42;%##:7* 0 '%/2456-6% '-?!6: H02f -4,!-
'*67!0. 

 
 

Z7<,3(<03( 
1. v-;-62'!0 8.I., v-;-62'!0 I.8. I%_U61- 12?!0 // X/0%<6*+ IEK. 

[%!'*+ * <*<6%7: 2N'-04%#*+, 2008, q 1.  C. 45-51.  
2. Vladimir R. Khachaturov, Roman V. Khachaturov, Ruben R. 

Khachaturov. Supermodular programming on finite lattices.  Communications 
on applied mathematics. Dorodnicyn computing centre of RAS, 2009.  60 p.    
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`&$<3(D3(/7,2<2L; 8"/V"/ /9* 3,],27* U(/(E7 

"8<7+(9?2"D" 083('9,27** 
].8. v!'!_*4!0-, E.S. E#6*N*# 

:He, .:<,  .m W " 
e-mail: khorelena@gmail.com, antipin@ccas.ru  

I-<<7-6'*0-%6<+ /-H-;- !N6*7-45#!,! 2N'-04%#*+ <! <0!-
?!H#:7 N'-0:7 1!#)!7 #- $*1<*'!0-##!7 N'!7%O261% 0'%7%#*. 
['%?2%6<+ 7*#*7*/*'!0-65 6%'7*#-45#:> 10-H'-6*;#:> $2#1-
)*!#-4 
                               ))((,)()( 2

1 cTxCcTxuf −−=                  (1) 
< <*77%6'*;#!> N!4!O*6%45#! N!42!N'%H%4%##!> 7-6'*)%> C  #- 
7#!O%<60% H!<6*O*7!<6* ( )X T , /-H-0-%7!7 4*#%>#:7* !,'-#*-
;%#*+7* 

( ) 0)0(),()()()( =+= xtutBtxtDtx& , [ ]Tt ,0∈  
< #%N'%':0#:7* 7-6'*;#:7* $2#1)*+7* ( ), ( )D t B t  * 7#!O%<60!7 
H!N2<6*7:f 2N'-04%#*> *#6%'0-45#!,! 6*N- 

[ ] [ ] [ ]{ }TtnjuutuTCuU jjjn ,0;,...,1,,)(:,00 ∈=∈∈= +− , 

,H% [ ]TCn ,00  – 4*#%>#!% N!HN'!<6'-#<60! 12<!;#!-#%N'%':0#:f 
$2#1)*> */ [ ]2 0,nL T . ['-%16!'** )(tx  N'*#-H4%O-6 4*#%>#!72 

N!HN'!<6'-#<602 [ ]TCn ,0ˆ1  !,'-#*;%##:f #%N'%':0#:f 12<!;#!-

H*$$%'%#)*'2%7:f $2#1)*> */ [ ]TLn ,02 .  -OH!> 6!;1% 7*#*727- 
!H#!/#-;#! <!!60%6<602%6 !N!'#-+ N4!<1!<65. Q-'- – 6!;1- 7*#*-
727- * #!'7-45 !N!'#!> N4!<1!<6* – !?'-/2%6 <%H4!02P 6!;12 
$2#1)** D-,'-#O-:  
                                      ( ) ( ) ( )( )( , ),L x t u t tψ =  

( ) ( )( ) ∫ −++−−=
T

dttxtutBtxtDtcTxCcTx
02

1 )()()()()(),(, &ψ  

H4+ 0<%f [ ]TCtx n ,0ˆ)( 1∈ , Utu ∈)( , [ ]1ˆ( ) 0,nt C Tψ ∈ . 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% IZZX (1!H N'!%16- 09-
01-00388) * N! Q'!,'-77% N!HH%'O1* 0%H2M*f #-2;#:f _1!4 (1!H N'!-
%16- Kb-4096.2010.1) 
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Q'* %<6%<60%##:f 2<4!0*+f '%,24+'#!<6* /-H-;* (1) <%H4!-
0-+ 6!;1- ( ) ( )( ),, ** tutx ( )t*ψ  $2#1)** ( ) ( )( ) ( )( )ttutxL ψ,, , 2H!04%-
60!'+PM-+ <*<6%7% #%'-0%#<60 

( ) ( )( ) ( )( )* *, ,L x t u t tψ ≤ ( ) ( )( ) ( )( )≤ttutxL *** ,, ψ

( ) ( )( ) ( )( )ttutxL *,, ψ  

H4+ 0<%f [ ]1ˆ( ) 0,nx t C T∈ , Utu ∈)( , [ ]TCt n ,0ˆ)( 1∈ψ , +04+%6<+ '%_%-
#*%7 *<f!H#!> /-H-;* !N6*7-45#!,! 2N'-04%#*+. D*#%>#!<65 *<-
f!H#!> /-H-;* N!/0!4+%6 <0%<6* <%H4!02P <*<6%72 #%'-0%#<60 1 
<*<6%7% H*$$%'%#)*-45#:f 2'-0#%#*> * !H#!,! 0-'*-)*!##!,! 
#%'-0%#<60-: 

( )* * * *( ) ( ) ( ) ( ), (0) 0x t D t x t B t u t x= + =& , 

( ) ( )( )* * * *( ) ( ), ( )T Tt D t t T C x T cψ ψ ψ= − = −& , 

( ) ( ) ( ) ( )* *
0

, 0,
T TB t u t u t dt u t Uψ − ≥ ∈∫ . 

G4+ '%_%#*+ N!42;%##!> <*<6%7: N'%H4-,-%6<+ *<N!45/!-
0-65 h1<6'-,'-H*%#6#:> (h1<6'-N'!1<*7-45#:>) N!Hf!H [1] 0 $!'-
7%: 
1) [+1-)1&)Q% [16FP4- 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ), 0 0,n n n n nd
dtt t D t x t B t u t x t xψ ψ α= + + − =  

( ) ( ) ( )( ) ( )( )n n T n nx T x T C x T c Tα ψ= − − − , 

( ) ( ) ( ) ( ) ( )( )n n T n nd
dtx t x t D t t tα ψ ψ= − + , 

( ) ( ) ( ) ( )( )n n T n
Uu t u t B t tπ α ψ= − ; 

2) 1?)19)1% [16FP4- 
( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 ,n n n n nd

dtt t D t x t B t u t x tψ ψ α+ = + + −  

( ) ( ) ( )( ) ( )( )1n n T n nx T x T C x T c Tα ψ+ = − − − , 

( ) ( ) ( ) ( ) ( )( )1n n T n nd
dtx t x t D t t tα ψ ψ+ = − + , 

( ) ( ) ( ) ( )( )1n n T n
Uu t u t B t tπ α ψ+ = − . 

Q'%H<6-04%##-+ *6%'-6*0#-+ <*<6%7- <f!H*6<+ 1 '%_%#*P 
/-H-;*: #- 7#!O%<60% H!<6*O*7!<6* – N! #!'7% N'!<6'-#<60-; 6'--
%16!'** <f!H+6<+ '-0#!7%'#!, 2N'-04%#*+ – 0 <4-?!> 6!N!4!,**. 
Q'%H4!O%##:> N!Hf!H !64*;-%6<+ 6%7, ;6! #- 1-OH!> *6%'-)** #% 
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'%_-P6<+ H*$. 2'-0#%#*+, - 6!451! 0:;*<4+P6<+ *f #%0+/1*. 
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1.  )T=[=)  .Y. I-0#!0%<#!% N'!,'-77*'!0-#*%: 7%6!H: ,'-H*%#6#!,! 
6*N- // E06!7-6*1- * 6%4%7%f-#*1-. 1997. q8. 1337–1347. 

K$$9,/"'(27, V("<7E,$&"; /72(+7&7 3,],27; 
'L80&9LV '(37(67"22LV U(/(E. 

S.8. x21-#!0  
.m W ", :1?394 

Q'*  '-<<7!6'*7 «N'!<6%>_2P» /-H-;2 0-'*-)*!##!,! 
*<;*<4%#*+ (<! <0!?!H#:7 N'-0:7 1!#)!7) <4%H2PM%,! 0*H- 

         , 

,H% $2#1)*+ L 2H!04%60!'+%6 <6-#H-'6#:7 2<4!0*+7 ,4-H1!<6* * 
H!N!4#*6%45#:7 6'%?!0-#*+7 <*45#!> 0:N214!<6* N! N-'% <0!*f 
(0%16!'#:f) -',27%#6!0. e#-;%#*% $2#1)**  * %% N%'0:f N'!*/-
0!H#:f 0 #24% ?%/ !,'-#*;%#*+ !?M#!<6* 7!O#! <;*6-65 #24%0:-
7*. e-H-;- !?4-H-%6 %H*#<60%##!> !<!?%##!<65P – #-'2_%#*%7 
2<*4%##!,! 2<4!0*+ D%O-#H'- 0 6!;1% . l6! N'*0!H*6 1 '+H2 
6%f#*;%<1*f 6'2H#!<6%>. Q%'%<6-P6 '-?!6-65 6%!'%7: <2M%<60!-
0-#*+ 6*N- 6%!'%7: [!#%44*. j6<26<60*% ,-'-#6*> 12<!;#!> #%-
N'%':0#!<6* !N6*7-45#!,! '%_%#*+ H%4-%6 #%1!''%16#!> <6-#-
H-'6#2P <f%72 0:0!H- 2'-0#%#*+ l>4%'-. «Q'!N-H-P6» 2<4!0*+ 
6'-#<0%'<-45#!<6* #- N'-0!7 1!#)%. j67%6*7, ;6! H-O% 0 <*62--
)** < 10-H'-6*;#!> $2#1)*%>  /-H-;- N'%H<6-04+%6 #%6'*0*-45-
#:> N'%H7%6 H4+ *<<4%H!0-#*+.  

SH%4-0 /-7%#2 0'%7%#*  62 O% /-H-;2 *, 
<!!60%6<60%##!, <f!H#:% N'!?4%7: 7!O#! 20*H%65 0 $!'7% /-H-;* 
7*#*7*/-)** «H*<1!#6*'!0-##!,!» *#6%,'-45#!,! $2#1)*!#-4- 
#- N!42!<* . [-1!,! '!H-  N!<6-#!01* 0 #%<1!451! 
?!4%% <4!O#!> $!'7% /-H-; !N6*7-45#!,! 2N'-04%#*+ f-'-16%'#: 
H4+ 7!H%4%> !N6*7-45#!> h1!#!7*;%<1!> H*#-7*1*. 8 <0!% 0'%7+ 
-<*7N6!6*;%<1*% <0!><60- 6'-%16!'*> 6-1*f 7!H%4%> *<<4%H!0--
4*<5 H!<6-6!;#! N!H'!?#!. Q'* 7-4:f /#-;%#*+f , H4+ '-/#:f 
14-<<!0 7!H%4%> H!1-/:0-4-<5 <f!H*7!<65 !N6*7-45#:f 6'-%16!-
'*> 1 «7-,*<6'-4*» – -#-4!,2 <6-)*!#-'#!,! '%_%#*+ 2'-0#%#*+ 
l>4%'- 0-'*-)*!##!> /-H-;*. Q!/H#%% ?:4- !?#-'2O%#- 0!/7!O-
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#!<65 <2M%<60!0-#*+ 2<6!>;*0:f N%'*!H*;%<1*f (d%#f-?*? * K*-
_*72'-, 1982) * H-O% f-!6*;%<1*f '%O*7!0 (d!4H'*# * @!#6'2;-
;*!, 1986). G4+ 7!H%4%> < H*<1'%6#:7 0'%7%#%7 ?:4* N!<6'!%#: 
*44P<6'-6*0#:% !H#!7%'#:% N'*7%': «<4!O#!>» (0 6!7 ;*<4%  
f-!6*;%<1!>) H*#-7*1*. G4+ *44P<6'-)** * -#-4*/- f-!6*;%<1!> 
H*#-7*1* 0 #%N'%':0#!7 0'%7%#* #%!?f!H*7! */2;-65 /-H-;* 1-1 
7*#*727 < 6'%f-, ;%6:'%f7%'#:7 $-/!0:7 N'!<6'-#<60!7. jH#!> 
*/ !<#!0#:f 6'2H#!<6%> #- h6!7 N26* +04+%6<+ #%!?f!H*7!<65 
N'%H0-'*6%45#!,!  <0%H%#*+ 0-'*-)*!##!> /-H-;* 1 H*#-7*;%<1!> 
<*<6%7% !N6*7-45#!,! <*#6%/-, 6! %<65 '%_%#*+ 2'-0#%#*+ d%44-
7-#-. 8 #-<6!+M%> '-?!6% *<N!45/!0-4<+ N-44*-6*0#:> N!Hf!H 
N!<6'!%#*+ * *<<4%H!0-#*+ H!<6-6!;#! ?!,-6!,! 7#!O%<60- 0:-
N214:f 0-'*-)*!##:f /-H-; < /-'-#%% */0%<6#:7 '%_%#*%7 2'-0-
#%#*+ d%447-#-. 8 ;-<6#!<6*, H%6-45#! *<<4%H!0-4!<5 <%7%><60! 
/-H-; < $2#1)*%>  N-'-7%6'*/!0-##!> H027+ N-'-7%6'-7*  8 
h6!7 <42;-% H*#-7*;%<1*% <*<6%7: !N6*7-45#!,! <*#6%/- !1-/:-
0-P6<+ <*<6%7-7* <0+/-##:f !<)*44+6!'!0 8-# H%' Q!4+. Q-'--
7%6' H*<1!#6*'!0-#*+  /H%<5 *,'-%6 '!45 *#6%#<*0#!<6* N!H1-;-
1* h#%',**, -  f-'-16%'*/2%6 <*42 <0+/%> 0/-*7!H%><60*+. Q'* 
#24%0!7 /#-;%#**  !<)*44+6!': #% 0/-*7!H%><602P6 * N! 7%'% 
20%4*;%#*+ N!H1-;1* h#%',** N!<4%H!0-6%45#! «0!/?2OH-P6<+», 
H%7!#<6'*'2+ '!OH%#*+ 2<6!>;*0:f *#0-'*-#6#:f 6!'!0 0 N'!-
<6'-#<60% '%_%#*>. d!4%% <4!O#:> N'!)%<< H%$!'7-)** * '-/'2-
_%#*+ *#0-'*-#6#:f 6!'!0 N! 7%'% 2<*4%#*+ <0+/%> 0 <*<6%7% 
N'*f!H*6<+ *<<4%H!0-65 ;*<4%##!. G%6-45#! *<<4%H!0-4*<5 N'!-
)%<<: '-/'2_%#*+ ;%6:'%f7%'#:f 6!'!0 0 H%0+6*7%'#!7 $-/!0!7 
N'!<6'-#<60%. j6<4%O*0-4-<5 h1<N!#%#)*-45#-+ #%2<6!>;*0!<65 
6'-%16!'*> #- -66'-16!'-f, N!+04%#*% _*'!1!N!4!<#:f <N%16'!0, 
*/7%#%#*+ («1!''%4+)*!##!>») '-/7%'#!<6* -66'-16!'!0, <6'!*-
4*<5 *#0-'*-#6#:% 7%': #- -66'-16!'-f (0 ;-<6!6#!7 N'*?4*O%-
#**). Q! 7%'% 20%4*;%#*+ N-'-7%6'- 0/-*7!H%><60*> #-?4PH-4*<5 
N'!)%<<: <*#f'!#*/-)**-H%<*#f'!#*/-)** 1!4%?-#*>, f-'-16%'*-
/2PM*%<+ */7%#%#*+7* '-/7%'#!<6* -66'-16!'-, N'!f!H+M%,! 
'-/4*;#:% $-/: <6'-##!,!, f-!6*;%<1!,! * #%f-!6*;%<1!,! f-'-1-
6%'-. 
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Evaluation of survivability of symmetrical hierarchi-
cal networks with radial reserve 

M.B. Ahmadi 
Department of Mathematics, Shiraz University, Iran 

A top-level model of communication networks is the multicom-
modity flow network (MFN) [5], and Hierarchical Network (HN) is a 
kind of MFN, and symmetrical hierarchical network (SHN) is a special 
type of HN with the same demand for all sinks.  

A symmetrical hierarchical network has the structure of a star 
(i.e., the source - sink pairs are given in the form 

0( , ), {1,2, , }
def

iv v i M m∈ = L , with the common source 0v ), and all de-
mands are equal to d . 

For evaluating of the functional capability of SHN, there is not a 
unique strategy. Network survivability analysis means estimating the 
network quality decrease as a result of edge capacity reduction if the 
defeated edges are unknown beforehand. Here the quality of the net-
work functioning is evaluated based on the completeness of the supply 
of flow demands users - pairs.  

Let jz  be the amount flow between nodes 0v  and jv . Denote by 

)(cZ  the set of all multiflows ),,( 1 mzzz L=  in the network with 
capacity vector c .                              
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An SHN performance efficiency measure is defined as  

0 0 ( )
( ) max min .i

i Mz Z c

zc
d

θ θ
∈∈

= =  

Let )1,0(∈γ  be a parameter that characterizes the strength of a 
failure: it indicates what part of the total capacity of edges may be lost. 

Let ),...,( 1 mccc = , 
}

),...,(
timesm

T ttc
−

=  denote the initial capacity 
vector of radial edges and the radial reserve respectively. To analyze 
survivability of SHN with radial reserve, we consider two cases: 

a. Failures happen only in radial edges. 
b. Failures happen both in radial edges and in radial reserve. 

Denote by )(cYγ , the set of possible values of edge capacities 
after the fault. 

The function )(cg
γθ  denotes the guaranteed level of demand sat-

isfaction depending on reserve capacity c  and demand d  and it is de-
fined as follows 
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The survivability of SHN is defined by )(cg
γθ .  

The survivability of SHN with radial reserve 
Now assume the original SHN structure is optimal: the radial 

edge capacity vector is equal to demand vector, i.e., all the demanded 
flows are transmitted by network and there is no excess capacity. In this 
case ),...,( ddc = . 

Lemma 1. Let ),( Tccc =  be the capacity vectors of SHN with 
radial reserve. Then in case a 
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Lemma 2. Let ),( Tccc =  be the capacity vectors of SHN with 
radial reserve. Then in case b 
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Non Parametric Estimation for the Study of the 
Strong Stability of the G/M/1 Queueing System  

A. Bareche, D. Aïssani 
Laboratory of Modelisation and  

Optimization of Systems (LAMOS), Bejaia, Algeria  
In this work, we show the applicability of the strong stability 

method to determine a proximity error between the corresponding ser-
vice time distributions of the G/G/1 and G/M/1 systems, an approxima-
tion error on their stationary distributions and confidence intervals for 
the difference between their corresponding characteristics, in the sta-
tionary state, when the general distribution of service times G in the 
G/G/1 system is unknown and must be estimated by the means of a 
nonparametric estimation method.  

The most known and used nonparametric estimation method is 
the kernel density estimation. If 1X , 2X , …, nX  is a sample coming 
from a random variable X of density function f and distribution F, then 



 

267 

the Parzen-Rosenblatt kernel estimator [5,6] of the density f(x) for each 
point x∈  R is given by: 
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1
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=
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⎞
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⎛ −
=

n

j n
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n h
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where K is a symmetric density function called kernel and nh  is the 
smoothing parameter (or bandwidth). 

Several results are known in the literature when the density func-
tion is defined on the real line R [5,6]. In the case of a density function 
defined on a bounded support, the boundary effects are present. To re-
solve this problem, new methods (mirror image, asymmetric Gamma 
kernel estimator, smoothed histogram) have been introduced recently 
[3,4]. 

The strong stability method states that the perturbation done must 
be small, in the sense that the general law G of service times must be 
close but not equal to the exponential one. Consequently, the density 
function of the law G must be close to the density function of the expo-
nential law which is defined on a bounded support [ ]+∞,0 . Thus, the 
boundary effects must be taken into consideration when performing 
nonparametric estimation [1,5,6]. 

Simulation studies are realized to support the results. We use the 
discrete event simulation approach to simulate the according systems 
(G/G/1 and G/M/1) and we apply the Student test for the acceptation or 
rejection of the equality of the corresponding characteristics.  

The characteristics considered are: 
• ,2,1, =ini  mean number of costumers in the system i. 

• ,2,1, =iiω  output rate in the system i. 

• ,2,1, =iti  sojourn mean time of a customer in the system i (response 
time of the system). 
• ,2,1, =iiρ  occupation rate of the system i. 
To realize this work, we follow the general following steps: 

1) Generation of a sample of size n of general service times dis-
tribution G with theoretical density g(x). 
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2) Use of the different cited nonparametric estimators to estimate 
the theoretical density function g(x). 

Using the theoretical density and its different estimators, we con-
sider in each case the: 

3) Calculation of the mean service rate. 
4) Verification of the appropriate strong stability conditions. 
5) Computation of the minimal error on the stationary distribu-

tions of the considered systems. 
6) Application of the Student test to determine the deviation on 

the stationary distributions of the two considered systems. 
We consider the following cases: 
First case We consider a G/G/1 system such that the general in-

ter-arrivals distribution G is assumed to be a Weibull with parameters 
( 0,5.0,2 === υβα ) and the service times distribution is Cox2 with 
parameters ( 3,4,2,1,9.0 2211 ===== ββ nnp ), with a theoretical 
density g(x).  

Other cases By generating a sample coming from the Cox2 
( 3,4,2,1,9.0 2211 ===== ββ nnp ) distribution, we use the dif-
ferent nonparametric estimators (Parzen-Rosenblatt, mirror image, 
asymmetric Gamma kernel, smoothed histogram) to estimate the theo-
retical density g(x). 

For these last four cases, we take: the sample size n = 200 and 
the number of simulations R = 100. 
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Algorithms for Exact Modularity Maximization in 
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Introduction 
Networks are often used to represent complex systems arising in 

a variety of fields. Social networks model interactions among people. 
Telecommunication networks model communications between them, 
such as in the World Wide Web. Transportation networks model 
movements of goods and passengers. Biological networks model inter-
actions between organisms, such as in food networks. A network (or 
graph) G=(V,E) is composed of a set of vertices, representing the enti-
ties of the system under study, and a set of edges joining pairs of verti-
ces and representing a relation holding for such pairs. Identifying com-
munities, or clusters, in complex networks is a topic of particular inter-
est and is currently a very active research domain. A clustering criterion 
is chosen, in terms of presence or absence of edges, as well as a struc-
ture for the clusters. The corresponding mathematical programming 
problem is then solved exactly or, more often, heuristically. Clustering 
algorithms and heuristics can be divided as traditional in cluster analy-
sis into partitioning algorithms, which aim at finding the best partition 
into a (often but not always) given number of clusters, and hierarchical 
algorithms, which lead to a set of nested partitions and can be further 
divided into agglomerative and divisive ones. Algorithms for commu-
nity identification need a precise definition of community. A very suc-
cessful definition is that proposed by Newman (Physical Review E, 
2004), which leads to the introduction of the concept of modularity for 
a partition of a network. It is defined as the sum for all communities of 
the difference between the fraction of edges they contain and the ex-
pected fraction of edges if they are placed at random, keeping the same 
degree distribution. A few algorithms and many heuristics have been 
developed to maximize modularity. These heuristics can solve ap-
proximately very large instances with up to hundred or thousand enti-
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ties or even more. Very few papers propose exact algorithms for modu-
larity maximization. Moreover, they can only solve small instances 
(with about a hundred entities) in reasonable time. For that purpose we 
review and compare exact algorithms yet proposed. We also present a 
new stabilized column generation approach which raised the size of 
instances solved exactly from 115 to 512 entities. 

Row and column generation algorithms 
As shown by Brandes et al. (IEEE Transactions on Knowledge 

and Data Engineering, 2000) modularity maximization is NP-complete, 
and can be expressed, when there are n entities, as a clique partitioning 
problem with O(n/) 0-1 variables and O(n0) constraints. These con-
straints are numerous and can be added by batches of unsatisfied ones, 
as already noted by Grötschel and Wakabayashi (Mathematical Pro-
gramming, 1989). Such row-generation approach can be easily imple-
mented with the "lazy constraints" feature of CPLEX. Alternately, one 
can solve this clique partitioning problem by column generation. The 
auxiliary problem is then an unconstrained quadratic 0-1 program with 
a 100% dense matrix. It can be solved by a Variable Neighborood 
Search (VNS) heuristic as long as a column with positive reduced cost 
can be found and by an exact branch and bound algorithm when this is 
no more the case.    

 A different approach was recently proposed by Xu et 
al.(European Physical Journal B, 2007). These authors introduced indi-
cator variables for entities and for edges of G=(V,E) to belong to the 
first, second,…cluster. When G is sparse and the number of clusters is 
small, the model has less variables and constraints than the clique parti-
tioning one. Again, a column generation approach can be applied. The 
auxiliary problem is expressed as a concave quadratic mixed integer 
program which is solved by a VNS heuristic and or by CPLEX.    

 All exact algorithms described are compared on a series of prob-
lems from the literature.  
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Optimal resequencing using Genetic algorithm* 
Dmitriy Borodin, Pieter Caluwaerts,  

Viktor Gorelik and Alexander Rodyukov 
University College of Ghent, Belgium 

Dorodnicyn Computing Centre of RAS, Russia 
Borisoglebsk State Pedagogical University, Russia 

This paper describes special genetic operators for searching an 
optimal solution (in terms of heuristic methods) in the problems where 
the solution is represented as a sequence of unique elements (numbers, 
letters etc, e.g. 42751368 or BDACE). There is a number of problems 
with similar solution representation: Travelling Salesman Problem 
(TSP), Graph Theory problems (minimal or maximal path on a graph) 
etc. Authors try and assume the formalization as follows: we need to 
find a maximum (or minimum) of an objective function F(X), within a 
solution pool of {x1, x2, …, xn}, where n is the length of vector X and 
each xi is unique. In other words, the problem is in finding the sequence 
of the solution vector X* components bringing the minimum (or maxi-
mum) value to the objective function F(X*).  

Such problems can be solved using analytical techniques such as 
branch and bound method but the more the number of the vector x 
components, the more is the polynomial time for finding a solution and 
from some value of n it is nearly impossible to use analytical tech-
niques.  

The authors propose to use genetic algorithm (GA) to solve the 
above mentioned problem as a reliable heuristic technique. GA does not 
ensure an optimal solution, however it usually gives good approxima-
tions in a reasonable amount of time. Genetic algorithms are loosely 
based on natural evolution and use a “survival of the fittest” technique, 
where the best solutions survive and are varied until we get a good re-
sult. The classical GA process consists of the following steps: 
1) Encoding; 2) Evaluation; 3) Crossover; 4) Mutation; 5) Decoding. 

A suitable encoding is found for the solution to a problem so that 
each possible solution has a unique encoding and the encoding is some 
form of a string. For our problem this condition is satisfied and no solu-
tion encoding/decoding is needed, so we use GA excluding the cod-
                                                
* The research is funded by the European CAPSCHED project 
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ing/decoding steps. Then the initial population is selected, usually at 
random. The fitness of each individual in the population is then com-
puted, according to the objective function F(X); that is, how well the 
individual fits the problem and whether it is near the optimum com-
pared to the other individuals in the population. This fitness is used to 
find the individual’s probability of crossover. If an individual has a 
high probability (which indicates that it is significantly closer to the 
optimum than the rest of its generation) then it is more likely to be cho-
sen to crossover. Crossover is where the two individuals are recom-
bined to create new individuals which are copied into the new genera-
tion. For our problem the classical GA crossover doesn’t work because 
it produces children with duplicates and missing elements. Some cross-
overs for such situations have been developed so far, but we choose two 
which are simple and effective: a variation of the Greedy Crossover 
(GC) and Partially Matched Crossover (PMC). GC: we choose the first 
element from one of the parent chromosomes (parent1 = 12345678; 
parent2 = 85213647). We pick 1 from parent1, child1 = 1*******. We 
must pick every element from one of the parents and place it in the po-
sition it was previously in. Since the first position is occupied by 1, the 
number 8 from parent2 can not be there. So we must now pick the 8 
from parent1, child1 = 1*******8. This forces to put 7 in position 7 
and 4 in position 4, as in parent1, child1 = 1**4**78. Since the same 
set of position is occupied by 1,4,7,8 in parent1 and parent2, we finish 
by filling in the blank positions with the elements of those positions in 
parent2: child1 = 15243678, and we deduce child2 from the comple-
ment of child1.  

In PMC we take two random points (like in 2-point classical 
crossover) and swap the respective genes on the same positions in both 
parents: Parents 12|34|5 and 35|21|4 => 3->2 and 4->1 => Children 
43215 and 25341 (respectively). 

Next some individuals are chosen randomly to be mutated. Clas-
sical mutation has also to be replaced with one producing feasible 
changes to the solution, ie it is possible to swap two randomly selected 
elements or inverse the order in the elements located between two ran-
domly selected ones. Once this is done, a new generation has been 
formed and the process is repeated until some stopping criterion has 
been reached. At this point the process is complete. 

Computation experiments performed in Mathcad and Microsoft 
Visual C# .NET conclude the effectiveness of the described GA. 
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A general variable neighborhood search for one 
commodity pickup-and-delivery traveling salesman  

A.Ili$1, N. Mladenovi$2, D. Uro1evi$3 

1Faculty of science and mathematics University of Ni-, Serbia 
2School of Mathematics, Brunel University, West London, UK 

3Mathematical Institute, Serbian Academy of Science and Arts,  
Belgrade, Serbia 

The one-commodity pickup-and-delivery traveling salesman 
problem (1-PDTSP), a new variant of the classical traveling salesman 
problem (TSP), was introduced by Hernández-Pérez [1] and 
Hernández-Pérez and Salazar-González [2]. In 1-PDTSP, one city acts 
as a depot, and the other cities are considered customers. These 
customers can be divided into delivery customers and pickup customers 
according to the type of service they require. Each delivery customer 
requires a given amount of commodity (or product), while pickup 
customers provides a given amount of commodity. A vehicle with a 
given capacity starts at the depot and must visit each customer exactly 
once. The vehicle collects product at pickup customers, and delivers at 
delivery customers. The vehicle capacity must not be exceeded, 
required amounts of commodity must be delivered at each delivery 
customer, and the total length of the tour should be minimized.  
Hernández-Pérez and Salazar-González [2] describe an exact branch-
and-cut algorithm able to solve instances with up to 60 customers.  
Hernández-Pérez, Rodríguez-Martín, Salazar-González propose 
GRASP/VND heuristic for solving 1-PDTSP problem in [3]. They use 
GRASP to produce a collection of initial solutions and after that they 
use Variable neighborhood descent (VND) as local search to improve 
these initial solutions. This VND is organized as search through 2-opt 
and 3-opt neighborhoods (in this order). Finally, they apply another 
VND to the best solutions found in the previous phase as post 
optimization. The second VND consists of vertex-exchange 
neighborhoods - forward and backward insertion operators (shifting 
only one customer from the current position in tour to any other 
position). Recently Zhao et al. [4] propose genetic algorithm (GA) that 
on average gave better results than GRASP/VND heuristic [5]. 

Variable Neighborhood search provide systematic exploration of 
the solution space in order to get solution of good quality. Solution 
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space in 1-PDTSP consists of all possible tours starting and ending at 
depot visiting all customers (exactly ones). The method combines two 
steps: 

Local search – moving from the current point to the neighboring 
one with better quality. Repeat this step until there is no better solution, 
i.e., stop in the local optimum. Our local search uses 2 neighborhoods 
(2-opt and insertion) within Variable Neighborhood Descent (VND). 

Shaking – moving from the incumbent solution to randomly se-
lected solution from neighborhood kN . This step is realized as composi-
tion of optk −3 3-opt moves and optdb kkk −−= 3  double bridge moves. Pa-
rameter optk −3  is randomly chosen from ⎣ ⎦[ ]kk ,2/ . If the current incum-
bent solution is feasible (according to capacity constraints), the 3-opt 
and double-bridge moves are performed such that the feasibility is kept. 

Proposed algorithm is implemented in C++ and tested under 
Linux operating system on Pentium 2.6GHz PC with 2GB of RAM. As 
stopping criteria is used the execution time (set to 500 seconds). We 
used binary indexed tree data structure with vehicle loads to check in 

logarithmic time whether the tour is feasible (after performing a 
local search modification). 

All experiments were tested on the test instances of 1-PDTSP 
generated by Hernandez-Perez et al. [5]. For small instances up to 60 
customers, the best solutions found by our VNS coincide with the 
optimum for all instances. For large instnces out method improves all 
previously best known solution (improvements are in range from 2% to 
5%). 
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Graph Structures And Algorithms in  
Multidimensional Screening*  

Sergey Kokovin, Babu Nahata, Evgeny Zhelobodko 
Novosibirsk State University, University of Louisville 
This paper develops the graph-theory approach to multidimen-

sional screening (two-tier optimization in a self-selection game). We 
describe the graph-structures of solutions, their characterization and 
method of finding them through graphs. Our setting considers discrete 
consumer types, one outside option – non-participation, and one pricing 
tool – tariff for a quantity/quality bundle. Most results require only qua-
si-linearity of utilities and separability of costs w.r.t. bundles. 

A solution structure is a list of active incentive-compatibility and 
participation constraints perceived as directed arcs (i2j) connecting 
two agents i,j. This "A-graph" is called a "river" when it is in-rooted 
and dicycles (closed directed paths) are absent. To overcome dicycles 
and other technical hardships, this paper applies a small parameter v 3 0 
relaxing each constraint. 

Under quite weak assumptions on preferences and costs we find 
that any solution has an in-rooted A-graph, and under strict relaxation 
v>0 any A-graph is a river, while bunching among predecessors and 
successors in the graph is excluded. Thus, two major hardships in char-
acterizing and finding solutions are resolved: (1) unclear existence of 
the Lagrange multipliers; (2) often more narrow list of positive multi-
pliers than the list of active constraints. More surprisingly, the reverse 
is true: every river is a solution structure for some screening problem. 
We enumerate all possible rivers, i.e., different "regimes" of screening: 
5 for two consumers, 79 for three consumers, 2865 for four, and so on. 

Based on these findings, we characterizes any solution through 
its spanning-tree without first-order conditions (FOC) or, under differ-
entiability and relaxation v>0, through FOC. Therefore, to find all solu-
tions in (generally non-convex) screening optimization it is sufficient to 
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try FOC for all rivers and then compare the resulting local optima. 
Related "trees-and-rivers" algorithm is exact and finite. It first 

classify the variety of solution structures (rivers) according to the long-
est-path preorder. Each preorder-family is explored starting with its 
spanning-tree. If the tree-specific solution to the optimization program 
turns out feasible (i.e., the unconstrained argmaximum of the tree-
specific profit function satisfies all inequalities), then studying the rest 
of this family becomes redundant. Otherwise we obtain the upper 
bound on profit attainable from this family. The whole family is re-
jected when this new family-specific upper bound is lower than any 
feasible lower bound obtained previously. Further, if the current plan is 
found incompatible with any not-in-tree inequality but the family is not 
rejected, the tree-specific program is enriched by additional constraints 
starting with the violated one. Adding these "bypasses" transforms the 
tree-specific program into the river-specific program. Through supple-
menting the tree with all its downstream bypasses, all rivers of this fam-
ily can be explored. But only some should be explored, since each trial 
updates the upper and lower bounds on profit for rejecting some fami-
lies and sub-families of rivers without trying. Exhausting the list of all 
possible spanning-trees and related families of rivers completes the al-
gorithm. 

    We design also another, heuristic "relaxation" algorithm for 
finding the screening optima. The optimization starts with the first-best 
non-feasible solution, i.e., solution when all incentive-compatibility 
constraints are relaxed for big amount v=4. Then the relaxation is 
gradually decreased to v=0 through certain steps. At each step one or 
several local optima emerge, their set is explored to find the true opti-
mum. 

The comparison of the two algorithms in efficiency remains an 
open question. 

Optimization of distributed resources  
in communication networks with moving nodes  

I.V. Konnov, O.A. Kashina, and E. Laitinen 
Kazan State University, Kazan, Russia, 

University of Oulu, Oulu, Finland 
The contemporary level of telecommunications gives rise to new 

control problems related to efficient allocation of limited network re-
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sources; see e.g. [1, 2]. Experience of dealing with these very compli-
cated systems usually shows that control mechanisms have to utilize a 
proper decomposition approach; see e.g. [3, 4]. In the talk, we intend to 
develop such an approach for networks with moving nodes.  

Let us consider a network which is divided into n  zones (clus-
ters). The problem of a manager of the network is to find the optimal 
allocation of limited network resources (e.g., the bandwidth) among the 
zones in order to maximize the value of the total profit subject to re-
source constraints: 
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where, for  a given time period T ,  C is the total resource supply, kI  is 
the index set of nodes (attributed to users)  located in zone k , ka  is an 
unknown quantity of the resource allotted to zone k  within the bounds 

0kµ ≥  and kν < +∞ ,  ( )k kah  is the implementation cost for the 

amount ka  in zone k . We  propose  to  define the fee function kf  as 
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where, for given time period T and zone k , j kx  is an unknown re-

source amount for node j  within the bounds 0j kα ≥  and j kβ < + ∞ ;  

( )j k j kU x  is the fee paid by node j  for the amount j kx ; j kp  is the 
probability for node j  to be in zone k . Next, following the approach 
suggested by I.Konnov (see e.g. [5]), we can treat each node j  as a 
Markovian chain. Namely, we determine a suitable grid with cells cov-
ering the domain of the network and divide the time period T  into 
quanta so that we can determine the probability j sσπ  for node j  to be 
in cell σ  at time interval s  via the standard Markovian chain tech-
niques (see e.g. [6]) and the desired probabilities j kp .  Also, we set kI  

to be the index set of nodes whose probabilities j kp  are greater than a 
certain positive threshold 'π . In such a way, we have obtained the op-
timization problem (1) – (2) without uncertain factors. Note that in the 
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above considerations we admit arbitrary Markovian chains, even de-
terministic nodes. At the same time, if each node is a Markovian chain 
without periodic classes, we can utilize their stationary probabilities. 
This allows us to investigate stable optimal resource allocations in the 
network. 

Observe that (1) – (2) is equivalent to a non-smooth convex op-
timization problem which can be solved by suitable solution methods if 
the functions j kU  and kh−  are concave. 
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Solving the Maximum Flow Interdiction Problem  
by the Ellipsoid Method 
M. Afshari Rad,  H. T. Kakhki 

Department of Mathematics, Ferdowsi University of Mashhad 
The maximum flow interdiction problem (MFIP) is a variant of 

the maximum flow problem in which a subset of arcs of the network are 
to be deleted so that the maximum flow through the remaining network 
is minimized. Since its introduction in the 1960’s many new extensions 
and applications of this problem have been proposed; including addi-
tion of budget constraints, partial interdiction of arcs, multiple sources 
and sinks, multiple commodities, and stochastic versions. 

Solution procedures for this problem and its variants have also 
ranged from use of  topological dual of the network, branch and bound 
methods, dynamic programming, Lagrangian relaxation, to the Bend-
er’s decomposition. This problem has also been simulated as a two-
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two-person zero-sum game.  
Here we suggest a new solution method for MFIP with the objec-

tive of minimizing the maximum non-interdicted flow by considering 
all subsets of the arcs of the network; That is, we consider a model with 
an exponential number of constraints. We then employ the Ellipsoid 
method which is known to be well suited to solve these types of prob-
lems. However, to check the feasibility of a point, the center of the el-
lipsoid, a minimum cut is found using Ford and Fulkerson’s algorithm.  
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 2"D"72/,&$2L, U(/(E7 972,;2"D"  
83"D3(++73"'(27* $ /,&"+8"U767"22";  

$<30&<03";  
D.B. E$'->7!0*; 

"=j'-1+1O?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
@#!,!*#H%1<#:% /-H-;* 4*#%>#!,! N'!,'-77*'!0-#*+ 0!/-

#*1-P6 N'* '%_%#** _*'!1!,! 14-<<- N'*14-H#:f /-H-;. K-N'*-
7%', N'* '%_%#** /-H-;* !?u%7#!-1-4%#H-'#!,! N4-#*'!0-#*+, 
/-H-;* $!'7*'!0-#*+ N!'6$%4+, 6'-#<N!'6#!> /-H-;* * H'. [1-3]. 
G-##-+ '-?!6- N!<0+M%#- 7%6!H2 '%_%#*+ <N%)*-45#!,! N!H14-<-
<- 7#!,!*#H%1<#:f /-H-; 4*#%>#!,! N'!,'-77*'!0-#*+ 6'-#<-
N!'6#!,! 6*N- < H%1!7N!/*)*!##!> <6'2162'!>.  

Q'* !N*<-#** 7#!,!*#H%1<#:f 6'-#<N!'6#:f /-H-; 0!<-
N!45/2%7<+ <4%H2PM%> $!'7-4*/-)*%>. Q2<65 },...,,{)( 21 siiisN =  

– 7#!O%<60! *#H%1<!0 * )(2 sNM ⊆ . [!,H- ;%'%/ )(MD  ?2H%7 
!?!/#-;-65 7#!,!*#H%1<#2P <*<6%72 4*#%>#:f #%'-0%#<60, <!-
H%'O-M2P, H4+ 1-OH!,! Mf ∈ , !,'-#*;%#*+ #- N!H<277: 7#!-
,!*#H%1<#:f N%'%7%##:f, ,H% <277*'!0-#*% N'!*<f!H*6 N! 0<%7 
*#H%1<-7 7#!O%<60- f  N'* $*1<*'!0-##:f #-?!'-f *#H%1<!0 
7#!O%<60- fsN \)( . 

K-7* ?:4- '-/'-?!6-#- 1!#)%N)*+ )*14*;%<1!> <0!H*7!<6* 
<*<6%7 4*#%>#:f #%'-0%#<60 1 /-H-;% N!*<1- H!N2<6*7!,! N!6!1- 
0 <%6* (!?!/#-;-%7!> ;%'%/ L). 8 <42;-% <0!H*7!<6* H-##-+ 1!#-
)%N)*+ N!/0!4+%6 #-f!H*65 '%_%#*% <*<6%7: 4*#%>#:f #%'--
0%#<60 ;%'%/ H!N2<6*7:> N!6!1 0 <!!60%6<602PM%> <%6*. G!N2<-
6*7:> N!6!1 H%1!7N!/*'2%6<+ #- N!6!1* 0H!45 )*14!0 <%6*. X 1--
OH-+ */ N%'%7%##:f <*<6%7: N'*#*7-%6 /#-;%#*% '-0#!% N!6!12 
0H!45 <!!60%6<602PM%,! )*14-.  

[%!'%7- 1. G4+ 6!,! ;6!?: <*<6%7: )(MD  )*14*;%<1* <0!-
H*4-<5 1 /-H-;% L, H!<6-6!;#!, ;6!?: <2M%<60!0-4! '-/?*%#*% 
7#!O%<60- )(sN  #- N!H7#!O%<60- 110 ,...,, −pggg , ;6! 

}1,0|,{ mod)1( −=∪⊆ + pigggM piii .  
K- !<#!0-#** 2<4!0*> 6%!'%7: 1 N!<6'!%#: H!<6-6!;#:% 

2<4!0*+ <0!H*7!<6* 7#!,!*#H%1<#:f /-H-; 4*#%>#!,! N'!,'-7-
7*'!0-#*+. d:4 0:H%4%# N!H14-<< 7#!,!*#H%1<#:f /-H-; 4*#%>-
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#!,! N'!,'-77*'!0-#*+ < H%1!7N!/*)*!##!> <6'2162'!>, H4+ 1!-
6!'!,! H-##:> N!Hf!H N!/0!4+6 N!<6'!*65 N!4*#!7*-45#:> -4,!-
'*67 '%_%#*+. Q'%H4-,-%7:> -4,!'*67 N'*7%#*7 6-1O% N'* '%-
_%#** /-H-; )%4!;*<4%##!,! 4*#%>#!,! N'!,'-77*'!0-#*+. G-#-
#:> $-16 *7%%6 0-O#!% /#-;%#*%, 6.1. 7#!,!*#H%1<#:% /-H-;* )%-
4!;*<4%##!,! 4*#%>#!,! N'!,'-77*'!0-#*+ !1-/:0-P6<+ NP-
6'2H#:7* 2O% 0 6'%f*#H%1<#!7 <42;-% [4].  

Z7<,3(<03( 
1. E$'->7!0*; D.B., Q'*42)1*> @.v. @#!,!*#H%1<#:% /-H-;* '-<N'%-

H%4%#*+ '%<2'<!0 0 *%'-'f*;%<1*f <*<6%7-f // E06!7-6*1- * 6%4%7%f-#*-
1-. 2006. q6. S. 194-205. 

2. E$'->7!0*; D.B., Q'*42)1*> @.v. @#!,!N'!H216!0:% N!6!1* 0 
H'%0!0*H#:f <%6+f // X/0%<6*+ IEK. [%!'*+ * <*<6%7: 2N'-04%#*+. 2008. 
q2. S. 57-63.   

3. Q'*42)1*> @.v.,  !<6P1!0 8.]. jN6*7*/-)*!##:% /-H-;* N4-#*'!-
0-#*+ 6'-#<N!'6*'!01* ,-/- // X#$!'7-)*!##:% 6%f#!4!,** * 0:;*<4*-
6%45#:% <*<6%7:. 2007. q2. S. 67-73. 

4. Spieksma, F.C.R., Multi index assignment problems: complexity, ap-
proximation, applications, in: Pardalos, P.M., L.S. Pitsoulis (Eds.), Nonlinear 
Assignment Problems: Algorithms and Applications, Kluwer Academic 
Publishers, Dordrecht, 2000, pp. 1-11. 

I $'*U2"$<7 $,<7 D"3"/"' 
8.K. d!?:4%0 

.QV=?6=T'67)Q% 8')T+ W " 
8 #:#%_#%> I!<<** #-<;*6:0-%6<+ 11 ,!'!H!0-7*44*!#%'!0 

(< ;*<4!7 O*6%4%> ?!4%% 7*44*!#-): @!<10-, S-#16-Q%6%'?2',, 
K!0!<*?*'<1, ]1-6%'*#?2',, K*O#*> K!0,!'!H, S-7-'-,  -/-#5, 
j7<1, x%4+?*#<1, I!<6!0-#--G!#2 * C$- (0 N!'+H1% 2?:0-#*+). 
SN'-_*0-%6<+, ;%72 '-0#! <'%H#%% '-<<6!+#*% 7%OH2 #*7*? 

S;*6-+ h6* ,!'!H- 0%'_*#-7* ?9f&)1-1 ,'-$-, '-<<7!6'*7 
H0- 1'->#*f <42;-+: 

- N!4#:> ,'-$, 55 '%?%'; 
- 7*#*7-45#:> ,'-$ (N!H,'-$ N!4#!,!), 10 '%?%' 
  (7*#*7-45#!> <277-'#!> H4*#:). 

S'%H#PP H4*#2 '%?'- !?!/#-;*7 R 0 N%'0!7 <42;-% * r 0! 06!'!7. 
X/7%'+65 '%?'--'-<<6!+#*+ ?2H%7 6!O% H027+ <N!<!?-7*: 

- N! ,%!,'-$*;%<1*7 1!!'H*#-6-7, N! `#H%1<-1-'6-7; 
- N! O%4%/#!> H!'!,%, < N!7!M5P N'!,'-77: Rail-6-'*$. 
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SN*<!1 O%4%/#!H!'!O#:f N2#16!0: (1) @!<10- Q-<<-O*'<1-+, (2) 
S-#16-Q%6%'?2', B4-0#:>, (3) K!0!<*?*'<1 B4-0#:>, (4) S0%'H-
4!0<1 Q-<<-O*'<1*>, (5) B!'51*> 7!<1!0<1*>, (6) S-7-'-, (7)  --
/-#5, (8) j7<1 Q-<<-O*'<1*>, (9) x%4+?*#<1 B4-0#:>, (10) I!<6!0 
B4-0#:>, (11) C$-. 

I%/2456-6: */7%'%#*> H-#: 0 <4%H2PM%> 6-?4*)%; 7*#*-
7-45#:> N!H,'-$ #%O*'#:>, ?4%H#:>. 

I-<<6!+#*+ 7%OH2 '!<<*><1*7* ,!'!H-7*-7*44*!#%'-7* - 
,%!,'-$*;%<1*% (0:_% H*-,!#-4*) * O%4%/#!H!'!O#:% (#*O% H*-,!#-4*), 0 17 

 @<1 SQ? K0<? ]16? KK0, S7'  /# j7<1 x4? I#G C$- 
1  635 2869 1429 394 862 716 2265 1502 956 1173 
2 650  3199 1804 894 1430 1201 2637 1931 1539 1646 
3 3228 3611  1406 2460 2148 2145 612 1375 3147 1724 
4 1703 2086 1525  1032 781 726 820 193 1791 368 
5 488 1249 2831 1306  532 327 1860 1106 1047 784 
6 1090 1977 2429 1130 802  297 1527 761 1002 421 
7 839 1679 2400 875 504 532  1541 782 1152 456 
8 2601 2984 627 898 2204 1802 1773  765 2510 1111 
9 1955 2338 1425 252 1558 1004 1127 798  1753 345 

10 1269 2263 3830 2525 1553 1401 1661 3203 2405  1422 
11 1549 2246 1906 607 1261 523 876 1279 481 1924  
 
X '%/2456-6!0 0:;*<4%#*> <!!60%6<60%##! ?2H%6 H0-: 

- r = 495 17 * R = 1297 17 <'%H#%-'*$7%6*;%<1* * 
  r = 445 17 * R = 1078 17 <'%H#%,%!7%6'*;%<1*, 
- r = 612 17 * R = 1619 17 <'%H#%-'*$7%6*;%<1* * 
  r = 567 17 * R = 1382 17 <'%H#%,%!7%6'*;%<1*. 

K! !?- '-/-, ;6! N!'-/*6%45#! - *?! O%4%/#!H!'!O#:% '-<<6!+#*+ 
0<%,H- 0:f!H+6 ?!45_% ,%!,'-$*;%<1*f, /H%<5 0 1.02-1.93 '-/-, 
N'*;%7 1-1 ?: #%!H*#-1!0!, !6#!_%#*+ <'%H#*f '-<<6!+#*> N!42-
;-6<+ !H*#-1!0:7*: 

r/R = 495/1297 = 612/1619 = 0.38 -'*$7%6*;%<1* * 
r/R = 445/1078 = 567/1382 = 0.41 ,%!7%6'*;%<1*. 

Q%'0!% /#-;%#*% - h6! 10-H'-6 /!4!6!> N'!N!')**, - 06!'!% - <%-
'%?'+#-+ N'!N!')*+. l6* /#-;%#*+, !H#-1!, N'%H<6-04+P6<+ !O*-
H-%7:7*, N!<1!4512  QG (h$$%16*0#!<65) <!0'%7%##!,! '!<<*>-
<1!,! ,!<2H-'<60-, 1-1 N!42;-%6<+ */ N!f!O*f <!!?'-O%#*>, <!-
<6-04+%6 6% O% <-7:% 0.4 (!1'2,4+%7 H! H%<+6:f). j6#!<*6%45#-+ 
0%4*;*#- '-/?'!<- 1.02-1.93 6-1O% 0 */0%<6#!7 <7:<4% #% <42;->-
#- - < 6!;1* /'%#*+ *<6!'*;%<1!> #%!N'%H%4%##!<6*, <0+/-##!> < 
#-_*7 ,!<2H-'<60!7, f!6+ N!H!?#:% #-?4PH%#*+ 7!,26 /-0%<6* 
#-< !;%#5 H-4%1!… 

K-1!#%), *#6%'%<#! !67%6*65, ;6! )%#6'!7 h6!> <*<6%7: */ 
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11 ,!'!H!0, * 0 h6!7 <7:<4% )%#6'!7 I!<<**, +04+%6<+ C$-: #-*-
?!45_%% */ '-<<6!+#*> !6 #%% H! H'2,*f 10 ,!'!H!0 !1-/:0-%6<+ 
#-*7%#5_*7 <'%H* 0<%f h6*f ,!'!H!0 * '-0#+%6<+ (H! S-#16-
Q%6%'?2',-) 1646 17 *4* 2246 17 0 /-0*<*7!<6* !6 <N!<!?- */7%-
'%#*+. E ;6! 1-<-%6<+ '-<<6!+#*> 0H!45 7*#*7-45#!,! N!H,'-$-, 
6! )%#6'!7 - 1-1 * 0 <-7!> 6-?4*)% - !1-/:0-%6<+ S-7-'- < %% 7*-
#*7-1<#:7 '-<<6!+#*%7 2143 17 (H! K!0!<*?*'<1-) *4* 2793 17 
(H! I!<6!0--#--G!#2). 

Q!<1!4512 H-##:% 0 X#6%'#%6% N!H0%'O%#: */7%#%#*+7, '%-
/2456-6: <4%H2%6 <;*6-65 <N'-0%H4*0:7* #- 15 H%1-?'+ 2009 ,. 

I +"/,973"'(277 8"<"&"' 2( $,<*V.  
 (<,+(<7E,$&7, 7 'LE7$97<,9?2L, ($8,&<L*  

E.Q. d2<4-%0, E.8. B-<#*1!0, 
X.X. @!'!/!0, `.E. v!4!H!0, @.8. `_*#- 

: b$, :Sc$,  :ceY$ 
@!H%4*'!0-#*% 6'-#<N!'6#:f N!6!1!0 #-;-4! $!'7*'!0-65-

<+ 0 7-6%7-6*;%<12P H*<)*N4*#2 0 50-:% ,!H: N'!_4!,! 0%1- 0 
<0+/* < ?2'#:7 '-/0*6*%7 ,-/!0!> H*#-7*1*. [!,H- O% (<%'%H*#- 
50-:f) N!+0*4*<5 N%'0:% 7-1'!<1!N*;%<1*% (,*H'!H*#-7*;%<1*%) 
7!H%4*, 0 1!6!':f 6'-#<N!'6#:> N!6!1 2N!H!?4+%6<+ N!6!12 “7!-
6*0*'!0-##!>” <O*7-%7!> O*H1!<6* (@. D->6f*44 * GO. C*/%7, 
Q. I*;-'H<), * N%'0:% 7*1'!<1!N*;%<1*% 7!H%4* (<4%H!0-#*+ /- 
4*H%'!7), 0 1!6!':f +0#! 0:N*<:0-%6<+ 2'-0#%#*% H0*O%#*+ 1-O-
H!,! -06!7!?*4+ (E. IU_%45, D. Q->N<, G. B-/*< * H'.). 8 N!<4%-
H2PM*% ,!H: 14-<< 7*1'! * 7-1'! 7!H%4%> ?:4 '-<_*'%#. 8 <!-
0'%7%##!7 7-1'!<1!N*;%<1!7 N!Hf!H%, 1-1 N'-0*4!, 6'-#<N!'6-
#:> N!6!1 !N*<:0-%6<+ #%4*#%>#!> <*<6%7!> ,*N%'?!4*;%<1*f 
2'-0#%#*> (H4+ N4!6#!<6* * <1!'!<6* N!6!1-) < H*$$2/*%>. E 0 
7*1'!<1!N*;%<1!7 N!Hf!H% N'%!?4-H-P6 7!H%4* 6*N- “'-/27#!,! 
0!H*6%4+”, 0 1!6!':f 2<1!'%#*% -06!7!?*4+ !N*<:0-%6<+ #%1!6!-
'!> $2#1)*%> !6 <1!'!<6* h6!,! -06!7!?*4+, '-<<6!+#*+ H! 0N%'%-
                                                
* I-?!6- N!HH%'O-#- ,'-#6-7* IZZX q 08-01-00959--, 08-07-00501--, 
08-07-00158--, 10-07-00620--, IBKZ q 08-02-00347, QZX j@K IEK q 
3, QZX Q'%/*H*27 IEK Q-2,  I-?!6- N'!0%H%#- 0 '-71-f '%-4*/-)** 
ZcQ “ -H':” #- 2009 – 2013 ,!H: (7%'!N'*+6*% 1.2.1, K -15Q, Q949(3); 
7%'!N'*+6*% 1.3.1, K -215Q(1), Q1490). 
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H* *H2M%,! -06!7!?*4+ (4*H%'-) * <1!'!<6* !6#!<*6%45#! 4*H%'- 
(@. ['->?%'). K%<7!6'+ #- 6!, ;6! < 7!7%#6- N!+04%#*+ N%'0:f 
$2#H-7%#6-45#:f '-?!6 N'!_4! ?!4%% N!420%1-, N! 7#%#*P '+H- 
0%H2M*f <N%)*-4*<6!0 0 !?4-<6* 7-6%7-6*;%<1!,! 7!H%4*'!0-#*+ 
H!'!O#!,! H0*O%#*+ ( . K-,%45, v. @-f7-<-#*, @. b'%1%#?%', * 
H'.), N'!?4%7- !?'-/!0-#*+ N'%H/-6!'#:f * /-6!'#:f <*62-)*> 
%M% H! 1!#)- #% */2;%#-. ]<4* -06!7!?*45#:> N!6!1 2N!H!?4+%6<+ 
O*H1!<6*, 6! #-*?!4%% <4!O#-+ H4+ 7!H%4*'!0-#*+ <*62-)*+ – h6! 
“/-7%'/-PM-+ O*H1!<65”. j67%6*7 6-1O%, ;6! N!H-04+PM%% 
?!45_*#<60! *<<4%H!0-6%4%> !,'-#*;*0-%6<+ */2;%#*%7 6'-#<-
N!'6#!,! N!6!1- #- !6H%45#!7 N'+7!4*#%>#!7 2;-<61% 6'-#<N!'6-
#!> <%6* < N'!<6%>_*7* #-;-45#! - 1'-%0:7* 2<4!0*+7*. 8 6! 
0'%7+ 1-1 N'*;*#!> /-6!'!0 (<!,4-<#!  . G-#,-/!) ;-<6! +04+P6<+ 
"2/1*% 7%<6-" (N%'%1'%<61*, 0u%/H:). Q!h6!72 !<!?%##! 0-O#! 
(H4+ N'*4!O%#*>) <!/H-65 )%4!<6#2P 7!H%45 6'-#<N!'6#:f N!6!-
1!0, 014P;-PM2P 0 <%?+ !N*<-#*% *<6!;#*1!0, <6!1!0 -06!7!?*-
4%> * N!0%H%#*% -06!7!?*4%> 0 0%'_*#-f ,'-$- 6'-#<N!'6#!> <%-
6*. 8 H!14-H% N4-#*'2%6<+ N'%H<6-0*65 #-'-?!61* -06!'<1!,! 1!4-
4%16*0- 0 #-N'-04%#** <!/H-#*+ 6-1!> )%4!<6#!> 7!H%4*. Q'* 
h6!7 *<f!H#:7* H-##:7* 7!H%4* +04+%6<+ %O%H#%0#-+ *<6!'*+ 
'-<N'%H%4%#*+ <1!'!<6%> -06!7!?*4%> N! ,'-$2 <%6* (,. @!<10:).  

CN'-04%#*%7 6'-#<N!'6#:7* N!6!1-7* /-#*7-P6<+ < <%'%-
H*#: 90-:f ,!H!0 N'!_4!,! 0%1- 0 @EGX (8.K. D21-#*#, E.Q. 
d2<4-%0 * H'.), < <%'%H*#: 10-:f ,!H!0 0 h6!7 #-N'-04%#** -16*0-
#! '-?!6-%6 d%'14*%0<1-+ ,'2NN- (Q. 8-'->-, E.  2'O-#<1*>, I. 
v!'!0*6) * H'.): *<f!H+ */ 7!H%4* 14%6!;#:f -06!7-6!0  . G-#,--
/! = <f%7- B!H2#!0- + 7!H%45 D->6f*44- – C*/%7- + 6'%2,!45#-+ 
$2#H-7%#6-45#-+ H*-,'-77-, N'%H4-,-%6<+ <N!<!? !N6*7-45#!,! 
2N'-04%#*+ <0%6!$!'-7* #- 7-,*<6'-4*. 8 H!14-H% N4-#*'2%6<+ 
N'*0%<6* <*#6%/*'!0-##:> N!Hf!H H4+ ,'-$!0 !?M%,! 0*H-, 0 !<-
#!0% 1!6!'!,! 4%O-6 <4%H2PM*% <!!?'-O%#*+. Q!<624*'2%6<+ <2-
M%<60!0-#*% /-0*<*7!<6* (2'-0#%#*+ <!<6!+#*+) 7%OH2 *#6%#<*0-
#!<65P N!6!1- (=<1!'!<65*N4!6#!<65) * N4!6#!<65P. l62 /-0*<*-
7!<65 ;-<6! #-/:0-P6 $2#H-7%#6-45#!> H*-,'-77!>. X/ 0*H- 6*-
N*;#!> $2#H-7%#6-45#!> H*-,'-77: <4%H2%6, ;6! !H#!72 * 6!72 
O% /#-;%#*P N!6!1- -06!7!?*4%> <!!60%6<602P6 '-/#:% (1-1 N'--
0*4!, H0%) N4!6#!<6* *, 1-1 <4%H<60*%, '-/#:% <1!'!<6*. d!4%% 0:-
,!H#:7 '%O*7!7 +04+%6<+ '%O*7 < ?!45_%> <1!'!<65P. e-H-;- 
2N'-04%#*+ (<1-O%7, <0%6!$!'-7* *4* 0u%/H-7* #- !<#!0#:% 7--
,*<6'-4*) /-14P;-%6<+ 0 6!7, ;6!?: ?!45_2P ;-<65 0'%7%#* <'%H-
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#%<6-6*<6*;%<1*> 0!H*6%45 N'!0!H*4 *7%##! 0 6-1*f '%O*7-f. 
@!H%4* '-<;%6- 1!''%<N!#H%#)*> * '-<N'%H%4%#*+ N!6!1!0 

*<<4%H2P6<+ <%>;-<, #-N'*7%', 0 '-?!6-f ].E. K2'7*#<1!,!, 
8.X. b0%)!0-. 8 H!14-H% N4-#*'2%6<+ '-<<1-/-65 ! 6!7, 1-1 7!O#! 
0<6'-*0-65 6-1*% 7!H%4* 0 !?M2P )%4!<6#2P 7!H%45.  

I$"=,22"$<7 U(/(E7 8"$<3",27* 3($87$(27*  
"=+,2"' ' &"9?6, $ (3=7<3(.,+ /9* $7$<,+  

3,(9?2"D" '3,+,27  
X.E. d:;1!0, 8.E.  !<6%#1! 

S43F67T'T .:< :He =]. _1]1)1?194, -. :1?394 
Q'* '-/'-?!61% <!0'%7%##:f ?!'6!0:f <*<6%7 0!/#*1-%6 /--

H-;- N!<6'!%#*+ '-<N*<-#*+ !?7%#!0 0 1!45)% < -'?*6'-O%7 [1]. 8 
1!45)% < -'?*6'-O%7 H-##:% 7%OH2 N!'6-7* N%'%H-P6<+ N! !H#!-
#-N'-04%##!72 /-71#26!72 1!#62'2.  !45)! < -'?*6'-O%7 +04+%6-
<+ !?M*7 '%<2'<!7, /- H!<62N 1 1!6!'!72 <!'%0#2P6<+ N!H14P-
;%##:% 1 #%72 2<6'!><60-.  -OH!% 2<6'!><60!, N!H14P;%##!% 1 
1!45)2, 7!O%6 #-;-65 *#$!'7-)*!##:> !?7%# 6!451! N!<4% N!42-
;%#*+ N'-0- H!<62N- 1 1!45)2. @!O#! 0:H%4*65 6'* !<#!0#:f h6--
N- N%'%H-;* <!!?M%#*+: 1) -'?*6'-O (N!42;%#*% N'-0- H!<62N-), 2) 
N%'%H-;- <4!0 H-##:f, 3) /-0%'_%#*% <!%H*#%#*+.  

8f!H#:7* H-##:7* '-<<7-6'*0-%7!> /-H-;* +04+P6<+: ;*<-
4! N!'6!0 0 1!45)% < -'?*6'-O%7, 0'%7+ N%'%H-;* <4!0- !6 1-OH!-
,! N!'6- H! <4%H2PM%,! /- #*7 N!'6-, #-?!' *<f!H#:f <!!?M%#*>. 
 -OH!% <!!?M%#*% f-'-16%'*/2%6<+: H4*#!> (1!4*;%<60!7 <4!0 
H-##:f), N!'6!7-*<6!;#*1!7, N!'6!7-N'*%7#*1!7, H*'%16*0#:7 
*#6%'0-4!7. I-<N*<-#*%7 N%'%H-;* <!!?M%#*> +04+%6<+ N!H7#!-
O%<60! */ *<f!H#!,! #-?!'- <!!?M%#*>, 0 1!6!'!7 1-OH!72 <!!?-
M%#*P N'*N*<:0-%6<+ 0'%7+ <6-'6-. K- '-<N*<-#*% #-14-H:0-P6-
<+ <4%H2PM*% !,'-#*;%#*+ 1!''%16#!<6*: 1) 0 1-OH:> 7!7%#6 
0'%7%#* 1-OH:> N!'6 1!45)- H!4O%# 2;-<60!0-65 0 N%'%H-;% #% 
?!4%% !H#!,! <!!?M%#*+, 2) *#6%'0-4 0'%7%#*, 0 6%;%#** 1!6!'!,! 
N'!H!4O-%6<+ 06!'!> h6-N N%'%H-;* 1-OH!,! <!!?M%#*+, H!4O%# 
#-f!H*65<+ 0 N'%H%4-f H*'%16*0#!,! *#6%'0-4- H-##!,! <!!?M%-
#*+. c%4%0-+ $2#1)*+ – 7-1<*727 ;*<4- <!!?M%#*>, '-/7%M%##:f 
0 '-<N*<-#*%.  

j<!?%##!<65P H-##!> /-H-;* +04+%6<+ 6!, ;6! 0 H*'%16*0-
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#:> *#6%'0-4 H!4O%# N!N-H-65 6!451! 06!'!> h6-N N%'%H-;* <!-
!?M%#*+. Q!h6!72 N%'0:> h6-N N%'%H-;* 7!O%6 #-;*#-65<+ '-#%% 
H*'%16*0#!,! 0'%7%#* <6-'6-.  '!7% 6!,!, 6'%6*> h6-N N%'%H-;* 
<!!?M%#*+ 7!O%6 N%'%<%1-65<+ N! 0'%7%#* < N%'0:7 h6-N!7 N%'%-
H-;* <4%H2PM%,! <!!?M%#*+. l6! 0!/7!O#! 0 <*42 1!#0%>%'#!,! 
f-'-16%'- !?7%#!0 0 1!45)% < -'?*6'-O%7. 

Q%'%>H%7 1 6'-H*)*!##!> 6%'7*#!4!,** 6%!'** '-<N*<--
#*>. Q'*?!': <!!60%6<602P6 N!'6-7 1!45)-, - '-?!6: – N%'%H-0--
%7:7 <!!?M%#*+7. I-<<7!6'*7 !<#!0#:% !64*;*+ H-##!> /-H-;* 
!6 14-<<*;%<1!> 1!#0%>%'#!> /-H-;*, !N*<-##!> 0 [2].  

8 14-<<*;%<1!> /-H-;% 1-OH-+ '-?!6- '-/?*0-%6<+ #- )%N!;-
12 !N%'-)*>. k -+ !N%'-)*+ )%N!;1* H!4O#- !?'-?-6:0-65<+  k -7 
N'*?!'!7.  '!7% 6!,!, #- )%N!;1% 00!H*6<+ <4%H2PM%% !6#!_%#*% 
N!'+H1-: )1( +k -+ !N%'-)*+ H!4O#- #-;*#-65<+ N!<4% /-0%'_%#*+ 
k -> !N%'-)**, N'*;%7 #% !?+/-6%45#! <'-/2.  

 8 /-H-;% N!<6'!%#*+ '-<N*<-#*+ N! 1!45)2 < -'?*6'-O%7 
1-OH-+ '-?!6- 6-1O% '-/?*0-%6<+ #- )%N!;12 !N%'-)*>.  -1 * 0 
14-<<*;%<1!> /-H-;%, 1-OH-+ !N%'-)*+ 0:N!4#+%6<+ <0!*7 N'*?!-
'!7. jH#-1! 0 H-##!> /-H-;% N'*?!', !?'-?-6:0-PM*> N%'02P 
!N%'-)*P )%N!;1*, #% !?+/-6%45#! +04+%6<+ !H#*7 * 6%7 O% H4+ 
0<%f '-?!6, 6.%. #% !?+/-6%45#! k -+ !N%'-)*+ )%N!;1* !?'-?-6:0--
%6<+  k -7 N'*?!'!7. 87%<6! h6!,! H4+ 1-OH!> )%N!;1* !N'%H%4+-
%6<+ <0!> N'*?!', !?<42O*0-PM*> N%'02P !N%'-)*P H-##!> )%-
N!;1*, 6. %. k -+ !N%'-)*+ n -> )%N!;1* !?'-?-6:0-%6<+ #-  
( )Nk n mod)( Δ+ -7 N'*?!'%, ,H% N  – !?M%% ;*<4! N'*?!'!0, - 

nΔ  – *#H*0*H2-45#!% <7%M%#*% H4+ n -> )%N!;1*.  
G'2,!% !64*;*% H-##!> /-H-;* !6 14-<<*;%<1!> <!<6!*6 0 

6!7, ;6! !6#!_%#*% N!'+H1- #- )%N!;1% 0 H-##!> /-H-;% 00!H*6<+ 
*#-;%. )1( +k -+ O% !N%'-)*+ 7!O%6 #-;*#-65<+ #% 0 N'!*/0!45#:> 
7!7%#6 N!<4% /-0%'_%#*+ k -> !N%'-)**. 8'%7+ <6-'6- h6!> !N%-
'-)** !H#!/#-;#! !N'%H%4+%6<+ 0'%7%#%7 <6-'6-  k -> !N%'-)**: 

)(1 kLss n
k
n

k
n +=+ , ,H% )(iLn  – 0'%7%##!% <7%M%#*% 7%OH2 i -> * 

)1( +i -> !N%'-)*+7* H4+ n -> )%N!;1*. Q'*;%7 h6! <7%M%#*% 6--
1!0!, ;6! )1( +k -+ !N%'-)*+ 0<%,H- #-;*#-%6<+ '-#%% /-0%'_%#*+ 
k -> !N%'-)**.  

Z7<,3(<03( 
1. Koh J., Kim T., Shin H. Scheduling Real-Time Messages in Fibre Chan-

nel Arbitrated Loop // Control Engineering Practice. 1998, 6. No. 1. P. 119-
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127. 
2. [%!'*+ I-<N*<-#*> * 8:;*<4*6%45#:% @-_*#: // Q!H '%H.  !$$-

7-#- l.B.: K-21-, 1984. – 335 <. 

>(3(99,9?2L; (9D"37<+ /9* U(/(E7 " 
+2"D"+,32"+ 3(26,*  

K.K. B-4*75+#!0- 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  

[FT'% ?11*t')=f (:$$c) 
e-H-;* H*<1'%6#!> !N6*7*/-)** +04+P6<+ 7-6%7-6*;%<1*7* 

7!H%4+7* 7#!,*f N'!?4%7, 0<6'%;-PM*f<+ 0 N'*4!O%#*+f. S '!<-
6!7 '-/7%'#!<6* /-H-;, 6'-H*)*!##!% N'*7%#%#*% *#$!'7-)*!#-
#:f 6%f#!4!,*>, <0+/-##:f < '%_%#*%7 /-H-; #- N!<4%H!0-6%45-
#:f 7-_*#-f, +04+%6<+ #%h$$%16*0#:7, h6! N'*0!H*6 1 #%!?f!-
H*7!<6* N-'-44%45#:f 0:;*<4%#*>. 

8 '-?!6% N'%H4-,-%6<+ N-'-44%45#:> -4,!'*67 H4+ /-H-;* ! 
7#!,!7%'#!7 '-#)%.  

e-H-;- ! 7#!,!7%'#!7  'P1/-1% <6-0*6<+ <4%H2PM*7 !?'--
/!7. X7%%6<+ n   N'%H7%6!0, 1-OH:> */ 1!6!':f *7%%6  )%##!<65 

0>jc ,, nj ...2,1= , * !?4-H-%6  m  <0!><60-7*. l6* <0!><60- !N*-
<:0-P6<+ 1!4*;%<60%##! < N!7!M5P h4%7%#6!0 <6!4?)- < #!7%'!7 
j  7-6'*): nmijaA ×= )( . 0>ija , mi ...2,1= , nj ...2,1= . K- 1-O-

H!% */ h6*f <0!><60 %<65 !,'-#*;%#*% ib . Q'* h6!7 N'%HN!4-,-%6-

<+, ;6! i

n

j
ij ba >∑

=1
, iij ba ≤<0 , 0<% /#-;%#*+ ija , jc  * ib  )%4:%, 

mi ...2,1= , n...,j 21= . K%!?f!H*7! N!4!O*65 0 '-#%) #-?!' N'%H-
7%6!0 < 7-1<*7-45#!> <277-'#!> )%##!<65P.  e-H-;- *7%%6 

0*H: ∑
=

→=
n

j
jj maxxc)x(f

1
, ∑

=

≤
n

j
ijij bxa

1
,

 mi ...2,1= , },{x j 10∈ , n...,j 21= . 
j<#!0#:7 7%6!H!7 #-f!OH%#*+ 6!;#!,! '%_%#*+ +04+P6<+ 

                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1* IZZX (1!H N'!%16- 08-
07-00072--) 
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7%6!H 0%60%> * ,'-#*).  
Q!H 7%6!H!7 0%60%> * ,'-#*) N!#*7-%6<+ 7%6!H, *7%PM*> 

H'%0!0*H#2P <6'2162'2 N!*<1- !N6*7-45#!,! '%_%#*+ * *<N!45-
/2PM*> '%/2456-6: '%_%#*+ !)%#!;#:f /-H-;. G'%0!0*H#-+ 
<6'2162'-  #-/:0-%6<+ !?:;#! H%'%0!7 0%604%#*+.  

K- #-;-45#!7 _-,% N'!)%<<- 0%604%#*+ 7#!O%<60! H!N2<6*-
7:f '%_%#*> /-N*<:0-%6<+ 0 <N*<!1 /-H-; H4+ 0%604%#*+. Q!<4% 
N'!)%H2': 0%604%#*+ <N*<!1 7!H*$*)*'2%6<+: 07%<6! '-/0%604+%-
7!,! N!H7#!O%<60- /-N*<:0-P6<+ N!42;%##:% N!H7#!O%<60-. [--
1-+ 7!H*$*1-)*+ 0:N!4#+%6<+ #- 1-OH!7 _-,% N'!)%<<- 0%604%-
#*+. e-H-;- '%_%#-, %<4* <N*<!1 N2<6, 6.%. %<4* 0<% !#* !6<%+#: N! 
N'-0*4-7 !6<%0-. j;%0*H#!, ;6! N-'-44%45#! #- '-/4*;#:f N'!-
)%<<!'-f 7!O#! 0:;*<4+65 0%'f#*% !)%#1* H4+ 1-OH!,! N!H7#!-
O%<60-. 

d:4- !<2M%<604%#- <4%H2PM-+ <6'-6%,*+ '-<N-'-44%4*0--
#*+: 

G-##:> N-'-44%45#:> -4,!'*67, '-?!6-%6 N! <f%7% «2N'-0-
4+PM*>-'-?!;*%». Q'%HN!4-,-%6<+, ;6! 0 '%_%#** /-H-;* N'*#*-
7-%6 2;-<6*% #%<1!451! N'!)%<<!0, !H*# */ 1!6!':f +04+%6<+ 6.#. 
7-<6%'-N'!)%<<!7 (2N'-04+PM*>), - H'2,*% – '-?!;*7* N'!)%<<--
7*.  

K- N'%H0-'*6%45#!7 h6-N%  2N'-04+PM*> N'!)%<< <;*6:0-%6 
*/ $->4- * '-<<:4-%6 '-?!;*7 N'!)%<<-7 *<f!H#:% H-##:% /-H-;*. 
e-6%7 #- #%7 N'!*/0!H*6<+ #%<1!451! 0%604%#*> < )%45P N!42;%-
#*+ #%<1!451*f /-H-; (1!#)%0:f 0%'_*#). K- <4%H2PM%7 h6-N% 
N!42;%##:% /-H-;* '-<<:4-P6<+ '-?!;*7 N'!)%<<-7 N! !H#!> #- 
N'!)%<<. Q!<4% #%<1!451*f 0%604%#*>, ;*<4! 1!6!':f !N'%H%4+%6-
<+ N!'!,!0:7 /#-;%#*%7, '-?!;*> N'!)%<< N!<:4-%6 N!42;%##:% 
1!#)%0:% 0%'_*#: 2N'-04+PM%72, 1!6!':> N!7%M-%6 *f 0 <N*<!1 
/-H-;. CN'-04+PM*> N'!)%<< /-0%'_-%6<+ 6!,H-, 1!,H- /-0%'_*-
4*<5 0<% '-?!;*% N'!)%<<:.  

K-*?!4%% 6'2H!%71!> ;-<65P -4,!'*67- +04+%6<+ 0:;*<4%-
#*% 0%'f#%> !)%#1* 0%'_*#: H%'%0- 0%604%#*+.  

Q'!0%H%# 0:;*<4*6%45#:> h1<N%'*7%#6. 
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d 83"=9,+, 083('9,27* $7$<,+"; <3(2$8"3<2LV 
8"<"&"' ' D"3"/$&"; /"3".2"; $,<7 

 . . B42f-'%0, E.@. 8-42%0 
$)?T=TFT ]4P=)19'O')=f =].  . . E64-1)+49194 W " 

:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT 
Q'!?4%7- 7!H%4*'!0-#*+ 6'-#<N!'6#:f N!6!1!0 N'*04%1-%6 

0 #-<6!+M%% 0'%7+ ?!45_!% 0#*7-#*%. X/0%<6#: '-/4*;#:% N!H-
f!H:, <0+/-##:% < N'*7%#%#*%7 1-1 #%N'%':0#:f N'%H<6-04%#*> 
N!6!1!0 (#- !<#!0% ,*H'!H*#-7*;%<1*f -#-4!,*>), 6-1 * H*<1'%6-
#:f (!N*<-#*% -#<-7?4%> H0*O2M*f<+ 6'-#<N!'6#:f %H*#*)) [1]. 
S N!/*)*> !6H%45#!,! 0!H*6%4+ 0-O#! '-)*!#-45#:7 !?'-/!7 0:-
?'-65 6'-%16!'*P !6 7%<6- <6-'6- H! 7%<6- #-/#-;%#*+. S 6!;1* 
/'%#*+ <*<6%7: 2N'-04%#*+ — '%-4*/!0-65 !?u%H*#%##:> 6'-#<-
N!'6#:> <N'!< 0!H*6%4%> 1-1 N!6'%?#!<65 0 !<2M%<604%#** !N'%-
H%4%##!,! 1!4*;%<60- N!%/H!1 7%OH2 #%1!6!':7* 2;-<61-7* H!-
'!O#!> <%6*. X 6-, * H'2,-+ /-H-;- 6'%?2%6 !?!?M%##!,! N'%H<6-0-
4%#*+ 6'-#<N!'6#:f N!6!1!0, N'*;%7 <4%H2%6 2;*6:0-65, ;6! 0 
!64*;*% !6 O*H1!<6* *4* ,-/- N!6!1 6'-#<N!'6#:f <'%H<60 #% +0-
4+%6<+ %H*#:7, - !?u%H*#+%6 N!6!1* < '-/#:7* N2#16-7* #-/#-;%-
#*+, ;6! * !N'%H%4+%6 %,! '-/H%4%#*% #- N%'%1'%<61-f. 

8:?!' 7-'_'26- N'%H<6-04+%6 <!?!> /-H-;2, '%_-%72P !6-
#!<*6%45#! H*#-7*;%<1!> <'%H:, /-1!# */7%#%#*+ f-'-16%'*<6*1 
1!6!'!> 0! 0'%7%#* #% N'!<6! #%*/0%<6%#, #! 1-1 '-/ * /-0*<*6 !6 
0:?!'- 7-'_'26- H'2,*f 6'-#<N!'6#:f %H*#*), 0 6.;. * 6%f, 1!6!-
':% %M% #% #-;-4* <0!%,! H0*O%#*+. Q!h6!72 N'!,'-77#:> <N!-
<!? 7-'_'26*/-)** — !N'%H%4%#*+ 7-'_'26- )%4*1!7 0 7!7%#6 
<6-'6- — #% +04+%6<+ ?%<<N!'#! N'%HN!;6*6%45#:7. 8 1-;%<60% 
'-/27#!> -456%'#-6*0: H!4O%# '-<<7-6'*0-65<+ N!/*)*!##:> 
<N!<!?: !N'%H%4%#*% !;%'%H#!,! 2;-<61- 0 7!7%#6 H!<6*O%#*+ 1--
OH!> 6'-#<N!'6#!> '-/0+/1* (N%'%1'%<61-) #- !<#!0% 6%12M%> /--
,'2O%##!<6*. 

K% 6!451! 0:?!' 7-'_'26-, #! H-O% !)%#1- 0'%7%#* %,! 
N'!f!OH%#*+ 7!O%6 ?:65 2<6-#!04%#- 4*_5 N'*?4*O%##!. X<-
N!45/2%7-+ #-7* 7!H%45 H*<1'%6#!,! N!6!1- [2, 3] N'%H<6-04+%6 
<!0!12N#!<65 H0*O2M*f<+ -06!7!?*4%> 0 0*H% <*<6%7: !;%'%H%>, 
#-f!H+M*f<+ 0 H0*O%#** *4* <6!+M*f N%'%H N%'%1'%<61!7 0 !O*-
H-#** /%4%#!,! <*,#-4-. G4+ <6-)*!#-'#:f N!6!1!0 *7%%6 7%<6! 
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)*14*;#!<65 0 N'!f!OH%#** N!6!1- ;%'%/ 2;-<61* * N%'%1'%<61*, * 
0 1-;%<60% f-'-16%'*<6*1 0'%7%#* H0*O%#*+ )%4%<!!?'-/#! 0/+65 
<'%H#*% /#-;%#*+ N! )*142. 

CN'-04+PM*% 0!/H%><60*+ <! <6!'!#: <*<6%7: 2N'-04%#*+ 
6'-#<N!'6#!> <%65P 7!,26 #!<*65 1-1 N!4#!<65P ?%/4*;#:> f--
'-16%' (H!4+ /%4%#:f *#6%'0-4!0 H4+ 1-OH!,! */ 0!/7!O#:f #--
N'-04%#*> H0*O%#*+ #- N%'%1'%<61%), 6-1 * !'*%#6*'!0-##:> #- 
,'2NN: 0!H*6%4%> *4* H-O% !6H%45#!,! 0!H*6%4+ ('%1!7%#H-)*+ 
#-N'-04%#*+ H0*O%#*+ #- 1-OH!7 N%'%1'%<61% 0 /-0*<*7!<6* !6 
7%<6- #-/#-;%#*+ *4* '%1!7%#H-)*+ !H#!,! */ <2?!N6*7-45#:f 
7-'_'26!0 N'* /-H-##:f 7%<6-f !6?:6*+ * N'*?:6*+). 

S'%H<60-7* 0:N!4#+%7!,! #-7* *<<4%H!0-#*+ 7%6!H!0 
2N'-04%#*+ <*<6%7!> 6'-#<N!'6#:f N!6!1!0 0 ,!'!H<1!> H!'!O-
#!> <%6* +04+P6<+: 1) ,'-$!0-+ 7!H%45 6'-#<N!'6#!> <%6* 1-1 <!-
0!12N#!<6* !H#!'!H#:f 1-#-4!0, 1!7726-6!'!0 * N-'1!0!;#:f 
/!#; 2) 7!H%45 N'!f!OH%#*+ H*<1'%6#:f N!6!1!0 N! !H#!'!H#:7 
1-#-4-7 * ;%'%/ 1!7726-6!': [2, 3]; 3) 7%6!H: <2?!N6*7-45#!> 
7-'_'26*/-)** [4]. 8 H!14-H% N'%H<6-04%#: '%/2456-6: 0:N!4#%-
#*+ *7*6-)*!##!,! 7!H%4*'!0-#*+ N'* '-/4*;#:f *#$!'7-)*!#-
#:f N'%HN!4!O%#*+f * 7-<_6-?% '-<<7!6'%#*+, #-;*#-+ !6 *<<4%-
H!0-#*+ !?'-/!0-#*+ /-6!'!0 #- N%'%1'%<61% * /-1-#;*0-+ $'-,-
7%#6!7 7-,*<6'-45#!> <%6*. 

Z7<,3(<03( 
1. S%7%#!0 8.8.. @-6%7-6*;%<1!% 7!H%4*'!0-#*% H*#-7*1* 6'-#<-

N!'6#:f N!6!1!0 7%,-N!4*<-. 
http://www.keldysh.ru/papers/2004/prep34/prep2004_34.html 

2. B42f-'%0  . ., C4P1!0 K.@. @!H%45 !H#!'+H#!,! N!6!1- -06!-
7!?*4%>. 8:0!H 2'-0#%#*> * *f *#6%,'*'!0-#*%. // Q'!?4%7: 7-_*#!-
<6'!%#*+ * #-H%O#!<6* 7-_*# (7-_*#!0%H%#*%), 2008., q4. 

3. B42f-'%0  . ., C4P1!0 K.@. @!H%45 !H#!'+H#!,! N!6!1- -06!-
7!?*4%>. G*#-7*1- !;%'%H*. // Q'!?4%7: 7-_*#!<6'!%#*+ * #-H%O#!<6* 
7-_*# (7-_*#!0%H%#*%), 2009, q1. 

4. 8-42%0 E.@. e-H-;- 0:;*<4%#*+ <2?!N6*7-45#:f N26%> #- <%6* * 
0!/7!O#!<6* %% N'*7%#%#*+ H4+ 2N'-04%#*+ N%'%0!/1-7* // X#$!'7-6*-
/-)*+ * 2N'-04%#*%. S?!'#*1 <6-6%>. j6H%45#:> 0:N2<1 B!'#!,! *#$!'-
7-)*!##!--#-4*6*;%<1!,! ?P44%6%#+. — 2010 (0 N%;-6*). 
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S9D"37<+L 89(273"'(27* 'LE7$9,27; '  
+2"D"83"6,$$"32LV $7$<,+(V $ 2,"/2"3"/2L+ 

+2".,$<'"+ 3(="< 
B!#;-' G.I., Z2'2,+# @.B. 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
I-/'-?!6-# N'*?4*O%##:> -4,!'*67 <!<6-04%#*+ !N6*-

7-45#!,! N! ?:<6'!H%><60*P '-<N*<-#*+ #- N'!*/0!45#:f N'!-
)%<<!'-f 7#!O%<60- '-?!6, ;-<65 */ 1!6!':f H!N2<1-%6 N'%':0--
#*+ * N%'%14P;%#*+ < !H#!,! N'!)%<<!'- #- H'2,!>, - ;-<65 –   #% 
H!N2<1-%6.  

I-<<7-6'*0-%6<+ 0:;*<4*6%45#-+ <*<6%7-, <!<6!+M-+ */ m  
N'!)%<<!'!0, N'!*/0!H*6%45#!<6* 1!6!':f '-0#: s1, s2, …, sm. I--
?!6-+ 0 6%;%#*% 0'%7%#* t, N'!)%<<!' j 0:N!4#+%6 '-?!62 !?u%7!7  
tsj. X7%%6<+ 7#!O%<60! '-?!6 21 NNN ∪= , ,H% N1 – #%N'%':0-%-
7:% '-?!6:, N2 – '-?!6:, H!N2<1-PM*% N'%':0-#*+ * N%'%14P;%-
#*+ < !H#!,! N'!)%<<!'- #- H'2,!>. e-H-#: !?u%7: wi * vi  '-?!6 

1Ni∈  *  2Ni∈  <!!60%6<60%##!. Q'%':0-#*+ * N%'%14P;%#*+ #% 
<0+/-#: < 0'%7%##:7* /-6'-6-7*. ['%?2%6<+ <!<6-0*65 !N6*7-45-
#!% N! ?:<6'!H%><60*P '-<N*<-#*% 0:N!4#%#*+ 7#!O%<60- '-?!6 
N. 

S#-;-4- 0<% N'!)%<<!': '-/?*0-P6<+ #- H0% ,'2NN:. K%N'%-
':0-%7:% '-?!6: 0:N!4#+P6<+ 6!451! N'!)%<<!'-7* N%'0!> 
,'2NN:, - N'%':0-%7:% – 1-1 N%'0!>, 6-1 * 06!'!> ,'2NN. x*<4! 
N'!)%<<!'!0 0 ,'2NN-f – m1 * m2 – N'!N!')*!#-45#! <277-'#:7 
!?u%7-7 '-?!6 */ N1 * N2 <!!60%6<60%##! * !?'-6#! N'!N!')*!-
#-45#! <277-'#:7 N'!*/0!H*6%45#!<6+7 N'!)%<<!'!0 0 h6*f 
,'2NN-f. G4+ '-<N'%H%4%#*+ #%N'%':0-%7:f '-?!6 N!  m1 N'!)%<-
<!'-7 -06!'-7* ?:4 *<N!45/!0-# N'*?4*O%##:> 72456*!)%#!;-
#:> -4,!'*67  < 1-4*?'!01!>, 1!6!':> H-%6 #%N4!f2P !)%#12 N!-
,'%_#!<6* * +04+%6<+ H!<6-6!;#! h$$%16*0#:7. Q!42;%#: #*O-
#++ Tmin  * 0%'f#++  Tmax  !)%#1* H4*#: !N6*7-45#!,! '-<N*<-#*+. 
I-/'-?!6-# 7!H*$*)*'!0-##:> -4,!'*67 2N-1!01*, 1!6!':> '-<-
N'%H%4+%6 '-?!6: 7#!O%<60- N2 <#-;-4- N! N'!)%<<!'-7 N%'0!> 
,'2NN: (%<4* h6! 0!/7!O#!), - /-6%7 – N! N'!)%<<!'-7 06!'!> 
,'2NN:. Q'* h6!7 N'%HN!4-,-%6<+, ;6! '-?!6: */ N1 ?:4* 2O% '-<-
N'%H%4%#: N! N'!)%<<!'-7 N%'0!> ,'2NN:. E4,!'*67 '%_%#*+ *<-
f!H#!> /-H-;* !<#!0-# #- N!*<1% '-<N*<-#*+ H4*#:  
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],[ maxmin TTT ∈  < N!7!M5P H*f!6!7*;%<1!> N'!)%H2':.  
d:4* N'!0%H%#: ;*<4%##:% h1<N%'*7%#6:. x*<4! '-?!6  n  * 

;*<4! N'!)%<<!'!0 m 0 6'%f <%'*+f h1<N%'*7%#6!0 N!4-,-4*<5 
'-0#:7*:   n = 100,  m = 20;  n = 400, m = 60 * n = 1000, m = 100.  
l1<N%'*7%#6: N'!0!H*4*<5 H4+ '-/4*;#:f /#-;%#*> ;*<4-  n1  
#%N'%':0-%7:f '-?!6 * ;*<4-  n2  N'%':0-%7:f '-?!6. G4+ 1-OH!-
,! #-?!'- /#-;%#*>  n, m, n1, n2  N'!0!H*4!<5 N! 50 h1<N%'*7%#6!0 
< N'!*/0!45#:7* /#-;%#*+7* H4*6%45#!<6%> '-?!6, N!42;%##:f < 
N!7!M5P N'!,'-77#!,! ,%#%'-6!'- <42;->#:f ;*<%4, N!/0!4+P-
M%,! N!42;-65 N<%0H!<42;->#:% ;*<4- < '-0#!7%'#:7 '-<N'%H%-
4%#*%7 #- !6'%/1% [1, 2600]. 8 1-OH!7 h1<N%'*7%#6% 0:;*<4+4*<5 
/#-;%#*+  m1  *  m2 * <'%H#%% /#-;%#*% Δ !)%#1* N!,'%_#!<6* (N! 
50 '-<;%6-7) H4+ 1-OH!,! #-?!'-  n, m, n1, n2.  

E#-4!,*;#:% '-<;%6: N'!0!H*4*<5 H4+ 0<%0!/7!O#:f '-/-
?*%#*> N'!)%<<!'!0 #- H0% ,'2NN:, <!!60%6<602PM*f /#-;%#*+7 

1m′  * )( 212 mmmm =′+′′ ,  * H4+ 1-OH!,! 6-1!,! '-/?*%#*+ 0:;*<-
4+4!<5 <'%H#%% /#-;%#*% !)%#1* N!,'%_#!<6* Δ′ . X/ '%/2456-6!0 
;*<4%##:f h1<N%'*7%#6!0 7!O#! <H%4-65 <4%H2PM*% 0:0!H:: N!-
,'%_#!<65 #% N'%0!<f!H*6 2,7 N'!)%#6!0; /#-;%#*+  1m′  * 2m′  #% 
?!4%% ;%7 #- %H*#*)2 !64*;-P6<+ !6 /#-;%#*> m1  *  m2; < '!<6!7 
;*<4- #%N'%':0-%7:f '-?!6 '-<6%6 H!4+ h1<N%'*7%#6!0, 0 1!6!':f  

Δ<Δ′ , - 6-1O% '-<626 /#-;%#*+ Δ′Δ,  * Δ′−Δ . 

>"$<3",27, 3($87$(27; $ "D3(27E,27*+7  
83,/],$<'"'(27* 7 8"U767"22"-U('7$7+L+7 

/97<,9?2"$<*+7 "=$90.7'(27* 
8. S. B!'H!# 1, E. d. G!4,*> 2, 8. E. S6'2<%0*; 3 

1 `*5'O=)'))Q% =)-T [+1*6'] =)i1+]4T=3= " " E'64+F?=, :=)?3 
2 "48=1)467)4f 9Q?P4f -1+)4f P3164 -. Y')T kT7')4, S+4)8=f 

3 H+=)9=V?3=% F)=9'+?=T'T, .'6=31*+=T4)=f 
8 ?!45_*#<60% /-H-; 6%!'** '-<N*<-#*> N-'-7%6':, 014P;-+ 

H4*6%45#!<6* !?<42O*0-#*+ 6'%?!0-#*>, +04+P6<+ /-H-##:7* 1!#<6-#-
6-7*. jH#-1! 0 N'-16*;%<1*f /-H-;-f N4-#*'!0-#*+ * 2N'-04%#*+ 2<4!-
0*+ !?<42O*0-#*+ /-;-<62P 7%#+P6<+ < 6%;%#*%7 0'%7%#*, * 0 <0+/* < 
h6*7 N'%H<6-04+%6 *#6%'%< *<<4%H!0-#*% 6-1*f 7!H%4%> 6%!'** '-<N*-
<-#*>, 0 1!6!':f H!N2<1-P6<+ */7%#%#*+ N'!*/0!H*6%45#!<6* !?!'2-
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H!0-#*+ 0 N'!)%<<% N!<6'!%#*+ '-<N*<-#*+ *, 0 '%/2456-6%, H4*6%45#!-
<6* !?<42O*0-#*+ 6'%?!0-#*> /-0*<+6 !6 *f N!/*)*> 0 '-<N*<-#**. 

Q'* N4-#*'!0-#** N'!*/0!H<60%##:f N'!)%<<!0 6%f#!4!,*;%<1*% 
2<4!0*+ N'!*/0!H<60- H*162P6 !N'%H%4%##:> N!'+H!1 0:N!4#%#*+ !N%-
'-)*> (#-N'*7%', N'* <?!'1% */H%4*>, <!<6!+M*f */ #-?!'- H%6-4%>). 8 
/-H-;-f 6%!'** '-<N*<-#*> h6* 2<4!0*+ 7!H%4*'2P6<+ 00%H%#*%7 !,'--
#*;%#*> N'%H_%<60!0-#*+ 0 !?<42O*0-#** 6'%?!0-#*> (/-H-#*%7 #- 
7#!O%<60% 6'%?!0-#*> ;-<6*;#!,! N!'+H1-). 8 H!14-H% '-<<7-6'*0-P6-
<+ 6-1*% /-H-;* N!<6'!%#*+ '-<N*<-#*>, 0 1!6!':f #%!?f!H*7! 7*#*-
7*/*'!0-65 !?M%% 0'%7+ !?<42O*0-#*+ 6'%?!0-#*>, #- 7#!O%<60% 6'%-
?!0-#*> /-H-# ;-<6*;#:> N!'+H!1, 6'%?!0-#*+ !?<42O*0-P6<+ !H#*7 
N'*?!'!7 * H4*6%45#!<65 !?<42O*0-#*+ 1-OH!,! 6'%?!0-#*+ /-0*<*6 !6 
%,! N!/*)** 0 N!<4%H!0-6%45#!<6* !?<42O*0-#*+. Q'* h6!7 0!/7!O#: 
H0% '-/4*;#:% 7!H%4* 6-1!> /-0*<*7!<6*: 1) N'* FgFOP')== F?619=% 
!?<42O*0-#*+ (#-N'*7%', 0<4%H<60*% */#!<- !?!'2H!0-#*+ *4* 2<6-4!-
<6* !N%'-6!'-) H4*6%45#!<65 !?<42O*0-#*+ 20%4*;*0-%6<+, %<4* !?<42-
O*0-#*% 6'%?!0-#*+ #-;*#-%6<+ N!/O% (*/-/- */7%#%#*+ #-?!'- 6'%?!-
0-#*> 0 N'%H_%<602PM*f N!/*)*+f, <!N'+O%##!,! < 20%4*;%#*%7 <27-
7: *f *<f!H#:f H4*6%45#!<6%>); 2) N'* #-4*;** ^ii'3T4 1*FV')=f 
H4*6%45#!<65 !?<42O*0-#*+ 6'%?!0-#*+ 27%#5_-%6<+ < '!<6!7 ;*<4- 
6'%?!0-#*>, !?<42O%##:f N%'%H #*7. 

G4+ '-<<7-6'*0-%7:f #*O% 7!H%4%> !?<42O*0-#*+ N'%HN!4-,--
%6<+, ;6! 6'%?!0-#*+ !?<42O*0-P6<+ N'*?!'!7 ?%/ N'%':0-#*> N! !H-
#!72 0 1-OH:> 7!7%#6 0'%7%#* * '-<N*<-#*% /-H-%6<+ N!<4%H!0-6%45-
#!<65P *f !?<42O*0-#*+ * !N'%H%4+%6<+ N%'%<6-#!01!> 

))(,),2(),1(( nππππ K=  6'%?!0-#*>, ,H% )(rπ  – 6'%?!0-#*% 0 r-> 
N!/*)** N!<4%H!0-6%45#!<6*. I-<N*<-#*% H!N2<6*7!, %<4* 0:N!4#%#: 
2<4!0*+ N'%H_%<60!0-#*+ 0 !?<42O*0-#** 6'%?!0-#*>. G4+ 1-OH!,! 
6'%?!0-#*+ j */0%<6#- «#!'7-45#-+» (*<f!H#-+) H4*6%45#!<65 !?<42O*-
0-#*+ jp . 8 '-?!6% N'%HN!4-,-%6<+, ;6! N'* 2f2H_%#** 2<4!0*> 
!?<42O*0-#*+ '%-45#!% 0'%7+ !?<42O*0-#*+ 6'%?!0-#*+ j 0 N!/*-
)** r 0:'-O-%6<+ $!'724!> 

Ar

k
kj

r
j ppp ⎟

⎠
⎞⎜

⎝
⎛ += ∑

−

=

1

1
)(

][ 1 π ,    (1)  

,H% 0>A  – /-H-##-+ 1!#<6-#6-, !?M-+ H4+ 0<%f 6'%?!0-#*>, - N'* 
#-4*;** h$$%16- !?2;%#*+ '%-45#!% 0'%7+ !?<42O*0-#*+ 6'%?!-
0-#*+ j 0 N!/*)** r 0:'-O-%6<+ $!'724!> 
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1][ −= r
j

r
j pp γ ,      (2) 

,H% γ  – /-H-##-+ 1!#<6-#6-, !?M-+ H4+ 0<%f 6'%?!0-#*> * 10 ≤< γ . 
[-1*7 !?'-/!7, N'* 2f2H_%#** 2<4!0*> !?<42O*0-#*+ 

H4*6%45#!<65 !?<42O*0-#*+ 6'%?!0-#*+ N!4*#!7*-45#! /-0*<*6 
!6 <277: «#!'7-45#:f» H4*6%45#!<6%> '-#%% !?<42O%##:f 6'%-
?!0-#*>, - N'* #-4*;** h$$%16- !?2;%#*+ *7%%6 7%<6! [1&=8=1)-
)1-^3?[1)')8=467)4f /-0*<*7!<65.  

8 H!14-H% N!1-/-#!, ;6! /-H-;- 7*#*7*/-)** !?M%,! 0'%7%-
#* !?<42O*0-#*+ 6'%?!0-#*> N!4*#!7*-45#! '-/'%_*7-, %<4* 
1) H4*6%45#!<6* !?<42O*0-#*+ 6'%?!0-#*> N'* 2f2H_%#** 2<4!-

0*> !?<42O*0-#*+ /-H-P6<+ $!'724!> (1), ,H% 2=A , - N'* 
h$$%16% !?2;%#*+ – $!'724!> (2), ,H% 10 << γ , * 

2) _*'*#- ;-<6*;#! 2N!'+H!;%##!,! 7#!O%<60-, /-H-PM%,! !,-
'-#*;%#*+ N'%H_%<60!0-#*+, #% N'%0:_-%6 #%1!6!'!,! $*1<*-
'!0-##!,! ;*<4- (0 ;-<6#!<6*, h6!72 2<4!0*P 2H!04%60!'+%6 
;-<6*;#:> N!'+H!1, /-H-0-%7:> N!<4%H!0-6%45#!-
N-'-44%45#:7 ,'-$!7). 

G,83,3L'2L; 8"/V"/ & 3,],27: U(/(E " &97&,  
[.8. B'2/H%0- 

$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 
8 '-?!6% '-<<7-6'*0-P6<+ */0%<6#:% 0 H*<1'%6#!> 7-6%7--

6*1% /-H-;* N!*<1- 7-1<*7-45#!> * 7-1<*7-45#!> 0/0%_%##!> 
14*1 0 N'!<6!7 #%!'*%#6*'!0-##!7 ,'-$% ( , )G V E= , ,H% 

{1,..., }V n=  − 7#!O%<60! 0%'_*#, E − 7#!O%<60! '%?%'. Q2<65 H4+ 
1-OH!> 0%'_*#: i V∈ !N'%H%4%# 0%< >0iw . e@8  − /-H-;- #-f!-
OH%#*+ 14*1* 7-1<*7-45#!,! 0%<-. j#- +04+%6<+ !?!?M%#*%7 
14-<<*;%<1!> /-H-;* N!*<1- 14*1* 7-1<*7-45#!> 7!M#!<6* 
(e@ ), 1!,H- 0<% 0%<- '-0#:, <1-O%7, (1,...,1)w = . 

K%N'%':0#:> N!Hf!H 1 '%_%#*P e@8  * e@  *<N!45/2%6 
<0%H%#*% *f 1 #%N'%':0#:7 !N6*7*/-)*!##:7  /-H-;-7 <  d.c. 
('-/#!<65 H02f 0:N214:f $2#1)*>) !,'-#*;%#*%7-#%'-0%#<60!7 < 
N-'-7%6'-7* α γ≠  [1]: 

                      
2

1

,

1 min, ,

( ) ( ) 0,

n

i
i i

x x S
w

sign F xα γα γ
=

↓ ∈

− ≤

∑                                  (P) 
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,H% , ( ) ,[ ( )] ,F x x B B D x d xα γ α γ γ= + + − ,  1 , 1,...,i
i

d i n
w

= = , 

1{ ,..., },nD diag d d=  7-6'*): B  * B  N!<6'!%#: <!!60%6<60%##! N! 
N'-0*4-7: ,ij ijb ω=  %<4* ( , )i j E∈ , * 0ijb =  0 N'!6*0#!7 <42;-%;  

,ij ijb ω=  %<4* , ( , )i j i j E≠ ∉ , * 0ijb =  0 N'!6*0#!7 <42;-%; 
1 1

2 2ij
i jw w

ω = + . 
1

0 | 1
n

i
i

S x x
=

⎧ ⎫= ≥ =⎨ ⎬
⎩ ⎭

∑ . 

Q2<65 C V⊂ − N'!*/0!45#-+ 14*1-, ( ) i
i C

W C w
∈

= ∑ . 80%H%7 

f-'-16%'*<6*;%<1*> 0%16!' ( , )z C w : ( , )
( )

i
i

wz C w
W C

= ,  %<4* i C∈ , 

( , ) 0iz C w =  0 N'!6*0#!7 <42;-%. 
 
[]jI]@E [1]. CF?T7 -+4iF G  9 ?11T9'T?T9=' [1?T496')4 

&4O4V4 (W), -O' α γ≠ . c1-O4 ?6'OFqt=' FT9'+jO')=f ^39=946')T-
)Q: 
 i) C  − 613467)1 ]43?=]467)4f 36=34 9'?4 W , ( , )z C w − '' g4+43-
T'+=?T=V'?3=% 9'3T1+; 
 ii) z − ?T+1-=% 613467)Q% ]=)=]F] 9 &4O4V' (W). 
 

G4+ '%_%#*+ /-H-;* (I) N'*7%#+%6<+ <6'-6%,*+ ,4!?-45#!,! 
N!*<1- H4+ /-H-; < d.c. !,'-#*;%#*%7 [2, 3], !<#!0#:7* h6-N-7* 
1!6!'!> +04+P6<+ 4!1-45#:> N!*<1, N!<6'!%#*% -NN'!1<*7-)** 
N!0%'f#!<6* 2'!0#+ 0:N214!> $2#1)** * '%_%#*% 4*#%-'*/!0-#-
#:f /-H-;. 

I-/'-?!6-##:% -4,!'*67: 6%<6*'!0-#: [1] #- /-H-;-f ! 14*-
1% */ ?*?4*!6%1* DIMACS * N'*7%#%#: H4+ #-f!OH%#*+ !)%#!1 0 
/-H-;% '-/7%M%#*+ < N'%HN!;6%#*+7* 14*%#6!0 [4]. 

Z7<,3(<03( 
1. B'2/H%0- [.8. I%_%#*% /-H-;* ! 14*1% <0%H%#*%7 1 /-H-;% < d.c. 

!,'-#*;%#*%7 / [.8. B'2/H%0- //  G*<1'%6#:> -#-4*/ * *<<4%H!0-#*% !N%-
'-)*>. – 2008. – [. 15, q 6. – S. 20-33. 

2. B'2/H%0- [. 8. D!1-45#:> N!*<1 0 /-H-;-f < #%0:N214:7* !,'--
#*;%#*+7* / [. 8. B'2/H%0-, E. S. S6'%1-4!0<1*> // Y2'#-4 0:;*<4*6%45-
#!> 7-6%7-6*1* * 7-6%7-6*;%<1!> $*/*1*.  2007. [. 47, q 3.  C. 397-413 

3.  S6'%1-4!0<1*> E.S. @*#*7*/*'2PM*% N!<4%H!0-6%45#!<6* 0 
/-H-;-f < d.c. !,'-#*;%#*+7* / E.S. S6'%1-4!0<1*> // Y2'#-4 0:;*<4*-
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6%45#!> 7-6%7-6*1* * 7-6%7-6*;%<1!> $*/*1*. – 2005. – [. 45. q 3. – S. 
435-447. 

4. 8-<*45%0 X.D. K!0:% #*O#*% !)%#1* H4+ /-H-;* '-/7%M%#*+ < 
N'%HN!;6%#*+7* 14*%#6!0 / X.D. 8-<*45%0,  .d.  4*7%#6!0-, W.E.  !;%-
6!0 // Y2'#-4 0:;*<4*6%45#!> 7-6%7-6*1* * 7-6%7-6*;%<1!> $*/*1*. – 
2009. –  [.49. q 6. –  S. 1055-1066. 

i(/(E7 "=$90.7'(27* 972,;2"  
3($$3,/"<"E,22LV $<(67"2(32LV 

"=p,&<"' 8,3,+,F(:F7+7$* 83"6,$$"3(+7 − I 
G.X.  !,-#, W.S. Z%H!<%#1! 

:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
[+=*1+1?T+1')=f = =)i1+]4T=3=, 

.16j?34f -1?FO4+?T9'))4f 434O']=f 91O)1-1 T+4)?[1+T4 
8 6*N!0:f 7!H%4+f 6%!'** '-<N*<-#*> N!4-,-%6<+, ;6! N'!-

)%<<!': <6-)*!#-'#:, - 6'%?2PM*% !?<42O*0-#*+ !?u%16: N!<62-
N-P6 1 #*7 0 /-H-##:% 7!7%#6: 0'%7%#*. 8 7!H%4+f, */2;-%7:f 0 
H-##!> '-?!6%, !H*# *4* H0- N%'%7%M-PM*f<+ N'!)%<<!'- H!4O-
#: !?<42O*65 <!0!12N#!<65 <6-)*!#-'#:f !?u%16!0 
On = {11, 12, … , 1n}, '-<N!4!O%##:f 0 N'%H%4-f !H#!7%'#!> '-?!-
;%> /!#: 6. @!H%45 I N'%H2<7-6'*0-%6 #-4*;*% N'!)%<<!'- W, '%--
4*/2PM%,! H0- '%><- 7%OH2 1'->#*7* 6!;1-7* /!#:: N'+7!,!, 0 
1!6!'!7 !?<42O*0-%6<+ ;-<65 !?u%16!0, * !?'-6#!,!, 0 1!6!'!7 
!?<42O*0-P6<+ 0<% !<6-45#:% !?u%16:. @!H%45 II !64*;-%6<+ !6 
7!H%4* I 6%7, ;6! !?<42O*0-#*% !<2M%<604+%6<+ H027+ *H%#6*;-
#:7* N'!)%<<!'-7* W1 * W2 N'* '%-4*/-)** *7* '%><!0 6!451! 0 
N'+7!7 #-N'-04%#**. 8 !?%*f 7!H%4+f <;*6-%6<+, ;6! N'*?:0 1 
!?u%162, #-/#-;%##!72 #- !?<42O*0-#*% 0 0:N!4#+%7!7 '%><%, 
N'!)%<<!' < !N'%H%4%##:7* /-6'-6-7* 0'%7%#* '%-4*/2%6 6'%?2%-
7!% !?<42O*0-#*%, - /-6%7 N'!H!4O-%6 H0*O%#*%. S 1-OH:7 !?u-
%16!7 1j -<<!)**'2%6<+ $2#1)*+ *#H*0*H2-45#!,! _6'-$- ϕj(t), 
0:'-O-PM-+ /-0*<+M2P !6 7!7%#6- /-0%'_%#*+ %,! !?<42O*0--
#*+ 0%4*;*#2 N!6%'5 (j = n,1 ). 

I-<<7-6'*0-%7:% 7!H%4* !N*<:0-P6, 0 ;-<6#!<6*, N'!)%<<: 
<#-?O%#*+ 6!N4*0!7 H!?:0-PM*f 1!7N4%1<!0 0 1'2N#!7-<_6-?-
#:f '->!#-f '2<4!0!> H!?:;* #%'2H#:f <6'!*6%45#:f 7-6%'*--
4!0. @!H%45 I $!'7-4*/2%6 6%f#!4!,*P <#-?O%#*+, '%-4*/2%72P 
<N%)*-4*/*'!0-##:7 <2H#!7-/-N'-0M*1!7, - 7!H%45 II – 6%f#!4!-
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,*P N!N26#!,! <#-?O%#*+ 6-#1%'-7*, N'!f!H+M*7* /!#2 6 6'-#-
/*6!7. 

S6'-6%,*%> !?<42O*0-#*+ *7%#2%7 N!H7#!O%<60! h4%7%#-
6!0 V */ <!0!12N#!<6* *#H%1<!0 N = {1, 2, … , n}. 8 7!H%4* I !?u-
%16: 1j, ,H% j∈V, !?<42O*0-P6<+ 0 N'+7!7 '%><%, - 0<% !<6-45#:% 
!?u%16: ,'2NN: On – 0 !?'-6#!7 '%><%. 8 7!H%4* 7!H%4* II !?u%1-
6: 1j, ,H% j∈V, !?<42O*0-P6<+ N'!)%<<!'!7 W1, !<6-45#:% !?u%16: 
– N'!)%<<!'!7 W2. G4+ !?u%16- 1j ;%'%/ )(* Vt j  !?!/#-;*7 7!7%#6 
/-0%'_%#*+ %,! !?<42O*0-#*+ N'* '%-4*/-)** <6'-6%,** V, 
j = n,1 . 

0 4 O 4 V 4 I-1   $!'724*'2%6<+ 0 '-71-f 7!H%4* 7!H%4* I * 
/-14P;-%6<+ 0 !6:<1-#** <6'-6%,** !?<42O*0-#*+, 7*#*7*/*-
'2PM%> 0%4*;*#2 7-1<*7-45#!,! */ *#H*0*H2-45#:f _6'-$!0 N! 
0<%7 !?u%16-7:  

0 4 O 4 V 4 I-2   $!'724*'2%6<+ 0 '-71-f 7!H%4* 7!H%4* I * 
<!<6!*6 0 !6:<1-#** <6'-6%,**, 7*#*7*/*'2PM%> 0%4*;*#2 <27-
7-'#!,! N! 0<%7 !?u%16-7 _6'-$-: 

8 '-71-f 7!H%4* II *H%#6*;#:7 !?'-/!7 $!'724*'2P6<+ /--
H-;* II-1 * II-2. 

G4+ /-H-;* I-1 N!<6'!%# -4,!'*67 '%_%#*+, *7%PM*> !)%#-
12 0'%7%##!> 0:;*<4*6%45#!> <4!O#!<6* O(nlgn). j?M*> -4,!-
'*67 '%_%#*+ /-H-;* I-2 !<#!0-# #- <!!6#!_%#*+f H*#-7*;%<1!,! 
N'!,'-77*'!0-#*+ * *7%%6 N<%0H!N!4*#!7*-45#2P !)%#12 0'%7%-
#* <;%6-. 8 H02f N'-16*;%<1* 0-O#:f ;-<6#:f <42;-+f (N'!H!4O*-
6%45#!<6* !?<42O*0-#*+ N'!)%<<!'!7 '-/4*;#:f !?u%16!0 !H*#--
1!0:; 0<% $2#1)** *#H*0*H2-45#!,! _6'-$- 4*#%>#:) H4+ /-H--
;* I-2 N!<6'!%#: N!4*#!7*-45#:% '%_-PM*% -4,!'*67:. Q!1-/--
#!, ;6! 0 H02f H'2,*f ;-<6#:f <42;-+f (0<% $2#1)** *#H*0*H2-45-
#!,! _6'-$- 12<!;#!-4*#%>#:; 0<% $2#1)** *#H*0*H2-45#!,! 
_6'-$- <62N%#;-6:) /-H-;- I-2  NP-6'2H#-. 

E#-4!,*;#!% *<<4%H!0-#*% 0:N!4#%#! H4+ /-H-; II-1 * II-2 
(!?% !#* 0 <0*f !?M*f N!<6-#!01-f NP-6'2H#:). Q!<6'!%##:% -4-

nmi
V

(
j

maxϕj( *
jt (V))). 

*

1
( ( )).

n

j j
V j

t Vmin φ
=
∑  
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,!'*67: '%_%#*+ h6*f /-H-; *<N!45/2P6 7%6!H  H*#-7*;%<1!,! 
N'!,'-77*'!0-#*+. 

i(/(E7 "=$90.7'(27* 972,;2"  
3($$3,/"<"E,22LV $<(67"2(32LV 

"=p,&<"' 8,3,+,F(:F7+7$* 83"6,$$"3(+7 − II 
G.X.  !,-#, W.S. Z%H!<%#1!, K.E. G2#*;1*#- 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

[+=*1+1?T+1')=f = =)i1+]4T=3=, 
.16j?34f -1?FO4+?T9'))4f 434O']=f 91O)1-1 T+4)?[1+T4 

8 '-/0*6*% *<<4%H!0-#*>  [1] N'!?4%7: N!0:_%#*+ h$$%1-
6*0#!<6* !H#!<6-H*>#!,! !?<42O*0-#*+ ,'2NN: <6-)*!#-'#:f 
!?u%16!0, '-<<'%H!6!;%##:f 0H!45 !H#!7%'#!> '-?!;%> /!#: N%-
'%7%M-PM%,!<+ N'!)%<<!'-, H-##-+ '-?!6- N'%H<6-04+%6 #!0:%, 
?*1'*6%'*-45#:% /-H-;* <*#6%/- !N6*7-45#!-1!7N'!7*<<#:f 
<6'-6%,*>. K*O% N'* *f */4!O%#** <!?4PH-%6<+ N'%%7<60%##!<65 
0 #27%'-)** * *<N!45/!0-#** !?!/#-;%#*> '-?!6: [1]. 

8 @!H%4* I H!N!4#*6%45#! 1 $2#1)*+7 *#H*0*H2-45#!,! 
_6'-$- ϕj(t) 2;6U7 -#-4!,*;#:% N! <0!><60-7 $2#1)** 7j(t), -<<!-
)**'2%7:% < 1-OH:7 !?u%16!7 1j (j = n,1 ). [-1*7 !?'-/!7 7!H*-
$*)*'!0-##-+ 7!H%45 N!/0!4+%6 !N*<-65 0!/#*1-PM*% 0 N'*4!O%-
#*+f <N%)*$*;%<1*% <*62-)** * H4+ 1!''%16#!,! 2N'-04%#*+ *7* 
<$!'724*'!0-65 ?*1'*6%'*-45#:% /-H-;* <*#6%/- <6'-6%,*> !?-
<42O*0-#*+.  

0 4 O 4 V 4  I-3.   K->6* N!4#2P <!0!12N#!<65 Q-'%6!-
!N6*7-45#:f <6'-6%,*> !?<42O*0-#*+ H4+ ?*1'*6%'*-45#!> N'!-
?4%7: 7*#*7*/-)** <277: *#H*0*H2-45#:f _6'-$!0 ϕj * 0%4*-
;*#: 7-1<*7-45#!,! */ *#H*0*H2-45#:f _6'-$!0 7j N! 0<%7 

!?u%16-7 ,'2NN:: * *

1
( ( ( )), ( ( ))).

n

j j j jV N j
min t V max t Vφ ψ
⊆ =
∑  

0 4 O 4 V 4  I-4.   K->6* N!4#2P <!0!12N#!<65 Q-'%6!-
!N6*7-45#:f <6'-6%,*> !?<42O*0-#*+ H4+ ?*1'*6%'*-45#!> 
N'!?4%7:, 7*#*7*/-)** 0%4*;*# <277-'#:f _6'-$!0 ϕj * 7j N! 

0<%7 !?u%16-7 ,'2NN:: * *

1 1
( ( ( )), ( ( ))).

n n

j j j jV N j j
min t V t Vφ ψ
⊆ = =
∑ ∑
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0 4 O 4 V 4  I-5.   K->6* N!4#2P <!0!12N#!<65 Q-'%6!-
!N6*7-45#:f <6'-6%,*> !?<42O*0-#*+ H4+ ?*1'*6%'*-45#!> N'!-
?4%7:, 7*#*7*/-)** 0%4*;*# *#H*0*H2-45#:f _6'-$!0 ϕj * 7j 
N! 0<%7 !?u%16-7 ,'2NN:: * *( ( ( ( )), ( ( ))).j j j jV N

min max t V max t Vφ ψ
⊆

G!N!4#*6%45#! '-<<7!6'%#- 7!H%45 !H#!N'!)%<<!'#!,! !?-
<42O*0-#*+, 2;*6:0-PM-+ N'%HN*<-##:% !?u%16-7 1j (j = n,1 ) 
H*'%16*0#:% <'!1* /-0%'_%#*+ !?<42O*0-#*+, #-'2_%#*% 1!6!-
':f 04%;%6 /- <!?!> 7!#!6!##! 0!/'-<6-PM*> 0 /-0*<*7!<6* !6 
0'%7%#* /-H%'O1* _6'-$. [-1!> _6'-$ !N'%H%4+%6<+ $2#1)*%> 
ϕj(t), '-0#!> #24P N'* t ∈ [0, dj], ,H% dj − 0%4*;*#- H*'%16*0#!,! 
<'!1-, * 7!#!6!##! 0!/'-<6-PM%> !6 #24+ $2#1)** Sj(t – dj) N'* 
t > dj (j = n,1 ). 8 N!H!?#:f 7!H%4+f N'!*/0!45#2P <6'-6%,*P V 
)%4%<!!?'-/#! !)%#*0-65 H027+ -HH*6*0#:7* 1'*6%'*+7*: 

<1(V) = ∑
=

n

j 1
sign(ϕj( )(* Vt j )) * <2(V) = ∑

=

n

j 1
ϕj( )(* Vt j ) – <!!60%6<60%##! 

;*<4!7 !?u%16!0, !?<42O*0-%7:f < #-'2_%#*+7* H*'%16*0#:f 
<'!1!0, * <277-'#:7 _6'-$!7. 8!/#*1-PM-+ N'* h6!7 !N6*7*/--
)*!##-+ /-H-;- (min K1(V), min K2(V)) +04+%6<+ ;-<6#:7 <42;-%7 
/-H-;* I-4. 

8<% <$!'724*'!0-##:% 0:_% /-H-;* !6#!<+6<+ 1 ;*<42 NP-
6'2H#:f. G4+ *f '%_%#*+ '-/'-?!6-#: -4,!'*67:, '%-4*/2PM*% 
*H%!4!,*P ?*1'*6%'*-45#!,! H*#-7*;%<1!,! N'!,'-77*'!0-#*+. 

E#-4!,*;#:%  *<<4%H!0-#*+ 0:N!4#%#: H4+ /-H-; II-1 * II-2. 
Z7<,3(<03( 

1.  !,-# G.X., Z%H!<%#1! W.S. e-H-;* !?<42O*0-#*+ 4*#%>#! '-<-
<'%H!6!;%##:f <6-)*!#-'#:f !?u%16!0 N%'%7%M-PM*7*<+ N'!)%<<!'--
7* − I (0 #-<6!+M%7 <?!'#*1%). 

R-83,/$<('9,27, D3(5"'  
8.Q. !/:'%0 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
B'-$ G(V, E) H!N2<1-%6 R–N'%H<6-04%#*%, %<4* 1-OH!> 0%'-

_*#%  vi ∈ V <6-0*6<+ 0 <!!60%6<60*% !6'%/!1 [ai, bi] * «0:<!6-» ri 
6-1, ;6! H0% 0%'_*#: (vi, vj) ∈ E <7%O#:, %<4* * 6!451! %<4* !6'%/-
1* [ai, bi] * [aj, bj] N%'%<%1-P6<+ * | ri - rj | < R. ]<4* #% 00!H*65 N--
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'-7%6': ri, N!42;-%7 N!#+6*% *#6%'0-45#!,! ,'-$-. j6!?'-O%#*% 
ϕ ,'-$- G(V, E) 0 G′(V′, E′) #-/:0-%6<+ ,!7%!7!'$#:7, %<4* 1-O-
H!> 0%'_*#% v∈ V * 1-OH!72 '%?'2 e∈ E !H#!/#-;#! !6#%<%#: *f 
!?'-/: ϕ(v) ∈ V′,. ϕ(e) ∈ E′ 6-1, ;6! <!f'-#+%6<+ !6#!_%#*% *#)*-
H%#6#!<6#!<6* 0%'_*# * 'U?%'. B'-$ G #-/:0-%6<+ -<6%'!*H-45-
#:7, %<4* 0 #U7 *7%P6<+ 6'* 0%'_*#: v1. v2. v3  * 6'* )%N* L1, L2, 
L3 6-1*%,  ;6! )%N5 Li <!%H*#+%6 vj < vk * #* !H#- */ 0%'_*# h6!> 
)%N* #% <7%O#- < vi (i, j, k ∈ {1, 2, 3}, i 8 j 8 k). 

[%!'%7- 1. E<6%'!*H-45#:> ,'-$, #- )%N+f 1!6!'!,! 4%O-6 
0%'_*#: N!4#!,! ,'-$- Kn, R–N'%H<6-0*7. 

[%!'%7- 2. Q!H'-/?*6:% ,'-$: 5K̂ * 3,3K̂  #% *7%P6 R-
N'%H<6-04%#*+. 8 h6*f ,'-$-f 1-OH!% '%?'! N!H'-/?*6!. 

[%!'%7- 3. G4+ 4P?!,! N4-#-'#!,! 3-<0+/#!,! ,'-$- G <2-
M%<602%6 ,!7%!7!'$#:> %72 ,'-$ G′, H!N2<1-PM*> R-
N'%H<6-04%#*%.  

S0!><60- !N*<-##:f ,'-$!0 7!,26 ?:65 *<N!45/!0-#: H4+ 
#-f!OH%#*+ 7#!,!N'!)%<<!'#:f '-<N*<-#*>. 

>3,/$<('9,27, D3(5"' 83*+"0D"9?27&(+7  
8.Q. !/:'%0 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
Q2<65 G(V, E) – ,'-$ ?%/ N%6%45 * 1'-6#:f 'U?%'.  -OH-+ 

0%'_*#- vi ∈ V N'%H<6-04+%6<+ N'+7!2,!45#*1!7 <! <6!'!#-7*, 
N-'-44%45#:7* !<+7 1!!'H*#-6 %014*H!0!> N4!<1!<6*, * H0% 0%'-
_*#: (vi, vj) ∈ E <7%O#:, %<4* <!!60%6<602PM*% N'+7!2,!45#*1* 
*7%P6 !?M*> !6'%/!1 #%#24%0!> 7%':. DP?!> #%N4-#-'#:> ,'-$ 
#% H!N2<1-%6 6-1!% N'%H<6-04%#*%. Q2<65 K4 – N!4#:> ,'-$ < 4 
0%'_*#-7* L = L(a, b, v1, …, vr) – ,'-$, 2 1!6!'!,! <7%O#:% 0%'-
_*#: a, b <7%O#: < 0%'_*#-7* v1, …, vr, M = M(a, w, v1, …, vr) – 
,'-$, 2 1!6!'!,! 0%'_*#:  v1, …, vr !?'-/2P6 )*14, 0<% h6* 0%'_*-
#: <7%O#: < 0%'_*#!> a, r ≥ 4.  

[%!'%7-. B'-$ G(V, E) H!N2<1-%6 N'%H<6-04%#*% N'+7!-
2,!45#*1-7* 6!,H- * 6!451! 6!,H-, 1!,H- !# #% <!H%'O*6 K4, L, M 0 
1-;%<60% N!H,'-$!0. Q'%H4!O%# N!4*#!7*-45#:> -4,!'*67 N!-
<6'!%#*+ <*<6%7: N'+7!2,!45#*1!0, <4!O#!<65 1!6!'!,! !)%#*0--
%6<+ N! N!'+H12 |V|7. 
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I8,3(<7'2", 083('9,27, 8"<"&"+  
U(/(27; ' $7$<,+, 3($83,/,9,22LV  
'LE7$97<,9?2LV 3,$03$"'*  

@.B.  !#!0-4!0, W.]. @-4-_%#1!, X.E. K-/-'!0- 
$)?T=TFT [+1*6'] =)i1+]4T=3= W ",  

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
I-<<7-6'*0-%6<+ *#$!'7-)*!##!-0:;*<4*6%45#-+ <*<6%7-, 

!<#!0#:7* h4%7%#6-7* 1!6!'!> +04+P6<+  '-<N'%H%4%##:% ,%6%-
'!,%##:% 0:;*<4*6%45#:% '%<2'<: * 2H-4%##:% N!6'%?*6%4* '%-
<2'<!0. l6* h4%7%#6: <!!?M-P6<+ 7%OH2 <!?!> ;%'%/ 1-#-4: <0+-
/*, 1!6!':%, 0!!?M% ,!0!'+, 7!,26 ?:65 ;-<65P #%1*f !?M*f, H-O% 
,4!?-45#:f <%6%>. 

8:;*<4*6%45#:> '%<2'< 6'-162%6<+ 4*?! 1-1 1!7N5P6%' 
(N'!)%<<!'), <N!<!?#:> 0:N!4#+65 !N%'-)** 0:;*<4*6%45#!,! 
f-'-16%'-, 4*?! 1-1 <!0!12N#!<65 1!7N5P6%'!0, !?u%H*#%##:f 0 
4!1-45#2P <%65. K%/-0*<*7! !6 6'-16!01* '%<2'< <;*6-%6<+ h4%-
7%#6-'#!> <!<6-0#!> ;-<65P <*<6%7:, %,! <6'2162'- #% '-<<7-6-
'*0-%6<+, - <2M%<60%##2P H4+ 7!H%4* '!45 *,'-P6 !N'%H%4%##:%, 
0!!?M% ,!0!'+, '-/4*;#:% H4+ '-/#:f '%<2'<!0 f-'-16%'*<6*1*: 
N'!*/0!H*6%45#!<65, <6%N%#5 2H-4%##!<6* !6 N!45/!0-6%4%>, #--
H%O#!<65, <6!*7!<65 H!<62N- * N'. 

Q!6'%?*6%4* '%<2'<!0 +04+P6<+ *<6!;#*1-7* N!6!1!0 /-H--
#*>.  -OH!% /-H-#*% H!4O#! ?:65 0:N!4#%#! N26%7 !?'-M%#*+ 1 
!H#!72 *4* #%<1!451*7 0:;*<4*6%45#:7 '%<2'<-7. 8'%7+ <2M%-
<60!0-#*+ /-H-#*+ 0 <*<6%7% !,'-#*;%#!,  %<4* /- h6! 0'%7+ /-H--
#*% #% 0:N!4#%#!, 6! !#! <;*6-%6<+ N!6%'+##:7 * N!1*H-%6 <*<-
6%72. e-H-#*% <!<6!*6 */ #%1!6!'!,!, 0!/7!O#! <6'2162'*'!0-#-
#!,!, #-?!'- /-H-;. 8:N!4#%#*% /-H-#*+ /-14P;-%6<+ 0 !?'-?!61% 
/-H-; 0 N!<4%H!0-6%45#!<6*, <!!60%6<602PM%> <6'2162'% /-H-#*+. 
e-H-;* */ /-H-#*+ N!<:4-P6<+ #- !?'-?!612 0 0*H% N-1%6!0, <!-
<6!+M*f */ /-H-;, !6#!<+M*f<+ 1 !H#!72 /-H-#*P. Q-1%6: /-H-; 
N!<62N-P6 #- 0:;*<4*6%45#:% '%<2'<:, ,H% !#* !?'-/2P6 !;%'%H*. 
Q!4#!<65P 0:N!4#%##:> N-1%6 0!/0'-M-%6<+ N!6'%?*6%4P. ]<4* 
N'%?:0-#*% N-1%6- 0 '%<2'<% N'%':0-%6<+ H! !1!#;-#*+ !?'-?!6-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% I!<<*><1!,! $!#H- $2#H-7%#6-45#:f 
*<<4%H!0-#*> (,'-#6: 09-07-12032-!$*_7, 08–07–00152–a). 
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1*, 6! N-1%6 '-<$!'7*'!0:0-%6<+, - 0f!H*0_*% 0 #%,! /-H-;* 
0#!05 !O*H-P6 0:N!4#%#*+. 

I-<<7-6'*0-%7-+ <*<6%7- f-'-16%'*/2%6<+ 6-1O% 6-1*7* N--
'-7%6'-7*, 1-1 !?u%7: N!<62N-PM*f /-H-#*>, /-H%'O1* N'* N%'%-
H-;% N-1%6- N! <%6* * N'* !?'-?!61%, <6!*7!<6* N%'%<:41* * -'%#-
H: '%<2'<!0 * N'. 

X<<4%H2%7-+ 7!H%45 #% N'*0+/-#- 1 !N'%H%4%##!72 '%-45-
#!72 !?u%162, #! !<#!0#:% %% ;%'6: <0!><60%##: 7#!,*7 '-<N'%-
H%4%##:7 0:;*<4*6%45#:7 <'%H-7, 0 ;-<6#!<6*, _*'!1! '-<N'!-
<6'-#+PM*7<+ * -16*0#! */2;-%7:7 ,'*H-7. B4-0#:> -<N%16, #- 
1!6!'!7 <!<'%H!6!;%#! 0#*7-#*% 0 '-?!6%, /-14P;-%6<+ 0 #%!?f!-
H*7!<6* -4,!'*67- 0:?!'-, N! 1'->#%> 7%'%, H02f 14P;%0:f N--
'-7%6'!0, <0+/-##:f < !6N'-01!> N-1%6!0. l6! !?u%7 N!<:4-%7!,! 
N-1%6- (1!4*;%<60! 014P;%##:f 0 #*f /-H-;) * '%<2'<, #- 1!6!':> 
H-##:> N-1%6 ?2H%6 #-N'-04%#. j)%#1- 1-;%<60- '-?!6: <*<6%7: * 
%% !N6*7*/-)*+ 7!O%6 !<2M%<604+65<+ < N!7!M5P !N%'-)*!##:f 
* <6!*7!<6#:f N!1-/-6%4%>.   !N%'-)*!##:7 N!1-/-6%4+7 <4%H2%6 
!6#%<6*: 1!4*;%<60! * !?u%7 0:N!4#%##:f  * #%0:N!4#%##:f /--
H-#*>, 0'%7+ 0:N!4#%#*+ /-H-#*>, /-,'2/12 '%<2'<!0.   <6!*7!<6-
#:7 N!1-/-6%4+7 !6#!<+6<+: /-6'-6: #- -'%#H2 '%<2'<!0 * #- 
6'-#<N!'6*'!012 N! <%6*, H!f!H !6 *<N!45/!0-#*+ '%<2'<!0, _6'-$ 
/- #%0:N!4#%##:% /-H-#*+ *4* /- /-H%'O12 0 *f 0:N!4#%#** * 6.N. 

8 6%'7*#-f N%'%;*<4%##:f N!1-/-6%4%> '-<<7-6'*0-P6<+  * 
-#-4*/*'2P6<+ N!<6-#!01* /-H-;, <0+/-##:% < ?%/2<4!0#!> *4* 
2<4!0#!> !N6*7*/-)*%>. G4+ *f '%_%#*+ N'%H4-,-%6<+ *<N!45/!-
0-65 -H-N6*0#:% -4,!'*67:, N!<6'!%##:% #- ?-/% 6%!'** ;-<6*;#! 
#-?4PH-%7!,! 7-'1!0<1!,! N'!)%<<- N'*#+6*+ '%_%#*>. 8 H!14--
H% <!!?M-P6<+ '%/2456-6: ;*<4%##:f h1<N%'*7%#6!0, H%7!#<6'*-
'2PM*f < N!7!M5P *7*6-)*!##:f 7!H%4%> 0!/7!O#!<6* -H-N-
6*0#!,! N!Hf!H- 1 !N%'-6*0#!72 2N'-04%#*P N!6!1-7* /-H-#*> 0 
<*<6%7-f '-<N'%H%4%##:f 0:;*<4*6%45#:f '%<2'<!0. 
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S9D"37<+L 3($83,/,9,27* 3,$03$"' '  
+2"D"83"6,$$"32"; $7$<,+, 

$ 2,57&$73"'(22L+7 8(3(+,<3(+7* 
].j.  !<!'21!0, @.B. Z2'2,+# 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
I-/'-?!6-#: -4,!'*67: '%_%#*+ /-H-;* <!<6-04%#*+ H!N2<-

6*7!,! '-<N*<-#*+ < N'%':0-#*+7* 0 7#!,!N'!)%<<!'#!> <*<6%7% 
0 <42;-%, 1!,H- /-H-#: H*'%16*0#:% *#6%'0-4:, - H4*6%45#!<6* 
'-?!6 4*#%>#! /-0*<+6 !6 1!4*;%<60- 0:H%4%##!,! *7 H!N!4#*-
6%45#!,! '%<2'<-.  

I-<<7-6'*0-%6<+ 0:;*<4*6%45#-+ <*<6%7-, <!<6!+M-+ */ m 
*H%#6*;#:f N'!)%<<!'!0, * 7#!O%<60! '-?!6 N = {1, 2, …, n}, H!-
N2<1-PM*f N'%':0-#*+ * N%'%14P;%#*+ < !H#!,! N'!)%<<!'- #- 
H'2,!>. Q'%HN!4-,-%6<+, ;6! N'%':0-#*+ * N%'%14P;%#*+ #% <!-
N'+O%#: < 0'%7%##:7* /-6'-6-7*. G4+ '-?!6: i ∈ N 2<6-#!04%# 
H*'%16*0#:> *#6%'0-4 (bi, fi]. Q!7*7! N'!)%<<!'!0 0 <*<6%7% *7%-
%6<+ H!N!4#*6%45#:> '%<2'< #% 0!/!?#!04+%7!,! 6*N-. S277-'#!% 
1!4*;%<60! h6!,! '%<2'<- <!<6-04+%6 R. ]<4* '-?!6% i 0:H%4%#! ri   
%H*#*)  H!N!4#*6%45#!,!  '%<2'<-,  6!  %%  H4*6%45#!<65  <!<6-04+-
%6  ti = di - airi, ,H% 

                        ri ∈ [0, ir ],  i = 1, 2, …, n,                                        (1) 
                                     Rr

Ni
i ≤∑

∈

,                                                        (2) 

ai,  di,   ir – /-H-##:% 0%4*;*#:,    ai > 0,  di > 0, iii adr /0 <≤ .     [--
1*7  !?'-/!7,  ti ∈ [di - ai ir , di], N'*;%7  di - ai ir > 0.  ['%?2%6<+ #->-
6* 6-1!% '-<N'%H%4%#*% '%<2'<- ),...,,( 00

2
0

1 nrrr , 2H!04%60!'+PM%% 
!,'-#*;%#*+7 (1), (2), N'* 1!6!'!7 <2M%<602%6 H!N2<6*7!% '-<N*-
<-#*%, *4* 2<6-#!0*65, ;6! 6-1!,! '-<N'%H%4%#*+ '%<2'<!0 #% <2-
M%<602%6.  

G-##-+ /-H-;- <0%H%#- 1 /-H-;% #-f!OH%#*+ N!6!1- 7*#*-
7-45#!> <6!*7!<6* 0 N!6!1!0!> <%6*  G <N%)*-45#!,! 0*H-. Q!1--
/-#!, ;6! H4+ <2M%<60!0-#*+ H!N2<6*7!,! '-<N*<-#*+ #%!?f!H*7! 
* H!<6-6!;#! <2M%<60!0-#*% 0 <%6*  G  )*'124+)**  g,  <6!*7!<65 
                                                
* I-?!6- 0:N!4#%#- N'* ;-<6*;#!> $*#-#<!0!> N!HH%'O1% ,'-#6- Q'%/*-
H%#6- IZ N! N!HH%'O1% 0%H2M*f #-2;#:f _1!4 Kb –4806.2010.1.  
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1!6!'!> ( ) /i i
i N

c g R d a
∈

≤ −∑ .   

G-4%% '-<<7-6'*0-%6<+ /-H-;- < !H*#-1!0:7* H*'%16*0#:7* 
*#6%'0-4-7* (0, F] H4+ 0<%f '-?!6, 1!6!'-+ 6-1 O%, 1-1 * N'%H:H2-
M-+, <0!H*6<+ 1 /-H-;% ! N!6!1% 7*#*7-45#!> <6!*7!<6* *4* 1 /--
H-;% 4*#%>#!,! N'!,'-77*'!0-#*+. ]<4* h6- /-H-;- #% *7%%6 '%-
_%#*+, 6! !N'%H%4+%6<+ 6-1!% '-<N'%H%4%#*% '%<2'<-  ),...,,( 00

2
0

1 nrrr , 
2H!04%60!'+PM%% !,'-#*;%#*+7 (1), (2), N'* 1!6!'!7 <2M%<602%6 
H!N2<6*7!% '-<N*<-#*% 0 <4%H2PM*f <42;-+f: 1) H*'%16*0#:> 
<'!1  F  /-H-#,  0%4*;*#- H!N!4#*6%45#!,! '%<2'<-  R 7*#*7*/*-
'2%6<+; 2) 0%4*;*#- H!N!4#*6%45#!,! '%<2'<- R /-H-#-, H*'%16*0-
#:> <'!1  F 7*#*7*/*'2%6<+; 3) !N'%H%4+%6<+ !N6*7-45#!% <!;%-
6-#*% 0%4*;*#: '%<2'<-  R * H*'%16*0#!,! <'!1- F, N'* 1!6!':f 
<2M%<602%6 H!N2<6*7!% '-<N*<-#*%. 

Q%'0:% H0% */ <$!'724*'!0-##:f /-H-; <0%H%#: 1 /-H-;-7 
4*#%>#!,! N'!,'-77*'!0-#*+. Q2<65 R1 * F1 –  7*#*7-45#:% /#--
;%#*+ H!N!4#*6%45#!,! '%<2'<- * H*'%16*0#!,! <'!1-, N!42;%##:% 
N'* *f '%_%#**.   G4+ '%_%#*+ 6'%65%> /-H-;* 00!H*6<+ <4%H2P-
M2P _6'-$#-+ $2#1)*P !6 H02f N%'%7%##:f:  

( ) [ ] ( )[ ], / 1 1 / 1H r f r R f Fα α α= − + − − , 
,H%, α - N-'-7%6', '%,24*'2PM*> N'%HN!;6%#*% 7%OH2 '%<2'<!7 * 
H*'%16*0#:7 <'!1!7; [ ) [ )11 ,,, FFfRRr ∈∈ . [!,H- !N6*7-45#:7 
'-<N'%H%4%#*%7 '%<2'<-, N'* 1!6!'!7 <2M%<602%6 H!N2<6*7!% 
'-<N*<-#*%, ?2H%6 '-<N'%H%4%#*% ),...,,( 00

2
0

1 nrrr , +04+PM%%<+ '%_%-
#*%7 <4%H2PM%> /-H-;*: 

               
( )

( )1 ,..., , ,
, min ,

, , 0, , .
nr r r f

i i i i i i
i N i N i N

H r f

a r mf d r r r r i N

α

∈ ∈ ∈

→

⎡ ⎤+ ≥ ≤ ∈ ∈⎣ ⎦∑ ∑ ∑
   

>3"=9,+L 7$8"9?U"'(27* 3,U09?<(<"' <,"377 
3($87$(27; /9* 89(273"'(27* 'LE7$9,27; ' 

$7$<,+(V 3,(9?2"D" '3,+,27 
8.E.  !<6%#1! 

 :He =].:..._1]1)1?194 
e-H-;- N!<6'!%#*+ '-<N*<-#*+ 7!O%6 ?:65 N'%H<6-04%#- 1-1 

/-H-;- 1!7?*#-6!'#!> !N6*7*/-)** 0 <4%H2PM%7 0*H%:  
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)(
,...,1,0),(

max

Hfk
NixHg gi

H
k

=

=≤      (1) 

,H% H – '-<N*<-#*% 0:N!4#%#*+ /-H-##!,! #-?!'- '-?!6, x  - 
0%16!' /#-;%#*> 6'%?!0-#*> 1 '-<N*<-#*P, ),( xHgi  - !,'-#*;%-

#*+ #- 1!''%16#!<65 '-<N*<-#*+, ( )f H  - 7!H%45 0:;*<4%#*>, 1!-
6!'-+ N!/0!4+%6 0:;*<4*65 1'*6%'*> !N6*7-45#!<6* '-<N*<-#*+ k. 
K-N'*7%', N'%H<6-04%#*% /-H-;* N!<6'!%#*+ '-<N*<-#*> !?7%#!0 
N! 1-#-42 < )%#6'-4*/!0-##:7 2N'-04%#*%7 0 0*H% (1) '-<<7!6'%-
#! 0 '-?!6% [1].  

@!O#! 0:H%4*65 6'* !<#!0#:% N'*;*#:, 1!6!':% !,'-#*;*-
0-P6 N'*7%#%#*% '%/2456-6!0 6%!'** '-<N*<-#*> H4+ N4-#*'!0--
#*+ 0:;*<4%#*> 0 <*<6%7-f '%-45#!,! 0'%7%#* (8SI8): 1) *<N!45-
/!0-#*% 0 6%!'** '-<N*<-#*> 2N'!M%##:f 7!H%4%> 0:;*<4%#*> 

)(Hf ; 2) 2;%6 !,'-#*;%#*> #- 1!''%16#!<65 '-<N*<-#*+ ),( xHgi , 
1!6!':% !?2<4!04%#: !<!?%##!<6+7* -NN-'-6#:f * N'!,'-77#:f 
<'%H<60 0:;*<4*6%45#!> <*<6%7: (0 H-45#%>_%7, 6%f#!4!,*;%<1*% 
!,'-#*;%#*+); 3) #%N'*%74%7-+ 6!;#!<65 -4,!'*67!0 N!<6'!%#*+ 
'-<N*<-#*>. 

K%H!<6-6!;#-+ 6!;#!<65 7!H%4* 0:;*<4%#*> <0+/-#- < N'!-
?4%7-7* !)%#1* 0'%7%#* 0:N!4#%#*+ '-?!6 #- N'!)%<<!'-f * 
!)%#1-7* /-H%'O%1 !?2<4!04%##:f H!<62N!7 1 '-/H%4+%7:7 '%-
<2'<-7 (1-#-4-7 !?7%#- * 7!H24+7 N-7+6*). 8 6%!'** '-<N*<-#*> 
0'%7+ 0:N!4#%#*+ '-?!6 !?:;#! /-H-%6<+ 1!#<6-#6!> /-0*<+M%> 
4*_5 !6 6*N- N'!)%<<!'-. jH#-1! H4+ <!0'%7%##:f N'!)%<<!'!0 
0'%7+ 0:N!4#%#*+ '-?!6: /-0*<*6 6-1O% * !6 1!#6%1<6- '-<N!4!-
O%#*+ %% 0 '-<N*<-#**, !?u%7- * '-<N'%H%4%#*+ 6'%?2%7!> '-?!6% 
N-7+6*. [-1O% 0 ?!45_*#<60% 7!H%4%> 0:;*<4%#*> /-6'-6: 0'%-
7%#* #- !?7%# !N'%H%4+P6<+ 4*_5 !?u%7!7 N%'%H-0-%7:f H-##:f 
* #% 2;*6:0-P6<+ /-6'-6: 0'%7%#* #- -'?*6'-O * !O*H-#*% 0'%-
7%#* !<0!?!OH%#*+ 1-#-4-. X<N!45/!0-#*% 2N'!M%##!> 7!H%4* 
0:;*<4%#*> N'*0!H*6 1 6!72, ;6! 7: '%_-%7 /-H-;2 (1) < )%4%0!> 
$2#1)*%> )(Hf M , 1!6!'-+ 7!O%6 <2M%<60%##! !64*;-65<+ N! 
<0!><60-7 * '%45%$2 !6 $2#1)** )(Hf R <!!60%6<602PM%> '%-45-
#!> 8SI8. j?:;#! )()( HfHf RM >  * 1-1 <4%H<60*% N!42;-%7:% 
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'-<N*<-#*+ #% 2H!04%60!'+P 6'%?!0-#*+7 '-?!6: 0 '%-45#!7 0'%-
7%#*. 

e-H-;* < !H#!> * 6!> O% )%4%0!> $2#1)*%> * '-/4*;#:7 #--
?!'!7 6%f#!4!,*;%<1*f !,'-#*;%#*> 7!,26 N'*#)*N*-45#! !64*-
;-65<+ H'2, !6 H'2,- * /-H-; < #-?!'!7 !,'-#*;%#*>, !?2<4!04%#-
#:f 6!451! 6'%?!0-#*%7 '-?!6: 0 '%-45#!7 0'%7%#* (0 6%!'** 
'-<N*<-#*> !?:;#! '-<<7-6'*0-P6<+ 6!451! h6* !,'-#*;%#*+) [1]. 
l6! N'*0!H*6 1 6!72, ;6! H4+ '-<<7-6'*0-%7!> /-H-;* N!<6'!%#*+ 
'-<N*<-#*+ 6'%?2%6<+ *4* <2M%<60%##!% */7%#%#*% */0%<6#!,! 
-4,!'*67- *4* '-/'-?!61- #!0!,! [1]. 

d!45_*#<60! /-H-; N4-#*'!0-#*+ 0:;*<4%#*> 0 8SI8 !6#!-
<+6<+ 1 14-<<2 NP-6'2H#:f * H4+ *f '%_%#*+ *<N!45/2P6<+ N'*-
?4*O%##:% -4,!'*67:. j)%#1* 6!;#!<6* -4,!'*67!0 N'*0!H+6<+ 
H4+ !?M%> /-H-;*. @#!,*% -4,!'*67: +04+P6<+ #%N'*%74%7:7* 
N! 6!;#!<6* H4+ /-H-; < 1'*6%'*%7 !N6*7-45#!<6* «7-1<*7-45#!% 
;*<4! '-?!6 '-/7%M%##:f 0 '-<N*<-#*%». jH#-1! H4+ 1!#1'%6#!> 
8SI8 H!<6-6!;#! '-<<7-6'*0-65 ;-<6#2P /-H-;2 (#- 0!/7!O#:% 
/#-;%#*+ *<f!H#:f H-##:f #-4-,-P6<+ !,'-#*;%#*+). E4,!'*67 
#%N'*%74%7:> N! 6!;#!<6* H4+ !?M%> /-H-;* !;%#5 ;-<6! !1-/:-
0-%6<+ N'*%74%7:7 N! 6!;#!<6* H4+ ;-<6#!> /-H-;* * 7!O%6 ?:65 
'-<_*'%# #- '%_%#*% /-H-; c 6%f#!4!,*;%<1*7* !,'-#*;%#*+7*. 

Z7<,3(<03( 
1.  !<6%#1! 8.E. E4,!'*67: N!<6'!%#*+ '-<N*<-#*> H4+ !H#!N'*?!'-

#:f <*<6%7, 0f!H+M*f 0 <!<6-0 <*<6%7 '%-45#!,! 0'%7%#*// @%6!H: * 
<'%H<60- !?'-?!61* *#$!'7-)**: ['%65+ 8<%'!<<*><1-+ #-2;#-+ 1!#$%-
'%#)*+. ['2H: 1!#$%'%#)**. - @.: X/H-6%45<1*> !6H%4 $-12456%6- 8@*  
@BC *7%#* @.8. D!7!#!<!0-; @E S Q'%<<, 2009.-S.245-258. 
(http://lvk.cs.msu.su/~ashalimov/doc/MCO09_-_part4.pdf). 

M"'+,$<2", 89(273"'(27, 'LE7$9,27; 7  
"=+,2"' ' ="3<"'LV $7$<,+(V 3,(9?2"D" '3,+,27 

8.E.  !<6%#1!, Q.]. b%<6!0 
S43F67T'T .:< :He =]. :..._1]1)1?194 

d!'6!0:% <*<6%7: OU<61!,! '%-45#!,! 0'%7%#* *7%P6, 1-1 
N'-0*4!, 6'Uf2'!0#%02P -'f*6%162'2. Q%'0:> 2'!0%#5 014P;-%6 0 
<0!> <!<6-0 0:;*<4*6%45#:% 7!H24*, 1!6!':% 2N'-04+P6 '%O*7--
7* '-?!6: ?!'6-, 06!'!> - $2#1)*!#-45#:% N!H<*<6%7:, '%_-P-
M*% !6H%45#:% N'*14-H#:% /-H-;* (#-N'*7%', '-H*!4!1-)*!##-+ 
N!H<*<6%7-), 6'%6*> – 1!#6'!44%':, 2N'-04+PM*% H-6;*1-7* * 
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*<N!4#*6%45#:7* 7%f-#*/7-7*, !6#!<+M*7*<+ 1 1!#1'%6#!> N!H-
<*<6%7%. Z2#1)*!#-45#:% N!H<*<6%7: * 0:;*<4*6%45#:% 7!H24* 
N%'0!,! 2'!0#+ 0/-*7!H%><602P6 ;%'%/ %H*#2P <'%H2 !?7%#-. 
Z2#1)*!#-45#:% N!H<*<6%7: N'%H<6-04+P6 <!?!> /-1!#;%##:% 
7!H24*, * *f N'!,'-77#!% !?%<N%;%#*% */7%#+65 #% H!N2<1-%6<+. 
8 <0+/* < h6*7 #-?!' <!!?M%#*>, N%'%H-PM*> H-##:% N!H<*<6%-
7-7 *4* !6 N!H<*<6%7, */7%#+65<+ #% 7!O%6. 8 1-;%<60% <'%H: !?-
7%#- 7!O%6 ?:65 _*#- < )%#6'-4*/!0-##:7 2N'-04%#*%7 *4* 
1!7726-6!'. 

8 '-?!6% '-<<7-6'*0-%6<+ /-H-;- N!<6'!%#*+ <!,4-<!0-##:f 
'-<N*<-#*> 0:N!4#%#*+ '-?!6 #- 0:;*<4*6%45#:f 7!H24+f N%'0!-
,! 2'!0#+ * N%'%H-;* <!!?M%#*>. X<f!H#:7* H-##:7* /-H-;* +0-
4+P6<+ #-?!' '-?!6, 1!6!':% #%!?f!H*7! /-N4-#*'!0-65 H4+ 0:-
N!4#%#*+ #- 0:;*<4*6%45#:f 7!H24+f N%'0!,! 2'!0#+, * #-?!' 
<!!?M%#*>, 1!6!':7* H!4O#: !?7%#*0-65<+ '-?!6: * N!H<*<6%-
7:. G4+ 1-OH!> '-?!6: /-H-#:: H*'%16*0#:> *#6%'0-4, #-?!' 0:-
;*<4*6%45#:f 7!H24%> #- 1!6!':f 7!O%6 0:N!4#+65<+ '-?!6-, 
0'%7+ 0:N!4#%#*+ '-?!6:, #-?!': <!!?M%#*>, <!H%'O-M*> 0f!H-
#:% H-##:% H4+ '-?!6: * 0:f!H#:% H-##:% '-?!6:. G4+ 1-OH!,! 
<!!?M%#*+ /-H-#:: H*'%16*0#:> *#6%'0-4, 0'%7+ N%'%H-;*, #-?!-
': '-?!6 * N!H<*<6%7, 1!6!':7* *<N!45/2P6<+ H-##:% <!!?M%#*+ 
* !6 1!6!':f N%'%H-%6 H-##:% <!!?M%#*%. 

I-<N*<-#*%7 0:N!4#%#*+ '-?!6 +04+%6<+ 7#!O%<60! 6'!%1 
«'-?!6-, 0:;*<4*6%45#:> 7!H245, 0'%7+ #-;-4- 0:N!4#%#*+». 
I-<N*<-#*%7 N%'%H-;* <!!?M%#*> +04+%6<+ 7#!O%<60! N-' «<!!?-
M%#*%, 0'%7+ #-;-4- N%'%H-;*». I-<N*<-#*+ <!,4-<!0-#: %<4* 
0'%7+ /-0%'_%#*+ N%'%H-;* 1-OH!,! <!!?M%#*+ 7%#5_% 0'%7%#* 
#-;-4- '-?!6 *<N!45/2PM*f H-##:% <!!?M%#*+, 0'%7+ #-;-4- N%-
'%H-;* 1-OH!,! <!!?M%#*+ ?!45_% 0'%7%#* /-0%'_%#*+ 0:N!4#%-
#*+ '-?!6, !6 1!6!':f N%'%H-%6 H-##:% <!!?M%#*% * '-?!6:, H-#-
#:% !6 1!6!':f N%'%H-P6<+ 0 !H#!7 <!!?M%#**, H!4O#: 0:N!4-
#+65<+ #- !H#!7 * 6!7 O% 0:;*<4*6%45#!7 7!H24%. 

  !<!?%##!<6+7 /-H-;*, 1!6!':% !64*;-P6 %U !6 H'2,*f /--
H-;, '-<<7-6'*0-%7:f 0 6%!'** '-<N*<-#*>, 7!O#! !6#%<6* <4%-
H2PM*%: #-?!' <!!?M%#*> /-H-U6<+ /-'-#%%, - #% N!'!OH-%6<+ #--
?!'!7 '-?!6; 2;U6 6%f#!4!,*;%<1*f !,'-#*;%#*> #- 1!''%16#!<65 
'-<N*<-#*> !?2<4!04%##:f !<!?%##!<6+7* -NN-'-6#:f * N'!-
,'-77#:f <'%H<60 <*<6%7:. K-N'*7%', N'* *<N!45/!0-#** 1-#-4- 
< )%#6'-4*/!0-##:7 2N'-04%#*%7 #- '-<N*<-#*% N%'%H-;* <!!?-
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M%#*> #-14-H:0-%6<+ <4%H2PM%% !,'-#*;%#*% «1!4*;%<60! <!!?-
M%#*> <4%H2PM*f #%N'%':0#! (?%/ N-2/) H'2, /- H'2,!7 #% H!4O-
#! N'%0:_-65 /-H-##!,! ;*<4-». l6! !,'-#*;%#*% <0+/-#! < !<!-
?%##!<6+7* <2M%<602PM*f 1!#6'!44%'!0 1-#-4-. 

I-<<7!6'%#! #%<1!451! N!Hf!H!0 1 '%_%#*P /-H-;*. Q%'0:> 
/-14P;-%6<+ 0 !6H%45#!7 N!<6'!%#** '-<N*<-#*>. S#-;-4- N!-
<6'!*65 '-<N*<-#*% N%'%H-;* <!!?M%#*>, - /-6%7 <!,4-<!0-##!% < 
#*7 '-<N*<-#*% 0:N!4#%#*+ '-?!6 #%0!/7!O#!, 6.1. #% H4+ 0<%f 
<!!?M%#*> */0%<6#: -?!#%#6: <'%H: !?7%#- N!1- #% N!<6'!%#! 
'-<N*<-#*% 0:N!4#%#*+ '-?!6. ]<4* <#-;-4- N!<6'!*65 '-<N*<-#*% 
0:N!4#%#*+ '-?!6, 6! 0!/#*1-%6 <4%H2PM-+ N'!?4%7-: '-<N*<-#*% 
0:N!4#%#*+ '-?!6 <*45#! 04*+%6 #- N4-#*'2%7!<65 <!!?M%#*>, - 
/#-;*6 #-H! 2;*6:0-65 *f f-'-16%'*<6*1* * N4-#*'!0-65 N-2/: 
7%OH2 '-?!6-7*, 0 1!6!':% ?2H26 N%'%H-0-65<+ <!!?M%#*+.  

86!'!> N!Hf!H /-14P;-%6<+ 0 '-<<7!6'%#** <!!?M%#*> 1-1 
'-?!6 < %H*#<60%##:7 H!N2<6*7:7 N'!)%<<!'!7 – <'%H!> !?7%#-. 
8 6-1!7 <42;-% 7!O#! *<N!45/!0-65 -4,!'*67: '%_%#*+ */0%<6-
#!> /-H-;* N4-#*'!0-#*+ #-?!'- '-?!6 < /-H-##:7 !6#!_%#*%7 
;-<6*;#!,! N!'+H1-. jH#-1! N'* *f *<N!45/!0-#** 0!/#*1-%6 N'!-
?4%7- 2;%6- 6%f#!4!,*;%<1*f !,'-#*;%#*> #- 1!''%16#!<65 '-<N*-
<-#*+ N%'%H-;* <!!?M%#*>. 

['%6*> N!Hf!H <!<6!*6 0 '-/?*%#** *<f!H#! /-H-##:f 7#!-
O%<60 '-?!6 * <!!?M%#*> #- N!H7#!O%<60- * N!<4%H!0-6%45#!7 
N4-#*'!0-#** '-?!6 * <!!?M%#*> !6H%45#:f N!H7#!O%<60. 

B(2D7 X&$<3,+0+"' 7 8372678 "8<7+(9?2"$<7 
$,<,'LV $7$<,+ 

8.x.  2H-%0 
$)?T=TFT =)i1+]4T=3= = [+1*6'] +'-=1)467)1-1  

F[+496')=f <E"m W " 
8 '-?!6% 00%H%#! N!#+6*% '-#,- h1<6'%727- * $!'7-4*/!0-# 

#- h6!> !<#!0% <*<6%7#:> N'*#)*N !N6*7-45#!<6* “DP?-+ ;-<65 
!N6*7-45#!> <*<6%7: !N6*7-45#-”, 6.%. 2<6-#!04%#- 0/-*7!<0+/5 
7%OH2 0%4*;*#!> !N6*7*/*'2%7:f ;-<6%> <*<6%7: * #%4!1-45#!-
<65P N!42;-%7!,! N'* h6!7 h1<6'%727- 0<%> <*<6%7:.  

I-<<7!6'*7 /-H-;2:  
( ) min; ( ) 0, 1, , ; n

if x g x j m x P R→ = = ∈ ⊂K . (1)-(3) 
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I83,/,9,27, 1. b1[F?T=]Q% 9'3T1+ px%  )4&19'] 94+=48='% 
p--1 +4)-4 O1[F?T=]1-1 9'3T1+4 x, '?6= &)4V')=f 343=g-6=*1 

)pmn( −−  '-1 31][1)')T ?19[4O4qT ?1 &)4V')=f]= ^T=g j' 
31][1)')T 9'3T1+4 x . 

I83,/,9,27, 2. b1[F?T=]Q% 9'3T1+ x∗  )4&19'] ^3?T+']F-
]1] p--1 +4)-4 &4O4V=, '?6= O6f 6q*1% '-1 94+=48== p--1 +4)-4 px∗%  
9Q[16)f'T?f )'+49')?T91 ).~()( ** xfxf ≤  

j;%0*H#!, ;6! h1<6'%727 )mn( − -,! '-#,- +04+%6<+ ,4!-
?-45#:7. 

I-<<7!6'*7 #-*?!4%% N'!<62P */ 7#!,!h1<6'%7-45#:f /-H-; 
#- ,'-$-f – <%6%02P 6'-#<N!'6#2P /-H-;2 < 0!,#26!> )%4%0!> 
$2#1)*%>:  

( ) ( ) min;ij ij ij
ij D

z v c v l
∈

= →∑ 1 ;
j j

ij jk i
i k

v v g j B
+ −∈Γ ∈Γ

− = ∀ ≠ ∈∑ ∑  (4), (5) 

1

1 ; 0 ( , )j ij
j

v Q v i j D
−∈Γ

= ≥ ∀ ∈∑ , (6), (7) 

,H% H (B,D) - /-H-##:> !','-$ <%6*; . * D – 7#!O%<60! %,! 0%'_*# 
* H2,; ijijij l,c,v  - *<1!7!% /#-;%#*% 0%4*;*#: N!6!1-, %,! 2H%45#-+ 

<6!*7!<65 * H4*#- )j,i( -> H2,*; Q – /-H-##:> N!6!1 0 <%65; ig  - 
/-H-##:> '-<f!H N!6!1- 0 i-7 2/4% <%6*. l1<6'%727: 7!,26 H!<6*-
,-65<+ 4*_5 0 0%'_*#-f 6'-#<N!'6#!,! 7#!,!,'-##*1- (5)-(7) l1<-
6'%727 1-,! '-#,- !?%<N%;*0-%6 N'* h6!7 #-*42;_%% '%_%#*% #- 
<*7N4%1<%, 0%'_*#!> 1!6!'!,! !# +04+%6<+, - h1<6'%727 06!'!,! 
'-#,- – * #- <7%O#:f <*7N4%1<-f. jN'%H%4*7 6%N%'5 N!H,'-$: H 
(B,D), !N6*7*/-)*+ 1!6!':f N'*0!H*6 1 h1<6'%7272 /-H-##!,! 
'-#,-. G4+ h6!,! 00%H%7 N!#+6*% $'-,7%#6!0 <%6*. C,4!0:7 6!;-
1-7 6'-#<N!'6#!,! 7#!,!,'-##*1- <!!60%6<602P6 !<6!0#:% H%'%-
05+ ,'-$- H (B,D) < /-H-##:7 #- *f H2,-f N!6!1!7. Q2<65 c - 6%12-
M%% H%'%0! <%6*. Q'!H0*O%#*P */ 6%12M%> 2,4!0!> 6!;1* 0 <7%O-
#2P <!!60%6<602%6 0#%<%#*% 0 6%12M%% !<6!0#!% H%'%0! #%1!6!'!> 
%,! f!'H: e  */ H (B,D) * 2H-4%#*% *#)*H%#6#!> %> H2,*. Q'* h6!7 
*/7%#+6<+ N!6!1* 6!451! N! H2,-7 1!#62'- eTK + , /-7:1-%7!,! 
f!'H!> ' #- H%'%0% c. [-1!> 1!#62' * +04+%6<+ !H#*7 */ $'-,7%#-
6!0 1-,! '-#,-, <!!60%6<602PM*7 6%12M%72 H%'%02 c. E#-4!,*;-
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#:7 !?'-/!7 <6'!+6<+ $'-,7%#6: 2-,! * ?!4%% 0:<!1*f '-#,!0, N!-
42;-%7:% 0#%<%#*%7 0 H%'%0! c H02f * ?!4%% f!'H. e-7:1-%7:% N'* 
h6!7 f!'H-7* 1!#62': H!4O#: ?:65 <0+/#:7 N!H,'-$!7 ,'-$- H 
(B,D), 6.1. !N6*7*/-)*+ #- #%<0+/#:f $'-,7%#6-f 7!O%6 ?:65 '-<-
<7!6'%#- N! !6H%45#!<6* *, <4%H!0-6%45#!, *7%%6 7%#5_*> '-#,. 

89&";"<"=>" 3. W'P')=' &4O4V= (4)–(7) { }*
ij ij Dv ∈  )4&19'] 

1[T=]467)Q] [1 i+4-]')T4] p--1 +4)-4 ?'T=, '?6= O6f 6q*1-1 
i+4-]')T4 p--1 +4)-4 PT ,Φ , 9QO'6f']1-1 O'+'91] c )4 -+4i' H 

(B,D): ∑∑
∈∈

≤
W,cW,c Sij

ijijij
Sij

ij
*
ijij l)v(cl)v(c , -O' *

ijij vv =  PTij ,Φ∉∀ . 

 "$&"() (9&>=@>9 $9A>()<C=$DA> ;<F D"A"GHI D>DA"(). 
1). `T6=V)Q' 1T )F6f 31][1)')TQ [1T131+4?[+'O'6')=f 

{ }*
ij ij D

v
∈

 ^3?T+']F]4 +--1 +4)-4 9QO'6fqT )4 H (B,D) 1+=')T=+1-

94))1' 1?T19)1' O'+'91 ? 31+)'] 9 =?T1V)=3' ?'T=. 
2). k3?T+']F] p--1 +4)-4 f96f'T?f -61*467)Q] )4 9Q[F361% 

6=)'%)1% 31]*=)48== 9'+P=) T+4)?[1+T)1-1 ])1-1-+4))=34, 
=]'qt=g ?]'j)1?T7 9 [+1]'jFT3' [ ]1, p  3 T1V3' ^3?T+']F]4. 

3). b6f T1-1 VT1*Q +'P')=' &4O4V= { } Dijij
*v ∈  *Q61 ^3?T+'-

]F]1] p--1 +4)-4, )'1*g1O=]1 = O1?T4T1V)1, VT1*Q 1)1 *Q61 1[-
T=]467)1 [1 9?'] i+4-]')T4] p--1 +4)-4 ?'T=. 

C60%'OH%#*% 2) 2<6-#-04*0-%6 0/-*7!<0+/5 7%OH2 '-#,!7 
h1<6'%727- 0 /-H-;% * %,! #%4!1-45#!<65P. C60%'OH%#*% 3) +04+-
%6<+ 1!#1'%6*/-)*%> <*<6%7#!,! N'*#)*N- !N6*7-45#!<6*. 

I$"=,22"$<7 8"$<3",27* 3,],27* /9*  
',3]722"D" '(37(2<( U(/(E7 (2(97U(  
0*U'7+"$<7 +2"D"83"/0&<"'"; $,<7*  

X.E. K-/-'!0- 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
I-<<7-6'*0-%6<+ N'!?4%7- -#-4*/- 2+/0*7!<6* 7#!,!N'!-

H216!0!> <%6* (@Q-<%6*) < 2;%6!7 0!/7!O#!<6* 0:f!H- */ <6'!+ 
(N!4#!<65P) !H#!,! *4* #%<1!451*f 0%'_*# 6-1, ;6!?: 2M%'?, 
                                                
*B'-#6 N'%/*H%#6- IZ N! N!HH%'O1% 0%H2M*f #-2;#:f _1!4 (Kb-4806. 
2010.1)  
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<0+/-##:> < 1!4*;%<60!7 #%2H!04%60!'%##:f 6'%?!0-#*> #- N!6!1 
H4+ '-/H%4%##:f N!45/!0-6%4%> 0 '-/'2_%##!> <%6*, ?:4 7-1<*-
7-45#:7. X<f!H+ */ 7%6!H!4!,*;%<1!,! N!Hf!H- 6%!'** *<<4%H!-
0-#*+ !N%'-)*>,  '%_%#*%7 /-H-;* -#-4*/- 2+/0*7!<6*  <;*6-%6<+  
,-'-#6*'!0-##-+ !)%#1- 0!/7!O#!,! 2M%'?- N!45/!0-6%4%> N'* 
#%6!;#! */0%<6#:f /-'-#%% 0#%_#*f 0!/H%><60*+f, N'*0!H+M*f 1 
N!4#!72 '-/'2_%#*P N'!*/0!45#:f 0%'_*# <%6*.   

8 H!14-H% */4-,-%6<+ !?M*> N!Hf!H 1 #-f!OH%#*P 6!;#!,! 
'%_%#*+ !N6*7*/-)*!##!> /-H-;* #- 2+/0*7!<65 0 <4%H2PM*f N!-
<6-#!01-f:  

Q!<6-#!01- 1. Q'* 7!M#!<6* 2H-'-,  #% N'%0!<f!H+M%> /--
H-##!> 0%4*;*#:, #%!?f!H*7! #->6* 7#!O%<60! 0%'_*#, N'* 2H--
4%#** 1!6!':f */ <%6* '-/u%H*#+%6<+ f!6+ ?: !H#- 6+,!6%PM-+ 
N-'-, 6-1!%, ;6! <277- 6'%?!0-#*> H4+ '-/u%H*#%##:f N-' 7-1<*-
7-45#-.  

Q!<6-#!01- 1'. K%!?f!H*7! #->6* 7#!O%<60! */ #% ?!4%% k 
0%'_*#, N'* 2H-4%#** 1!6!':f */ <%6* '-/u%H*#+%6<+ 7-1<*7-45-
#!% ;*<4! 6+,!6%PM*f N-'. 

@#!,*% 14-<<*;%<1*% <%6%0:% * 6%!'%6*1!-,'-$!0:% N'!-
?4%7: <6-0+6<+ * *<<4%H2P6<+ 1-1 H4+ '%?%'#!,!, 6-1 * H4+ 0%'-
_*##!,! 0-'*-#6!0, N'* h6!7 -4,!'*67:, '-/'-?!6-##:% H4+ !H#!-
,! <42;-+, 7!,26 H!<6-6!;#! h$$%16*0#! N'*7%#+65<+ H4+ */2;%-
#*+ H'2,!,!. jH#-1! N'+7!% *<N!45/!0-#*% -4,!'*67!0, 2<N%_#! 
'%_-PM*f '%?%'#:> 0-'*-#6, H4+ */2;%#*+ 0%'_*##!,! 0-'*-#6- 
/-H-;* -#-4*/- 2+/0*7!<6* @Q-<%6* !1-/:0-P6<+  7-4!'%/2456--
6*0#:7* */-/- O%<61!> N!<6-#!01* N!<4%H#%>. Q!h6!72 H4+ *<<4%-
H!0-#*+ ;-<6#:f <42;-%0 /-H-;* 0!<N!45/2%7<+ 7%6!H-7*, N'%H#--
/#-;%##:7* H4+  '%_%#*+ 0%'_*##:f 0-'*-#6!0 ?4*/1*f N! 
<7:<42 /-H-;. 8 !<6-45#:f <42;-+f  N'%H4-,-%6<+ N'*7%#*65  N!H-
f!H:, '-/'-?!6-##:% #%N!<'%H<60%##! H4+ */2;%#*+ h6!> /-H-;* *  
N!/0!4+PM*% 0 N!4#!> 7%'% 2;*6:0-65 %% <N%)*$*12.  

Q'%H4-,-%7!% *<<4%H!0-#*% +04+%6<+ '-/0*6*%7 7%6!H!4!-
,**, */4!O%##!> 0 [1], ,H% ?:4! 00%H%#! N!#+6*% #%<!1'-6*7!,! 
'%?%'#!,! '-/'%/-, * */2;-4*<5 0!/7!O#!<6* *<N!45/!0-#*+ %,! 
<0!><60 H4+ '%_%#*+ /-H-;* -#-4*/- 2+/0*7!<6* @Q-<%6*. 8 H-#-
#!7 H!14-H% 7%6!H!4!,*+ #%<!1'-6*7:f '-/'%/!0 '-<N'!<6'-#%#- 
#- 0%'_*##:% '-/'%/: * N'*7%#+%6<+ H4+ '%_%#*+ 0%'_*##!,! 
0-'*-#6- /-H-;*. x-<6#:% <42;-* N!<6-#!0!1 *<<4%H2P6<+ < N!-
7!M5P 6%!'%6*1!-,'-$!0:f * N!6!1!0:f 7%6!H!0. C1-/:0-%6<+, 
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;6! <4!O#!<65 /-H-;* 0 !?M%7 <42;-% /-0*<*6 !6 1!#$*,2'-)** 
<%6*, '%<2'<!0, *7%PM*f<+ H4+ %% '-/'2_%#*+, * ;*<4- 6+,!6%P-
M*f N-'.  

Z7<,3(<03( 
1. K-/-'!0- X.E. @!H%4* * 7%6!H: -#-4*/- 7#!,!N'!-H216!0:f <%6%>. 

@.: 8c IEK, 2004. 

I= "/2"; +"/,97 $<"V($<7E,$&"D" <3(2$8"3<2"D" 
3('2"',$7**  

]. E. K2'7*#<1*>, G.E. DP6-%0 
$)?T=TFT 49T1]4T=3= = [+18'??19 F[+496')=f b.` W "  

8 !<#!0% 6%!'** <%6%0!,! 6'-#<N!'6#!,! '-0#!0%<*+ 4%O*6 
N!#+6*% *,'!0!,! ?%<1!-4*)*!##!,! '-0#!0%<*+ Kh_-, N%'%!<-
7:<4%##!% 8-'H'!N!7 N'*7%#*6%45#! 1 2;-<6#*1-7 H!'!O#!,! 
H0*O%#*+ 0 0*H% H02f N'*#)*N!0 (Wardroop principles) [1]: 

1. 0<% N26*, '%-45#! *<N!45/2PM*%<+ H4+ N%'%7%M%#*+ */ 
N2#16- !6N'-01* A 0 N2#16 #-/#-;%#*+ B, *7%P6 !H*#-1!02P 
<6!*7!<6#2P !)%#12; 

2. <6!*7!<65 4P?!,! #%*<N!45/2%7!,! N26* 7%OH2 N2#16!7 
!6N'-01* A * N2#16!7 #-/#-;%#*+ B N'%0!<f!H*6 <6!*7!<65 *<-
N!45/2%7:f N26%>. 

8 '%-45#!<6*  0:?!' 7-'_'26- !<2M%<604+%6<+ 0 2<4!0*+f 
#%!N'%H%4%##!<6* !6#!<*6%45#! f-'-16%'*<6*1 7-'_'26-, 04*+P-
M*f #- %,! !)%#12 <! <6!'!#: 2;-<6#*1!0 H!'!O#!,! H0*O%#*+. 8 
h6!7 <42;-% %<6%<60%##:7 !?'-/!7 7!O#! 00%<6* N!#+6*% <%6%0!,! 
<6!f-<6*;%<1!,! '-0#!0%<*+ [2], 2<4!0*% 1!6!'!,! $!'724*'2%6<+ 
0 <4%H2PM%7 0*H%: 

Ws)(r,,Kk,P=
q
f

rs
k

rs
rs

k
rs ∈∀∈∀ ,    (1) 

,H% rs – N-'- 0%'_*# *<6!;#*1-<6!1, W – 7#!O%<60! 0<%f N-' *<-
6!;#*1-<6!1,   qrs  - !?u%7 N%'%0!/!1 */ *<6!;#*1- r 0 <6!1 s, k – 
7-'_'26, <!%H*#+PM*> *<6!;#*1 r * <6!1 s, K rs - 7#!O%<60! 0<%f 
7-'_'26!0, <!%H*#+PM*f *<6!;#*1 r * <6!1 s, f rs

k
 - ;-<65 !?u%7- 

qrs , *<N!45/2PM-+ 7-'_'26 k, Prs
k

 - 0%'!+6#!<65 0:?!'- 7-'-
                                                
*I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6- IZZX 09-01-00042- 
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_'26- k 1!''%<N!#H%#)** rs. [.%. 
( )rs

l
rs

k
rs

k
rs

k
rs Kkl,k,l,CCP=P ∈≠∀≤ , ,H% Crs

k
 - <42;->#-+ 0%4*-

;*#-, N'%H<6-04+PM-+ <!?!> !)%#12 <6!*7!<6* 7-'_'26- k N'%H-
<6-0*6%4+7* 1!''%<N!#H%#)** rs. S*<6%7- (1) <0!H*6<+ 1 /-H-;% 
?%/2<4!0#!> !N6*7*/-)**, 1!6!'-+ '%_-%6<+ 7%6!H!7 <1!45/+M%,! 
<'%H#%,!  [2] 

8 H-##!> '-?!6% '-<<7-6'*0-%6<+ !H#- N-'- *<6!;#*1-<6!1 < 
H027+ 7-'_'26-7*, #- 1!6!':f < '-/4*;#:7* 0%'!+6#!<6+7* 0!/-
7!O#: H0- <!<6!+#*+: <!<6!+#*% <0!?!H#!,! H0*O%#*+ * <!<6!+-
#*% /-6'2H#%##!,! H0*O%#*+ (<!<6!+#*% N'!?1*). Q!1-/-#!, ;6! 0 
H-##!> 7!H%4* 0!/7!O#: <*62-)**, 1!,H- ?!4%% N'*04%1-6%45#:7 
0 <'%H#%7 H4+ 2;-<6#*1!0 H0*O%#*+ !1-/:0-%6<+ 7-'_'26, *7%P-
M*> 0 6!7 O% <'%H#%7 ?!4%% 0:<!12P <6!*7!<65, 6.%. l

rs
k

rs P>P , N'* 
6!7, ;6! ]E[C>]E[C l

rs
k
rs . 8 ;-<6#!<6*, N!H!?#!% <0!><60! 2<6--

#!04%#! H4+ <42;->#:f 0%4*;*# Crs
k

, *7%PM*f 72456*7!H-45-
#2P $2#1)*P '-<N'%H%4%#*+, <!!60%6<602PM2P '-/4*;#:7  2<-
6!>;*0:7 <!<6!+#*+7 <%6* –  #!'7-45#!72 H0*O%#*P * H0*O%#*P 
< 0!/#*1_*7 N'%N+6<60*%7 (H!'!O#!-6'-#<N!'6#!% N'!*<_%<60*%, 
'%7!#6 * N'.). 

Z7<,3(<03( 
1. b0%)!0 8.X. @-6%7-6*;%<1!% 7!H%4*'!0-#*% 6'-#<N!'6#:f N!-

6!1!0 // E06!7-6*1- * 6%4%7%f-#*1-. - 2003 - q11. - S. 3-46. 
2. Sheffi, Y. Urban transportation networks: equilibrium analysis with 

mathematical programming methods. Prentice-Hall, Englewood Cliffs, N.J. 
1984. 

>(3(99,9?2L; 83",&<7'2L; (9D"37<+ $  
D,2,3(67,; +(3]30<"' /9* 3,],27*  
2,$7++,<37E2LV U(/(E <3(2$8"3<2"D"  

3('2"',$7**  
].E. K2'7*#<1*>, K.d. b-7'-> 

$)?T=TFT 49T1]4T=3= = [+18'??19 F[+496')=f b.` W " 
8 <!0'%7%##:f 2<4!0*+f !<#!0#2P #-,'2/12 #- 24*;#!-

                                                
* I-?!6- N!HH%'O-#- ,'-#6!7 IZZX 09-01-00042--. 
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H!'!O#2P <%65 (CGS) ,!'!H!0 <!/H-P6 #%7-'_'26*/*'2%7:% 
6'-#<N!'6#:% <'%H<60- ([S), 2N'-04+%7:% N!45/!0-6%4+7*, 
*7%PM*7* '-/4*;#:% )%4* N!%/H!1. Q'* 7!H%4*'!0-#** '-<N'%-
H%4%#*+ 6-1*f [S N! h4%7%#6-7 CGS *<N!45/2P6 N%'0:> N!0%H%#-
;%<1*> N'*#)*N 8-'H'!N-: 1-OH:> */ 0!H*6%4%>  0:?*'-%6 7-'-
_'26 < #-*7%#5_*7* 6'-#<N!'6#:7* */H%'O1-7*. G4+ !N*<-#*+ 
6-1!> <*62-)** 0 CGS 0:H%4*7 7#!O%<60! )},({ jiwW ==  N-' 
*<6!;#*1-<6!1 H4+ 1!6!':f */0%<6%# !?u%7 1!''%<N!#H%#)** wd . 
80%H%7 <4%H2PM*% !?!/#-;%#*+: wP  – 7#!O%<60! 7-'_'26!0, <!-
%H*#+PM*f N-'2 w , 0≥px  – 0%4*;*#2 N!6!1- N! N26* wPp∈ , 

),,( WwPpxx wp ∈∈=  – 0%16!', f-'-16%'*/)PM*> '-<N'%H%4%-

#*% N!6!1!0 0 <%6*, )(xGp  – 6'-#<N!'6#:% */H%'O1* #- N'!f!O-
H%#*% 7-'_'26- p . G4+ 1-OH!> N-': Ww∈  H!4O#: ?:65 0:-
N!4#%#: 2<4!0*+ w

Pp
p dx

w

=∑
∈

. Q%'0:> N'*#)*N 8-'H'!N- $!'7--

4*/2%6<+ <4%H2PM*7 !?'-/!7: H4+ 1-OH!> N-': Ww∈  0:N!4#%-
#! 2<4!0*% 

0),(min)( *** >=
∈ pqPqp x'?6=xGxG

w

 (1) 

8%16!' *x , 1!7N!#%#6: 1!6!'!,! 2H!04%60!'+P6 2<4!0*P (1), 
N'%H<6-04+%6 '-0#!0%<#!% '-<N'%H%4%#*% [S 0 '-<<7-6'*0-%7!> 
CGS. 

I-?!6- +04+%6<+ N'!H!4O%#*%7 *<<4%H!0-#*> 0 !?4-<6* N'!-
,#!/*'!0-#*+ /-,'2/1*  6'-#<N!'6#:f <%6%> #- N'*7%'% CGS 
,.84-H*0!<6!1-. Q!42;%##:> !N:6 N!1-/-4, ;6! H4+ '%_%#*+ /-H--
;* #%!?f!H*7! N'%!H!4%65 H0% 6'2H#!<6*. 8!-N%'0:f,  #- h6-N% 
7!H%4*'!0-#*+ 0 '%-45#:f CGS 6'2H#!> /-H-;%> +04+%6<+ N!-
<6'!%#*% 7#!O%<60- 0<%f 7-'_'26!0, <!%H*#+PM*f N-'2 

),( jiw = . I-#%% 1-OH!% */ 7#!O%<60 wP  <6'!*4!<5 -06!'-7* 1-1 
#-?!' k -1'-6;->_*f N26%> < 6!;1* /'%#*+ '-<<6!+#*+ 7%OH2 2/-
4-7* i  * j , N'*;%7 ;*<4! k 0:?*'-4!<5 <2?u%16*0#!, *<f!H+ */ 
'-/7%'#!<6* '-<<7-6'*0-%7!> <%6*. j;%0*H#! N'* 6-1!7 N!Hf!H% 
#%45/+ ?:65 20%'%##:7 0 6!7, ;6! 2;6%#: 0<% 0!/7!O#:% N26* 
<4%H!0-#*+. 8!-06!':f, #- h6-N% !N'%H%4%#*+ #-,'2/!1 #- h4%7%#-
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6: <%6* !<#!0#!> 6'2H#!<65P +04+%6<+ ?!45_-+ '-/7%'#!<65 0--
'*-)*!##!,! #%'-0%#<60-, h10*0-4%#6#!,! 2<4!0*P (1). 

8 '-?!6% N'%H4!O%# N-'-44%45#:> N'!%16*0#:> -4,!'*67 < 
,%#%'-)*%> 7-'_'26!0 H4+ '%_%#*+ /-H-; 6'-#<N!'6#!,! '-0#!0%-
<*+ 0 N'%HN!4!O%#**, ;6! 6'-#<N!'6#:% */H%'O1* )(xGp  #-f!-
H+6<+ 0 #%N'%':0#!> 7!#!6!##!> /-0*<*7!<6* !6 /-,'2/1* <%6* x . 
XH%+ ,%#%'-)** 7-'_'26!0 <4%H2%6 '-?!6% [2], !H#-1!, 0 !64*;*% 
!6 [1], !6!?'-O%#*% ),:( WwPpGG p ∈∈=  #% !?+/-6%45#! N!-
6%#)*-45#!, ;6! #% H-%6 0!/7!O#!<6* <0%<6* 2<4!0*% (1) 1 h10*0--
4%#6#!> !N6*7*/-)*!##!> /-H-;%. Q'%!H!4%#*% ''N'!14+6*+ '-/-
7%'#!<6*'' N'%H4-,-%6<+ '%_*65 /- <;%6 '%-4*/-)** N-'-44%45#:f 
0:;*<4%#*>. X6%'-)*!##-+ <f%7-  -4,!'*67- !<#!0-#- #- 6%!'** 
#%<6-)*!#-'#:f $%>%'!0<1*f N'!)%<<!0 < 7-4:7* 0!/72M%#*+7* 
[2]. Q'!0%H%#: ;*<4%##:% h1<N%'*7%#6: H4+ N%'<N%16*0#!> CGS 
,. 84-H*0!<6!1-, N!<6'!%##!> N! H-##:7 ,%#N4-#- '-/0*6*+ ,!'!-
H-. Q'!0%H%# -#-4*/ 6!,!, 1-1 00%H%#*% 0 h1<N42-6-)*P #!0:f H!-
'!, 04*+%6 #- N%'%'-<N'%H%4%#*+ #-,'2/!1 0 CGS ,!'!H-. 

Z7<,3(<03( 
1. Leventhal T., Nemhauser G.L., Trotter L. Jr. A column generation algo-

rithm for optimal traffic assignment. Transportation Science.1973. No. 7. P. 
168–176.  

2. K2'7*#<1*> ].E. X<N!45/!0-#*% H!N!4#*6%45#:f 7-4:f 0!/H%><6-
0*> 0 $%>%'!0<1*f 7!H%4+f *6%'-6*0#:f -4,!'*67!0 // Y2'#. 0:;*<4. 
7-6%7. * 7-6%7. $*/*1*. 2008. 6. 48, 0:N. 12. S. 2121-2128. 

SD3,D73"'(27, ' U(/(E(V 89(273"'(27* 7 
8"$<3",27* 3($87$(27; 

].K. v!?!6!0 
$)?T=TFT [+1*6'] F[+496')=f W ",  

:1?319?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T  
=]. ".k. E4F]4)4 

e-H-;* * 7%6!H: N4-#*'!0-#*+ '-?!6 * N!<6'!%#*+ '-<N*<--
#*> !?'-?!61* /-H-#*> * H%6-4%> <!<6-04+P6 0-O#:> '-/H%4 0 
6%!'** *<<4%H!0-#*+ !N%'-)*>. I-/'-?!61% 7!H%4%> * 7%6!H!0 '%-
_%#*+ h6*f /-H-; H4+ N'%HN'*+6*> < H*<1'%6#:7 f-'-16%'!7 N'!-
*/0!H<60- 0 N!<4%H#*% ,!H: 2H%4+4!<5 N!0:_%##!% 0#*7-#*%, 1!-
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6!'!% N'*0%4! 1 N!+04%#*P ?!45_!,! 1!4*;%<60- h$$%16*0#! '--
?!6-PM*f 7%6!H!0 H4+ N4-#*'!0-#*+ '-?!6 * N!<6'!%#*+ '-<N*<--
#*> !?'-?!61* H%6-4%> #- 2'!0#% !6H%45#:f N'!*/0!H<60%##:f 
<*<6%7 (QS) * 2;-<61!0.  

jH#-1! H4+ ?!4%% <4!O#:f N'!*/0!H<60, 0 <!<6-0 1!6!':f 
0f!H*6 #%<1!451! QS * 2;-<61!0, '%_%#*% /-H-; N4-#*'!0-#*+ * 
N!<6'!%#*+ '-<N*<-#*> !?'-?!61* < *<N!45/!0-#*%7 <2M%<602P-
M*f 7%6!H!0 0:/:0-%6 2O% 0%<57- /#-;*6%45#:% /-6'2H#%#*+ */-
/- ?!45_!> '-/7%'#!<6* * <4!O#!<6* 0!/#*1-PM*f /-H-;. 8 <0+/* 
< h6*7 H4+ N!<6'!%#*+ '-<N*<-#*+ '-?!6 #- 2'!0#% N'%HN'*+6*> 
6'%?2%6<+ '-/'-?!61- <N%)*-45#:f 7!H%4%> * 7%6!H!0.  

8 N'%H<6-04%##!7 H!14-H% '-<<7-6'*0-P6<+ 7!H%4* * 7%6!-
H: N4-#*'!0-#*+ * N!<6'!%#*+ '-<N*<-#*+ '-?!6 #- 2'!0#% N'%H-
N'*+6*+, 1!6!':% !<#!0-#: #- *H%% -,'%,*'!0-#*+ *#$!'7-)**, * 
$!'7*'!0-#*+ «21'2N#%##:f» *4* «1-'1-<#:f» '-<N*<-#*> !?'--
?!61* ,'2NN H%6-4%> H4+ 1-OH!,! */H%4*+. Q'*0!H+6<+ 6-1O% '%-
/2456-6: 0:;*<4*6%45#:f h1<N%'*7%#6!0. 

Q'* N!<6'!%#** «1-'1-<#:f» '-<N*<-#*> 0<% N-'6** 1!7-
N4%162PM*f H%6-4%> 1-OH!,! */H%4*+ '-/H%4+P6<+ #- ,'2NN:. 
I-/H%4%#*% !<2M%<604+%6<+ 6-1*7 !?'-/!7, ;6!?: 0<% H%6-4* !H-
#!> ,'2NN: N'* <0!%> !?'-?!61% 0 !H#!> N!<4%H!0-6%45#!<6* N'!-
f!H*4* ?: !H#* * 6% O% N'!*/0!H<60%##:% <*<6%7: * 2;-<61* 
N'%HN'*+6*+. Q!<4% $!'7*'!0-#*+ 6-1*f ,'2NN !N'%H%4+P6<+ 
0'%7%#- !?'-?!61* H%6-4%> 1-OH!> ,'2NN: #- 6%f N'!*/0!H<60%#-
#:f 2;-<61-f N'%HN'*+6*+, ,H% <!!60%6<602PM-+ ,'2NN- H%6-4%> 
!?'-?-6:0-%6<+. jN'%H%4%#*% 0'%7%#* !?'-?!61* ,'2NN: H%6-4%> 
#- N'!*/0!H<60%##!7 2;-<61% N'%HN'*+6*+ 7!O%6 N'!*/0!H*65<+ 
1-1 N26%7 N!<6'!%#*+ '-<N*<-#*+ !?'-?!61* < N!7!M5P 6'-H*)*-
!##:f 7%6!H!0 N!<6'!%#*+ '-<N*<-#*>, 6-1 * < *<N!45/!0-#*%7 
<N%)*-45#:f 7!H%4%>.  

 -OH-+ */ <$!'7*'!0-##:f ,'2NN H%6-4%> N'* N!<6'!%#** 
"1-'1-<#:f" '-<N*<-#*> '-<<7-6'*0-%6<+, 1-1 !?!?M%##-+ H%6-45, 
- N'!*/0!H<60%##:> 2;-<6!1, #- 1!6!'!7 !?'-?-6:0-%6<+ h6- ,'2N-
N- H%6-4%>, '-<<7-6'*0-%6<+, 1-1 !?!?M%##:> <6-#!1. Q!h6!72 H4+ 
N!<6'!%#*+ * N'%H<6-04%#*+ "1-'1-<#:f" '-<N*<-#*> !?'-?!61* 
,'2NN H%6-4%> 7!O#! *<N!45/!0-65 6'-H*)*!##:% 7%6!H: N!-
<6'!%#*+ * N'%H<6-04%#*+ '-<N*<-#*> !?'-?!61* H%6-4%>  *4* O% 
*<N!45/!0-65 <N%)*-45#:% 7!H%4*, N!/0!4+PM*% N!42;-65 H!<6--
6!;#! "f!'!_*%" !)%#1* 0'%7%#* H4+ !?'-?!61* 6-1*f ,'2NN H%6--
4%>.  
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Q!<6'!%##!% "1-'1-<#!,!" '-<N*<-#*% N!/0!4+%6 !N'%H%4+65 
0'%7+ !?'-?!61* 1!7N4%162PM*f H%6-4%> H4+ */H%4*+ *4* ,'2NN: 
*/H%4*> !H#!,! 6*N-, * H!N2<1-%6 H%6-4*/-)*P H! '-<N*<-#*+ !?-
'-?!61* !6H%45#:f H%6-4%>. 

G4+ !N'%H%4%#*+ N!'+H1- <?!'1* */H%4*> *, <!!60%6<60%##!, 
N!'+H1- !?'-?!61* 1!7N4%162PM*f H%6-4%> N'%H4-,-%6<+ <N%)*-
-45#-+ N'!)%H2'-, 0 1!6!'!> *<N!45/2P6<+ *H%* -4,!'*67!0 '%_%-
#*+ /-H-;* GO!#<!#-. [-1*% -4,!'*67: f!'!_! */0%<6#:, _*'!1! 
N'%H<6-04%#: 0 #-2;#!> 4*6%'-62'% * H4+ /-H-;* GO!#<!#- N!/0!-
4+P6 <6'!*65 !N6*7-45#:% '-<N*<-#*+. 

8 6%f <42;-+f, 1!,H- 1!4*;%<60! 1!7N4%162PM*f H%6-4%> * 
!?!'2H!0-#*+ !1-/:0-%6<+ ;'%/0:;->#! ?!45_*7, !N*<-##-+ *H%+ 
-,'%,*'!0-#*+ *#$!'7-)** N26%7 N!<6'!%#*+ «1-'1-<#:f» '-<N*-
<-#*> #- '-/#:f 2'!0#+f 7!O%6 ?:65 *<N!45/!0-#- N!<4%H!0--
6%45#! #% !H*# '-/.  

XH%+ N!<6'!%#*+ «1-'1-<#:f» '-<N*<-#*> 7!O%6 ?:65 *<-
N!45/!0-#- H4+ '-/4*;#:f 6*N!0 N'%HN'*+6*> < H*<1'%6#:7 f--
'-16%'!7 N'!*/0!H<60-, * 0 6!7 ;*<4% H4+ <6-#1!<6'!*6%45#:f, 
-0*-<6'!*6%45#:f, <2H!<6'!*6%45#:f N'%HN'*+6*>.  

S *<N!45/!0-#*%7 7%6!H!0 N!<6'!%#*+ «1-'1-<#:f» '-<N*-
<-#*> ?:4 '%_%# '+H 6%<6!0:f N'*7%'!0 < ?!45_*7 1!4*;%<60!7 
H%6-4%> * */,!6-04*0-%7:f */H%4*>, 1!6!':% H'2,*7* 7%6!H-7* 
'%_*65 #% 2H-%6<+.  
I 2,&"<"3LV 8372678(V 8"$<3",27* +"/,9,; 
083('9,27* +2"D"83"/0&<"'L+7 U(8($(+7 

].K. v!?!6!0 
$)?T=TFT [+1*6'] F[+496')=f W ", 

:1?319?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T 
=]. ".k. E4F]4)4 

Q'!?4%7-7 -#-4*/- * '-/'-?!61* 7%6!H!0 2N'-04%#*+ /-N--
<-7*, 1!6!':% !N'%H%4+P6 0-O#!% #-N'-04%#*% 0 6%!'** *<<4%H!-
0-#*+ !N%'-)*>, 0 N!<4%H#*% ,!H: 2H%4+%6<+ N!0:_%##!% 0#*7--
#*%, N!<1!4512 <%>;-< -16*0#! '-?!6-P6 6!',!0:% $*'7: * !N6!-
0:% <14-H:, *7%PM*% H%4! < ?!45_*7* !?!'!6-7* * !?u%7-7* 
/-N-<!0 f'-#+M%><+ N'!H21)**. d!45_*% !?!'!6: * !?u%7: N'!-
H21)** 6'%?2P6 /#-;*6%45#:f /-6'-6 #- f'-#%#*% * !?<42O*0-#*%, 
;-<65 */ 1!6!':f 7!O%6 ?:65 <2M%<60%##! <!1'-M%#- /- <;%6 N'--
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0*45#!,! 0:?!'- !?u%7!0 * 0'%7%#* N!N!4#%#*+ /-N-<!0.  
8 #-<6!+M%% 0'%7+ #- '!<<*><1!7 ':#1% N'!,'-77#!,! 

!?%<N%;%#*+ *7%%6<+ ?!45_!% 1!4*;%<60! N'!,'-77#:f N'!H21-
6!0, N'%H#-/#-;%##:f H4+ N!0:_%#*+ h$$%16*0#!<6* '-?!6: 
<14-H!0 * 6!',!0:f !',-#*/-)*>, <0+/-##:f < f'-#%#*%7 /-N-<!0. 
jH#-1! 7!H%4* * 7%6!H: 2N'-04%#*+ /-N-<-7*, <!?<60%##! * N!-
/0!4+PM*% h1!#!7*65 /#-;*6%45#:% $*#-#<!0:% <'%H<60- /- <;%6 
N'-0*45#!,! 0:?!'- !?u%7!0 * 0'%7%#* /-1-/-, 0 *7%PM*f<+ #- 
':#1% N'!,'-77#:f N'!H216-f 4*?! N'%H<6-04%#: <4-?!, 4*?! 
!6<26<602P6 0!0<%. 

S4!O*0_%%<+ N!4!O%#*% !?2<4!04%#! 0 !<#!0#!7 6%7, ;6! 
N!H-04+PM%% ?!45_*#<60! */0%<6#:f 7!H%4%> ?:4! N!<6'!%#! 0 
N'%HN!4!O%#**, ;6! #- <14-H% f'-#*6<+ !H*# 6*N N'!H21)**. jH-
#-1! 0 '%-45#:f 2<4!0*+f #- N!H-04+PM%7 ?!45_*#<60% <14-H!0 
N!;6* 0<%,H- N'*f!H*65<+ f'-#*65 H!<6-6!;#! ?!45_!% 1!4*;%<60! 
'-/4*;#:f 0*H!0 N'!H21)**.  

d!45_*% N'!?4%7: 6-1O% 0!/#*1-P6 * 0 <*62-)*+f, 1!,H- 
6'%?2%6<+ !',-#*/!0-65 2N'-04%#*% 7#!,!N'!H216!0:7* /-N-<-7* 
< 2;%6!7 N'!*/0!H<60- N'!H21)**. 8 h6*f <42;-+f /-N-<: N!N!4-
#+P6<+ N!<6%N%##! N! 7%'% */,!6!04%#*+ N'!H21)**, - %% '%-4*/--
)*+ N'!*<f!H*6 N!<6!+##! 0 <!!60%6<60** < *7%PM*7<+ <N'!<!7. 
Q!N!4#%#*% /-N-<!0 N'!H21)** 1-OH!,! 6*N- 7!O%6 N'!*<f!H*65 
6!451! 0! 0'%7+ N'!*/0!H<60- N'!H21)** <!!60%6<602PM%,! 6*N-.  

8 H-##!7 H!14-H% '-<<7-6'*0-P6<+ N'*#)*N:, N!/0!4+P-
M*% <6'!*65 7!H%4* * 7%6!H: H4+ 2N'-04%#*+ 7#!,!N'!H216!0:-
7* /-N-<-7* 0 2<4!0*+f N!<6!+##!,! * <42;->#!,! <N'!<-, - 6-1O% 
< 2;%6!7 N'!*/0!H<60- N'!H21)**.  

G4+ 2N'-04%#*+ /-N-<-7* N'!H21)** 7#!,*f 6*N!0 N'%H4--
,-%6<+ N'!*/0!H*65 /-12N12 * H!<6-012 #- <14-H N'!H21)** '-/#:f 
6*N!0 !H#!0'%7%##! 6-1, ;6!?: 1 #-;-42 <4%H2PM%> N!<6-01* /--
N-<: h6!> ,'2NN: N'!H216!0 N! 0!/7!O#!<6* !1-/-4*<5 ?: */'-<-
f!H!0-##:7*.  

l6- *H%+ !1-/:0-%6<+ 0%<57- N4!H!60!'#!> * N!/0!4+%6 
<6'!*65 '-/4*;#:% 7!H%4* 2N'-04%#*+ 7#!,!N'!H216!0:7* /-N--
<-7* 0 2<4!0*+f N!<6!+##!,! <N'!<- * 0 6!7 ;*<4% 7!H%4*, #% H!-
N2<1-PM*%  H%$*)*6- N'!H21)**, 7!H%4*, H!N2<1-PM*% H%$*)*6 
N'!H21)** #- <14-H% * 6. H. 

Q'* #-4*;** <42;->#!,! <N'!<- *<N!45/!0-#*% 7!H%4%>, 
h$$%16*0#! '-?!6-PM*f 0 2<4!0*+f N!<6!+##!,! <N'!<-, !1-/:0--
%6<+ /-6'2H#*6%45#:7, N!<1!4512 0%4*;*#: <N'!<-, N'*<26<602P-
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M*% 0 h6*f 7!H%4+f, < 6%;%#*%7 0'%7%#* 7!,26 7%#+65<+.  
G4+ N!<6'!%#*+ 7!H%4%> 2N'-04%#*+ 7#!,!N'!H216!0:7* 

/-N-<-7* 0 h6!7 <42;-% N'%H4-,-%6<+ *<N!45/!0-65 *H%P "4*#%-'*-
/-)**" $2#1)*> '-<f!H- N'!H21)** * < N!7!M5P 7%6!H!0 N'!,#!-
/*'!0-#*+ !N'%H%4+65 <'%H#*% /#-;%#*+ <N'!<- N! 1-OH!> f'-#*-
7!> N'!H21)**. 

G4+ <!1'-M%#*+ /-6'-6 #- <!H%'O-#*% /-N-<!0 0 N'!)%<<% 
2N'-04%#*+ 7#!,!N'H216!0:7* /-N-<-7* N'%H4-,-%6<+ *<N!45/!-
0-65 *H%* «!?'-6#!> <0+/*» * -4,!'*67!0 -H-N6-)**, 1!6!':% N!-
/0!4+P6 <!1'-M-65 !<6-61* N'!H21)** * *f #%f0-612 #- <14-H% 1 
7!7%#62 <4%H2PM%,! N!N!4#%#*+. 

S *<N!45/!0-#*%7 h6*f *H%> 2H-%6<+ N!<6'!*65 * h$$%16*0-
#:% 7!H%4* 2N'-04%#*+ 7#!,!N'!H216!0:7* /-N-<-7* 0 2<4!0*+f 
<42;->#!,! <N'!<-.  

Q'* 2N'-04%#** 7#!,!#!7%#14-62'#:7* /-N-<-7* < 2;%6!7 
N'!*/0!H<60- N'!H21)** !?:;#! 6'%?2%6<+ !N'%H%4*65 !?u%7: * 
H4*6%45#!<65 N'!*/0!H<60- N'!H21)** 1-OH!,! 6*N- 6-1, ;6!?: 
!?%<N%;*65 N!6'%?#!<6* H'2,*f N!H'-/H%4%#*> N'%HN'*+6*+ 0 H%-
6-4+f, 2/4-f * -,'%,-6-f *4* O% 0 ,!6!0!> N'!H21)** N!6'%?*6%4%> 
< 2;%6!7 #-1!N4%##:f /-N-<!0. Q'* h6!7 %M% 6'%?2%6<+ * <!1'--
6*65 /-6'-6: #- f'-#%#*% * N%'%#-4-H12 N'!*/0!H<60- < 0:N2<1- 
!H#!,! 6*N- N'!H21)** #- H'2,!>.  

 2"D"8,37"/2L, +"/,97 $ 9"D7E,$&7+7  
0$9"'7*+7 /9* 8"$9,/"'(<,9?2LV 8,37"/"' 

W.@. c!H*1!0 
$)?T=TFT [+1*6'] F[+496')=f =]. .. .c+4['&)=3194 W " 

@#!,!N%'*!H#:% 7!H%4* !N6*7-45#!,! N4-#*'!0-#*+ #-f!-
H+6 N'*7%#%#*% 0 <*<6%7-f N4-#*'!0-#*+ N'!*/0!H<60- [1]. D*-
#%>#:% 7#!,!N%'*!H#:% 7!H%4* '-<<7-6'*0-P6<+ 0 7!#!,'-$*+f 
N! *<<4%H!0-#*P !N%'-)*> * 014P;%#: 0 <*<6%7: N'!,'-77 !N-
6*7*/-)** H4+ !?2;%#*+ [2]. 8 H-##!7 H!14-H% '-<<7-6'*0-%6<+ 
7#!,!N%'*!H#-+ 7!H%45 < 4!,*;%<1*7* !,'-#*;%#*+7*, <!<6!+M*-
7* 0 6!7, ;6! N'!*/0!H<60! #%1!6!'!,! N'!H216- 0!/7!O#! 6!451! 
0 6%;%#*% k N!<4%H!0-6%45#:f N%'*!H!0. 8 '-?!6% [3] /-H-;- 7#!-
,!N%'*!H#!,! !N6*7-45#!,! N4-#*'!0-#*+ <$!'724*'!0-#- 6-1, 
;6!?: 2;%<65 <4%H2PM%% 6'%?!0-#*%: '?6= [+1=&91O?T91 [+1OF3T4 
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'-#*;%#*>; J 0 - 7#!O%<60! !?M*f !,'-#*;%#*> (3) #- N4-# N'!*/-
0!H<60- 0 6%;%#*% 0<%,! ,!'*/!#6- N4-#*'!0-#*+ T. G4*6%45#!<65 
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7!H%45 00!H+6<+ H!N!4#*6%45#:% H*<1'%6#:% N%'%7%##:% * !,'--
#*;%#*+, *7%PM*% 4%<6#*;#2P <6'2162'2. 

8 H-##!7 H!14-H% /-H-;- (1-4) !?!?M-%6<+ H4+ <42;-+, 1!,H- 
-N'*!'#!% 6'%?!0-#*% 1 N'!*/0!H<602 #%1!6!'!,! N'!H216- *7%%6 
<4%H2PM*> 0*H. J?6= [+1=&91O?T91 )'31T1+1-1 [+1OF3T4 )4V4T1 
9 1O)1] ['+=1O', T1 1)1 O16j)1 *QT7 [+1O16j')1 = &431)V')1 9 
T'V')=' k [1?6'O194T'67)Qg ['+=1O19. l6- !?!?M%##-+ /-H-;- 
<$!'724*'!0-#- 0 0*H% 7#!,!N%'*!H#!> 7!H%4* (1-4) < H!N!4#*-
6%45#:7* H*<1'%6#:7* N%'%7%##:7* * !,'-#*;%#*+7* 4%<6#*;-
#!> <6'2162':. 8-O#! !67%6*65 <0!><60- 6-1!> 7!H%4* – <*<6%7- 
!,'-#*;%#*> H4+ H*<1'%6#:f N%'%7%##:f 0<%,H- *7%%6 H!N2<6*-



 

321 

7!% '%_%#*%, H4+ N H*<1'%6#:f N%'%7%##:f /-H-;* ;*<4! 0!/-
7!O#:f /#-;%#*> h6*f N%'%7%##:f <2M%<60%##! 7%#5_% N2 . 

Z7<,3(<03( 
1. Refinery and Petrochemical Modeling System (RPMS). 

http://www.honeywell.com, 2010.  
2. Lingo. Optimization Modeling Software for Linear, Nonlinear, and Inte-

ger Programming, //www.Lindo.com, 2010. 
 3. m1O=319 R.:. jN6*7-45#!% 1-4%#H-'#!% N4-#*'!0-#*% H4+ #%N'%-

':0#!,! N'!*/0!H<60- < !,'-#*;%#*+7* #- <6'2162'2 ,'-$*1-. «E06!7--
6*1- * 6%4%7%f-#*1-» q1, 2008 ,., <6'. 171-179. 
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Zero-sum best choice game with disorder*  
E.E. Ivashko 

Institute of Applied Mathematical Research, 
Karelian Research Centre of RAS 

Abstract. A zero-sum version of the best-choice game with dis-
order is considered. Two players observe sequentially iid random vari-
ables with a known continuous distribution. In a random time the dis-
tribution of observations changes. The aim of the players is to choose 
the observation more than opponent's one. After each sampling players 
                                                
* The work is supported by the Division of Mathematical Sciences (the pro-
gram “Mathematical and algorithmic problems of new information systems”). 
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independently take a decision for acceptance or rejection of the obser-
vation. If both want to accept the same observation then a random as-
signment mechanism is used.  

The following the full-information best-choice game with disor-
der is considered. Two players (I and II) observe sequentially n inde-
pendent random variables (r.v.) nξξξξ θθ ,...,,,..., 11 − . In a random time 
9 the distribution of observation changes (the disorder  happens), i.e. 
the r.v. 11,..., −θξξ  have a continuous distribution )(1 xF  and r.v. 

nξξθ ,...,  have a continuous distribution )(2 xF . The moment of the 
changing the distribution has geometric distribution with the parameter 
r, i.e. at every step the probability of the disorder is equal to 1-r. Play-
ers know parameters )(),(, 21 xFxFα  and n but the exact moment 9 is 
unknown.  

Players use threshold strategies. After each sampling players 
have to take a decision for acceptance or rejection of the observation. If 
both players want to accept the same observation then a random as-
signment mechanism is used: player I gets the observation with the 
probability p and player II – with the probability 1-p. Each player can 
accept at most one observation. When some player accepts the observa-
tion at time k, then the other one will investigate the sequence of future 
observations having an opportunity to accept one of them.  

The aim of the players is to choose the observation more than 
opponent's one. A class of suitable strategies and a gain function for the 
problem is constructed. The asymptotic behavior of the solution is also 
studied. 
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1. M. Sakaguchi. A best-choice problem for a production system which de-

teriorates at a disorder time. // Scienticae Mathematicae Japonicae Vol. 54, No. 
1, pp. 125-134. 

2. Z. Porosinski and K. Szajowski. Random priority two-person full-
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Mathematicae, 27(3), 2000, pp. 251-263. 

3. V. Mazalov, E. Ivashko. Best-choice problem with disorder // Surveys in 
Applied and Industrial Mathematics, V. 14, Iss. 2, 2007, pp. 215-224 (in rus-
sian). 

 



 

325 

On the Monotonicity of the Best Responses 
Without the Revealed Preference Axiom* 

Nikolai S. Kukushkin 
Russian Academy of Sciences, Dorodnicyn Computing Center 

The standard way to describe preferences of the players in game 
theory – with utility functions – looks severely restrictive when com-
pared with what is available in choice theory. The desirability of bridg-
ing the gap has been recognized for quite some time. However, familiar 
approaches quite often do not work in a broader context, or have to be 
modified substantially. 

This paper strives to find out what equilibrium existence results 
could be derived from strategic complementarity or substitutability 
when the preferences are defined by more general binary relations. The 
study of games with strategic complementarities was started in a cardi-
nal framework, “supermodular games.” Milgrom and Shannon (1994) 
developed a purely ordinal version, but their approach only works when 
the preferences of each player are described with an ordering (i.e., 
every best response is preferred to every non-best: “revealed prefer-
ence”). If a broader class of preference relations is allowed, the whole 
edifice collapses. 

There is a very simple reason to look beyond orderings. Suppose 
the utility function is bounded above, but need not attain a maximum; 
then 7-optimization suggests itself strongly, and this means abandoning 
orderings. To the best of my knowledge, the previous literature contains 
no existence result for 7-Nash equilibria in games with strategic com-
plementarity (to say nothing of strategic substitutability) where the ex-
istence of the best responses is not guaranteed. “Multi-criteria optimiza-
tion” may be mentioned as another source of similar (in a sense, even 
worse) problems.  
The main point of this paper is that something can be obtained even in 
                                                
* Financial support from a Presidential Grant for the State Support of the Lead-
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Research (project 08-07-00158), the Russian Foundation for Humanities (pro-
ject 08-02-00347), and the Spanish Ministry of Education and Science (project 
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such situations. One “only” has to apply roundabout techniques and 
reconcile oneself to less impressive results. 
Two results are obtained about the existence of a monotone selection 
from the best response correspondence.  
Theorem 1. Let the set of strategies and the set of parameters influenc-
ing the agent’s preferences both be chains. Let the single crossing con-
ditions hold. Let every preference relation be a strongly acyclic interval 
order. Then there exists a monotone selection from the best response 
correspondence. 
The existence of an 7-Nash equilibrium in games with strategic com-
plements or substitutes, an appropriate aggregation, and the 
in(de)creasing differences condition easily follows. It should be noted 
that every equilibrium existence result in the literature on games with 
decreasing best responses hinges on the presence of scalar aggregation 
in the utilities and the availability of monotone selections. 
Theorem 2. Let the set of strategies and the set of parameters influenc-
ing the agent’s preferences both be complete chains. Let the single 
crossing conditions hold. Let every preference relation be an interval 
order satisfying a very weak version of upper semicontinuity. Then 
there exists a monotone selection from the best response correspon-
dence. 

Two more results are obtained about the existence of a Nash 
equilibrium in games with strategic complementarities where strategy 
sets are chains, but monotone selections from the best response corre-
spondences need not exist. 
Theorem 3. Let the set of strategies of each player in a strategic game 
be a chain containing its top and bottom. Let every preference relation 
be strongly acyclic and transitive. Let the single crossing conditions 
hold for each player. Then the game possesses a Nash equilibrium. 
Theorem 4. Let the set of strategies of each player in a strategic game 
be a complete chain. Let every preference relation be irreflexive and 
transitive, and satisfy the same version of upper semicontinuity as in 
Theorem 2. Let the single crossing conditions hold for each player. 
Then the game possesses a Nash equilibrium. 
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Bargaining Powers, Weights of Individual Utilities, 
and Implementation of the Nash Bargaining Solution  

V.D. Matveenko 
Institute for Economics and Mathematics at St. Petersburg – 

Russian Academy of Sciences 
The Nash bargaining problem takes an important place both in 

the theory of cooperative games and in practical applications of the 
game theory. In the present paper new approaches to the problem of 
implementation of the Nash bargaining solution (N.b.s.) are proposed. 

We consider an n person bargaining problem with the feasible 
set nRS +⊂  and the disagreement point 0=d . Nash (1950) formu-
lated a list of properties (“axioms’) a symmetric N.b.s has to satisfy. A 
weaker set of axioms corresponds to a family of  asymmetric N.b.s.’s 
with bargaining powers,  

na
n

aa

Sx
xxxx ...maxarg 21

21∈
=  

(here naa ,...,1  are bargaining powers of the players). Nash (1953) 
initiated a, so called, Nash program or implementation, trying to con-
struct new games (usually, non-cooperative) leading to the N.b.s. 
Shapley (1969) linked the N.b.s. with utilitarian and egalitarian solu-
tions (see also Yaari, 1981 and Binmore, 1998, 2005 who discuss the 
N.b.s and the Shapley’s approach in a broad context of social justice 
and social contracts). With bargaining powers, the benchmark result 
can be formulated in the following way. 

Let the set S be restricted by coordinate planes and by a surface 
0),...,( 1 =nxxϕ , where ϕ  is a strictly convex function, and let 

naa ,...,1 be positive bargaining powers. Then the following two state-
ments are equivalent.   

1. For a point x  such weights nλλ ,...,1  exist that x  is simul-
taneously 
 (a) a “utilitarian” solution 1 1arg max( ... )n nx S

x xµ µ
∈

+ +  with weights 

i i iaµ λ= ( i = 1,…,n), 
 and 

(b) an ”egalitarian” solution iiiSx
xλminmaxarg

∈
 or, what is the same, 
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a point where  nn xx λλ == ...11 . 
2. x  is the asymmetric N.b.s. with bargaining powers naa ,...,1 .   
This equivalence leaves open a positive question of a possible 

mechanism of the weights formation. Can the system of weights be 
received as a result of a recurrent procedure of reconciliation of utili-
tarian and egalitarian interests? We construct such iterative procedure, 
which has a natural economic sense and leads to the set of weights 
corresponding to the N.b.s., if some natural sufficient conditions are 
satisfied; the latter are formulated in terms of the elasticity of substitu-
tion of function ),...,( 1 nxxϕ in point x . 

Another question is: can a set of feasible weights be a result of a 
game independent on a concrete bargaining situation? In reality, bar-
gains often have a routine character and are accomplished in presence 
of an arbitrator (such as a court or an international community). Deci-
sions of the arbitrator depend in much on assessments which relate to 
reputations of the players but are defined concretely in each concrete 
bargain 

We consider a two-stage game. On the first stage the players 
form a surface Λ  of admissible sets of weights. The weights are inter-
preted as admissible reputation assessments created by players by use 
of mechanisms of propaganda. On the second stage, an arbitrator (the 
society) chooses an admissible set of weights S∈λ and an outcome 

Sx∈  to achieve }min{maxmax iiLSx
xλ

λ∈∈
. 

On the first stage each player is evidently interested in decreas-
ing her weight and in increasing the opponent’s weight. However, 
when forming the surface Λ , player i agrees to a decrease in the op-
ponent’s weight, jλ , in a part of the curve at the expense of an in-

crease in his own weight, iλ , as far as player j similarly temporizes in 
another part of curve Λ .  With constant bargaining powers, the proc-
ess is modeled by an equal-elasticity-condition leading to the differen-
tial equation:  

const
a
a

d
d

L

K

i

j

j

i =−=
λ
λ

λ
λ

. 

Solving this equation we get the surface Λ  described by equa-
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tion  
constCna

n
aa ==λλλ ...21

21 . 
On the second stage of the game, the set Λ  leads automatically 

to the asymmetric  N.b.s. with bargaining powers naa ,...,1 . 
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Discrete-time Bioresource Management Problem 
with Many Players  

A.N. Rettieva 
Institute of Applied Mathematical Research 

Karelian Research Center of RAS 
Discrete-time game-theoretic models related to the bioresource 

management problem (fish catching) are investigated. The players 
(countries or fishing firms) which harvest the fish stock are the partici-
pants of the game.  

Since the cooperation plays important role in the bioresource 
management problems we consider one of the schemes to maintain the 
cooperation: time-consistent imputation distribution procedure (IDP) 
[2]. The characteristic function for cooperative game is constructed in 
two unusual forms:1) players outside the coalition K switch to their 
Nash strategies, which were constructed for initial non-cooperative 
game, 2) players outside the coalition K determine new Nash strategies 
in the game with N\K players.  

We determine the Shapley values and time-consistent IDPs. We 
introduce a condition which gives an incentive for players to keep co-
operation and compare it with the Yeung condition [4].  
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Let n players exploit the fish stock during infinite time horizon. 
The dynamics of the fishery is described by the equation 

1 0
1

( ) , ,
n

i
t t t

i
x x u x xαε+

=

= − =∑  

where 0tx ≥  - size of population at a time t, (0,1)ε ∈ - natural death 

rate, (0,1)α ∈  - natural birth rate, 0i
tu ≥ - the catch of player i,. 

We suppose that the utility function of country i is logarithmic. 
Then the players' net revenues over infinite time horizon are: 

0
ln( ),t i

i t
t

J uδ
∞

=

= ∑  

where  (0,1)δ ∈ - the common discount factor for countries. 
First we find the Nash equilibrium. Then we determine the pay-

off of any coalition K with k players and the characteristic function 
V(S,0). We show that this function is superadditive in the first case and 
find parameters for which it is superadditive in the second case. 

When the characteristic function is determined, the imputation 
set 1(0) ( (0), , (0))nξ ξ ξ= K  can be defined. Analogously we determine 
the characteristic function V(S,t) and the imputation set 

1( ) ( ( ), , ( ))nt t tξ ξ ξ= K   for every subgame started from the state c
tx  at 

time moment t.  
Now the time-consistent imputation distribution procedure (IDP) 

[2,3] can be determined. In our model the vector 
1( ) ( ( ), , ( ))nt t tβ β β= K , where ( ) ( ) ( 1), 1,i i it t t i nβ ξ δξ= − + = K  is 

time-consistent IDP.  
Definition. The imputation 1( , , )nξ ξK  satisfies each step ra-

tional condition if ( ) ( , 1) ( , )i t V i t V i tβ δ+ + ≥  
for all 0t ≥ , where 1( ) ( ( ), , ( ))nt t tβ β β= K  - time-consistent IDP. 

We verify and compare our condition with the Yeung condition . 
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e)=9'+?=T'T?3=% 3166'Oj -. H')T, E'67-=f 
S6-65+ N!<0+M%#- *<<4%H!0-#*P *#$!'7-)*!##!> 7!H%4* 

H02f2'!0#%0!> *%'-'f*;%<1!> <*<6%7:, $2#1)*!#*'2PM%> 0 2<-
4!0*+f #%!N'%H%4%##!<6* N'* 2<4!0**, ;6! *7%%6<+ c%#6', 2N'-0-
4+PM*> H%+6%45#!<65P H02f N!H<*<6%7 < 2;U6!7 0/-*7!!6#!_%-
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#*> 7%OH2 #*7* [1,2]. Q'* #-4*;** ,!'*/!#6-45#:f <0+/%> N!0%-
H%#*% h4%7%#6!0 #% !N*<:0-%6<+ <6'%74%#*%7 1 7-1<*7*/-)** 
<0!*f 1'*6%'*%0 N! !6H%45#!<6*, - 0!/#*1-%6 #%!?f!H*7!<65 00%-
H%#*+ #%1!6!':f N'*#)*N!0 1!44%16*0#!,! N!0%H%#*+, N!<4% ;%,! 
'%-1)*+ 7!O%6 ?:65 0:'-O%#- ;%'%/ 1'*6%'*> h$$%16*0#!<6*. 
j67%;-%6<+, ;6! '%/2456-6: !;%0*H#:7 !?'-/!7 '-<N'!<6'-#+P6<+ 
#- <42;-> n  N!H<*<6%7. 

8 1!!N%'-6*0#!7 0-'*-#6% 2;-<6#*1* #*O#%,! 2'!0#+ 7!,26 
N'%HN'*#*7-65 <!07%<6#:% H%><60*+, 6! %<65 /-14P;-65 <!,4-_%-
#*+. G4+ N!<6'!%#*+ 7!H%4* <0+/* 7%OH2 N!H<*<6%7-7* *#$!'7--
)*!##:> !?7%# N'%H<6-0*7 0 0*H% '-0#!0%<*+ *<f!H+ */ N'*#)*N- 
S4%>6%'-. 

Q-'2 ))(),(( 1312 xxxx CC  #-/!0U7 '-0#!0%<*%7 N! S4%>6%'2 7%-
OH2 N!H<*<6%7-7*, %<4* H4+ 4P?:f 2 3 2 3( , )x x X X∈ ×  #%<!07%<6#- 
<*<6%7- #%'-0%#<60 

3,2),,,,(min)),(),(,(min 32113121 =<
∈∈

iyxxxFyxxxxxF iYy

CC
iYy

. 

80%HU7 $2#1)*P =Φ ),,,( 321 αxxx  

2 1 2 3 3 1 2 3min ( , , , ) (1 )min ( , , , )
y Y y Y

F x x x y F x x x yα α
∈ ∈

= + − , 10 <<α . 

[!,H- '-0#!0%<*% !N'%H%4+%6<+ 7-1<*7*/-)*%> <0%'61*:  
),,,(maxmax)( 3211

2211

αα xxxArgxR
XxXx
Φ=

∈∈
. 

)( 1xRα  !N'%H%4+%6 7#!O%<60! 6!;%1 S4%>6%'- N'* $*1<*'!0-##!7 
α . 

8 /-0*<*7!<6* !6 /#-;%#*+ *#$!'7-)*!##!,! 0%<!0!,! 1!-
h$$*)*%#6- α  N!H<*<6%7: '%_-P6, 16! ?!45_% '*<12%6 N'* N'*-
#+6** '%_%#*+. e#-;%#*% α  c%#6'2 #%*/0%<6#!, ;6! <!/H-U6 H!-
N!4#*6%45#2P #%!N'%H%4U##!<65, * 0!/#*1-%6 #%!?f!H*7!<65 0 
!)%#1% %,! /#-;%#*+. )()( 1)1,0(1 xRxR αα∈

∪=  

@#!O%<60! N-' 2 1 3 1( ( ), ( ))C Cx x x x  N'* 1-OH!7 1x  !?'-/2P6 
7#!,!/#-;#!% !6!?'-O%#*% 321)( XXxR ×⊂ , < N!7!M5P 1!6!'!,! 
!N*<:0-%6<+ 0:?!' N!H<*<6%7 < 6!;1* /'%#*+ c%#6'-, 6! %<65 *f 
'%-1)*+ #- %,! 2N'-04%#*%.  

8/-*7!!6#!_%#*+ N!H<*<6%7 < c%#6'!7 <;*6-%7 #%?4-,!O%-
4-6%45#:7*, * h6! /-<6-04+%6 *f 0:?*'-65 <6'-6%,** 1-1 '%_%#*% 
/-H-;* 
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),,,(minminarg))(),(( 3211)(,1312
132

yxxxFxxxx
YyxRxx

CC

∈∈
= . 

jN6*7-45#:> 0:?!' c%#6'- <!<6!*6 0 0:?!'% <6'-6%,** 

1 1

0
1 1 1 2 1 3 1max min ( , ( ), ( ), )C C

y Yx X
x Arg F x x x x x y

∈∈
∈ , 

!?%<N%;*0-PM%> 7-1<*7-45#:> ,-'-#6*'!0-##:> '%/2456-6 
),,,(minminmax 3211)(,

0

13211

yxxxFw
YyxRxxXx ∈∈∈

= , 

0:;*<4+%7:> 1-1 '%_%#*% 7-1<*7*##!> /-H-;* <! <0+/-##:7* 
N%'%7%##:7*. S N!7!M5P 7%6!H- _6'-$#:f $2#1)*> N!42;%#: 
#%!?f!H*7:% 2<4!0*+ !N6*7-45#!<6* * N'!*/0%H%# 0:;*<4*6%45-
#:> h1<N%'*7%#6 0 <*<6%7% 1!7N5P6%'#!> 7-6%7-6*1* MathCAD. 

Z7<,3(<03( 
1. B!'%4*1 8.E. E#-4*/ 1!#$4*16#:f <*62-)*> 0 <*<6%7-f 2N'-04%-

#*+ / 8.E. B!'%4*1, @.E. B!'%4!0, E.Z.  !#!#%#1!.– @.: I-H*! * <0+/5, 
1991.– 288 <. 

2. B%'7%>%' W.d. X,': < #%N'!6*0!N!4!O#:7* *#6%'%<-7*.– @.: 
Z*/7-64*6, 1976.– 328 c. 

 ,<"/L &"33,&677 ' &""8,3(<7'2LV 7D3(V $ 
80$<L+ */3"+ 

8.E. B!'%4*1, j.E.  4*7%#1! 
:1?319?3=% ['O4-1-=V'?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

K-'+H2 < C-+H'!7, 0 1!!N%'-6*0#:f *,'-f '-<<7-6'*0-P6<+ 
N!#+6*+ «<*45#!,!» Cε-+H'- (Shapley, Shubik, 1963,1966), !N'%H%-
4+%7!,! H4+ N'!*/0!45#!,! H%><60*6%45#!,! ε  1-1 

⎭
⎬
⎫

⎩
⎨
⎧ ⊂∅≠−≥=∈= ∑∑

∈=
NSSSvxNvxxvC

Si
i

n

i
i

n ,,)(),(:)(
1

εε R  

* #-*7%#5_%,! C-+H'- LC(v) (Maschler, Peleg, Shepley, 1979), 1!6!-
'!% +04+%6<+ N%'%<%;%#*%7 0<%f #%N2<6:f Cε-+H%', 

)()( )(0
vCvLY vε= , ,H% 

*0 ,
( ) min max ( , )

S Ix X
v e S xε

≠∅∈
= , 

⎭
⎬
⎫

⎩
⎨
⎧ ∈=∈= ∑

=

∗ NiNvxxX
n

i
i

n ),(:
1

R , N'*;%7 ε0(v) 7!O%6 ?:65 !6'*-

)-6%45#:7.  
X#6%'N'%6*'2%6<+ Cε-+H'! 1-1 7#!O%<60! h$$%16*0#:f '-<-

N'%H%4%#*>, 1!6!':% #% 7!,26 ?:65 242;_%#: #* !H#!> */ 1!-4*-
)*> N'* 2<4!0**, ;6! $!'7*'!0-#*% 1!-4*)** 6'%?2%6 ε-/-6'-6 
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(*4* 0!/#-,'-OH-%6<+ ε ?!#2<!7, %<4* ε < 0 ). Q'* 6-1!7 N!Hf!H% 
*7%%7 '+H !,'-#*;%#*>: 
-) ε − $*1<*'!0-##-+ H4+ 0<%f 1!-4*)*> 0%4*;*#-; 
?) ε #% /-0*<*6 !6 '-/7%'- 1!-4*)**; 
0) ε #% /-0*<*6 !6 <!<6-0- 1!-4*)**; 
,) %<4* 7!H%45 N!<6'!%#- 6-1*7 !?'-/!7, ;6! /-6'-6: 014P;%#: 0 
/#-;%#*% v(S) *<f!H#!%, 6! 1-1!> <7:<4 014-H:0-%6<+ 0 ε. 

X<N!45/!0-#*% 7%6!H!0 1!''%1)** N!/0!4+%6 0/,4+#265 #- 
N'!?4%72 N2<6!6: C-+H'- _*'%. 8 !?M%7 0*H% /-H-;- 1!''%1)** 
1!!N%'-6*0#!> *,': < N2<6:7 +H'!7 *7%%6 0*H: min→Δ N'* 
2<4!0**, ;6! C-+H'! *,': < f-'-16%'*<6*;%<1!> $2#1)*%> 

)()()(~
SvSvSv Δ−= ∀S⊆N  #% N2<6!. I-<<7!6'%#: /-H-;* 1!''%1)** 

H4+ '-/4*;#:f #!'7 * 2<4!0*> #- 1!''%1)*P f-'-16%'*<6*;%<1!> 
$2#1)**. 80%H%7 7#!O%<60! 0%16!'!0 

{ }(V,X,D) X : min , X(V,D)p p
C x= ∈ Δ → ≠∅ , 

⎭
⎬
⎫

⎩
⎨
⎧

Δ−≥= ∑
∈

)()(:),( Sv
Si

i SvxxDVX , V={v(S), S⊆N}, 

 D(V)={ Δv(S), S⊆N }, ,H% p⋅ − #!'7- B%45H%'-. 

Q'* h6!7 7!O#! '-<<7-6'*0-65 <4%H2PM*% 2<4!0*+ #- 1!''%1)*P: 
1) Δv(S)=ε, ∀S ≠∅, {i}, N; 
2) Δv(S)≥0, ∀S ≠∅, N; 
3) Δv(S)=kv(S), ∀S ≠∅, N, k<1; 
4) )),(,0max()( xSeSv =Δ , ( , ) ( ) i

i S
e S x v S x

∈

= −∑ , S≠∅, N; 

5) ∑
⊂
∅≠

=Δ

NS
S

Sv 0)( ; 

6) ∑
⊂
∅≠

Δ−=Δ

NS
S

NvSv )()( . 

8 0!N'!<% ! <2M%<60!0-#** C-+H'- !H#!> */ !<#!0#:f +0-
4+%6<+ 6%!'%7- d!#H-'%0!>, <!,4-<#! 1!6!'!> C-+H'! #% N2<6! 6!-
,H- * 6!451! 6!,H-, 1!,H- )()( NvSv

NS
S ≤⋅∑

⊂
λ , ∀ λ∈Λ, 
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: 1, , 0,S S
S i

i N S Nλ λ λ
∍

⎧ ⎫Λ = = ∀ ∈ ≥ ∀ ≠⎨ ⎬
⎩ ⎭

∑ . 

I%_-+ /-H-;2 4*#%>#!,! N'!,'-77*'!0-#*+: max)( →∑
⊂NS

S Svλ , 

1=∑
∍iS

Sλ , λS ≥ 0, i∈N 

7!O#! N'*>6* 1 6!72 O% '%/2456-62. 
I-<<2OH-+ -#-4!,*;#! N'*7%#*6%45#! 1 Cp N!42;-%7 /-H--

;2 ( )∑
⊂Λ∈Δ

Δ−
NS

SvS Sv )()((maxmin λ
λ

, 1!6!'-+ 7!O%6 ?:65 N%'%$!'724*-

'!0-#- <4%H2PM*7 !?'-/!7: 
min

p
Δ → , )()()( NvSv

NS
S

NS
SvS −≥Δ ∑∑

⊂⊂
λλ , Δv(S)≥0, 

∀λ∈Λ−, ,H% Λ⊂Λ− , 
⎭
⎬
⎫

⎩
⎨
⎧

>=Λ ∑
⊂

− )()(: NvSv
NS

Sλλ . 

j;%0*H#!, %<4* C-+H'! *,': <2M%<602%6, 6! C+=C. 

K,3(3V7E,$&(* 7D3( $" $90E(;2L+7 "]7=&(+7 
837 8,3,/(E, 725"3+(677  

@.E. B!'%4!0 
.QV=?6=T'67)Q% 8')T+ W " 

d2H%7 '-<<7-6'*0-65 *,'2 H02f 4*) , , , ,U V g hΓ =  ,H% U  * 
V  – 1!7N-16#:% 7%6'*;%<1*% N'!<6'-#<60-, - g  * h  – #%N'%':0-
#:% $2#1)** */ U V×  0 7#!O%<60! H%><60*6%45#:f ;*<%4 & . 
l4%7%#6: 7#!O%<60 U  * V  *#6%'N'%6*'2P6<+ 1-1 2N'-04%#*+ 
N%'0!,! * 06!'!,! *,'!1!0. Xf *#6%'%<: !N*<:0-P6<+ <6'%74%#*-
%7 1 7-1<*7*/-)** /#-;%#*> $2#1)*> g  * h  <!!60%6<60%##!. 

d2H%7 <;*6-65, ;6! N%'0:> *,'!1 H! N'*#+6*+ !1!#;-6%45#!-
,! '%_%#*+ ! 0:?!'% <0!%,! 2N'-04%#*+ 7!O%6 /-H-65 n 0!N'!<!0 
H!N2<1-PM*f !60%6: 6*N- «H-» * «#%6» * N!42;*65 #- #*f !60%6:. 
Q'%HN!4!O*7, !60%6 #- 1-OH:> 0!N'!< 7!O%6 ?:65 < 0%'!+6#!-
<65P p *<1-O%# N'* N%'%H-;% *#$!'7-)**. X,'!1 1 N%'0:7 0:?*-
'-%6 <N*<!1 0!N'!<!0 * 0-'*-#6: <0!*f H%><60*> N'* 0<%f 0!/-
7!O#:f !60%6-f * <!!?M-%6 h62 *#$!'7-)*P N'!6*0#*12. 

8 h6*f 2<4!0*+f 06!'!> *,'!1  N'*#*7-%6 '%_%#*% 0 2<4!0*-
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+f '*<1-. d2H%7 <;*6-65, ;6! !# !'*%#6*'2%6<+ #- 7-6%7-6*;%<1!% 
!O*H-#*% <0!%,! 0:*,':_-, * h6! */0%<6#! *,'!12 1. 8 6-1!7 <42-
;-% N%'0:> *,'!1 7!O%6 !)%#*65 7#!O%<60! '-)*!#-45#:f !60%-
6!0 N'!6*0#*1-. X 6!,H- %,! 0:?!' N'!*<f!H*6 0 2<4!0*+f #%!N'%-
H%4%##!<6* 0:?!'- N'!6*0#*1- * #%*/0%<6#:f '%-4*/-)*> <42;->-
#:f !_*?!1. d2H%7 <;*6-65, ;6! !# !<6!'!O%# N! !6#!_%#*P 1 
#%!N'%H%4%##!<6* N%'0!,! 6*N- * !'*%#6*'2%6<+ #- 7-6%7-6*;%-
<1!% !O*H-#*% N! <42;->#:7 !_*?1-7. 

l6- <*62-)*+ $!'7-45#! !N*<:0-%6<+ <4%H2PM*7 !?'-/!7. 
SN*<!1 0!N'!<!0 !6!OH%<60*7 < $2#1)*%> : {0,1}nP V → , * 

N2<65 0:?!' 2N'-04%#*> /-H-%6<+  !6!?'-O%#*%7 * :{0,1}nu V→ . 

Q2<65 ( ) % %{ }* * * *, : ( , , ) sup ( , , ) ( , )
w V

B u P v V h u P v h u P w u Pδ
∈

= ∈ ≥ −  – 

7#!O%<60! %,! '-)*!#-45#:f !614*1!0 *,'!1- 2 #- <6'-6%,*P 
( )* ,u P , ,H% ( )* , 0u Pδ = , %<4* 0%'f#++ ,'-#5 0 !N'%H%4%#** 

( )* ,B u P  H!<6*,-%6<+ * ( )* ,u Pδ κ=  0 N'!6*0#!7 <42;-% (/H%<5 
% ( , ( )) ( , ( ))

* *( , , ) (1 ) ( ( ), )r P v n r P v

r N
h u P v p p h u r vχ χ−

∈

= −∑ , κ  – /-H-##!% N!-

4!O*6%45#!% ;*<4!, - χ  – '-<<6!+#*% vh77*#,-). 
@-1<*7-45#:> ,-'-#6*'!0-##:> '%/2456-6 N%'0!,! *,'!1- 

?2H%6 '-0%# 
**

( , ( )) ( , ( ))
*( , )( , )

sup inf (1 ) ( ( ), )r P v n r P v

v B u Pu P r N
R p p g u r vχ χ−

∈ ∈

= −∑ . 

Z,++(. G4+ 4P?!> <6'-6%,** ( )* ,w Q  #->H%6<+ 6-1-+ <6'-6%-

,*+ ( )* ,u P , ;6! 0%'f#++ ,'-#5 %
*sup ( , , )

w V
h u P w

∈
 H!<6*,-%6<+ * 

*

*

( , ( )) ( , ( ))
*

( , )

( , ( )) ( , ( ))
*

( , )

inf (1 ) ( ( ), )

inf (1 ) ( ( ), ).

p

p

r P v n r P v

v B u P r N
r Q v n r Q v

v B w Q r N

p p g u r v

p p g w r v

χ χ

χ χ

−

∈ ∈

−

∈ ∈

− ≥

≥ −

∑
∑

 

G-##-+ 4%77- *,'-%6 14P;%02P '!45 N'* H!1-/-6%45<60% 
<4%H2PM%,! 260%'OH%#*+. 

^,"3,+(. j?!/#-;*7 2nm = ,  
0 1 1 ( , ) ( , )( , , , ,..., , ) (1 ) ( , )m r b n r b b

b N
p r u u u v p p g u vχ χ− −

∈

Φ = −∑ , 
0 1 1 ( , ) ( , )( , , , ,..., , ) (1 ) ( , )m r b n r b b

b N
p r u u u v p p h u vχ χ− −

∈

Ψ = −∑ ). 
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@-1<*7-45#:> ,-'-#6*'!0-##:> '%/2456-6 R  N%'0!,! *,'!1- +0-
4+%6<+ '%_%#*%7 2'-0#%#*+ 

{
( )

0 1 1

0 1 1 0 1 1

0 1 1 0 1 1

0 1

supsup... sup sup min

supmax min ( , , , ,..., , ) , ( , , , ,..., , ) ,

inf max max min ( , , , ,..., , ) ), ( , , , ,..., , ) ,

( , , , ,...,

mu U u U u U

m m

r Nv V

m m

v V r N

m

p r u u u v p r u u u v

p r u u u v p r u u u v

p r u u u

λ

λ γ

λ γ

λ

− ∈∈ ∈ ∈

− −

∈∈

− −

∈ ∈

−

⎡ ⎤Ψ − Φ −⎣ ⎦

⎡ Ψ − Φ −⎣

−Ψ

'

( ) }1, ) 0,v ⎤ =⎦

 

e#-+ '%_%#*% h6!,! 2'-0#%#*+ 2O% #%<4!O#! #->6* !N6*-
7-45#2P <6'-6%,*P N%'0!,! *,'!1-. 

@"9"$"'(27, 8" 83('790 ="9?]72$<'( $  
'"U+".2"$<?: "=+,2(  
8"="E2L+7 89(<,.(+7 

E.S.  !N#:_%01, K.@. K!0*1!0-1, X.X. Q!<N%4!0-2 
1.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 

 2:1?319?3=% H1?FO4+?T9'))Q% e)=9'+?=T'T =]. 
:..._1]1)1?194 

I-<<7-6'*0-%6<+ *,'- 6'%f 4*) {1,2,3}N =  – 0:?!': !H#!,! 
*/ 1-#H*H-6!0{ , , }a b c . X,'!1* ,!4!<2P6 !H#!0'%7%##! 0 /-1':-
62P, - N!?%H*6%45 !N'%H%4+%6<+ N! N'-0*42: 

2 2 3
1 2 3

1

,
( , , )

,
x '?6= x x

x x x
x =)4V'

π
=⎧

= ⎨
⎩

, 

,H% ix - 1-#H*H-6, /- 1!6!'!,! N'!,!4!<!0-4 i -:> *,'!1. 
Z2#1)** N!4%/#!<6* *,'!1!0 !N'%H%4+P6<+ 1-1 

1 2 3 1 2 3( , , ) ( ( , , )i iu x x x U x x xπ= , ,H% ( )iU y – /#-;%#*% $2#1)** 
N!4%/#!<6* !6 */?'-#*+ 1-#H*H-6- y  H4+ i -,! *,'!1-. Q2<65 /#--
;%#*+ $2#1)*> N!4%/#!<6* !6 */?'-#*+ 1-#H*H-6!0 '-0#: 0, 9 *4* 
1 * /-H-#: )*14*;%<1*7 !?'-/!7: ( ) ( ) ( )1 1 1U a U b U c< < , 

( ) ( ) ( )2 2 2U b U c U a< < , 3 3 3( ) ( ) ( )U c U a U b< < . 
]<4* *,'!1* #% *#$!'7*'!0-#: ! N'%HN!;6%#*+f H'2,*f *,-

'!1!0 * 1-OH:> */ #*f N'!,!4!<2%6 /- #-*42;_%,! H4+ <%?+ 1-#-
H*H-6-, 6! N! N'-0*4-7 ,!4!<!0-#*+ 1-#H*H-6 ? ?2H%6 !?u+04%# 
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N!?%H*6%4%7. 8 2<4!0*+f N!4#!> *#$!'7*'!0-##!<6* ?2H%6 */-
?'-# 1-#H*H-6 4 , #-*f2H_*> H4+ N%'0!,! *,'!1- [1]. 

Q'%HN!4!O*7, *,'!1* ,!4!<2P6 #% !H#!0'%7%##!, - N! !;%-
'%H*, !?u+04++ <0!> 0:?!' H'2,*7 *,'!1-7. 8 6-1!> *,'% #-*42;-
_*> ,-'-#6*'!0-##:> '%/2456-6 (KBI) N%'0!,! *,'!1- <2M%<60%#-
#! /-0*<*6 !6 N!'+H1- ,!4!<!0-#*+ (i-j-k) (<7. 6-?4*)2). 

Q2<65 6%N%'5 H! ,!4!<!0-#*+ 1-OH:> */ *,'!1!0 <!,4-<#! 
<6'!,! !N'%H%4%##!> N!<4%H!0-6%45#!<6* f!H!0 7!O%6 <H%4-65 
N'%H4!O%#*% 0 !61':62P H'2,!72 *,'!12 ,!4!<!0-65 /- 1-#H*H-6- 
y /- <2772 t. ]<4* N!<4% h6-N- N'%H4!O%#*> N!?!;#:f N4-6%O%> 
*,'- #% '-/'%_*7- N! H!7*#*'!0-#*P, 6! *,'!1* !'*%#6*'2P6<+ 
#- N'*#)*N ,-'-#6*'!0-##!<6* '%/2456-6- [2]. Q!42;*7: 
>"3*/"&  
D"9"$"'(27* 

KBI 1-,! *,'!1- ?%/ 
N!?!;#:f N4-6%O%> 

KBI 1-,! *,'!1- < N!-
?!;#:7* N4-6%O-7*  

1-2-3 9 0 
1-3-2 9 0 
2-1-3 1 9 
2-3-1 0 9 
3-1-2 0 9 
3-2-1 0 0 

Z7<,3(<03( 
1. :F6') k. [%!'*+ *,' < N'*7%'-7* */ 7-6%7-6*;%<1!> h1!#!7*1*. — 

@.: @*', 1985. 
2. H'+]'%'+ R.E. 80%H%#*% 0 6%!'*P *<<4%H!0-#*+ !N%'-)*>. —  @.: 

K-21-, 1971. 

d"2,E2L, 7D3L 2( E,<2"$<? 7 7V 8379".,27, 
8.K.D%?%H%0 

.16-1-+4O?3=% H1?FO4+?T9'))Q% e)=9'+?=T'T 
Q'%H<6-04%# <6%N%##!> -4,!'*67 '%_%#*+ <4%H2PM%> -#6--

,!#*<6*;%<1!> *,':. X,'- !N'%H%4+%6<+  !'*%#6*'!0-##:7 ,'-$!7 
?%/ 62N*1!0 ( , ; ; )V A B E h Z= → . ,A B  | 0%'_*#: N%'0!,!, 06!'!,! 
*,'!1!0, E  |  !'*%#6*'!0-##:% '%?'-; #- '%?'-f /-H-#- )%4!;*<-
4%##-+ 0%<!0-+ $2#1)*+ h . X,'!1* N%'%H0*,-P6 $*_12: 0 6%12M*f 
0%'_*#-f A  | N%'0:> *,'!1, 0 0%'_*#-f  B  | 06!'!> *,'!1 N! 
!H#!72 */ *<f!H+M*f '%?%' 0 !;%'%H#2P 0%'_*#2. Q! 0:N!4#%-
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#*P t  f!H!0 *,'- /-0%'_-%6<+. Q%'0:> *,'!1 0:*,':0-%6 6!451! 0  
<42;-%, 1!,H- 7-1<*7-45#:> 0%< '%?%'  0!/#*1_%> 6'-%16!'** 
;%6#:>, 0 N'!6*0#!7  <42;-% N'!*,':0-%6.  X,'- '%_-%6<+ '%12'-
<*0#!> N'!)%H2'!>. 80%H%7 0%4*;*#:: ( , , ) 1f v m k = , %<4* N%'0:> 
*,'!1 *7%%6 0:*,':0-PM%% N'!H!4O%#*% 6'-%16!'**, #-;-4! 1!-
6!'!>  */  N%'0:f k  _-,!0 !1-#;*0-%6<+ 0 0%'_*#% v  * *7%%6 
7-1<*7-45#:> 0%< N'!>H%##:f  '%?%' m  ; 0 N'!6*0#!7 <42;-%  

( , , ) 0f v m k = ; H4+ 0<%f 0%'_*#v , 0<%f 0%4*;*#  0%<!0 '%?%' m  * 
0<%f 0,...,k t= .  

f<',3./,27,. G4+ 4P?!> 0%'_*#: v  N%'0!,! *,'!1-, 4P-
?!,! 0%<- '%?'- m  <N'-0%H4*0! <!!6#!_%#*%:  

( )
( , , ) max ( , ( ), 1);  ( ) max{ , ( , )}

w out v
f v m k f w s w k s w m h v w

∈
= + = , 

,H% 7-1<*727 0:;*<4+%6<+ N! 0%'_*#-7 !1'%<6#!<6* ( )out v  0%'-
_*#: v . G4+ 4P?!> 0%'_*#: v  06!'!,! *,'!1-, 4P?!,! 0%<- '%?-
'- m  <N'-0%H4*0! -#-4!,*;#!% <!!6#!_%#*%:  

( )
( , , ) min ( , ( ), 1); ( ) max{ , ( , )}

w out v
f v m k f w s w k s w m h v w

∈
= + = , 

,H% 1,...,0; ( , , ) 1k t f v m t= − = , %<4* m  ;%6#!% * ( , , ) 0f v m t = ,  
%<4* m  #%;%6#!% H4+ 4P?!> 0%'_*#:v . 

C60%'OH%#*% H-%6 -4,!'*67 <! <6%N%##!> !)%#1!> 0'%7%#-
#!> <4!O#!<6* 0:;*<4%#*+ '%_%#*+ <$!'724*'!0-##:f *,'. v!-
'!_! */0%<6#: )*14*;%<1*% *,': #- ;%6#!<65. c*14*;%<1-+ *,'- 
/-0%'_-%6<+ N'*  N%'0!7 N!06!'%#** 0%'_*#: #- 6'-%16!'** *,-
':; N%'0:> *,'!1 0:*,':0-%6, 6!451! 6!,H-, 1!,H- 7-1<*7-45#:> 
0%< '%?%' 0!/#*1_%,!  )*14- ;%6#:>. S6%N%##!,! -4,!'*67- H4+ 
'%_%#*+ )*14*;%<1*f *,' #- ;%6#!<65 #% */0%<6#!. c*14*;%<1*% 
*,': #- ;%6#!<65 *<N!45/2P6<+ H4+ 0:;*<4%#*> 0 7!H-45#!> 4!-
,*1% [1], [2]. 8:'-/*6%45#:% 0!/7!O#!<6* 7!H-45#!> 4!,*1* H!<-
6-6!;#: H4+ '%_%#*+ #%1!6!':f /-H-; 1!''%1)** N-'-44%45#:f 
'-<N'%H%4%##:f <*<6%7.  

Z7<,3(<03( 
1. Emerson E.A. Jutlu C.S. Sistla A.P. On model-checking for fragments of 

:-calculus. Fifth International Conference on Computer Aided Verication, 
Elounda, Greece, June/July 1993.  

2. Emerson E.A. Jutla C.S. Tree automata. mu-callculus and determinacy. 
In Proceedings of 32nd Annual Symposium on Foundations of 179 Computer 
Science. P. 368-377. IEEE Computer Society Press. 1977. 
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I6,2&( <"E2"$<7 <,$<73"'(27* 
@.@. D2)%#1! 

C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  
[FT'% ?11*t')=f 

8-O#%>_-+ /-H-;- 6%!'** 6%<6*'!0-#*+ – !)%#1- 2'!0#+ 
/#-#*> *<N:62%7!,! N! '%/2456-6-7 6%<6-. e-H-;- <6-#!0*6<+ !<!-
?%##! -162-45#!>, %<4* N! '%/2456-6-7 6%<6- N'*#*7-P6 0-O#:% 
-H7*#*<6'-6*0#:% '%_%#*+: 0:H-;- -66%<6-6- !? !?'-/!0-#**, /--
;*<4%#*% 0 8Ce * H'. E#-4*/2 6%<6!0 * !)%#1-7 *f 6!;#!<6* N!-
<0+M%#- !?_*'#-+ 4*6%'-62'- (<7. #-N'*7%' [3]). jH#-1!, 0<% 
!)%#1* 6!;#!<6* (#-H%O#!<6*) 6%<6*'!0-#*+ N'!0!H+6 0 N'%HN!-
4!O%#** ! #!'7-45#!<6* '-<N'%H%4%#*+ 2'!0#%> /#-#*> *<N:62%-
7:f. K! < h6*7 N'%HN!4!O%#*%7 6'2H#! <!,4-<*65<+. Q'* 6%<6!-
0!7 1!#6'!4% 2'!0#+ /#-#*> 2;-M*f<+ <2M%<60%##-+ ;-<65 N'!-
)%<<- !?2;%#*+ N!<0+M%#- N!H,!6!01% 1 N'!f!OH%#*P 6%<6-. K!, 
/#-+ $!'72 6%<6-, 6%7: * 6*N: /-H-;, 2;-M*%<+ <N!<!?#: 6-1 
6'-#<$!'7*'!0-65 <0!* /#-#*+, ;6! !?u%16*0#-+ !)%#1- /#-#*> 
?2H%6 /-6'2H#%#-. [-1*7 !?'-/!7, 7: *7%%7 1!#$4*16#2P <*62--
)*P (*,'2), 2;-<6#*1* 1!6!'!>: *<N:62%7:>, <6'%7+M*><+ 7%#5-
_% 0'%7%#* /-6'-6*65 #- N!H,!6!012 1 6%<62 * N'* h6!7 N!42;*65 
#-*0:<_*> ?-44 * 4*)!, N'*#*7-PM%% '%_%#*% (S6-6*<6*1), 
<6'%7+M*7<+ #-*?!4%% 6!;#! !)%#*65 2'!0%#5 /#-#*> *<N:62%7!-
,!. 

G4+ !)%#1* 6!;#!<6* 6%<6*'!0-#*+ 7: <!<6-0*7 <6-6*<6*;%-
<12P *,'2, 0 1!6!'!> S6-6*<6*1 <6'%7*6<+ #-*?!4%% 6!;#! !)%-
#*65 <!<6!+#*% (H%><60*%) Q'*'!H: N! '%/2456-62 #-?4PH%#*+ /- 
#%1!6!'!> <42;->#!> 0%4*;*#!> θX  ('%/2456-6!7 6%<6-), '-<N'%-
H%4%#*% 1!6!'!> /-0*<*6 !6 <!<6!+#*+ Q'*'!H: θ  (2'!0#+ /#-#*> 
6%<6*'2%7!,!). @: ?2H%7 <;*6-65 */0%<6#:7*: Θ  – 7#!O%<60! 
H!N2<6*7:f <!<6!+#*> Q'*'!H:, D  – 7#!O%<60! H!N2<6*7:f '%-
_%#*> (!)%#!1) S6-6*<6*1-, X  – 7#!O%<60! #-?4PH%#*> (/#-;%-
#*> <42;->#!> 0%4*;*#: θX ), { })(xPθ  – <%7%><60! '-<N'%H%4%#*> 
<42;->#:f 0%4*;*# θX , ( )Xx∈Θ∈θ , . [-1*7 !?'-/!7, *,'!1* 0:-
?*'-P6: Q'*'!H- /#-;%#*% N-'-7%6'- θ , S6-6*<6*1 '%_%#*% 

)( θ= Xdd . [-1 1-1 '%_%#*% S6-6*<6*1- /-0*<*6 !6 #-?4PH-%7!,! 
*7 /#-;%#*+ <42;->#!> 0%4*;*#: θX , 6! /- %,! ;*<62P <6'-6%,*P 
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0 <6-6*<6*;%<1!> *,'% <4%H2%6 ?'-65 '%_-PM2P $2#1)*P 
DX →δ : . @#!O%<60! '%_-PM*f $2#1)*> 7: !?!/#-;*7 ;%'%/ 

XD=D  . ]<4* 7#!O%<60! #-?4PH%#*> X  1!#%;#! * ;*<4! %,! 
h4%7%#6!0 '-0#! N , 6! '%_-PM2P $2#1)*P 7!O#! /-N*<-65 0 
0*H% 0%16!'- ),,,( 21 Nddd K=δ , ,H% , . 

G4+ N!<6'!%#*+ *#6%'0-45#!> !)%#1* 7: < 1-OH:7 '%_%#*-
%7 Dd ∈  <0+O%7 N!H7#!O%<60! 2'!0#%> /#-#*> Θ⊆Θ )(d , N'*-
%74%7:f N'* h6!7 '%_%#**. Q! /-H-##!72 <%7%><602 N!H7#!-
O%<60 { } Ddd ∈Θ )(  N!<6'!*7 $2#1)*P 0:*,':_- S6-6*<6*1-, 1!6!-
'-+ '-0#- %H*#*)% 4*_5 0 6!7 <42;-%, 1!,H- !# N'-0*45#! !)%#*4 
*<N:62%7!,!. 

8 H!14-H% ?2H26 '-<<7!6'%#: 6'* <6-6*<6*;%<1*% *,': «6%<-
6*'!0-#*%» < N!'!,!0:7* $2#1)*+7* 0:*,':_- * N!42;%#: *f 
'%_%#*+: 0%'!+6#!<65 N'-0*45#!> !)%#1* S6-6*<6*1!7 <!<6!+#*+ 
Q'*'!H: (2'!0#+ /#-#*> *<N:62%7!,!), #-*f2H_%% '-<N'%H%4%#*% 
N-'-7%6'- θ , !N6*7-45#2P '-#H!7*/*'!0-##2P '%_-PM2P 
$2#1)*P S6-6*<6*1-. Q'%H4-,-%7-+ 7!H%45 *<N!45/2%6 '%/2456--
6: -06!'- N! N!<6'!%#*P *#6%'0-45#!> !)%#1% N-'-7%6'- ?*#!7*-
-45#!,! '-<N'%H%4%#*+ [1,2]. 

I%_%#*% h6*f *,' ?:4! #->H%#! < N!7!M5P <6-#H-'6#:f 
N!HN'!,'-77 '%_%#*+ h1<6'%7-45#:f /-H-; MS Excel ?%/ N'%HN!-
4!O%#*> ! #!'7-45#!<6* '-<N'%H%4%#*+ 2'!0#%> /#-#*> *<N:62%-
7:f. 

j1-/-4!<5, ;6! 6!;#!<65 !)%#1* 2'!0#+ /#-#*> *<N:62%7!,! 
(0%'!+6#!<65 ?%/!_*?!;#!> %,! !)%#1*) 1!4%?4%6<+ !6 90% H! 50% 
N'* %<6%<60%##:f N'%HN!4!O%#*+f ! 0*H% '-<N'%H%4%#*+ <42;->-
#!> 0%4*;*#: θX  * <N!<!?-f 0:<6-04%#*+ !)%#!1 6%<6*'2%7!72.  

Z7<,3(<03( 
1. D2)%#1! @.@., X0-#!0 @.E. @*#*7-1<#:% H!0%'*6%45#:% *#6%'-

0-4: H4+ N-'-7%6'- ,*N%',%!7%6'*;%<1!,! '-<N'%H%4%#*+ // E06!7-6*1- 
* 6%4%7%f-#*1-, q7, 2000, <.68-76. 

2. D2)%#1!  @.@. [%!'%6*1! *,'!0!> 7%6!H !)%#1* N-'-7%6'- ?*#!-
7*-45#!,! /-1!#- // [%!'*+ 0%'!+6#!<6%> * %% N'*7%#%#*+. 1990. [. 35. 
8:N. 3. <.471-481. 

2. K%>7-# W.@., v4%?#*1!0 8.E. 80%H%#*% 0 6%!'*P 7!H%4*'!0-#*+ 
* N-'-7%6'*/-)** N%H-,!,*;%<1*f 6%<6!0, 2000, @., 168 < 
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N-m/3" 7 3($83,/,9,27, 8(+*<7 &"+8?:<,3( 

8.8. @-/-4!0, D.X. ['2f*#- 
$)?T=TFT [+=364O)Qg ]4T']4T=V'?3=g =??6'O194)=%, 

 <4+'67?3=% )4FV)Q% 8')T+ W ", C'T+1&491O?3, 
z=T=)?3=% =)?T=TFT E4%3467?31-1 -1?FO4+?T9'))1-1 

F)=9'+?=T'T4 ^31)1]=3= = [+494, z=T4 

I-<<7-6'*0-%6<+ N-7+65 1!7N5P6%'- '-/7%'- M , 1!6!'-+ 
'-/?*6- #- n  ;-<6%>. X#$!'7-)*+ 0 1-OH:> ?4!1 N!<62N-%6 <42-
;->#:7 !?'-/!7 < 0%'!+6#!<6+7* 1p , 2p ,…, np  (0%'!+6#!<6#:% 
f-'-16%'*<6*1* */0%<6#:). Q'%HN!4-,-%6<+, ;6! /-N!4#%#*% 1-O-
H!,! 2;-<61- !<2M%<604+%6<+ < !H#!,! 1!#)-, '-?!6- #-;*#-%6<+ < 
N2<6!> <6'2162': H-##:f. Q!<4% N!4#!,! /-N!4#%#*+ !H#!,! */ 
2;-<61!0 #%!?f!H*7! N'!*/0!H*65 N%'%'-<N'%H%4%#*% <0!?!H#!> 
N-7+6*.  '*6%'*+7* h$$%16*0#!<6* 7%6!H- N%'%'-<N'%H%4%#*+ 
/H%<5 +04+P6<+ <'%H#%% 0'%7+ /-N!4#%#*+ * <'%H#%% ;*<4! N%'%-
'-<N'%H%4%#*> H! N!4#!,! *<;%'N-#*+ N-7+6*. ]<6%<60%##! *<1-65 
6-1!% N'-0*4!, 1!6!'!% 7-1<*7*/*'2%6 N%'0:> * 7*#*7*/*'2%6 
06!'!> 1'*6%'*>. 8 1-;%<60% 6-1!,! 7%6!H- 7: *<N!45/2%7 n-+H'! 
*/ 6%!'** 1!!N%'-6*0#:f *,'. 

@: $!'7*'2%7 1!!N%'-6*0#2P *,'2, <0+/-##2P < /-H-;%> 
'-<N'%H%4%#*+ N-7+6*, N! -#-4!,** < /-H-;%> ! ?-#1'!6<60%, '-<-
<7!6'%##!> 0 1985 ,. E27-#!7 <!07%<6#! < @-_4%'!7. j?uU7 /--
#+6!> N-7+6* <;*6-%7 6'%?!0-#*+7*, - <277-'#2P <0!?!H#2P N--
7+65 D  – "<!<6!+#*%7". v-'-16%'*<6*;%<12P $2#1)*P H4+ 1-O-
H!> 1!-4*)** !N'%H%4+%7 6-1 O% 1-1 0 /-H-;% ! ?-#1'!6<60% 

\
v( ) ( )i

i N S
S D k +

∈

= − ∑ , 

,H% )0,max(aa =+ , ik  - '-/7%': /-N!4#%##:f 2;-<61!0. 
G%4UO, !?'-/2PM*> n-+H'!, !N'%H%4+%6<+ N'* N!7!M* 1!--

4*)*!##!> N'!)%H2':, 1!6!'-+ N'*0!H*6 1 2<6!>;*0!72 '%_%#*P 
H-##!> /-H-;*. E 2<6!>;*0!% '%_%#*% 0 <0!P !;%'%H5 +04+%6<+ n-
+H'!7 <!!60%6<602PM%> *,':. 
G4+ ?!45_!,! ;*<4- 2;-<61!0 N'*7%#*65 H-##:> -4,!'*67 * N!-
42;*65 H%4UO H!<6-6!;#! <4!O#!. Q!h6!72 7: %,! 7!H*$*)*'2%7. 
j<6-0*7 0 '-<<7!6'%#** 6!451! <0!?!H#2P N-7+65. C;-<61* 2N!-
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'+H!;*7 N! 2?:0-#*P <0!?!H#!> N-7+6*. ]<4* 1 / 2D d n≥ , 6! 1-O-
H!72 2;-<612 i  ( 1,i n= ) 0:H%4+%6<+ N!4!0*#- %,! <0!?!H#!> N--
7+6*, - 06!'-+ N!4!0*#- H%4*6<+ N!'!0#2 7%OH2 2;-<61-7* < #!-
7%'-7* !6 1i +  H! n . ]<4* 2<4!0*% #% 0:N!4#+%6<+, 6! <0!?!H#-+ 
N-7+65 H%4*6<+ N!'!0#2. @!H*$*)*'!0-##:> -4,!'*67 N!/0!4+%6 
N!42;*65 H%4UO 0 +0#!7 0*H% H4+ 4P?!,! ;*<4- 2;-<61!0. 

I%/2456-6: ;*<4%##!,! h1<N%'*7%#6- N!1-/:0-P6 #%N4!f*% 
'%/2456-6: H4+ '+H- #-?!'!0 0%'!+6#!<6#:f '-<N'%H%4%#*> N!-
<62N4%#*+ *#$!'7-)**. 

>372678 72/7'7/0(9?2"; "8<7+(9?2"$<7 
' "/2"6,9,'LV 7D3(V 

S.j. @-M%#1!  
<='9?3=% )48=1)467)Q% F)=9'+?=T'T =]. c. x'9V')31 
8 H!14-H% '-<<7-6'*0-%6<+ !H#!)%4%0-+ #%1!!N%'-6*0#-+ 

*,'- G 0 #!'7-45#!> $!'7% ( )NiuX ii ∈;, , ,H% { }1,...,N n=  - 7#!-
O%<60! */ n *,'!1!0; iX  - 7#!O%<60! <6'-6%,*> *,'!1- Ni∈ ; 

1: EXui →  - $2#1)*+ 0:*,':_- *,'!1- Ni∈ , 1!6!'-+ !N'%H%4%-
#- #- 7#!O%<60% <*62-)*> i

i N
X X

∈

=∏ . X,'!1* 0:?*'-P6 <0!* 

<6'-6%,** #%1!!N%'-6*0#!, #! *7%P6 !?M2P )%45, 1!6!'-+ <!<6!*6 
0 7-1<*7*/-)** $2#1)*> 0:*,':_- 0<%f *,'!1!0. Q!<1!4512 1--
OH:> *,'!1 7!O%6 N!#*7-65 h62 )%45 N! <0!%72, 0!/#*1-%6 1!#-
$4*16. l6- *,'- N'*#)*N*-45#! !64*;-%6<+ !6 14-<<*;%<1!> - 7#!-
,!)%4%0!> *,':, 1!6!'-+ *7%%6 6-12P O% <-72P #!'7-45#2P $!'-
72, #! f-'-16%'*/2%6<+ 6%7, ;6! 1-OH:> *,'!1 #%/-0*<*7! !6 6!,! 
H%><602%6 !# 1!!N%'-6*0#! < H'2,*7* *,'!1-7* *4* #%1!!N%'--
6*0#!, *7%%6 <0!P 4*;#2P )%45. jH#!)%4%0-+ #%1!!N%'-6*0#-+ 
*,'- G 6-1O% N'*#)*N*-45#! !64*;-%6<+ !6 7#!,!1'*6%'*-45#!> 
/-H-;* N'*#+6*+ '%_%#*>, 1!6!'-+ 7!O%6 *7%65 6-12P O% #!'-
7-45#2P $!'72, #! <N%)*$*;#- 1!44%16*0#:7 N!0%H%#*%7 *,'!-
1!0 * !6<26<60*%7 1!#$4*16-. 

8 H!14-H% N'%H4-,-%6<+ N'*#)*N *#H*0*H2-45#!> !N6*7-45-
#!<6*. S!!60%6<60%##! h6!72 N'*#)*N2, 1-OH:> *,'!1 0:?*'-%6 
<0!* <6'-6%,** *#H*0*H2-45#!, #! 2;*6:0-%6 $2#1)** 0:*,':_- 



 

347 

0<%f H'2,*f *,'!1!0. [-1*7 !?'-/!7, 1-OH:> *,'!1 ,!6!0 '-H* 
'%_%#*+ 1!#$4*16- N!>6* #- 1!7N'!7*<<. G4+ $!'7-4*/-)** N!-
#+6*+ *#H*0*H2-45#!-!N6*7-45#!,! '-0#!0%<*+  '-<<7-6'*0-%6<+ 
<N%)*-45#!% !6#!_%#*% NE-H!7*#*'!0-#*+ [1;2]. 

B!0!'+6, ;6! <*62-)*+ F *,': G #-f!H*6<+ 0 !6#!_%#** 
<*45#!,! NE-H!7*#*'!0-#*+ *,'!1- Ni∈  1 <*62-)** g, %<4* 

),( \iNi xyy =  * Njxuxyu jiNij ∈∀> ),(),( \ . S*62-)*P ∗x  ?2H%7 #--
/:0-65 *#H*0*H2-45#!-!N6*7-45#:7 '-0#!0%<*%7 *,': G, %<4* #% 
<2M%<602%6 H'2,!> <*62-)** F, 1!6!'-+ ?: #-f!H*4-<5 0 !6#!_%-
#** NE-H!7*#*'!0-#*+ < ∗x  f!6+ ?: H4+ !H#!,! *,'!1- Ni∈ . 
[-1*7 !?'-/!7, *#H*0*H2-45#!-!N6*7-45#:% '-0#!0%<*+ N'%H-
<6-04+P6 <!?!> 1!7N'!7*<< 1-OH!,! *,'!1- < H'2,*7*, 1!6!':> 
#%0:,!H#! #-'2_-65 #* !H#!72 */ #*f. 8 H!14-H% '-<<7-6'*0-P6-
<+ <0!><60- * 2<4!0*+ <2M%<60!0-#*+ *#H*0*H2-45#!-
!N6*7-45#:f '-0#!0%<*>. 

8 H!14-H% '-<<7-6'*0-P6<+ !<#!0#:% <0!><60-, 2<4!0*+ 
*#H*0*H2-45#!> !N6*7-45#!<6* H4+ '-/4*;#:f 14-<<!0 *,'. v--
'-16%'#!> !<!?%##!<65P *#H*0*H2-45#!-!N6*7-45#:f '-0#!0%<*> 
+04+%6<+ 6!, ;6! !#* !?!?M-P6 <0!><60- * 014P;-P6 0 <%?+ 0<% 
'-0#!0%<*+ Kh_-, 1!-4*)*!##:% '-0#!0%<*+, '-0#!0%<*+ N! d%'-
O2, !N6*7-45#:% N! Q-'%6! <*62-)** *,':. Q'%H4-,-%6<+ 1!#<6-
'216*0#:> <N!<!? N-'-7%6'*;%<1!,! !N*<-#*+ 7#!O%<60- *#H*0*-
H2-45#!-!N6*7-45#:f '-0#!0%<*>. X<N!45/2%7:% N-'-7%6': f--
'-16%'*/2P6 !6#!<*6%45#:> 0%< 0:*,':_- 1-OH!,! *,'!1-   0 %,! 
N'%HN!;6%#**  #- 7#!O%<60% $2#1)*> 0:*,':_- 0<%f *,'!1!0. 
j<!?%##2P '!45 *,'-P6 N-'-7%6':, f-'-16%'*/2PM*% !6#!<*-
6%45#:> 0%< <!?<60%##!> $2#1)** 0:*,':_- *,'!1- N! !6#!_%-
#*P 1 $2#1)*+7 0:*,':_- H'2,*f *,'!1!0, 1!6!':%, 1-1 N!1-/-#! 
0 [1], f-'-16%'*/2P6 <6-?*45#!<65 *#H*0*H2-45#!-!N6*7-45#!,! 
'-0#!0%<*+.  -OH!% *#H*0*H2-45#!-!N6*7-45#!% '-0#!0%<*% *,': 
7!O%6 ?:65 !)%#%#! 7-1<*7-45#! 0!/7!O#:7 2'!0#%7 %,! <6--
?*45#!<6*. K- !<#!0% h6!> *H%* N'%H4-,-%6<+ 1'*6%'*> <6-?*45#!-
<6* '-0#!0%<*>. I-0#!0%<*%, 1!6!'!% 7-1<*7*/*'2%6 1'*6%'*> <6--
?*45#!<6*, 7!O%6 ?:65 '%1!7%#H!0-#! *,'!1-7 1-1 !<#!0- H4+ 
<!,4-_%#*+.  

8 H!14-H% '-<<7-6'*0-P6<+ 6-1O% *#H*0*H2-45#!-
!N6*7-45#:% '-0#!0%<*+, 1!6!':% +04+P6<+ <6-?*45#:7* H4+ 0<%f 
*,'!1!0 #% 6!451! N! *f <6'-6%,*+7, - * N! N'%HN!;6%#*+7 #- 
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7#!O%<60% $2#1)*> 0:*,':_- H'2,*f *,'!1!0. I-<<7-6'*0-P6<+ 
<0!><60- h6*f '-0#!0%<*> *  2<4!0*+ *f <2M%<60!0-#*+. 

Z7<,3(<03( 
1. @-M%#1! S.j. X<<4%H!0-#*% <6-?*45#!<6* '-0#!0%<*> #- !<#!0% 

N'*#)*N- *#H*0*H2-45#!> !N6*7-45#!<6* //  *?%'#%6*1- * <*<6%7#:> 
-#-4*/. -2007. -4. –S. 162-169. 

2. @-M%#1! S.j. X#H*0*H2-45#!-!N6*7-45#:% '-0#!0%<*+ #%1!!N%-
'-6*0#:f *,' 0 !6#!_%#*+f N'%HN!;6%#*+ //  *?%'#%6*1- * <*<6%7#:> 
-#-4*/. -2009. -1. –S. 171-179. 

S3=7<3(.2(* 83"6,/03( 2( $E,<2"+ +2".,$<', 
E.l. @%#;%' 

z=T4, 04*HHCe =].".H. z'+)QP'9?31-1 
I-<<7-6'*0-%6<+ -#6-,!#*<6*;%<1-+ *,'-, 0 1!6!'!> *,'!1* 

L * M  ('-?!6#*1 * '-?!6!H-6%45) 0%H26 N%'%,!0!': !? 2<6-#!0-
4%#** /-'-?!6#!> N4-6:. X,'!1 L  H%4-%6 N'%H4!O%#*% x , - *,'!1  
M  – N'%H4!O%#*% y ; x   * y  – N'!*/0!45#:% H%><60*6%45#:% 
;*<4-. ]<4* yx ≤ , 6! 1!#$4*16- #%6 * *,'!1* <!,4-_-P6<+ #- 0:-

N4-62 O-4!0-#5+, '-0#!,! 
2

x y+ . ]<4* O% yx > , *,'!1* -N%44*-

'2P6 1 -'?*6'2 A. j?!/#-;*7 '%_%#*% -'?*6'- ;%'%/ z . Q! <f%7% 
Z-'?%'- [1] */ N'%H4!O%#*> x   * y 0:?*'-%6<+ 6!, 1!6!'!% ?4*O% 
1 6!;1% z . 8 6-1!> *,'% 0:*,':_ *7%%6 <4%H2PM*> 0*H:  

( , ) ( , )zH x y EH x y= , ,H% 

, ,
2

, ,( , )
, ,
, .

z

x y '?6= x y

x '?6= x y x z y zH x y
y '?6= x y x z y z
z '?6= x y x z y z

+⎧ ≤⎪
⎪⎪ > − < −= ⎨
⎪ > − > −
⎪

> − = −⎪⎩

 

Q2<65 +∞<≤≤<∞− x0y , - z  – H*<1'%6#-+ <42;->#-+ 
0%4*;*#-. ]<4* 0=z , 6!, !;%0*H#!, 6!;1!> '-0#!0%<*+ +04+%6<+ 
N-'- ;*<6:f <6'-6%,*> (0, 0). 8 <6-65+f [2,3] H4+ <42;-%0, 1!,H- z  < 
'-0#!> 0%'!+6#!<65P N'*#*7-%6 /#-;%#*+ 

,,1,,1,0,1,),1(, nnnn −−−−− KK  4*?! 
(2 1), (2 3), , 3, 1,0,1,3, , 2 3,2 1,n n n n− − − − − − − −K K  <!!60%6<60%##!, 
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#->H%#! '-0#!0%<*% 0 <7%_-##:f <6'-6%,*+f. 
I-<<7!6'*7 <*62-)*P, N'* 1!6!'!> N'%H4!O%#*+ -'?*6'- 

<!<'%H!6!;%#: #- 7#!O%<60% )%4:f ;*<%4. 
X6-1, N2<65 -'?*6' 0:?*'-%6 /#-;%#*% 0 < 0%'!+6#!<65P p , 

- /#-;%#*+ n−  * n – < '-0#:7* 0%'!+6#!<6+7* 1
3

n
p
p

⎛ ⎞−
⎜ ⎟−⎝ ⎠

, 

10 << p . X7%%7: 
1

12 1
3

n

n

pp
p

∞

=

⎛ ⎞−+ =⎜ ⎟−⎝ ⎠
∑ . 

I-0#!0%<*% 0 *,'% 2<6-#-04*0-%6<+ < N!7!M5P <7%_-##:f 
<6'-6%,*>. j?!/#-;*7 ;%'%/ )(xf  * )(yg  <7%_-##:% <6'-6%,** 
*,'!1!0 L * M , <!!60%6<60%##!: 

,0)( ≥xf  1)(
0

=∫
+∞

dxxf ; ,0)( ≥yg  1)(
0

=∫
∞−

dyyg . 

d4-,!H-'+ <*77%6'**, )%#- *,': '-0#- #24P, - H4+ !N6*-
7-45#:f <6'-6%,*> *7%%7: )()( yfyg −= . [-1*7 !?'-/!7, H!<6--
6!;#! 21-/-65 !N6*7-45#2P <6'-6%,*P 6!451! H4+ !H#!,! */ *,'!-
1!0, #-N'*7%', L . Z2#1)*P 0:*,':_- *,'!1- M  N'* 0:?'-##!> 
*,'!1!7 L  <6'-6%,** )(xf  !?!/#-;*7 ;%'%/ )),(( yxfH .  

^,"3,+(. J?6= )1,[ 0pp∈ , -O' 0p  – 31+')7 F+49)')=f 

01568 2345 =+−−−+ ppppp =& =)T'+9464 1 1,
7 6

⎛ ⎞
⎜ ⎟⎝ ⎠

, T1 O6f =--

+134 L  1[T=]467)1% f96f'T?f ?T+4T'-=f 

3

0, 0 ,

1( ) , 2,
4

0, %<4*  2 ,

'?6= x c

p cf x '?6= c x c
p x

? x

≤ <⎧
⎪

+⎪= < < +⎨
⎪
⎪ + < < +∞⎩

 

-O' 
2(1 )

2
pc
p

−= . 

Z2#1)*+ )),(( yxfH  #%N'%':0#- #- 0<%> N!42!<* ),0[ +∞ ; 
#- !6'%/1% ]),2([ cc −+− 0:;*<4+%6<+ N! $!'724%: 
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∫∫ ∫∫
++ +

−

− −+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++−=

22 2

)(
2

1)()()(
2

1)),((
?

?

c

c

c

y

y

c

dxxxfpdxxyfdxxxfpdxxyfpyxfH  

X7%%7: 0)),(( =yxfH H4+ ]),2([ ccy −+−∈ * 
0)),(( >yxfH H4+ ))2(,( +−−∞∈ cy  N'* 4P?:f )1,0(∈p ; 
0)),(( >yxfH H4+ ]0,( cy −∈  N'* )1,[ 0pp∈ , ,H% 0p  – 1!'%#5 

2'-0#%#*+ 01568 2345 =+−−−+ ppppp  */ *#6%'0-4- 1 1,
7 6

⎛ ⎞
⎜ ⎟⎝ ⎠

. 

[-1*7 !?'-/!7, <6'-6%,*+ )(xf  – !N6*7-45#-+. 
Z7<,3(<03( 

1. Farber H. An analysis of final-offer arbitration// Journal of conflict reso-
lution. – 1980. - Vol.35. – P. 683 – 705. 

2. Mazalov V.V., Mentcher A.E., Tokareva J.S.  On a discrete arbitration 
procedure// Sci. Math. Japonical. – 2006. – Vol. 63, q3. – P. 325 – 330. 

3. @%#;%' E.]., [!1-'%0- W.S. j? !H#!> H*<1'%6#!> -'?*6'-O#!> 
<f%7%//j?!/'%#*% N'*14-H#!> * N'!7:_4%##!> 7-6%7-6*1*. – 2007. – 
8:N. 2, T. 14. – S. 417 – 420. 

I 2,&"<"3LV 8"'<"3*:F7V$* 7D3(V 
].e. @!f!#51! 

.QV=?6=T'67)Q% 8')T+  =].  . . b1+1O)=8Q)4 W " 

I-<<7-6'*0-%6<+ #%-#6-,!#*<6*;%<1-+  N!06!'+PM-+<+ *,'- 
H02f 4*), 1!6!':% #-f!H+6<+ #- !H#!7 2'!0#% *%'-'f**. Q%'0:> 
*,'!1 7!O%6 0:N4-;*0-65 06!'!72 *,'!12 $*1<*'!0-##:>  H!N!4-
#*6%45#:> N4-6%O 0 1!#)% *,':.  I-<<7-6'*0-%6<+ <*62-)*+ '-0-
#!0%<*+, <2M%<602PM-+ N'* #%N'%':0#!7 #-?4PH%#** /- H%><6-
0*+7* N-'6#%'-. Q%'0:> *,'!1 7!O%6 N!42;-65 *#$!'7-)*P ! 
H%><60*+f N-'6#%'- 1-1 H*<1'%6#:7, 6-1 * #%N'%':0#:7 !?'-/!7. 
K->H%#  H*<1'%6#:> !N6*7-45#:> '%O*7 N!42;%#*+ *#$!'7-)** 
! H%><60*+f 06!'!,! *,'!1-. Q'* h6!7  <!f'-#+%6<+ <*62-)*+ '-0-
#!0%<*+, <2M%<602PM-+ N'* #%N'%':0#!7 #-?4PH%#**.  

I-<<7-6'*0-%6<+ 06!'-+ *,'-, +04+PM-+<+ 2<4!O#%##:7 0--
'*-#6!7 N%'0!> *,':. 8 #%> !H*# '-/ /- 0<P *,'2 7!O%6 N!H%><6-
0!0-65 0!/72M%#*%, 1!6!'!% */7%#+%6 '-0#!0%<*%,  '-<<7!6'%##!% 
0 N%'0!> *,'%, #- H'2,!% '-0#!0%<*%. Q'* h6!7 0:*,':_ 06!'!,! 
*,'!1- 27%#5_-%6<+.  Q%'0:> *,'!1 7!O%6 N!42;-65 *#$!'7-)*P 
! H%><60*+f N-'6#%'- * ! 6!7, N!H%><60!0-4! 4* 0!/72M%#*% *4* 
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#%6, 1-1 H*<1'%6#:7, 6-1 * #%N'%':0#:7 !?'-/!7. K->H%#  H*<-
1'%6#:> !N6*7-45#:> '%O*7 N!42;%#*+ *#$!'7-)** ! H%><60*+f 
06!'!,! *,'!1- N'* #%N'%':0#!7 N!42;%#** *#$!'7-)** ! 0!/-
72M%#**. Q'* h6!7 '%_%#*% *,': 6! O% <-7!%, ;6! * N'* #%N'%-
':0#!7 N!42;%#** *#$!'7-)** ! H%><60*+f 06!'!,! *,'!1-. K->-
H%##:> '%O*7 N!42;%#*+ *#$!'7-)** ! 0:?!'-f 06!'!,! *,'!1- 
!N6*7-4%# 0 6!7 <7:<4%, ;6! H4+ N-': <4%H2PM*f H'2, /- H'2,!7 
7!7%#6!0 N!42;%#*+ *#$!'7-)**  it  * 1it + , 1,2,...i = , N!<4%H2P-
M*> 7!7%#6 N!42;%#*+ *#$!'7-)** #% 7!O%6 ?:65 ?!45_%, 
;%7 1it + , *#-;% #-'2_*6<+ <*62-)*+ '-0#!0%<*+. 

]<4* !O*H-4!<5, ;6! 0!/72M%#*% N!H%><602%6, - !#! #% N!-
H%><60!0-4!, 6! 2M%'? !6 h6!,! !O*H-#*+ <4%H2PM*>. Q'*_4!<5 
0%<6* #%N'%':0#!% #-?4PH%#*% /-  6%7, N!H%><60!0-4! 4* 0!/72-
M%#*% *4* #%6, *, 1'!7% 6!,!, N'*f!H*6<+ 20%4*;*65 1!4*;%<60! 
7!7%#6!0 N!42;%#*+ *#$!'7-)** ! H%><60*+f 06!'!,! *,'!1- N! 
<'-0#%#*P < 1!4*;%<60!7  7!7%#6!0 N!42;%#*+ *#$!'7-)** */ 
N%'0!> *,':. 

Q!1-/-#!, ;6! h6!6 2M%'?  7!O%6 ?:65 27%#5_%#, %<4* N%'-
0:> *,'!1  ?2H%6 N!42;-65 *#$!'7-)*P ! 0:?!'-f 06!'!,! *,'!1- 
<N!<!?!7, ?4*/1*7 1 !N6*7-45#!72, #! #% !N6*7-45#:7. X, 1'!7% 
6!,!, ?2H%6 N!42;-65 *#$!'7-)*P ! 0!/72M%#** H*<1'%6#:7 <N!-
<!?!7. 

[-1*7 !?'-/!7, '-/#:% N! <4!O#!<6* *,'!0:% 7!H%4* 7!,26 
0:H%4+65 0 1-;%<60% N'%HN!;6*6%45#:f  '-/#:%, #% <!0N-H-PM*% 
7%OH2 <!?!> '%O*7: N!42;%#*+ *#$!'7-)**. l6! #-H! 2;*6:0-65 
N'* !)%#1% < N!7!M5P 6%!'** *,' N'%HN!;6*6%45#!<6* 6!,! *4* 
*#!,! '%O*7- N!42;%#*+ *#$!'7-)** 0 '%-45#!> O*/#*. 

 '!7% 6!,!, 0 '-?!6%, '-<<7!6'%#:   -#-4!,*;#:% N!06!-
'+PM*%<+ *,':, 0 1!6!':f 0!/72M%#*% */7%#+%6 #% <*62-)*P 
'-0#!0%<*+, - N!?!;#:> N4-6%O, 1!6!':> N%'0:> *,'!1  7!O%6 
0:N4-;*0-65 06!'!72 *,'!12. 

KD3"'L, +"/,97 083('9,27* '"/2L+7 3,$03$(+7 
<3(2$D3(27E2LV 3,& 

S.[. K-0'2/!0 
$)?T=TFT ^31)1]=3= c4Oj=3=?T4)4 

8 '-?!6% '-<<7-6'*0-P6<+ 6%!'%6*1!-*,'!0:% 7!H%4* N'*-
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7%#*6%45#! 1 /-H-;-7 2N'-04%#*+ 0!H#:7* '%<2'<-7* 6'-#<,'--
#*;#:f '%1, 1!,H- !H*# */ 2;-<6#*1!0 *,': (<6'-#-) '-<N!4-,-%6 
H%$*)*6#:7 0!H#:7 '%<2'<!7, $!'7*'2PM*7<+ #- %,! 6%''*6!-
'**. G-##:% 7!H%4* !?'-/2P6 $!'7-4*/!0-##2P ?-/2 H4+ N'*#+-
6*+ '%_%#*> * N!<6'!%#*+ N'-0*4 2N'-04%#*+ 0!H#:7* '%<2'<-7* 
6'-#<,'-#*;#:f '%1. 8 N'!<6%>_%7 N'*7%'% '-<<7-6'*0-%6<+ <42-
;->, 1!,H- <6'-#- A  '-<N!4!O%#- 0 0%'f#%7 6%;%#** 6'-#<,'-#*;-
#!> '%1* , - <6'-#- B  '-<N!4!O%#- 0 #*O#%7 6%;%#** '%1*. Q'%H-
N!4!O*7, ;6! <6'-#- A   /-*#6%'%<!0-#- 0 *<N!45/!0-#*% 0!H#:f 
'%<2'<!0  w   $!'7*'2PM*f<+ #- %,! 6%''*6!'**, #! H!0!45#! 
<4-?! (#-N'*7%', 0 )%4+f !'!_-%7!,! /%74%H%45+). S6'-#- B  6-1-
O% <4-?! *<N!45/2%6 <0!* h#%',!'%<2'<: (#%$65, ,-/) x  (#-N'*7%', 
H4+ <#+6*+ N*1- #-,'2/1* 0 N!H-;% h4%16'!h#%',** /*7!>). Q'*-
7%7 <4%H2PM*% N'%HN!4!O%#*+ !6#!<*6%45#! 1'*6%'*%0 '-<<7-6-
'*0-%7:f <6'-#: 

11111 wbxa +=φ  - 3+=T'+=% ?T+4)Q A   

22222 wbxa +=φ  - 3+=T'+=% ?T+4)Q B  ; *
21 www =+ , 

*
21 xxx =+ , N'*;%7 11 ba >>  - 2<4!0*% <4-?!> /-*#6%'%<!0-##!-

<6* 0 *<N!45/!0-#** '%<2'<- w  <6'-#!> A , 22 ab >>  - 2<4!0*% 
<4-?!> /-*#6%'%<!0-##!<6* *<N!45/!0-#*+ '%<2'<- x  <6'-#!> B , 
* *

2
*

2 xayb > . 
8 H-##!> *,'% !N6*7-45#-+ −ε <6'-6%,*+ 0 *,'% 2B  H4+ 

N%'0!,! *,'!1- *7%%6 <4%H2PM*> 0*H: 

                          
⎪⎩

⎪
⎨
⎧

≠

=+−
=

.,

,,
*

2
*

*
2

*

2

2*
0
2

ww'?6=x

ww'?6=w
a
bx

x
ε

 

I%/2456-6: <6'-# !N'%H%4+P6<+ */ 2<4!0*+, ;6! 0%4*;*#- 

ε−= *

2

2
1 w

a
bx  !?7%#*0-%6<+ #- 0%<5 '%<2'< *w , 6! %<65 <6'-#- A  

!6H-%6 0%<5 <0!> '%<2'< 0 !?7%# #- '%<2'<, N'%H!<6-04+%7!> <6'--
#!> B , 1!6!'-+ !<6-04+%6 0 <0!%7 '-<N!'+O%#** 0%4*;*#2 

.*

2

2*
2 ε+−= w

a
bxx  
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X#6%'N'%6*'2+ 6%!'%6*1!-*,'!0:% '%/2456-6: H4+ '-<<7-6-
'*0-%7:f /-H-; 0 6%'7*#-f 0/-*7!!6#!_%#*> <6'-# 6'-#<,'-#*;-
#!,! ?-<<%>#-, 7!O#! !67%6*65, ;6! */!4*'!0-##!<65 H%><60*> 
!H#!> */ <6'-#, 6.%. 0:?!' <6'-6%,*> ?%/ N%'%H-;* 1-1!> 4*?! *#-
$!'7-)** *4* ?%/ 2;%6- *#6%'%<- H'2,*f <6'-# 6'-#<,'-#*;#!,! 
?-<<%>#-, %<6%<60%##!, #% ,-'-#6*'2%6 %72 7-1<*7-45#!,! 0:*,-
':_-. 8 6! O% 0'%7+ <6'-6%,*+, 1!6!'-+ !#- 7!O%6 0:?'-65 0 '-7-
1-f 1!-4*)**, ,-'-#6*'2%6 %72 #-*?!45_*> 0:*,':_. 8 '-<<7!6-
'%##:f 0 H!14-H% 7!H%4+f, N'*!'*6%6 0 H%><60*+f H-%6 /#-;*6%45-
#:% N'%*72M%<60- <6'-#2 (*,'!12), !?4-H-PM%72 *7. SN!<!?: 
/-M*6: 2 H'2,!> <6'-#:, <!<6!+6 0 <!1':6** <0!*f *#6%'%<!0 * 
0!/7!O#!<6%>. K!, 1!#%;#!, #-*?!4%% h$$%16*0#:7 +04+%6<+ N%-
'%f0-6 f!H- N'* #-H4%O-M%> *#$!'7*'!0-##!<6* *4* <!,4-<!0-#-
#:% H%><60*+ 0 '-71-f 1!-4*)*>. 

8 H!14-H% '-<<7-6'*0-P6<+ !?!?M%#*+ N!<6-#!01* /-H-;* #- 
<42;-> #%<1!451*f <6'-# 0 ?-<<%>#% 6'-#<,'-#*;#!> '%1* N'* #--
4*;** <42;->#:f N-'-7%6'!0, <0+/-##:f < '%;#:7 <6!1!7 * N!-
6'%?4%#*%7 '%<2'<!0.  

Q'*0!H+6<+ N'*7%': */ N'-16*1* 6'-#<,'-#*;#:f '%1 c%#-
6'-45#!> E/**. 

Z7<,3(<03( 
1. 8-6%45 X.E.., ]'%_1! Z.X. @-6%7-6*1- 1!#$4*16- * <!6'2H#*;%<6-

0-. - @.: e#-#*%, 1973. 64 <. 

 "/,9? 8372*<7* &"+83"+7$$2LV 3,],27; 837 
083('9,277 <3(2$D3(27E2L+7  

'"/2L+7 3,$03$(+7  
S.[. K-0'2/!0  

$)?T=TFT ^31)1]=3= c4Oj=3=?T4)4  
Q!<4% N'*!?'%6%#*+ #%/-0*<*7!<6* '%<N2?4*1* c%#6'-45-

#!> E/** <6!41#24*<5 < N'!?4%7!> 0!H!H%4%#*+ 6'-#<,'-#*;#:f 
'%1. B4-0#!> /-H-;%> +04+%6<+ 7%6!H!4!,*+ #-f!OH%#*+ 1!7N'!-
7*<<#:f '%_%#*> < 2;U6!7 #%!N'%H%4%##!<6* <6!1-, ;6! +04+%6<+ 
N'*'!H#:7 #%!N'%H%4U##:7 $-16!'!7, * H%><60*> <6'-# < '-/-
4*;#:7* *#6%'%<-7*, ;6! +04+%6<+ <4%H<60*%7 *f )%4%#-N'-04%#-
#!> H%+6%45#!<6*. 8!/7!O#:7 1!7N'!7*<<#:7 '%_%#*%7 +04+%6-
<+ <!/H-#*% 1!-4*)**, 1!6!'-+ !?%<N%;*0-%6 *7 <277-'#:> '%-
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/2456-6 #% f2O%  ;%7 '%/2456-6, N!42;-%7:> <277-'#!, 1!,H-  1--
OH-+ */ <6'-# H%><602%6 #%/-0*<*7!. G4+ #-f!OH%#*+ h$$%16*0-
#:f (!N6*7-45#:f N! Q-'%6!) <N!<!?!0 '-<N'%H%4%#*+ 0!H#:f 
'%<2'<!0 N'%H4-,-%6<+ <4%H2PM-+ N'!)%H2'-. Q! 0<%7 2N'-04%#*-
+7 0<%f <6'-# * )%#-7 pk  #-f!H+6<+ 7-1<*727 0:'-O%#*+  

, , , , ,1
max max

k k k k k k k
u d b w a u d

n
k

A A w w w c ck
g

=

Μ∑
, 

,H% Μ !?!/#-;-%6 !N%'-6!' 0:;*<4%#*+ 7-6%7-6*;%<1!,! !O*H--
#*+; k

uA , k
dA  - <!!60%6<60%##! N4!M-H*, /-#+6:% N!H <%45<1!f!-

/+><60%##:% 124562': * '-<N!4!O%##:% 0:_% * #*O% 0!H!f'-#*-
4*M- N! 6%;%#*P 0 k-!> <6'-#%; k

bw , k
ww  * k

aw  - <!!60%6<60%##! 
<?'!<: 0!H: ;%'%/ N4!6*#2 0!H!f'-#*4*M- k-!> <6'-#: H! N%'*!-
H- N!4*0-, 0 N%'*!H N!4*0- * N!<4% N%'*!H- N!4*0-; k

uc , k
dc  - <!!6-

0%6<60%##! !?u%7!0 0!H:, /-6'-;*0-%7:% #- N!4*0 */ *<6!;#*1!0, 
#-f!H+M*f<+ 0 k-!> <6'-#% 0:_% * #*O% N! 6%;%#*P !6 0!H!f'--
#*4*M-. d2H%7 <;*6-65, ;6! )%4* k-!> <6'-#: !N*<:0-P6<+ <4%-
H2PM*7* 0<N!7!,-6%45#:7* 1'*6%'*+7*: N'!*/0!H<60!7 <%45-
f!/N'!H21)** k k k

u dC C C= + , ( , )k k k k
u u uC A c= Φ  * ( , )k k k k

d d dC A c= Ψ - 
/-H-##:% N'!*/0!H<60%##:% $2#1)**; !?u%7-7* N'!*/0!H<60- 
h4%16'!h#%',** ( )k k k

b be wϕ= , ( )k k k
w we wψ= , ( )k k k

a ae wϕ= ; 0%'!+6-
#!<65P ;'%/0:;->#!,! N!4!O%#*+ 7!#!6!##! /-0*<*6 !6 /-N-<- 
0!H: k k k k k k k k

a b o u b w aW W w w c w w w= + + − − − − , k
bW  – /-N-< 0!H: 0 

0!H!f'-#*4*M% #- #-;-4! ,!H-; $*#-#<!0:7* /-6'-6-7* 
( )k k k k k k k

e b w a cf p e e e p C= + + + , k
ep , k

cp  – <!!60%6<60%##! H%#%O#:% 
/-6'-6: #- N'!*/0!H<60! %H*#*): h4%16'!h#%',** * N'!*/0!H<60! 
%H*#*): <%45f!/N'!H21)** 0 k-!> <6'-#%; <'%H<60-7* 1k km m+ − , 
0:'2;%##:7* /- 0!H2. Q'*7%7 !,'-#*;%#*+ #- 0:?!' 2N'-04%#*> 
0 $!'7% 0%'!+6#!<6#:f !,'-#*;%#*>, ;6! !?%<N%;*0-%6 2'!0%#5 
,-'-#6*'!0-##!> !6H-;* 0!H#!,! !?u%16-: 

( ) bwcww?.'+ wduu ≥≤+≤ ,0 , ,H% 2'!0%#5 b f-'-16%'*/2%6 
,-'-#6*P, #- 1!6!'2P '-<<;*6:0-%6 2N'-04+PM*> !',-# <6'-#:. 

Z*1<*'2%7 <4%H2PM*> 7%f-#*/7 '-<;%6!0 /- 0!H2. d2H%7 
<;*6-65, ;6! /- !?u%7 0!H: wk, <!!60%6<602PM*> 6!;1% status quo, 
<6'-#- #*;%,! #% N4-6*6, - 0!H2 <0%'f h6!,! 1!4*;%<60- N'*!?'%6--
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%6 N! )%#% pk. Q'*#+6*% '%_%#*> !<#!0:0-%6<+ #- *<N!45/!0-#** 
<0%'61* 1'*6%'*%0 1( , , , , , , )k k k k k k k k k

b w a ag C e e e W f m m+ − . G!1-/:0-%6-
<+ 

^,"3,+(. Q2<65 0 6!;1% status quo #%'-0%#<60-  
1 1 1 1

1 1 1 1

1

1

k k k k k k

k k k k k k
d w d d

k k

k k

g g g
C c e c C c

g g
m m

ψ+ + + +

+ + + +

+

+

∂ ∂Ψ ∂ ∂ ∂ ∂Ψ⋅ + ⋅ ⋅
∂ ∂ ∂ ∂ ∂ ∂>

∂ ∂
∂ ∂

   

0:N!4#+P6<+ H4+ 0<%f k. [!,H- 6!;1- status quo #% +04+%6<+ h$$%1-
6*0#!>.  

I%_-PM*7 $-16!'!7 +04+%6<+ 0!/7!O#!<65 *<N!45/!0-#*+ 
#*O%4%O-M*7* <6'-#-7* «H!?'!O%4-6%45#:f» N!N2<1!0 0:_%4%-
O-M*f <6'-#, - 6-1O% 0!/7!O#!<65 N'+7:f !?7%#!0 6!0-'-7* * 
'%<2'<-7* ?%/ H%#%O#:f '-<;U6!0.  

 
Z7<,3(<03( 

1. ]'%_1! Z.X., K-0'2/!0 S.[. Q'*#)*N: 1!!N%'-)** N'* *<N!45/!-
0-#** 0!H#:f '%<2'<!0 ?-<<%>#!0 6'-#<,'-#*;#:f '%1 // G!14-H: EK 
I%<N2?4*1* [-HO*1*<6-#, 6. 51, q4, 2008 – S. 253-260. 

S2(97U 3(U97E2LV '7/"' "8<7+(9?2LV  
&"2<3(&<"' ' U(/(E, $<7+0973"'(27* (D,2<"' 
8372678(9"+ ' +"/,97 $ /'0+* (D,2<(+7* 

E.8. [-'-/%0*; 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

=]')= :... _1]1)1?194 
8 '-?!6% '-<<7!6'%#: H%6%'7*#*'!0-##:% 7!H%4* < 6'%7+ 

2;-<6#*1-7* – N'*#)*N-4!7 * H027+ -,%#6-7* – * '-/4*;#:7* 
0*H-7* $2#1)*> 0:*,':_-. S N!7!M5P <0!*f <0!?!H#:f <'%H<60 
N'*#)*N-4 <6'%7*6<+ <6*724*'!0-65 -,%#6!0 #- /-14P;%#*% #%1!-
6!'!,! ;*<4- H!,!0!'!0 (< 14*%#6-7*) < )%45P 7-1<*7*/-)** <0!-
%> <!?<60%##!> N'*?:4*. E,%#6: !?4-H-P6 h$$%16*0#!<65P (!6-
#!_%#*% ;*<4- 2<N%_#:f 0<6'%; 1 ;*<42 N'!0%HU##:f) * $2#1)*-
%> #%O%4-#*+ '-?!6-65 !6 1!4*;%<60- N'!0%H%##:f 0<6'%; C(N), 
                                                
* B'-#6 IZZX, N'!%16 q 08-01-00249. 
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1!6!'-+ '-/4*;#- H4+ '-/#:f -,%#6!0, N'*;%7 
0 ( ) ( )H LN C N C N∀ > < . E,%#6, !?4-H-PM*> 7%#5_%> h$$%16*0-

#!<65P ( LK ) * ?!45_%> $2#1)*%> #%O%4-#*+ '-?!6-65, #-/:0-%6<+ 
-,%#6!7 #*/1!,! 6*N-,  ?!45_%> ( H LK K≥ ) – -,%#6 0:<!1!,! 6*N-.  

Q'*#)*N-4 #% /#-%6, 1-1!% 1!4*;%<60! 0<6'%; N'!0%4* -,%#-
6: * h$$%16*0#!<6* -,%#6!0,  !# /#-%6 4*_5 62 N'*?:45, 1!6!'2P 
N'*#U< 1-OH:> */ #*f. Q!h6!72 <6*724*'2PM-+ <f%7- (1!#6'-16) 

( )I Y  7!O%6 /-0*<%65 6!451! !6 6!> N'*?:4*, 1!6!'2P N'*#%<4* 
-,%#6:. 8:*,':_ -,%#6- 6*N- A (0:<!1!,! 4*?! #*/1!,!), 1!6!':> 
N'!0U4 N 0<6'%;, '-0%# ( ) ( )A AI N K C N⋅ − . G4+ 6!,!, ;6!?: -,%#6 
<!,4-<*4<+ #- 1!#6'-16, #%!?f!H*7!, ;6!?: ( ) ( ) 0A AI N K C N⋅ − > .  

8:*,':_ N'*#)*N-4- '-0%# ( ) ( )H L H HY Y I Y I Y+ − − , ,H% 
( ) ( ) 0L LI N K C N⋅ − > , ( ) ( ) 0H HI N K C N⋅ − > . Q'%HN!4-,-%6<+ 
6-1O%, ;6! ( )AC N  H*$$%'%#)*'2%7: 0<PH2 #- (0, )+∞  * H*$$%-
'%#)*'2%7: <N'-0- 0 6!;1% 0. 

c%45 H-##!,! *<<4%H!0-#*+ - N!42;*65 -4,!'*67 #-f!OH%-
#*+ !N6*7-45#!,! 1!#6'-16-. 8 #-<6!+M%% 0'%7+ +04+%6<+ H!0!45-
#! '-<N'!<6'-#U##:7 N'%HN!4!O%#*% ! 6!7, ;6! ?!4%% 0:<!1-+ 
1!7*<<*+, 1!6!'-+ N4-6*6<+ -,%#6-7 0 <42;-% N%'%0:N!4#%#*+ 
N4-#-, H!4O#- <6*724*'!0-65 %,! #- 0:N!4#%#*% h6!,! N4-#-. G'2-
,*7* <4!0-7*, !N6*7-45#-+ I(Y) 0:N214-. 8 '-?!6% N'!0!H*6<+ 
*<<4%H!0-#*% 3-f <42;-%0 – ?%/ !,'-#*;%#*> #- <f%72, #%2?:0-P-
M%>, * /-6%7 '-<<7-6'*0-P6<+ 0:N214:% <f%7:.  

jH#!> */ !N6*7-45#:f <f%7 +04+%6<+ 6!;%;#-+ <f%7-, 1!,H- 
N'*#)*N-4 #-/#-;-%6 #%#24%0!% 0!/#-,'-OH%#*% 6!451! /- H0- '%-
/2456-6- -,%#6-. E,%#6 #*/1!,! 6*N- N!42;-%6 N'* h6!7 #24%02P 
N'*?:45, N'*?:45 O% -,%#6- 0:<!1!,! 6*N- 0 ?!45_*#<60% <42;-%0 
+04+%6<+ N!4!O*6%45#!> (/- *<14P;%#*%7 <*62-)**, 1!,H- !N6*-
7-45#-+ <f%7- N!H'-/27%0-%6 !61-/ -,%#6- #*/1!,! 6*N- !6 1!#-
6'-16-). 

[-1O% ?:4! H!1-/-#!, ;6! !,'-#*;%#*% #- 0!/'-<6-#*% <6*-
724*'2PM%> <f%7: #% 0%HU6 1 27%#5_%#*P N'*?:4* N'*#)*N-4-. 
S6'-6%,*+ N'* h6!7 < 6!;%;#!> $2#1)** 7%#+%6<+ #- <62N%#;-62P. 

e-6%7 ?:4- '-<<7!6'%#- 0:N214-+ <f%7-. 8 !64*;*% !6 !,'--
#*;%#*+ #- #%2?:0-#*%, 0:N214!<65 <f%7: 7!O%6 N'*0%<6* 1 N!-
6%'% N'*?:4* N'*#)*N-4-. Q'*0%HU# N'*7%', 1!,H- N'*?:45 
N'*#)*N-4- 27%#5_-%6<+ N'* *<N!45/!0-#** *7 0:N214!,! 0-'*-
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-#6- <f%7: N! <'-0#%#*P < 6!;%;#!>, ;6! !N'!0%',-%6 N'%HN!4!-
O%#*% !? !N6*7-45#!<6* 0:N214!,! 1!#6'-16-. 

 
@7=37/2", 3('2"',$7, ' 2,(2<(D"27$<7E,$&"; 

7D3, $ 2,"83,/,9q22"$<?:* 
E.Z. [-'-1-#!0 

E1+=?1-6'*?3=% -1?FO4+?T9'))Q% ['O4-1-=V'?3=% =)?T=TFT 
X,'!0!> N!Hf!H 1 *<<4%H!0-#*P '-/#!!?'-/#:f <!)*-45-

#:f, h1!#!7*;%<1*f, h1!4!,*;%<1*f * H'2,*f N'!?4%7 0%<57- N!-
N24+'%#. l6! !?u+<#+%6<+ 1-1 _*'!1*7* 0!/7!O#!<6+7* <'%H<60 
6%!'** *,' H4+ N!42;%#*+ N'*%74%7:f 7-6%7-6*;%<1*f 7!H%4%>, 
6-1 * 7#!,!1'*6%'*-45#:7 f-'-16%'!7 *,'!0:f 7!H%4%>, 1!6!':> 
N!/0!4+%6 <6'!*65 '%_%#*+ #- !<#!0% '-/4*;#:f N'*#)*N!0 !N6*-
7-45#!<6* < 2;U6!7 1!#1'%6*1* '%-45#!> <*62-)**. 

8 '-?!6% N!<6'!%#- *#$!'7-)*!##-+ 7!H%45 #%-#6-,!#*<6*-
;%<1!> *,': 7#!,*f 4*) N'* #%!N'%H%4U##!<6* <! <4%H2PM%> 
<6'2162'!> *,'!1!0: #%1!6!':% */ #*f !?u%H*#%#: 0 1!-4*)*P, - 
!<6-45#:% H%><602P6 <-7!<6!+6%45#!. K- !<#!0% !)%#!1 <6'-6%,*> 
*,'!1!0 * #%!N'%H%4U##!<6%> N!<6'!%#! ,*?'*H#!% (1!7?*#*'!-
0-##!%) '%_%#*% *,': < *<N!45/!0-#*%7 0#26'* 1!-4*)** N'*#-
)*N- Q-'%6!. G4+ 10-H'-6*;#!> *,': N!42;%#: H!<6-6!;#:% 2<4!-
0*+ !N6*7-45#!<6*. Q'*0%HU# N'*7%'. 

O'0+,32(* +"/,9? 8,3,D"'"3"' $ (3=7<3(.2L+ 
&"+7<,<"+ 

W.S.[!1-'%0-, 8.8.@-/-4!0 
04*4%3467?3=% -1?FO4+?T9'))Q% -F]4)=T4+)1-

['O4-1-=V'?3=% F)=9'+?=T'T =].".H.z'+)QP'9?31-1 
$)?T=TFT [+=364O)Qg ]4T']4T=V'?3=g =??6'O194)=% 

<4+"m W " 

I-<<7!6'*7 <4%H2PM2P ?%<1!-4*)*!##2P *,'2 < #24%0!> 
<277!>. G0- *,'!1- *7%P6 <N!' N! #%1!6!'!72 0!N'!<2. Q2<65 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% @*#*<6%'<60- #-21* * 
!?'-/!0-#*+ 
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*,'!1 L H%4-%6 N'%H4!O%#*% , - *,'!1 M – . [-1*7 
!?'-/!7, N'%H4!O%#*+ *,'!1!0 f-'-16%'*/2P6<+ H027+ N-'-7%6-
'-7*. 

G4+ '-/'%_%#*+ 1!#$4*16- !#* !?'-M-P6<+ 1 -'?*6'-O#!72 
1!7*6%62, <!<6!+M%72 */ n ;4%#!0. Q2<65 7#%#*% 1-OH!,! */ -'-
?*6'!0 %<65 H027%'#-+ <42;->#-+ 0%4*;*#-, '-0#!7%'#! '-<N'%H%-
4%##-+ 0 %H*#*;#!7 1'2,%. 

K- N4!<1!<6* N'%H4!O%#*P *,'!1- L <6-0*7 0 <!!60%6<60*% 
6!;12 , N'%H4!O%#*P *,'!1- M – 6!;12 , 7#%#*+7 
-'?*6'!0 - . Q! N'-0*42 -'?*6'-O- N! N!<4%H#%72 
N'%H4!O%#*P 0:*,':0-%6 6!6 *,'!1, <!!60%6<602PM-+ 6!;1- 1!6!-
'!,! !1-/-4-<5 ?4*O% 1 ?!45_*#<602 6!;%1, f-'-16%'*/2PM*f 
7#%#*+ -'?*6'!0. I-<<7!6'*7 <42;->, 1!,H- *,'!1 L 7-1<*7*/*'2-
%6 N-'-7%6' g, - *,'!1 : – N-'-7%6' F. 

]<4* 1!7*6%6 <!<6!*6 */ #%;%6#!,! ;*<4- ;4%#!0, 6! !N6*-
7-45#:% ;*<6:% <6'-6%,** *,'!1!0 *7%P6 0*H: 

 . 
,H% k

nC  – ?*#!7*-45#:> 1!h$$*)*%#6. Q'* h6!7 !O*H-%7:> 0:-
*,':_ *,'!1!0 '-0%# 

. 
]<4* ;*<4! ;4%#!0 1!7*6%6- ;%6#!%, 6! !N6*7-45#:% <6'-6%-

,** *,'!1!0 %<65 

 
Q'* h6!7 *,'!1* N!42;-P6 0:*,':_ 0 '-/7%'% 

. 
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∈
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I83,/,9,27,. J?6= 9&fT7 [1?6'O194T'67)1?T7 ?6FV4%)Qg 
1P=*13 ms , O6f 31T1+Qg O6f 0ε∀ >  9'+1fT)1?T7 ( ) 0mP ε> →s  
[+= m →∞  (T.'. 9 [+'O'6' 1P=*34 =?V'&4'T), = O6f 34jO1-1 m  
?Ft'?T9F'T +49)19'?=' "^P4 (W") mS  9 ]1O=i=8=+194))1% =-+' 

mG% , = [1?6'O194T'67)1?T7 +49)19'?=% { }mS  ?g1O=T?f, T1 '' [+'-

O'6 S%  *FO'] )4&Q94T7 ($;>K>@>&$G)==H( &)G=$G"D>"( (:W).  
@I 0!/#*1-%6 #- <6:1% 6%!'** *,' * h1<N%'*7%#6-45#!> 

h1!#!7*1* (#-'+H2 < H'2,*7* 0-'*-#6-7*, #-N'*7%', -,'%,*'!0-#-
#:7 '-0#!0%<*%7 [1], 10-#6*45#:7 '-0#!0%<*%7 [2]). I-<<7!6'*7 
#%1!6!':% <0!><60- @I. 

^,"3,+( 1. ]<4* 0 *,'% G  H4+ $2#1)*> 0:*,':_- 1-OH!,! 
*,'!1- ( )iu ⋅  0:N!4#%#: <4%H2PM*% H0- 2<4!0*+: 
1. ( )i i Nx C ∈∀ ∈  $2#1)*+ ( )iu ⋅  4*?! #%N'%':0#- 0 6!;1% x , 4*?! 
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 360

2. ( )i i Nx C ∈∀ ∈  * 0ε∀ > , #->H%6<+ iCτ ∈ : $2#1)*+ ( )iu ⋅  #%N'%-

':0#- 0 6!;1% ( ),ix τ− * ( ) ( ),i i iu x u x τ ε−− < , 
6! 7!H*$*)*'!0-##!% '-0#!0%<*% ?2H%6 '-0#!0%<*%7 Kh_-. 

^,"3,+( 2. ]<4* 0 *,'% G  $2#1)** 0:*,':_- ( )iu c  – #%-
N'%':0#: N! c  * 0!,#26: N! ic , 6! 6!,H- 0 1-OH!> 7!H*$*)*'!-
0-##!> *,'% G%  <2M%<602%6 IK, - 0 <-7!> *,'% G  <2M%<602%6 @I. 
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H%##-+, 6! *c  ?2H%6 7!H*$*)*'!0-##:7 '-0#!0%<*%7.  
>37+,3. Traveler’s Dilemma [3]. X,'- H02f 4*).  -OH:> *,-

'!1 0:?*'-%6 <2772 !6 80A =  H! 200B =  H!44-'!0. ]<4* *,'!1* 
0:?'-4* !H*#-1!0:% <277:, 6! !#* !?- %% * N!42;-P6. ]<4* O% 
<277: '-/4*;#:, 6! *,'!1-7 0:N4-;*0-%6<+ 7%#5_-+ */ 0:?'-#-
#:f <277. 8 H!N!4#%#** 1 h6!72 *,'!1, 0:?'-0_*> ?!45_2P 
<2772, N%'%H-%6 *,'!12, 0:?'-0_%72 7%#5_2P <2772, 5R =  H!4-
4-'!0. 

8 *,'% <2M%<602%6 %H*#<60%##!% IK ( );A A , #! N'%HN!4-,--
%6<+, ;6! H%><60*+ *,'!1!0 ?2H26 <*45#! !64*;-65<+ !6 '-0#!0%<-
#:f <6'-6%,*>. l6! N'%HN!4!O%#*% N!H60%'H*4* '%/2456-6: 4-?!-
'-6!'#:f h1<N%'*7%#6!0, N'!0%H%##:f 0 8%'HO*#<1!7 2#*0%'<*-
6%6% [4] * N!06!'%##:f 0 4-?!'-6!'** h1<N%'*7%#6-45#!> h1!#!-
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g x R f f t tξ ξ
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−
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Stochastic network projects as active systems  
A. Ben-Yair 1,  V. Burkov  2, D. Golenko-Ginzburg 3 
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of Samaria 
The paper considers a complicated hierarchical system compris-

ing a variety of projects of different significance. Such projects usually 
emerge in constructing new industrial and populated areas, where the 
significance of certain local projects entering the system may undergo 
changes within the projects’ realization. The latter often happens in the 
course of changing management policy as well as the economic situa-
tion. 

A linkage between decision-making in using the theory of active 
systems and harmonization modelling to estimate the utility of the pro-
jects' portfolio in a design office will be considered. 

B($83,/,9,22(* $7$<,+( ('<"+(<7U73"'(22"D" 
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*<N!45/!0-#** <*<6%7 -06!7-6*/*'!0-##!,! N'!%16*'!0-#*+ <f%7 
IlE, +04+%6<+ 0:<!1-+ 0:;*<4*6%45#-+ 6'2H!%71!<65 /-H-; 7!H%-
4*'!0-#*+, 7#!,!0-'*-#6#!,! -#-4*/- * !N6*7*/-)**, '%_%#*% 
                                                
* I-?!6- 0:N!4#%#- 0 '-71-f Q'!,'-77: $2#H-7%#6-45#:f *<<4%H!0--
#*> Q'%/*H*27- IEK q 15 «X#6%44%162-45#:% *#$!'7-)*!##:% 6%f#!-
4!,**, 7-6%7-6*;%<1!% 7!H%4*'!0-#*%, <*<6%7#:> -#-4*/ * -06!7-6*/--
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1!6!':f <!<6-04+%6 !<#!02 <f%7!6%f#*;%<1!,! N'!%16*'!0-#*+. 
  ;*<42 !<!?! 6+O%4:f, < 6!;1* /'%#*+ 0:;*<4*6%45#:f /--

6'-6, !6#!<+6<+ /-H-;* N'!%16*'!0-#*+ < 2;%6!7 <6!f-<6*;%<1*f 
/-1!#!7%'#!<6%> */7%#%#*+ N-'-7%6'!0 N'!%16*'2%7:f 2<6'!><60 
* 6'%?!0-#*> #-H%O#!<6*. eH%<5 1 #%!?f!H*7!<6* 7!H%4*'!0-#*+ 
H*#-7*;%<1*f * ;-<6! #%4*#%>#:f <*<6%7 H!?-04+P6<+ 7!H%4*'!-
0-#*% <42;->#:f N'!)%<<!0 */7%#%#*+ N-'-7%6'!0 h6*f <*<6%7, 
<6-6*<6*;%<1!% 7!H%4*'!0-#*% * !N6*7*/-)*+, 1!6!'-+ H!4O#- 
!<2M%<604+65<+ N! 0%'!+6#!<6#:7 (<6!f-<6*;%<1*7) 1'*6%'*+7. 

K%<7!6'+ #- N!<6!+##!% '-/0*6*% * <!0%'_%#<60!0-#*% *#-
<6'27%#6-45#:f <'%H<60 -06!7-6*/*'!0-##!,! N'!%16*'!0-#*+ 
IlE, N'-16*;%<1* !6<26<602P6 N'*7%': *f 2<N%_#!,! *<N!45/!-
0-#*+ 0 <42;-% H!<6-6!;#! <4!O#:f '-H*!h4%16'!##:f <f%7, !<!-
?%##! N'* !N6*7*/-)** N! 1'*6%'*+7 #-H%O#!<6*. 87%<6% < 6%7, 0 
N!<4%H#*% ,!H: 2<N%_#! '-/0*0-%6<+ H!<6-6!;#! '-H*1-45#:> 
N265 N!0:_%#*+ h$$%16*0#!<6* '%_%#*+ /-H-; 0:<!1!> 0:;*<4*-
6%45#!> <4!O#!<6*, 0 !<#!0% 1!6!'!,! 4%O*6 6%f#!4!,*+ N-'-4-
4%45#:f * '-<N'%H%4%##:f 0:;*<4%#*>. Q'%H<6-04+%6<+ 0%<57- 
*#6%'%<#:7 * N%'<N%16*0#:7 <!/H-#*% <*<6%7 -06!7-6*/*'!0-#-
#!,! N'!%16*'!0-#*+ (SEQI), !'*%#6*'!0-##:f #- 6%f#!4!,*P 
N-'-44%45#:f 0:;*<4%#*>. 

8 H-##!> '-?!6% N'%HN'*#+6- N!N:61- !;%'6*65 1'2, /-H-;, 
1!6!':% 0!/#*1-P6 0 N'!)%<<% <!/H-#*+ 7!H*$*1-)** SEQI IlE 
N-'-44%45#!,! ('-<N'%H%4%##!,!) 6*N-, * #-7%6*65 N26* *f '%_%-
#*+. 

8 1-;%<60% N'!?4%7#!> !?4-<6* '-<<7!6'%# !N6*7-45#:> 
N-'-7%6'*;%<1*> <*#6%/ -#-4!,!0:f <f%7 IlE < 2;%6!7 <42;->-
#:f N'!)%<<!0 */7%#%#*+ *f N-'-7%6'!0 * 6'%?!0-#*> #-H%O#!-
<6*. 

e-H-;- !N6*7-45#!,! 0:?!'- N-'-7%6'!0 N'!%16*'2%7:f 
2<6'!><60 (N-'-7%6'*;%<1!,! <*#6%/-) <!<6!*6 0 0:?!'% #!7*-
#-45#:f /#-;%#*> 0#26'%##*f N-'-7%6'!0 *<<4%H2%7!,! 2<6'!><6-
0- ),...,(x HOMHOM1HOM nxx= , !?%<N%;*0-PM*f 7-1<*727 0%'!+6-
#!<6* %,! ?%/!61-/#!> '-?!6: 0 6%;%#*% /-H-##!,! 0'%7%#*:  

],[,),x({maxargx x TtDtXP 0HOMHOM ∈∀∈= , 

,H% ),x( tX HOM  – <42;->#:> N'!)%<< */7%#%#*+ N-'-7%6'!0; xD  - 
!?4-<65 '-?!6!<N!<!?#!<6*; T - /-H-##!% 0'%7+ h1<N42-6-)** 2<6-
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'!><60-.  
K%1!6!':% N26* '%_%#*+ /-H-; !N6*7-45#!,! N-'-7%6'*;%-

<1!,! <*#6%/- < *<N!45/!0-#*%7 6%f#!4!,** N-'-44%45#:f * '-<-
N'%H%4%##:f 0:;*<4%#*> '-<<7!6'%#: 0 H!14-H%. 8 ;-<6#!<6*, 
H4+ '-<;%6- 0%'!+6#!<6* ?%/!61-/#!> '-?!6: N'%H4!O%# N-'-4-
4%45#:> -#-4!, 7%6!H- @!#6%- -'4!. I-/'-?!6-#: N-'-44%45#:% 
-4,!'*67: !N6*7*/-)**, !<#!0-##:% #- *<N!45/!0-#** *H%> H*<-
1'%6*/-)** N'!<6'-#<60- N!*<1- '%_%#*>, 7#!,!7%'#!,! /!#H*'!-
0-#*+ * H*<1'%6#!> N!*<1!0!> !N6*7*/-)**. 

I-/'-?!6-#- <*<6%7- -06!7-6*/*'!0-##!,! N'!%16*'!0-#*+ 
-#-4!,!0:f <f%7 IlE '-<N'%H%4%##!,! (<%6%0!,!) 6*N-. S6'2162'- 
<*<6%7: 014P;-%6 7!H24* 00!H- * 7-6%7-6*;%<1!,! 7!H%4*'!0--
#*+ h4%16'!##:f <f%7, 7#!,!7%'#!,! H%6%'7*#*'!0-##!,! * <6--
6*<6*;%<1!,! -#-4*/-, 7#!,!7%'#!> N!*<1!0!> !N6*7*/-)**. 

S*<6%7- *7%%6 -'f*6%162'2 14*%#6-<%'0%', '%-4*/!0-##2P 
#- N%'<!#-45#:f 1!7N5P6%'-f N!H 2N'-04%#*%7 !N%'-)*!##:f 
<*<6%7 <%7%><60- Microsoft Windows * !?u%H*#%##:f 4!1-45#!> 
<%65P. jN%'-)*+ 0/-*7!H%><60*+ 1!7N5P6%'!0 !<2M%<604+%6<+ N! 
N'!6!1!42 TCP/IP.  

S'<"+(<7U(67* 83"6,$$"' $"U/(27* +,<(+"/,9,; 
837 83",&<73"'(277 $9".2LV  

<,V27E,$&7V "=p,&<"' 
E.8. d%'#_6%>#, S.S. x%'#!0- 

$)?T=TFT ?=?T'])1-1 4)46=&4 W " 
].8. d2'#-%0 

$)?T=TFT [+1*6'] ['+'O4V= =)i1+]48== W " 
8 N'!)%<<% N'!%16*'!0-#*+ <'-0#*0-P6<+ '-/4*;#:% 6%f#*-

;%<1*% '%_%#*+, 1-<-PM*%<+ <6'2162': * N-'-7%6'!0 !?u%16-, 
7%f-#*/7!0 %,! $2#1)*!#*'!0-#*+ * H'2,*f h4%7%#6!0 !?u%16-. 
 !7N5P6%'#:% <*<6%7: H4+ N!HH%'O1* N'*#+6*+ *#O%#%'#:f 
'%_%#*> (Knowledge Based Engineering, Computer Aided 
Engineering) <!/H-P6<+ H4+ <!1'-M%#*+ 0'%7%#* N'!%16*'!0-#*+ * 
;*<4- H!'!,!<6!+M*f (0 7-6%'*-45#!7 * 0'%7%##!7 <7:<4-f) #--
62'#:f h1<N%'*7%#6!0.  

['-H*)*!##! 0 7!H%4*'!0-#** *<N!45/2P6<+ N!4#!'-/7%'-
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#:% 7-6%7-6*;%<1*% 7!H%4* (Full Order Models), !<#!0-##:% #- 
«$*/*1% N'!)%<<!0» * !N*<:0-PM*% $*/*;%<1*% N'!)%<<: * +04%-
#*+, N'!*<f!H+M*% N'* $2#1)*!#*'!0-#** !?u%16-, <4!O#:7* 
H*$$%'%#)*-45#:7* 2'-0#%#*+7* 0 ;-<6#:f N'!*/0!H#:f < ,'--
#*;#:7* 2<4!0*+7*. x*<4%##:% 7%6!H: '%_%#*+ 6-1*f 2'-0#%#*> 
*7%P6 /#-;*6%45#2P 0:;*<4*6%45#2P 6'2H!%71!<65, 1-1 <-7*f 
'-<;%6!0, 6-1 * N!H,!6!01* *<f!H#:f H-##:f * '-<;%6#:f <%6!1. 
l6! <2M%<60%##! <!1'-M-%6 0!/7!O#!<6* *<N!45/!0-#*+ N!4#!-
'-/7%'#:f 7!H%4%>, !<#!0-##:f #- «$*/*1% N'!)%<<!0», !<!?%##! 
#- <6-H** N'%H0-'*6%45#!,! (1!#)%N62-45#!,!) N'!%16*'!0-#*+, 
#- 1!6!'!> '-<<7-6'*0-%6<+ !;%#5 ?!45_!% 1!4*;%<60! 0-'*-#6!0 
'%_%#*> * 0:<!1- )%#- #%N'-0*45#! 0:?'-##!,! '%_%#*+. 

8 N!<4%H#*% ,!H: <6-4* '-/0*0-65<+ 7-6%7-6*;%<1*% 7!H%-
4*, !<#!0-##:% #- H-##:f – '%/2456-6-f #-62'#:f */*4* 0:;*<4*-
6%45#:f h1<N%'*7%#6!0, N'!0%H%##:f < '-/4*;#:7* !?u%16-7* 
'-<<7-6'*0-%7!,! 14-<<-, < 7*#*7-45#:7 N'*04%;%#*%7 /#-#*> */ 
N'%H7%6#!> !?4-<6* ($*/*1* N'!)%<<!0). G'2,*7* <4!0-7*, 7!H%-
4* «!?2;-P6<+» N! 7#!O%<602 N'!6!6*N!0 0f!H#:f * 0:f!H#:f 
H-##:f * $-16*;%<1* *7*6*'2P6 (/-7%#+P6) 1-1 *<6!;#*1* N!42-
;%#*+ H-##:f, !<#!0-##:% #- #%1!6!'!> *<f!H#!> 7!H%4*, 6-1 * 
<-7* 7!H%4*, <!/H-##:% #- !<#!0% */2;%#*+ $*/*1* N'!)%<<!0. 
Q!h6!72, 6-1*% 7!H%4* *#!,H- #-/:0-P6 6-1O% 7%6-7!H%4+7* 
(models over models, metamodels) *4* <2''!,-6#:7* 7!H%4+7* 
(surrogate models) [1].  

8 H!14-H% ?2H%6 !N*<-#- 6%f#!4!,*+ N!<6'!%#*+ * *<N!45/!-
0-#*+ 7%6-7!H%4%> 0 1!7N5P6%'#:f <*<6%7-f N'!%16*'!0-#*+, 
<$!'724*'!0-#: !<#!0#:% 0!/#*1-PM*% N'!?4%7: * N'%H4!O%#: 
N!Hf!H: 1 *f '%_%#*P [2]. 

[-1 1-1 7%6-7!H%4* N!<6'!%#: N! 1!#1'%6#:7 H-##:7, 6! 
N'* N!42;%#** #!0:f H-##:f *4* #%!?f!H*7!<6* *<N!45/!0-#*+ 
H'2,*f !?2;-PM*f H-##:f (N!42;%##:f < N!7!M5P #!0!> *<f!H-
#!> 7!H%4*), #%!?f!H*7! 4*?! -H-N6*'!0-65 7%6-7!H%45 1 #!0:7 
H-##:7, 4*?! N!<6'!*65 7%6-7!H%45 /-#!0!.  

jH#-1! *#O%#%'#:% N'!%16#:% 1!7-#H: #% N'%HN!4-,-P6 
#-4*;*+ 0 #*f <N%)*-4*<6!0 0 !?4-<6* N!<6'!%#*+ 7%6-7!H%4%> < 
*<N!45/!0-#*%7 '-/4*;#:f 7-6%7-6*;%<1*f 7%6!H!0 * 7-6%7-6*-
;%<1*f N'!,'-77#:f N-1%6!0. 8!/7!O#!<65 !N%'-6*0#!,! N'*04%-
;%#*+ 0#%_#*f <N%)*-4*<6!0 /-6'2H#*6%45#-, - *#!,H- * N'!<6! 
#%0!/7!O#- (#-N'*7%', 0 <*42 1!#$*H%#)*-45#!,! f-'-16%'- H-#-
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#:f). Q!h6!72 *7%%6<+ #-<6!+6%45#-+ #%!?f!H*7!<65 -06!7-6*/--
)** N'!)%<<- <!/H-#*+ 7%6-7!H%4%>, 0 ;-<6#!<6*, <!/H-#*+ -06!-
7-6*;%<1*f ,%#%'-6!'!0 !<#!0#:f N'!)%H2' 7%6-7!H%4%>, 1!6!-
':% 7!O%6 *<N!45/!0-65 0 '-?!6% *#O%#%'-N'!%16*'!0M*1. 

8 H!14-H% ?2H%6 !N*<-#- #!0-+ 6%f#!4!,*+ MACROS, #- !<-
#!0% 1!6!'!> ?:4! <!/H-#! <%7%><60! ,%#%'-6!'!0 N'!)%H2', 1!-
6!':% N! /-H-##!72 7#!O%<602 N'!6!6*N!0 * $!'7-4*/!0-##:7 
6'%?!0-#*+7 1 1-;%<602 ,%#%'*'2%7!> N'!)%H2': -06!7-6*;%<1* 
<6'!+6 N'!,'-77#:% 7!H24*, '%-4*/2PM*% 6'%?2%72P N'!)%H2'2 
7%6-7!H%4*. l6* N'!,'-77#:% 7!H24* 7!,26 ?:65 0 H-45#%>_%7 
*<N!45/!0-#: 0 1-;%<60% 0#%_#%> ?*?4*!6%1* H4+ <*<6%7: N'!%1-
6*'!0-#*+.  

Z7<,3(<03( 
1. Forrester, A.I.J., Sobester, A., Keane, A.J. Engineering Design 

via Surrogate Modelling. A Practical Guide. Wiley, New-York, 2008. 
2.  24%_!0 E.Q.  !,#*6*0#:% 6%f#!4!,** 0 -H-N6*0#:f 7!-

H%4+f <4!O#:f !?u%16!0. X#$!'7-)*!##:% 6%f#!4!,** * 0:;*<-
4*6%45#:% <*<6%7:, 1, 18 – 29, 2008. 

 ,<"/ "<$,E,27; /9* 2,3(',2$<' &97& ' U(/(E, 
3(U+,F,27* $ 83,/8"E<,27*+7 &97,2<"'  
X.D. 8-<*45%0, [.8. B'2/H%0-,  .d.  4*7%#6!0- 

$)?T=TFT O=)4]=3= ?=?T'] = T'1+== F[+496')=f Y` W " 
8 '-?!6% '-<<7-6'*0-%6<+ /-H-;- '-/7%M%#*+ < N'%HN!;6%-

#*+7* 14*%#6!0 [1]-[3], 0 1!6!'!> /-H-#: 7#!O%<60! 0!/7!O#:f 
N'%HN'*+6*> },,1{ mI K=  * 7#!O%<60! 14*%#6!0 },,1{ nJ K= , 
7-6'*)- JjIicC ij ∈∈= ,},{  !N'%H%4+%6 /-6'-6: #- !?<42O*0--

#*% 14*%#6!0, - 0%16!' Iiff i ∈= },{  /-6'-6: #- !61':6*% N'%H-
N'*+6*>, 7-6'*)- JjIigG ij ∈∈= ,},{  /-H-%6 N'%HN!;6%#*+ 14*-

%#6!0: %<4* jiji gg
21

≤ , 6! j  14*%#6 */ !61':6:f N'%HN'*+6*> 1i  * 

2i  0:?%'%6 N'%HN'*+6*% 1i . S6!*6 /-H-;- !61':65 #%1!6!'!% N!H-
7#!O%<60! N'%HN'*+6*> IS ⊆  * !?<42O*65 0<%f 14*%#6!0, 7*#*-
7*/*'2+ /-6'-6: #- !61':6*% N'%HN'*+6*> * !?<42O*0-#*% 14*%#-
6!0, * 2;*6:0-+ N'* h6!7 N'%HN!;6%#*+ 14*%#6!0. 
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 @-6%7-6*;%<1-+ 7!H%45 H-##!> /-H-;* 7!O%6 ?:65 /-N*<-#- 
0 0*H% <4%H2PM%> H02f2'!0#%0!> /-H-;* 1!7?*#-6!'#!> !N6*7*-
/-)**: 

      
.,min),(

,,min

JjgArgSjIs

ISfc

ij
Si

j
SJj Si

ijs j

∈=∈

⊆↓+

∈

∈ ∈
∑ ∑

             (P) 

c%4%0-+ $2#1)*+ /-H-;* (P) 7*#*7*/*'2%6 /-6'-6: N!<6-0-
M*1!0 #- !61':6*% N'%HN'*+6*> * !?<42O*0-#*% 14*%#6!0, 0 6! 
0'%7+ 1-1 h4%7%#6: js  0:?*'-P6<+ */ 7#!O%<60 #-*?!4%% N'%H-
N!;6*6%45#:f H4+ 14*%#6!0 Jj ∈  N'%HN'*+6*>. 

X/0%<6#! [1]-[3], ;6! H02f2'!0#%02P 1!7?*#-6!'#2P /-H-;2  
(P) 7!O#! /-N*<-65 0 0*H% !H#!2'!0#%0!> /-H-;* )%4!;*<4%##!,! 
4*#%>#!,! N'!,'-77*'!0-#*+ (cDQ). K- !<#!0% -#-4*/- 0/-*7!-
<0+/* 7#!,!,'-##*1- 6-1!> /-H-;* cDQ < 7#!,!,'-##*1!7 /-H-;* 
2N-1!01* 7#!O%<60- 7!O#! N!<6'!%#! <%7%><60! N'-0*45#:f #%-
'-0%#<60 14*1 [4]. G!1-/-#! [4], ;6! #*O#++ !)%#1-, <0+/-##-+ < 
6-1*7 <%7%><60!7 #%'-0%#<60 !1-/:0-%6<+ #% f2O% #*O#*f !)%#!1 
*/ [2,3].  

G4+ ;*<4%##!,! N!*<1- 6-1!> #*O#%> !)%#1* ?:4 '-/'-?!6-# 
7%6!H !6<%;%#*>. j<#!02 h6!,! 7%6!H- <!<6-04+%6 N!Hf!H 1 '%_%-
#*P /-H-;* ! N!*<1% 7-1<*7-45#!> 14*1* (e@ ) '%H21)*%> 1 #%-
N'%':0#!> /-H-;% < d.c. !,'-#*;%#*%7 [5].  G4+ '%_%#*+ e@  '-/-
'-?!6-#: <N%)*-45#:% 7%6!H: 4!1-45#!,! N!*<1- * -4,!'*67 ,4!-
?-45#!,! N!*<1- [5]. Q'!0%H%#: 0:;*<4*6%45#:% h1<N%'*7%#6: N! 
6%<6*'!0-#*P '%-4*/!0-##!,! 7%6!H- !6<%;%#*> #- <%'** 6%<6!-
0:f N'*7%'!0 [2]. 

Z7<,3(<03( 
1. P. Hanjoul and D. Peeters. A facility location problem with cli-

ents' preference orderings // Regional Sci. Urban Econom. – 1987. – 
V.17. – P. 451-473. 

2. ].8. E4%1<%%0-, W.E.  !;%6!0. B%#%6*;%<1*> 4!1-45#:> 
N!*<1 H4+ /-H-;* ! p-7%H*-#% < N'%HN!;6%#*+7* 14*%#6!0 //  G*<-
1'%6#:> -#-4*/ * *<<4%H!0-#*% !N%'-)*>. – 2007. –[. 14, q 1. – S. 
3-31. 

3. L. Cánovas, S. García, M. Labbé, and A. Marín. A strengthened 
formulation for the simple plant location problem with order // Opera-
tions Research Letters. – 2007. – V.35, q 2. – P. 141-150. 
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4. X.D. 8-<*45%0,  .d.  4*7%#6!0-, W.E.  !;%6!0. K!0:% 
#*O#*% !)%#1* H4+ /-H-;* '-/7%M%#*+ < N'%HN!;6%#*+7* 14*%#-
6!0 // Y2'#-4 0:;*<4*6%45#!> 7-6%7-6*1* * 7-6%7-6*;%<1!> $*-
/*1*. – 2009. – [.49, q 6. – S. 1055-1066. 

5. B'2/H%0- [.8. I%_%#*% /-H-;* ! 14*1% <0%H%#*%7 1 /-H-;% < 
d.c. !,'-#*;%#*%7 //  G*<1'%6#:> -#-4*/ * *<<4%H!0-#*% !N%'-)*>. 
– 2008. – [. 15, q 6. – S. 20-33. 

B,(97U(67* ('<"+(<7U73"'(22"; $7$<,+L 
=:/.,<2"D" 083('9,27* $3,/$<'(+7  

@,2,3(<"3( 83",&<"' 
8:_*#<1*> D.D. 

.m W " 
8 H!14-H% N'%H<6-04%#: N'!%16 * '%-4*/-)*+ -06!7-6*/*'!-

0-##!> <*<6%7: ?PHO%6#!,! 2N'-04%#*+ N'%HN'*+6*%7 (ESdC). 
E06!7-6*/*'!0-##-+ <*<6%7- ?PHO%6#!,! 2N'-04%#*+ '-/'-?!6-#- 
< N!7!M5P *#<6'27%#6-45#!,! 1!7N4%1<- "B%#%'-6!' N'!%16!0". 
Q'!%16 <*<6%7: N'%H<6-04+%6 <!?!> $!'7-45#!% !N*<-#*% #- +/:-
1% lejQ *#$!'7-)*!##!> 7!H%4*, $2#1)*> * N'!)%H2' !?'-?!6-
1* H-##:f, <N!<!?!0 N'%H<6-04%#*+ *#$!'7-)**, N%'%;%#5 * !N*-
<-#*% N!45/!0-6%45<1*f /-N'!<!0 * 1!7-#H, $!'7: !1!##!,! N!45-
/!0-6%45<1!,! *#6%'$%><- * H'2,*% #%!?f!H*7:% H4+ $2#1)*!#*-
'!0-#*+ <*<6%7: H%6-4* N'!%16-. 

S!H%'O-6%45#! <*<6%7- ?PHO%6#!,! 2N'-04%#*+ - h6! <!-
<6-0#-+ ;-<65 %H*#!> <*<6%7: 2N'-04%#;%<1!,! 2;%6-. 8 !<#!0% 
<*<6%7: 4%O*6 6%f#!4!,*+ 2N'-04%#*+, 1!6!'-+ N!/0!4+%6 '21!0!-
H<602 N'%HN'*+6*+ <6-0*65 N%'%H <0!*7* <6'2162'#:7* N!H'-/H%-
4%#*+7* 1!#1'%6#:% N'!*/0!H<60%##:% /-H-;*, * N!<'%H<60!7 
?PHO%6#:f !,'-#*;%#*>, - 6-1O% N!<6!+##!,! 1!#6'!4+ #-H 0:-
N!4#%#*%7 h6*f !,'-#*;%#*>, H!<6*,-65 N!<6-04%##:% )%4*. S*<-
6%7- ?PHO%6#!,! 2N'-04%#*+ 6%<#! 0/-*7!H%><602%6 < <*<6%7-7* 
?2f,-46%'<1!,!, #-4!,!0!,! 2;%6-, < <*<6%7!> 2;%6- 7-6%'*-45#:f 
)%##!<6%> * '%<2'<!0, #! !#- _*'% * ,42?O% !6'-O-%6 $*#-#<!0:% 
* N'!*/0!H<60%##:% N'!)%<<:,  <!/H-%6 *#$!'7-)*!##2P * -#-4*-
6*;%<12P ?-/2 H4+ N'!,#!/*'!0-#*+, N4-#*'!0-#*+, '%_%#*+ 
<6!+M*f N%'%H N'%HN'*+6*%7 /-H-;. 

 j<#!0#:% N'!?4%7: -06!7-6*/-)** 0 h6!> <$%'% <0+/-#: < 
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6%7, ;6! 2N'-04%#;%<1*> 2;%6 0!!?M% * ?PHO%6#!% 2N'-04%#*% 0 
;-<6#!<6* #% '%,4-7%#6*'2P6<+ */0#%, - *f !',-#*/-)*+ +04+%6<+  
N'%'!,-6*0!> <-7*f N'%HN'*+6*>. j6<26<60*% #!'7-6*0#:f ?-/ * 
<6-#H-'6!0 ?PHO%6#!,! 2N'-04%#*+ !<6-04+%6 _*'!1!% N!4% H4+ 
N'*#+6*+ <*<6%7#:f '%_%#*>, #! #-14-H:0-%6 !60%6<60%##!<65 /- 
h$$%16*0#!<65 h6*f '%_%#*>. Q!h6!72 )%#6'-45#!> /-H-;%> '-/-
'-?!61* <'%H<60 -06!7-6*/-)** ?PHO%6#!,! 2N'-04%#*+ +04+%6<+ 
0:?!' *#$!'7-)*!##:f 7!H%4%>, 4!,*;%<1*f <6'2162' H-##:f, 
7%ON'!,'-77#!,! * N!45/!0-6%45<1!,! *#6%'$%><-, 1!6!':% ?: 
-H%10-6#! !6'-O-4* '%-45#! 0!/#*1-PM*% 2N'-04%#;%<1*% /-H-;*, 
- *7%##! /-H-;* N4-#*'!0-#*+, 1!#6'!4+ * -#-4*/- $*#-#<!0!-
h1!#!7*;%<1*f N!1-/-6%4%> H%+6%45#!<6* N'%HN'*+6*+. 

8 H!14-H% !N*<-#: !<#!0#:% *#$!'7-)*!##:% !?u%16: 
<*<6%7:, <6'2162': * N-'-7%6': h6*f !?u%16!0. I-<<7!6'%#: -4-
,!'*67: '%_%#*+ /-H-; -06!7-6*/-)** <!/H-#*+, <?!'- * !?'-?!6-
1* $*#-#<!0!-h1!#!7*;%<1!> *#$!'7-)**. jN*<-#: <'%H<60- 
00!H- N4-#!0:f * !6;%6#:f $*#-#<!0!-h1!#!7*;%<1*f N!1-/-6%-
4%>. Q!1-/-#!, 1-1*7 !?'-/!7 '%_-P6<+ /-H-;* 14-<<*$*1-)** * 
1-6-4!,*/-)** $*#-#<!0!-h1!#!7*;%<1*f N!1-/-6%4%>, N!<6'!%#*+ 
'-/4*;#:f $!'7 H!127%#6!0, <?!'- * !?'-?!61* N%'0*;#:f H-#-
#:f, N!<6'!%#*% <0!H#:f H!127%#6!0. I-<<7!6'%#: !<#!0#:% -'-
f*6%162'#:% 1!#)%N)** N!<6'!%#*+ <*<6%7:.  

>3",&<73"'(27, 7 3(U3(="<&(  
('<"+(<7U73"'(22LV $7$<,+ 083('9,27*  

=(2&"'$&7+7 83",&<(+7 
8:_*#<1*> D.D., B'*#%0 X.D.,  -62#*# 8.Q. 

.m W ",  
``` e)=9'+?467)Q' Y=?T']Q = c'g)161-== 

8 #-<6!+M%7 H!14-H% '-<<7-6'*0-%6<+ /-H-;- '-/'-?!61* -0-
6!7-6*/*'!0-##!> <*<6%7: 2N'-04%#*+ ?-#1!0<1*7* N'!%16-7*, 
7!#*6!'*#,- * -#-4*/- *f h$$%16*0#!<6*. I-<<7!6'%#: !<#!0#:% 
f-'-16%'*<6*1*, $*#-#<!0:% * h1!#!7*;%<1*% N!1-/-6%4* h$$%1-
6*0#!<6* ?-#1!0<1*f N'!%16!0. G-#! !N*<-#*% /-H-;* 7!#*6!'*#-
,- '%-4*/-)** N'!%16!0, <N!<!?: 0:;*<4%#*+ N!1-/-6%4%>  * N'%H-
<6-04%#*+ -#-4*6*;%<1!> *#$!'7-)**.  

Q!#+6*% ?-#1!0<1!,! N'!%16- 0 <*<6%7% !N'%H%4+%6<+ 1-1 
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<!0!12N#!<65 N4-#!0:f, !6;%6#:f, * $*#-#<!0:f H!127%#6!0, 
!?u%H*#%##:f !?M%> /-H-;%> H!<6*O%#*+ ?-#1!7 #%1!6!'!,! 
$*1<*'!0-##!,! '%/2456-6-. X#$!'7-)*+ ! N'!%16% f'-#*6<+ 0 
?-/% H-##:f * N'%H<6-04+%6 <!?!> 7#!O%<60! '%10*/*6!0, N-'--
7%6'!0, f-'-16%'*<6*1 * h4%16'!##:f 1!N*> H!127%#6!0, !6#!<+-
M*f<+ 1 N'!%162. G4+ 1-OH!,! N'!%16- 7!O%6 !<2M%<604+65<+ *#-
H*0*H2-45#-+ #-<6'!>1- N%'%;#+ 00!H*7:f N%'0*;#:f H!127%#-
6!0, *f <6'2162': * <!<6-0- '%10*/*6!0. 

8 !<#!0% '-<<7-6'*0-%7!,! N!Hf!H- 4%O*6 14-<<*;%<1*> 
)*14 2N'-04%#*+ N'!%16-7*  PDCA: P- N4-#*'2> (Plan), D-
*<N!4#+> (Do), C-1!#6'!4*'2> (Check), A--#-4*/*'2> (Analyse). 
Q!1-/-#- <f%7- 0/-*7!H%><60*+ <*<6%7: -#-4*/- < 6'-#/-1)*!#-
#:7* <*<6%7-7*. 

Q4-#*'!0-#*% 0 <*<6%7% !<2M%<604+%6<+ N26%7 $!'7*'!0--
#*+ *<f!H#:f )%4%0:f $*#-#<!0!-h1!#!7*;%<1*f N!1-/-6%4%> 
?-#1!0<1*f N'!%16!0, 1-4%#H-'#!,! N4-#*'!0-#*+ '-?!6 * *f $*-
#-#<*'!0-#*+. 

X<N!4#%#*% N4-#!0 (0:N!4#%#*% '-?!6) !<2M%<604+%6<+ 
0#%_#*7* *<N!4#*6%4+7* (#- !<#!0-#** H!,!0!'!0), $2#1)*!-
#-45#:7* N!H'-/H%4%#*+7* ?-#1-, '-?!;*7* ,'2NN-7*, !6H%45-
#:7* !60%6<60%##:7* *<N!4#*6%4+7*.  

 !#6'!45 ?-#1!0<1*f N'!%16!0 !<2M%<604+%6<+ N26%7 '%,*-
<6'-)** N%'0*;#:f H!127%#6!0 #- 0<%f h6-N-f N'!%16-. K- h6-N% 
'-/'-?!61* h6! H!,!0!'-, -16:, N4-6%O*, 0:N*<1* N! ?2f,-46%'-
<1*7 <;%6-7. K- h6-N% *<N!45/!0-#*+ %,! '%/2456-6!0 - N4-6%O#:% 
H!127%#6: N! !N%'-)*+7, 0:N!4#+%7:7 0 '-71-f N'!%16-,  N! 1!-
7*<<*!##:7 !6;*<4%#*+7 0 N!45/2 ?-#1-, <N'-01* N! /-6'-6-7 #- 
!?<42O*0-#*% !N%'-)*> * N'. 

E#-4*/ '%-4*/-)** ?-#1!0<1*f N'!%16!0 !<2M%<604+%6<+ N2-
6%7 <'-0#%#*+ N4-#!0:f * $-16*;%<1*f /#-;%#*> $*#-#<!0:f N!-
1-/-6%4%>, 0:+04%#*+ 0!/#*1_*f !614!#%#*> !6 N4-#-, 0:+<#%#*% 
0!/7!O#:f N'*;*# h6*f !614!#%#*>, -#-4*/- <6-6*<6*1* 0:N!4-
#%#*+ !N%'-)*>, 0:+04%#*+ /-0*<*7!<6* h$$%16*0#!<6* !N%'-)*> 
!6 2<4!0*> N'*7%#%#*+. I%/2456-6!7 -#-4*/- 7!O%6 ?:65 1!''%1-
6*'!01- N%'0!#-;-45#!,! N'!%16-, */7%#%#*% N4-#!0:f N!1-/-6%-
4%> *4* N'!%16#:f 6%f#!4!,*>, !N6*7*/-)*+ 2<4!0*> N'*7%#%#*+, 
7*#*7*/-)*+ /-6'-6 * 6-1 H-4%%. 

E#-4*6*;%<1*% H-##:% <6'!+6<+ #- !<#!0-#** #-1!N4%##!> 
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N%'0*;#!> *#$!'7-)** * 014P;-P6 '-/4*;#:% N'!*/0!H#:% f--
'-16%'*<6*1*, !6'-O-PM*% 6%12M%% <!<6!+#*% N'!%16-. 8:f!H#:% 
H!127%#6: 7!,26 0:H-0-65<+ #- N%;-65 *4* N%'%H-0-65<+ 0! 0#%_-
#*% N'!,'-77: 0 #2O#!7 $!'7-6%. Q%'%;%#5 * <6'2162'- $!'7 
0:N2<1-%7:f -#-4*6*;%<1*f 7-6%'*-4!0 7!,26 #-<6'-*0-65<+ H4+ 
1-OH!,! 1!#1'%6#!,! N'!%16- 0 <!!60%6<60** < %,! <N%)*$*1!>. 

8 H!14-H% N'!?4%7: N'!%16*'!0-#*+ <*<6%7 2N'-04%#*+ 
?-#1!0<1*7* N'!%16-7* '-<<7-6'*0-P6<+ #- 1!#1'%6#!7 N'*7%'% 
7!#*6!'*#,- * -#-4*/- N'!%16- ?-#1!0<1!> N4-6%O#!> 1-'6!;#!> 
<*<6%7: <-7!!?<42O*0-#*+. G-##-+ <*<6%7- <N'!%16*'!0-#- * 
'%-4*/!0-#- <'%H<60-7* B%#%'-6!'- N'!%16!0.     

M<30&<032"-8(3(+,<37E,$&7, +"/,97  
' 83"D3(++, 083('9,27* 72.,2,32L+7  

3($E,<(+7  MS>B ZS  
8:_*#<1*> D.D., jH20-4!0 8.@. 

.m W " 
8 H!14-H% !N*<-#- 6%f#!4!,*+ 2N'-04%#*+ '%_%#*%7 '-<-

;%6#:f /-H-; 0 SEQI #- h6-N% h<1*/#!,! N'!%16*'!0-#*+ <4!O#:f 
6%f#*;%<1*f !?u%16!0. j?<2OH-%6<+ 7%<6! * '!45 <6'2162'#!-
N-'-7%6'*;%<1*f 7!H%4%> (SQ@) !?u%16!0 N'!%16*'!0-#*+ 0 N!H-
<*<6%7% *#O%#%'#:f '-<;%6!0 SEQI (XI SEQI), !<#!0#:% /-H-;* 
N'* <*#6%/%, -#-4*/% * *<N!45/!0-#** SQ@ 0 *#O%#%'#:f '-<;%-
6-f. 

8 !<#!0% <!/H-#*+ <*<6%7: *#O%#%'#:f '-<;%6!0 SEQI 4%-
O*6 1!#)%N)*+ %H*#!,! *#$!'7-)*!##!,! N'!<6'-#<60-. Q!H %H*-
#:7 *#$!'7-)*!##:7 N'!<6'-#<60!7 N!#*7-%6<+ <!0!12N#!<65 
H-##:f !6#!<+M*f<+ 1 h6-N2 h<1*/#!,! N'!%16*'!0-#*+, 1!6!':% 
H!<62N#: 0<%7 N!H'-/H%4%#*+7 * *<N!4#*6%4+7 0 '-71-f *f 1!7-
N%6%#)**. S*<6%7- XI SEQI '-/'-?-6:0-%6<+ 1-1 <'%H<60! 2N'-0-
4%#*+ %H*#:7 *#$!'7-)*!##:7 N'!<6'-#<60!7, 1-1 <'%H<60! 
2N'-04%#*+ '%_%#*%7 /-H-; N'!%16*'!0-#*+ * !?%<N%;%#*+ 7%O-
N'!,'-77#!,! *#6%'$%><-, 1-1 <*<6%7- 2N'-04%#*+ H!127%#6!!?!-
'!6!7. 

S*<6%7- XI SEQI, 0 N%'02P !;%'%H5, '-/'-?-6:0-%6<+ 1-1 
<*<6%7-, !?%<N%;*0-PM-+ -162-45#!<65, N!4#!62 * #%N'!6*0!'%-
;*0!<65 N'!%16#:f H-##:f, 1!6!':% !N'%H%4+P6<+ <!0!12N#!<65P 
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0:N2M%##:f #- 6%12M*> 7!7%#6 0'%7%#* N'!%16#:f H!127%#6!0. 
8:N2<1-%7:% N'!%16#:% H!127%#6: #!<+6 '-/#:> f-'-16%'. l6! 
7!,26 ?:65 ,'-$*;%<1*%, 6%1<6!0:%, #%<6'2162'*'!0-##:% * 
<6'2162'*'!0-##:% H!127%#6:. 8 <*<6%7% h4%16'!##:% H!127%#-
6: +04+P6<+ )%#6'-45#:7* *#$!'7-)*!##:7* !?u%16-7*, f'-#+-
M*7*<+ 0 %H*#!7 *#$!'7-)*!##!7 N'!<6'-#<60%. G4+ !',-#*/--
)** 2N'-04%#*+ H!127%#6!!?!'!6!7 * H4+ *#$!'7-)*!##!,! 
!?%<N%;%#*+ '%_%#*+ /-H-; N'!%16*'!0-#*+ * 2N'-04%#*+ N'!)%<-
<!7 N'!%16*'!0-#*+ 0 %H*#!7 *#$!'7-)*!##!7 N'!<6'-#<60% <!/-
H-%6<+ ?-/- H-##:f XI SEQI. 8 ?-/% H-##:f '%,*<6'*'2P6<+ 0<% 
H!127%#6: %H*#!,! *#$!'7-)*!##!,! N'!<6'-#<60-, !6'-O-PM*% 
6%12M%% <!<6!+#*% 0%H2M*f<+ '-/'-?!6!1. G4+ )%4%> *<N!45/!0--
#*+ N'!%16#:f H!127%#6!0 0 *#O%#%'#:f '-<;%6-f, 1-1 N'-0*4!, 
!#* H!4O#: #!<*65 <6'2162'*'!0-##:> [4+4]'T+=V'?3=% f-'-1-
6%'. S!0!12N#!<65 N-'-7%6'!0 N'!%16#:f H!127%#6!0, !6#!<+M*f-
<+ 1 1!#1'%6#!72 N'!%16*'2%7!72 */H%4*P H!4O#! H-0-65 N!4#!% 
N'%H<6-04%#*% ! <!<6!+#** N'!%16-. Q!h6!72 !H#!> 0-O#:f /-H-; 
XI SEQI, 1-1 1!7N4%1<#!> 2N'-04+PM%> N'!,'-77: +04+%6<+ 
<!/H-#*% 0 ?-/% H-##:f <6'2162'#!-N-'-7%6'*;%<1!> 7!H%4* */H%-
4*+, 1!6!'-+ N'%H<6-04+%6 <!?!> 4!,*;%<1* <6'2162'*'!0-##2P 
<!0!12N#!<65 H-##:f, <!!60%6<602PM*f 6%12M%72 <!<6!+#*P 
N'!%16- * 0<%> <!0!12N#!<6* 0:N2M%##:f N'!%16#:f H!127%#6!0. 
j<#!0#!% 0#*7-#*% 0 H!14-H%  2H%4%#! /-H-;-7 !N*<-#*+, <*#6%/- 
* -#-4*/- <6'2162'#!-N-'-7%6'*;%<1*f 7!H%4%> */H%4*+. SQ@ DE 
<!/H-%6<+ 1-1 !<#!0#!> *<6!;#*1 *#$!'7-)** H4+ '%_%#*+ ?!45-
_*#<60- '-<;%6#:f /-H-; N'!%16*'!0-#*+, - 6-1O% H4+ <*#6%/- 7--
6%7-6*;%<1*f 7!H%4%> N!0%'f#!<6* * 1!#<6'216*0#!> N'!'-?!61* 
<-7!4%6- *4* %,! -,'%,-6!0. j;%#5 0-O#:7 -<N%16!7 N!HH%'O-#*+ 
-162-45#!<6* N'!%16#:f H!127%#6!0, )%4!<6#!<6*  N-'-7%6'*;%-
<1!> 7!H%4* */H%4*+ +04+%6<+ 2N'-04%#*% N!<4%H!0-6%45#!<65P * 
N'!)%<<!7 '%_%#*+ /-H-; N'!%16*'!0-#*+ !?%<N%;%#*% h6*f /-H-; 
H!<6!0%'#!> * -162-45#!> *<f!H#!> *#$!'7-)*%>. Q'* N4-#*'!-
0-#** N!<4%H!0-6%45#!<6* '%_%#*+ /-H-; N'!%16*'!0-#*+, 1-1 0 
4P?!7 6%f#!4!,*;%<1!7 N'!)%<<%, !H#!> */ 0-O#:f <6!'!# -06!-
7-6*/-)** +04+%6<+ 2N'-04%#*% '%<2'<-7*. 

S*<6%7- XI SEQI '-/'-?-6:0-%6<+ 1-1 14*%#6-<%'0%'#-+ 
<*<6%7- 1!44%16*0#!,! H!<62N-, !?%<N%;*0-PM-+ !H#!0'%7%##2P 
'-?!62 0 %H*#!7 *#$!'7-)*!##!7 N'!<6'-#<60% 7#!,*f N!45/!0--
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6%4%>. Q'* h6!7 H!4O#! ?:65 !?%<N%;%#! '-/H%4%#*% $2#1)*> 
N!45/!0-6%4%> * 2'!0#%> H!<62N- 1 '%<2'<-7 <*<6%7:. S*<6%7- 
H!4O#- !?%<N%;*0-65 /-M*62 *#$!'7-)**, f'-#+M%><+ 0 %H*#!7 
*#$!'7-)*!##!7 N'!<6'-#<60% !6 #%<-#1)*!#*'!0-##!,! H!<62N-. 
j<#!0#:7 <'%H<60!7 '-/'-?!61* <*<6%7: XI SEQI +04+%6<+ B%-
#%'-6!' N'!%16!0, '-/'-?!6-##:> 0 8c IEK. 

M7$<,+( ('<"+(<7U(677 83"D3(++73"'(27*  
'LE7$97<,9?2LV $7$<,+ 3,(9?2"D" '3,+,27  

B!#;-' G.I., @*'!_#*1 S.K., Z2'2,+# @.B. 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
8:;*<4*6%45#:% <*<6%7: '%-45#!,! 0'%7%#* N'%H#-/#-;%-

#: H4+ 1!#6'!4+ * 2N'-04%#*+ N'!)%<<-7* 0 -06!7-6*/*'!0-##:f 
N'!*/0!H<60-f, 6'-#<N!'6#:f <*<6%7-f, <*<6%7-f N'!*/0!H<60- 
h#%',**, 0 ;-<6#!<6*, -6!7#:f h4%16'!<6-#)*+f, 0 #%$6%- * ,-/!-
H!?:0-PM*f N'!*/0!H<60-f, 0 f*7*;%<1!> N'!7:_4%##!<6* * 
7#!,*f H'2,*f !?4-<6+f ;%4!0%;%<1!> H%+6%45#!<6*. 8 <%16!'% 
N'!%16*'!0-#*+ <*<6%7 '%-45#!,! 0'%7%#*  8c IEK '-/'-?!6-#- 
<*<6%7- -06!7-6*/-)** N'!,'-77*'!0-#*+ 0:;*<4*6%45#:f <*<-
6%7 '%-45#!,! 0'%7%#* (SEQI 8SI8) H4+ IBM PC. S*<6%7- N'%H-
#-/#-;%#- H4+ -06!7-6*/-)** N'!%16*'!0-#*+ * ,%#%'-)** <*<6%7 
'%-45#!,! 0'%7%#*, !<2M%<604+PM*f !?'-?!612 )*14*;%<1* N!-
<62N-PM%> *#$!'7-)** 0 6%7N% N!<62N4%#*+ N'* O%<61*f 0'%-
7%##:f !,'-#*;%#*+f. j#- N!/0!4+%6, 0!-N%'0:f, 0 1!'!61*% <'!-
1* 0 -06!7-6*;%<1!7 '%O*7%, *<N!45/2+ ,!6!0:% N'*14-H#:% 7!-
H24*,  N'!%16*'!0-65 1!#1'%6#2P 8SI8, !N*<-##2P N!45/!0-6%-
4%7 < N!7!M5P N'!,'-77: '%-45#!,! 0'%7%#* (I8-N'!,'-77:), * 
0!-06!':f, /-'-#%%, 6.%. H! !?'-?!61* *#$!'7-)** 0 '%-45#!7 0'%-
7%#*, N'!0!H*65 !N6*7*/-)*P 0:;*<4%#*>. Q'* '-/'-?!61% h6!> 
<*<6%7: ?:4 N!42;%# '+H 0<N!7!,-6%45#:f '%/2456-6!0. K-N'*-
7%', ?:4* '-/'-?!6-#: * '%-4*/!0-#: #-,4+H#:% +/:1!0:% <'%H-
<60- H4+ !N*<-#*+ )*14*;%<1!> !?'-?!61* *#$!'7-)**, !'*,*-
#-45#:% -4,!'*67: N!<6'!%#*+ H!N2<6*7:f '-<N*<-#*> 0 8SI8, 
H*#-7*;%<1!,! '-<N'%H%4%#*+ 7#!,!2'!0#%0!> N-7+6*, #%1!6!':% 
-4,!'*67: '%_%#*+ /-H-;* <*#6%/- 7#!,!N'!)%<<!'#:f 8SI8.  

S2M%<602%6 H0- !<#!0#:f N!Hf!H- 1 <!/H-#*P SEQI 8SI8. 
Q%'0:> <0+/-# < '-<_*'%#*%7 <2M%<602PM*f +/:1!0 #!0:7* 
!N%'-6!'-7*, N!/0!4+PM*7* N!45/!0-6%4P !N*<:0-65 N-'-44%45-
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#:% 0:;*<4%#*+ * *f <*#f'!#*/-)*P. Q'* h6!7 0<+ '-?!6- N! '-<-
N-'-44%4*0-#*P 0:;*<4%#*> 4!O*6<+ #- N!45/!0-6%4+. K-7* ?:4 
0:?'-# H'2,!>, #- #-_ 0/,4+H ?!4%% N%'<N%16*0#:> N!Hf!H, N'* 
1!6!'!7 0<+ '-?!6- N! '-<N-'-44%4*0-#*P * !N6*7*/-)** 0:;*<-
4%#*> 0:N!4#+%6<+ 6'-#<4+6!'!7. G4+ '%-4*/-)** 6-1!,! N!Hf!H- 
#%!?f!H*7! N'%H0-'*6%45#! N!<6'!*65 7-6%7-6*;%<12P 7!H%45 
8SI8. S N!7!M5P h6!> 7!H%4* 7!,26 ?:65 '%_%#: 6-1*% /-H-;*, 
1-1 '-/?*%#*% N'!,'-77 #- N-'-44%45#:% N'!)%<<:, <!<6-04%#*% 
H!N2<6*7!,! '-<N*<-#*+ 0:N!4#%#*+ N'!)%<<!0, <*#f'!#*/-)*+ 
0:;*<4%#*>, H*#-7*;%<1!% '-<N'%H%4%#*% N-7+6*. 

G4+ ,%#%'-)** N'*14-H#!> 8SI8 N!45/!0-6%4P #%!?f!H*7! 
*7%65 N'*14-H#:% 7!H24*, #-N*<-##:% #- +/:1-f N'!,'-77*'!0--
#*+, #-N'*7%' S*, Z!'6'-#, Q-<1-45 *4* E<<%7?4%', * #-N*<-65 
#- <N%)*-45#!7 +/:1% '%-45#!,! 0'%7%#* /-H-#*% #- !?'-?!612 
*#$!'7-)** 0 '%-45#!7 0'%7%#* - I8-N'!,'-772. 8 h6!> N'!-
,'-77% N!45/!0-6%45 /-H-%6 N!'+H!1 !?'-?!61* N'*14-H#:7* 7!-
H24+7* 0f!H#:f H-##:f * !6!?'-O%#*+ '%/2456-6!0 <;%6- N! !6-
#!_%#*P 1 N%'*!H2 N!<62N4%#*+ 1-H'!0 H-##:f 0 <*<6%72. ]<4* 
H-##:> N!'+H!1 !?'-?!61* 7!O%6 ?:65 <!?4PH%#, <*<6%7- !?%<-
N%;*6 '%-4*/-)*P /-1-/-##!> !?'-?!61*. 8 N'!6*0#!7 <42;-% 0:-
H-%6<+ <!!?M%#*% ! #%0!/7!O#!<6* 0%<6* 21-/-##2P !?'-?!612. 8 
!64*;*% !6 <*<6%7 N!6!1!0!> !?'-?!61* H-##:f N'%H2<7!6'%#- 
0!/7!O#!<65 '-?!6: N'*14-H#:f 7!H24%> < #%<1!451*7* N!1!4%-
#*+7* H-##:f. S*<6%7- -06!7-6*;%<1* !?%<N%;*0-%6 f'-#%#*% 
h6*f H-##:f 0 <N%)*-45#:f ?2$%'-f #2O#!% 0'%7+. Q'%H2<7!6'%-
#- 6-1O% 0!/7!O#!<65 ?:<6'!> '%-1)** #- N!<62N4%#*% -N%'*!H*-
;%<1!> *#$!'7-)**. l6! 7!O%6 ?:65 *<N!45/!0-#!, #-N'*7%', N'* 
0!/#*1#!0%#** 0#%_6-6#!> <*62-)** < 2N'-04+%7:7 !?u%16!7, 
4*?! H4+ */7%#%#*+ N!'+H1- '-?!6: N'!,'-77: '%-45#!,! 0'%7%-
#* !N%'-6!'!7. [-1O% N'%H2<7!6'%#! 0:N!4#%#*% N'*14-H#:f 
7!H24%> 0 $!#!0!7 '%O*7%. 8<+ !<6-45#-+ '-?!6- N! ,%#%'-)** 
N'*14-H#!> 8SI8 ?2H%6 0:N!4#%#- -06!7-6*;%<1* < N!7!M5P 
'-/'-?!6-##!> SEQI 8SI8. Q'* h6!7 ?2H26 '%_%#: N'!?4%7- 
<*#f'!#*/-)** N-'-44%45#:f N'!)%<<!0 0 8SI8, N'!?4%7- 62N*-
1!0 N'* '-<N'%H%4%#** '%<2'<!0 0:;*<4*6%45#!> <*<6%7:, N'!-
?4%7- /-0%'_%#*+ 0:;*<4%#*> 1 !N'%H%4%##:7 7!7%#6-7 0'%7%#* 
*4* 1 7!7%#6-7 !N'%H%4%##:f <!?:6*> 0 <*<6%7%. I%_%#*% h6*f 
/-H-; !?%<N%;*0-%6 #-H%O#!<65 N'!,'-77#!,! !?%<N%;%#*+ 8SI8. 
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^,V2"9"D77 OLTP 7 OLAP 837 3(U3(="<&,  
0E,<2"-(2(97<7E,$&7V 725"3+(67"22LV $7$<,+ 

B'*#U0 X.D. 
.m W " 

E06!7-6*/*'!0-##:% ?-#1!0<1*% <*<6%7: (EdS) #-;-4- XXI 
0%1- 0 I!<<** *<N:6-4* <%'5%/#!% H-04%#*% <! <6!'!#: '!/#*;#!-
,! ?*/#%<-. 8 '%/2456-6%, #-'+H2 <! 0<%7* 6'-H*)*!##:7* /-H-;--
7* ?-#1!0<1!> -06!7-6*/-)** N!+0*4-<5 #!0-+ N'!?4%7-, <0+/-#-
#-+ < ?2'#:7 '!<6!7 !?u%7- 7-<<!0:f !N%'-)*> 14*%#6!0. Q'* 
h6!7 <!0'%7%##:% EdS H!4O#: #% 6!451! <N'-04+65<+ < N!<4%H<6-
0*+7* 6-1!,! ?27-, #! * N'%H!<6-04+65 0!/7!O#!<6* H4+ N'!H!4-
O%#*+ *#6%#<*0#!,! '!<6-. [-1!0: !?+/-6%45#:% 6'%?!0-#*+ 1 
EdS 0 2<4!0*+f 2<*4*0-PM%><+ 1!#12'%#)** #- ':#1% '!/#*;#!-
,! ?-#1!0<1!,! !?<42O*0-#*+. 

S 6!;1* /'%#*+ !N%'-6*0#!> H%+6%45#!<6* ?-#1!0 *f EdS 
H!4O#: !?%<N%;*0-65 !?'-?!612 <!6%# 6:<+; * 7*44*!#!0 !N%'--
)*> 0 <261* 0 '%O*7% on-line (24f7f365) < *<N!45/!0-#*%7 '-/4*;-
#:f h4%16'!##:f 1-#-4!0 N'!H-O ?-#1!0<1*f N'!H216!0. G4+ <!-
!60%6<60*+ h6*7 6'%?!0-#*+7 ?-#1!0<1-+ <*<6%7- H!4O#- *7%65 
0!/7!O#!<65 !;%#5 ?:<6'!,! 0:N!4#%#*+ 6*N!0:f !N%'-)*>  !?-
'-?!61* h4%16'!##:f ?-#1!0<1*f H!127%#6!0. l6- !?'-?!61- /--
14P;-%6<+, 1-1 N'-0*4!, 0 1!#6'!4% '%10*/*6!0 H!127%#6!0 < N!-
<4%H2PM%> *f /-N*<5P 0 d-/2 G-##:f EdS, - 6-1O% 0 0:N!4#%#** 
'+H- H%><60*> N! 7!H*$*1-)** #%1!6!':f H'2,*f /-N*<%>  0 d-/% 
G-##:f. ['-H*)*!##! h6!6 1'2, /-H-;, '%_-%7:f 0 2;%6#!-
-#-4*6*;%<1*f -06!7-6*/*'!0-##:f <*<6%7-f, !6#!<+6 1 N!H<*<-
6%7-7 14-<<- OLTP (Online Transaction Processing). 

Z2#1)*!#*'!0-#*% 6-1*f 0:<!1!N'!*/0!H*6%45#:f ?-#1!0-
<1*f <*<6%7 H-O% /- #%?!45_*% N'!7%O261* 0'%7%#* N'*0!H*6 1 
N!+04%#*P 0 ?-#1!0<1*f d-/-f G-##:f !;%#5 ?!45_*f !?u%7!0 
*#$!'7-)**, - 7#!,!4%6#*% -'f*0: N!H!?#:f -06!7-6*/*'!0-#-
#:f 1!7N4%1<!0 <!H%'O-6 N!*<6*#% !,'!7#:% 7-<<*0: H-##:f. S 
!H#!> <6!'!#:, h6* H-##:% (- h6! #% 6!451! H-##:% N! 0:N!4#%#-
#:7 !N%'-)*+7, #! * 7#!,!4%6#*% <6'2162':, #!'7-6*0#!-
<N'-0!;#-+ *#$!'7-)*+, *#$!'7-)*+ ! 14*%#6-f * H'.) N'%H<6-0-
4+P6 H4+ d-#1- !,'!7#2P )%##!<65, N!<1!4512 N!/0!4+P6 <6-0*65 
* '%_-65 '-/#!!?'-/#:% -#-4*6*;%<1*%, <6-6*<6*;%<1*%, 2N'-0-
4%#;%<1*% /-H-;*. Q!H<*<6%7:, *<N!45/2%7:% H4+ '%_%#*+ h6*f 



 

 378

/-H-;, 1-1 N'-0*4!, !6#!<+6 1 14-<<2 OLAP (Online Analytical 
Processing). S H'2,!> <6!'!#:, <6!45 ?:<6'! '-<62M-+ d-/- G-#-
#:f #%,-6*0#! <1-/:0-%6<+ #- <1!'!<6* 0:N!4#%#*+ 0 <*<6%7% /--
H-; 14-<<- OLTP. 

S 2;%6!7 '-/#:f 6'%?!0-#*> 1 !N%'-6*0#!<6* *<N!4#%#*+ 
/-H-; '-<<7-6'*0-%7:f 14-<<!0 0N!4#% 4!,*;#:7 +04+%6<+ *f '-/-
H%4%#*% 7%OH2 N!H<*<6%7-7* OLTP * OLAP 0 '-71-f %H*#!> 
EdS. 8 6!O% 0'%7+, h6* N!H<*<6%7: H!4O#: ?:65 0 H!<6-6!;#!> 
<6%N%#* *#6%,'*'!0-#:. l6! !/#-;-%6, ;6! !N%'-6*0#:% H-##:% */ 
OLTP-N!H<*<6%7: H!4O#: 0 -06!7-6*;%<1!7 '%O*7% '%,24+'#! 
N!<62N-65 0 OLAP-N!H<*<6%72. [-1O% !?% N!H<*<6%7: 7!,26 0 '+-
H% <42;-%0 *<N!45/!0-65 !?M*% *<6!;#*1* KSX. @!O#! <1-/-65, 
;6! !?% N!H<*<6%7: $2#1)*!#*'2P6 0 %H*#!7 *#$!'7-)*!##!7 
N'!<6'-#<60%, #! N'* h6!7 !#! H!0!45#! <4!O#! !',-#*/!0-#! < 
2;%6!7 #%!?f!H*7!<6* '-/H%4%#*+ $2#1)*> 7%OH2 '-/4*;#:7* 
;-<6+7* %H*#!> EdS. 

S4!O#-+ <6'2162'- *#$!'7-)*!##!,! !?%<N%;%#*+ <*<6%7:, 
0 <0!P !;%'%H5, 0%H%6 1 2<4!O#%#*P %% N'!,'-77#!,! !?%<N%;%-
#*+, N!<1!4512 *7%##! N'!,'-77#-+ '%-4*/-)*+ !?%<N%;*0-%6 
%H*#<60! *#$!'7-)*!##!,! N'!<6'-#<60- < 6!;1* /'%#*+ N!45/!-
0-6%4+.  

8 #-<6!+M%7 H!14-H% N'%H4-,-P6<+ #!0:% N'*#)*N: N!-
<6'!%#*+ *#6%,'*'!0-##!> EdS, 014P;-PM%> 0 <%?+ OLTP * 
OLAP N!H<*<6%7:. l6* N'%H4!O%#*+ '-<<7!6'%#: #- N'*7%'% 
'-/'-?!61* ?-#1!0<1!> ?*44*#,!0!> <*<6%7:, 1-1 #-*?!4%% <!-
0'%7%##!> * -162-45#!> ;-<6* '!/#*;#!> EdS. Q'%H4-,-%7-+ -'-
f*6%162'- N!<6'!%#*+ EdS N'%Hu+04+%6 #!0:% 6'%?!0-#*+ 1 *#<6-
'27%#6-45#:7 <*<6%7-7 -06!7-6*/-)** N'!%16*'!0-#*+ 6-1*f 
<*<6%7. 8 H!14-H% '-<<7!6'%#: N26* '%_%#*+ h6*f /-H-; <'%H<6-
0-7* B%#%'-6!'- N'!%16!0, '-/'-?!6-##!,! 0 8:;*<4*6%45#!7 
)%#6'% IEK.  
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I8<7+(9?2L, $89(;2L ' U(/(E(V ('<"+(<7U(677 
83",&<73"'(27*  

8. . X<-%0 
m')T+467)Q% 4^+1-=O+1O=)4]=V'?3=% =)?T=TFT  

=]')= [+1i. ".J. lF319?31-1 (m H$) 
K- @%OH2#-'!H#!> 1!#$%'%#)** «G*$$%'%#)*-45#:% 

2'-0#%#*+ * 6!N!4!,*+», N!<0+M%##!> 100-4%6*P <! H#+ '!OH%#*+ 
D.S. Q!#6'+,*#-, 0 H!14-H% [1] ?:4 N'%H<6-04%# 1'-61*> '-/H%4, 
N!<0+M%##:> *<<4%H!0-#*+7 0 !?4-<6* -06!7-6*/-)** N!4#!,! 
O*/#%##!,! )*14- <!/H-#*+ -h'!H*#-7*;%<1*f 7!H%4%> [2]. 8 '-7-
1-f h6!,! #-N'-04%#*+ *#6%#<*0#! '-/0*0-4*<5 7%6!H: ,%!7%6'*-
;%<1!,! 7!H%4*'!0-#*+ [3,4], ?:4* N!<6'!%#: #!0:% 14-<<: !N6*-
7-45#:f <N4->#!0, 0 6!7 ;*<4%, <N4->#: x%?:_%0- [5-8] * <N4->-
#: Q!#6'+,*#-, N!<6'!%##:% < N!7!M5P N'*#)*N- 7-1<*727- 
D.S. Q!#6'+,*#- [9]. G-# !?/!' #%1!6!':f '%/2456-6!0, N!<0+M%#-
#:f H027%'#:7 * 6'%f7%'#:7 <N4->#-7 Q!#6'+,*#- (N4!<1*7 * 
N'!<6'-#<60%##:7 1'*0:7, N!<6'!%##:7 N! /-H-##!72 1'*6%'*P 
!N6*7-45#!<6* * /-H-##!72 2N'-04%#*P). Q'*0!H+6<+ 6-1O% '%-
/2456-6: ! <N4->#-f  .E. D2'5%, 1!6!':% 0!/#*1-P6 0 /-H-;% !N-
6*7-45#!> *#6%'N!4+)** N!0%'f#!<6* )*4*#H'*;%<1!,! 6*N-, /--
H-##!> <%7%><60!7 1!7N4-#-'#:f <%;%#*>, N'* *<N!45/!0-#*+ 
7%6!H!0  .E. D2'5% [10]. 

Q'*0!H+6<+ N'*7%': *<N!45/!0-#*+ 7%6!H!0 !N6*7*/-)** 
#- '-/4*;#:f h6-N-f O*/#%##!,! )*14-.  

Z7<,3(<03( 
1. Isaev V.K., Leitmann G. Pontryagin’s maximum principle and aero-

space research. Brief comments on the half-centennial history (1957-2007). 
G*$$%'%#)*-45#:% 2'-0#%#*+ * 6!N!4!,*+: @%OH2#-'!H#-+ 1!#$%'%#-
)*+, N!<0+M%##-+ 100-4%6*P <! H#+ '!OH%#*+ D.S. Q!#6'+,*#-: [%/*<: 
H!14-H!0. – @.: X/H-6%45<1*> !6H%4 $-12456%6- 8@*  @BC *7%#* @.8. 
D!7!#!<!0-. – @E S Q'%<<, 2008. – S. 255-256.  

2. I-?!6: N! <!/H-#*P *#6%,'*'!0-##!> -06!7-6*/*'!0-##!> <*<6%-
7: */,!6!04%#*+ -h'!H*#-7*;%<1*f 7!H%4%> 0 cEBX: ESX@ (1970 – 
1980), ESX@ + (1980 – 1992). Q'!?4%7: <!/H-#*+ N%'<N%16*0#!> -0*--
)*!##!-1!<7*;%<1!> 6%f#*1*. – @.: ZXe@E[DX[, 2005, <. 498 – 502. 
(X<-%0 8. ., S*6#*1!0 8.Q., S2f#%0 8.E.,  -'*7244*# X.B., S1!'!H27!0 
S.8., S!#*# 8.8., D2?-_%0<1*> 8.8., d-':_#*1!0 j.]., e->)%0 8.]., v!-
?!6!0 ].K., b2<6!0- D.X., Q4-6!0 8.@.).  

3. X<-%0 8. . B%!7%6'*;%<1*% !<#!0: N!<6'!%#*+ -06!7-6*/*'!0-#-
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#!> <*<6%7: */,!6!04%#*+ -h'!H*#-7*;%<1*f 7!H%4%>. G!16!'<1-+ H*<-
<%'6-)*+. – @.: cEBX – @EX, 1991.  

4. E7*'5+#) B.E., 84-H*7*'!0- K.E., B-H%)1*> 8.@., X<-%0 8. ., 
S1!'!H27!0 S.8. K%4*#%>#:% /-H-;* <10!/#!,! -h'!H*#-7*;%<1!,! 7!-
H%4*'!0-#*+. K%4*#%>#:> H*#-7*;%<1*> -#-4*/ (KGE”2). 86!'!> @%O-
H2#-'!H#:> 1!#,'%<<. [%/*<: H!14-H!0. @!<10-, 3-8 *P#+ 2002, 2002, 
<.269.  

5. X<-%0 8.  . Q'*#)*N 7-1<*727- Q!#6'+,*#- * Q-<N4->#:. - GEK 
SSSI, 6. 256, q 1, 1981, <. 22 – 25.  

6. X<-%0 8.  ., @-4-f!0 A.X. Q'*#)*N 7-1<*727- Q!#6'+,*#- * 0--
'*-)*!##:> N!Hf!H 1 /-H-;-7 *#6%'N!4+)**. ['2H: cEBX. 8:N. 2218. – 
@.: X/H-6%45<1*> !6H%4 cEBX, 1984, <. 1 – 38.  

7. X<-%0 8.  . Q'*#)*N 7-1<*727- Q!#6'+,*#- * 2N'-04+%7:% N'!-
)%<<: h'7*6!0!> *#6%'N!4+)**. S!0'%7%##:% N'!?4%7: 7-6%7-6*1*. 
@-6%7-6*;%<1*> -#-4*/, -4,%?'-, 6!N!4!,*+. Q!<0+M-%6<+ -1-H%7*12 
D502 S%7%#!0*;2 Q!#6'+,*#2 1 %,! <%7*H%<+6*N+6*4%6*P. ['2H: @-6%-
7-6*;%<1!,! *#<6*626- *7. 8.E.S6%14!0- EK SSSI, 6. 167. – @.: K-21-, 
1985, <. 156 – 166.  

8. X<-%0 8.  ., Q4!6#*1!0 S.E. j?'-6#-+ /-H-;- x%?:_%0- * <N4->#: 
x%?:_%0-. jN6*7-45#!% 2N'-04%#*% * H*$$%'%#)*-45#:% 2'-0#%#*+:   
<%7*H%<+6*4%6*P <! H#+ '!OH%#*+ -1-H%7*1- ].Z. @*M%#1!. @.: K-21-, 
Z*/7-64*6, 1995. –  (['. @XIEK; 6. 211). S. 164-185.  

9. Q!#6'+,*# D. S., d!46+#<1*> 8. B., B-71'%4*H/% I. 8., @*M%#1! 
].Z. @-6%7-6*;%<1-+ 6%!'*+ !N6*7-45#:f N'!)%<<!0. - @.: K-21-, 1961. 

10. D2'5%  . E. jN6*7-45#!% 2N'-04%#*% 0 /-H-;-f 7-6%7-6*;%<1!> 
$*/*1*.- @.: K-21-, 1965. 

S&<0(9?2L, U(/(E7 $"U/(27*  
('<"+(<7U73"'(22"; $7$<,+L ',$"'"D" &"2<3"9* 

2"'"D" 8"&"9,27*  
8. . X<-%01, 8.8. D-/-'%01, 8.@. D*60*#!01,  

S.8. S1!'!H27!02, ].K. v!?!6!03, S.8. S!'!1*#4 
1m')T+467)Q% 4^+1-=O+1O=)4]=V'?3=% =)?T=TFT =]')= 

[+1i. ".J. lF319?31-1 
2:1?319?3=% 49=48=1))Q% =)?T=TFT 

3:1?319?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T 
=]')= ".k. E4F]4)4 

4:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT 
E06!7-6*/*'!0-##-+ <*<6%7- 0%<!0!,! 1!#6'!4+ (ES8 ) #!-

0!,! N!1!4%#*+ '-/'-?-6:0-%6<+ < )%45P !?%<N%;%#*+ 7-6%7-6*;%-
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<1*7* 7!H%4+7* * h4%16'!##!> H!127%#6-)*%> 0<%,! O*/#%##!,! 
)*14- (Yc) <-7!4U6!0 ,'-OH-#<1!> -0*-)**, 6.%. H4+ 2N'-04%#*+ 
0%<!7 * H'2,*7* N-'-7%6'-7* */H%4*+ #- 0<%f h6-N-f Yc: 0:N!4-
#%#*+ 0%<!0!> N'!,'-77:, N'!,#!/*'!0-#*+ !1!#;-6%45#!,! 0%<- 
*/H%4*+ * N'*#+6*+ 7%' N! !?4%,;%#*P 1!#<6'21)** */*4* N!0:-
_%#*P %% #-H%O#!<6* (N'!;#!<6* * 6.H.). ES8  !<2M%<604+%6 
<?!', !?'-?!612, f'-#%#*% * 0:H-;2 0%<!0!> *#$!'7-)** 0 )%4!7 
N! */H%4*P * N! 4P?!> %,! ;-<6* #- 4P?:f h6-N-f Yc */H%4*+.  

Q%'0:% 0%'<** ES8  ?:4* '-/'-?!6-#: 0 1971-1974 ,.,. 0 
cEBX * 8c EK SSSI [1]. 8N!<4%H<60** ES8  H!4,*% ,!H: < 
?!45_*7 2<N%f!7 N'*7%#+4-<5 N'* <!/H-#** !N:6#:f */H%4*> #- 
N'%HN'*+6*+f -0*-)*!##!>, '-1%6#!> * H'2,*f !6'-<4%>. 

ES8  #!0!,! N!1!4%#*+ [2] <6'!*6<+ < *<N!45/!0-#*%7 6%f-
#!4!,*> !?u%16#!-!'*%#6*'!0-##!,! N'!%16*'!0-#*+ (jjQ) * 7%-
6!H!0 CALS-6%f#!4!,*>. 8:H%4%#: !<#!0#:% N-66%'#: N'!%16*-
'!0-#*+, !?%<N%;*0-PM*% '%-4*/-)*P $2#1)*!#-45#:f  6'%?!0--
#*>, N'%Hu+04+%7:f 1 ES8 . S$!'724*'!0-#: !<#!0#:% N!Hf!-
H: * <6-#H-'6: CALS-<*<6%7, 0-O#:% H4+ N!<6'!%#*+ ES8 : 
1!#)%N62-45#-+ 7!H%45, N'*#)*N: 2N'-04%#*+: H-##:7* !? */H%-
4**, 1!#$*,2'-)*%> */H%4*+, *#6%,'*'!0-##!> *#$!'7-)*!##!> 
<'%H!> (XXS), 1-;%<60!7, N!6!1-7* '-?!6, */7%#%#*+7* !',-#*/--
)*!##:f * N'!*/0!H<60%##:f <6'2162'. Q-66%'#: N'!%16*'!0--
#*+ XXS N'*7%#+P6<+ H4+ N!<6'!%#*+ $!'7-4*/!0-##!,! !N*<--
#*+ -'f*6%162':. 8:H%4%#! * */2;%#! 4 6*N- -'f*6%162':: ?*/-
#%<--'f*6%162'- (-'f*6%162'- ?*/#%<-N'!)%<<!0); <*<6%7#-+ -'f*-
6%162'- (IT--'f*6%162'-); *#$!'7-)*!##-+ -'f*6%162'- (7!H%4* 
H-##:f * *#$!'7-)*!##:f N!6!1!0); N'!,'-77#-+ -'f*6%162'-. 

I-/'-?!6-#:: 0:;*<4*6%45#-+ 7!H%45 ES8 ; *#$!'7-)*!#-
#-+  7!H%45 ES8 ; <*<6%7#-+ -'f*6%162'- ES8 . S!/H-#- 7%6!-
H!4!,*;%<1-+ ?-/- H4+ N!<6'!%#*+  7%O!6'-<4%0!> *#6%,'*'!0-#-
#!> *#$!'7-)*!##!> <'%H: (XXS). 

>"$<('9,2( U(/(E( 8" 837',/,27: 0$<(3,']7V $<(2/(3-
<"'  ',$"'"D" &"2<3"9* 7 83",&<73"'(27* ' "=9($<7 ('7(-
$<3",27* ' $""<',<$<'7, $"'3,+,22L+ $<(2/(3<(+ 2( =(U, +,-
./02(3"/2"D" "8L<(. >"$<('9,2( U(/(E( 3(U3(="<&7 +,<"/"' 
83"D2"U73"'(27* 97+7<2"D" ',$( ' 3(+&(V SM[d. 

K- N'%HN'*+6*+f 0 #-<6!+M%% 0'%7+ '-?!6-P6 <*<6%7:, ;-<-
6*;#! 2H!04%60!'+PM*% CALS-6'%?!0-#*+7. j<#!0#!> /-H-;%> 
ES8  #!0!,! N!1!4%#*+ +04+%6<+ <!/H-#*% <*<6%7: 2N'-04%#*+ 
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0%<!7 */H%4*+, 0 7-1<*7-45#!> <6%N%#* #- !6%;%<60%##!> N'!-
,'-77#!-6%f#*;%<1!> N4-6$!'7%; < 0!/7!O#!<6+7* *#6%,'-)** 
ES8  < 4P?:7* <2M%<602PM*7* N!H<*<6%7-7* #- N'%HN'*+6** 
* 0 !6'-<4*. 

Z7<,3(<03L 
1. X<-%0 8. ., D-/-'%0 8.8., B2'!0 8.E., e-?-42%0 8.Z.,  -4*6*# ].X. 

E06!7-6*/*'!0-##-+ <*<6%7- 0%<!0!,! 1!#6'!4+ (ES8 ). I%6'!<N%16*0-
#:> -#-4*/ * N%'<N%16*0:. Q'!?4%7: <!/H-#*+ N%'<N%16*0#!> -0*-)*-
!##!-1!<7*;%<1!> 6%f#*1*. – @.: ZXe@E[DX[, 2005, <. 495 – 497.  

2. K%<6%'*f*# W.]., X<-%0 8. ., D-/-'%0 8.8., S!'!1*# S.8. X<<4%-
H!0-#*+ N! <!/H-#*P -06!7-6*/*'!0-##!> <*<6%7: 0%<!0!,! 1!#6'!4+. 
['2H: @Z[X, 6.1, q3, 2009. S. 145-151. 

 2"D"03"'2,'L, $<30&<03L ' &97,2<-$,3',32LV 
725"3+(67"22LV $7$<,+(V 

D!,*#!0 E.E., b*'!1!0 E.K., b*'!1!0 K.X. 
.m W " 

8 H!14-H% !N*<:0-P6<+ /-H-;* N!0:_%#*+ h$$%16*0#!<6* 
'-?!6: 6'-#/-1)*!##:f 14*%#6-<%'0%'#:f <*<6%7. Q'%H4!O%#: 
#%1!6!':% <N!<!?: *f '%_%#*+ N26%7 '-<N'%H%4%#*+ $2#1)*> * 
/-N'!<!0 N! '-/#:7 ?*/#%<–<%'0%'-7. 8 N'!)%<<% '-/'-?!61* 
<4!O#:f $*#-#<!0:f <*<6%7 H4+ 1'2N#:f ?-#1!0, < *<N!45/!0--
#*%7 B%#%'-6!'- Q'!%16!0, ?:4* #->H%#: #!0:% -'f*6%162'#:% 
'%_%#*+. 

8 6'-#/-1)*!##!> <*<6%7% ;-<6! 0!/#*1-%6 <*62-)*+, 0 1!-
6!'!> ;%'%/ !H*# * 6!6 O% 1-#-4 6'%?2%6<+ 0:N!4#%#*% H!<6-6!;#! 
7%H4%##:f /-N'!<!0 #- $!#% ?!45_!,! 1!4*;%<60- !;%#5 ?:<6':f 
* 1!'!61*f /-N'!<!0. x6!?: 7%H4%##:% /-N'!<: #% 04*+4* #- 0'%-
7+ !614*1- ?:<6':f /-N'!<!0 #%!?f!H*7! '%-4*/!0:0-65 <f%72, 0 
1!6!'!> <%'0%', !?<42O*0-PM*> 1-#-4 N!<62N4%#*+ 0<%f /-N'!-
<!0, !?'-?-6:0-4 ?:<6':% /-N'!<: <-7, - 7%H4%##:% /-N'!<: N%-
'%H-0-4 #- 0:N!4#%#*% <N%)*-45#:7 H!N!4#*6%45#:7 <%'0%'-7, 
+04+PM*7*<+ 14*%#6-7* 1 !<#!0#!72 <%'0%'2. Q'* #%!?f!H*7!-
<6*, 0 <42;-% /-#+6!<6* 0<%f H!N!4#*6%45#:f <%'0%'!0, !<#!0#!> 
<%'0%' H!4O%# <6-0*65 7%H4%##:% /-N'!<: 0 !;%'%H5. X, N! 7%'% 
!<0!?!OH%#*+ H!N!4#*6%45#:f <%'0%'!0, H!4O%# N%'%H-0-65 /--
N'!<: */ !;%'%H* #- *<N!4#%#*%. [-1-+ <f%7- '-?!6: N!/0!4+%6 
'-<N-'-44%4*65 /-N'!<: N'* <!!60%6<602PM%> N!HH%'O1% SCdG * 
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N'-0*45#!7 '-<N'%H%4%#** 6*N!0 /-N'!<!0 N! <%'0%'-7. 
G'2,-+ N'!?4%7-, 0!/#*1-PM-+ 0 7#!,!1-#-45#!> 6'-#/-1-

)*!##!> <*<6%7%, /-14P;-%6<+ 0 #%<?-4-#<*'!0-##!<6* N!6!1!0 
/-N'!<!0 7%OH2 '-/#:7* 1-#-4-7*. K-N'*7%', 0 -'f*6%162'% < 
H027+ 1-#-4-7*, !H*# */ 1!6!':f N'%H<6-04+%6 <!?!> !H#! 14*-
%#6<1!% <!%H*#%#*% < 0#%_#%> <*<6%7!>, - H'2,!> !?%<N%;*0-%6 
<0+/5 < ?!45_*7 1!4*;%<60!7 !H#!6*N#:f 14*%#6<1*f 7!H24%>. 8 
6-1!> <*62-)** <%'0%'#:> N!'6, !?<42O*0-PM*> 0f!H+M*% N!6!-
1* /-N'!<!0, ?2H%6 '-0#!7%'#! !?'-?-6:0-65 /-N'!<: !6 1-OH!,! 
14*%#6<1!,! <!%H*#%#*+, 6%7 <-7:7 #-'2_-+ ?-4-#< 7%OH2 H027+ 
1-#-4-7* 0 N!45/2 1-#-4- < !H#!6*N#:7* 14*%#6<1*7* 7!H24+7*. 
G4+ '%_%#*+ h6!> N'!?4%7: #%!?f!H*7! '%-4*/!0-65 $'!#6-45-
#:> 72456*N4%1<*'2PM*> <%'0%', 1!6!':> ?2H%6 !?'-?-6:0-65 
/-N'!<: !6 ?!45_!,! 1!4*;%<60- !H#!6*N#:f 14*%#6<1*f 7!H2-
4%>, * 72456*N4%1<*'!0-65 /-N'!<: ;%'%/ %H*#<60%##!% 14*%#6-
<1!% <!%H*#%#*% #- !<#!0#!> ?*/#%<-<%'0%'. 8 6-1!7 <42;-% N!6!-
1* /-N'!<!0 7%OH2 1-#-4-7* ?2H26 <?-4-#<*'!0-#:. 

]M% !H#- N'!?4%7-, 1!6!'-+ <!N26<602%6 0:_%N%'%;*<4%#-
#:7 -'f*6%162'#:7 '%_%#*+7, <!<6!*6 0 6!7, ;6! *H%#6*$*1-)*+ 
* -26%#6*$*1-)*+ N!45/!0-6%4%> N'* <2M%<60%##!7 */7%#%#** 
<!<6-0- <%'0%'!0 * N%'%'-<N'%H%4%#** $2#1)*!#-4- 7%OH2 #*7* 
N'*0!H*6 1 #%!?f!H*7!<6* N%'%#!<- 2;%6#!> * 14P;%0!> *#$!'-
7-)** 7%OH2 1'*N6!?-/-7* <!!60%6<602PM*f ?*/#%<-<%'0%'!0. 
I%_%#*%7 +04+%6<+ *<N!45/!0-#*% 2H-4%##:f 1'*N6!<%'0%'!0 < 
%H*#:7* ?-/-7* N!45/!0-6%4%> H4+ 0<%f ?*/#%<-<%'0%'!0. 

M<30&<032"-8(3(+,<37E,$&(* "8<7+7U(67*  
$7$<,+ 2( "$2"', +"35"9"D7E,$&"D" Z>-8"7$&( 

8.8. @*f->4!0, 8.@. C7:0-1*#, `.E. Z%H!'!0- 
.1'))Q% 49=48=1))Q% =)j')'+)Q% F)=9'+?=T'T, -..1+1)'j 

G4+ 7#!,!-456%'#-6*0#!,! -#-4*/- 1!7N'!7*<<#:f *#O%-
#%'#:f '%_%#*> 6'%?2%6<+ $!'7-4*/!0-65 N!#+6*% «0!/7!O#:> 
0-'*-#6» 6%f#*;%<1!> <*<6%7: ([S), 6.%. /-H-65 #-?!' N-'-7%6'!0 
* *f 0!/7!O#:% /#-;%#*+ (N-'-7%6'*;%<1*% !,'-#*;%#*+).  -O-
H:> i-> 0!/7!O#:> 0-'*-#6 [S f-'-16%'*/2%6<+ H027+ #-?!'-7* 
N!1-/-6%4%>: #-?!'!7 N-'-7%6'!0 xi=(x1

i,x2
i,...,xL

i) * #-?!'!7 1'*-
6%'*%0 1-;%<60- yi=(y1

i,y2
i,...,yM

i), 1!6!':% 7!,26 ?:65 1-1 1!4*;%-
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<60%##:7*, 6-1 * #%;*<4!0:7*. 
I-<<7!6'*7 N'!)%H2'2 <6'2162'#!-N-'-7%6'*;%<1!> !N6*-

7*/-)** [S, !<#!0-##2P #- 1!7N4%1<*'!0-#** 7%6!H!0 7!'$!4!-
,*;%<1!,! -#-4*/- [1] * DQ-N!*<1- [2]. 

8 7!'$!4!,*;%<1!7 -#-4*/% 0!/7!O#:% 0-'*-#6: <6'2162-
': [S N!4#!<65P f-'-16%'*/2P6<+ #-?!'!7 #!7*#-45#:f N-'--
7%6'!0 x=(x1,x2,...,xL), ;6! N!/0!4+%6 N!42;*65 7#!,!-<N%16#!% 
!N*<-#*% '-/4*;#:f 0 1-;%<60%##!7 !6#!_%#** *#O%#%'#:f '%-
_%#*> 0 0*H% 7!'$!4!,*;%<1*f 6-?4*) (@[). Q'*;%7, 1-OH:> N--
'-7%6' xk 7!O%6 *7%65 4*_5 1!#%;#!% ;*<4! /#-;%#*> (k=1,2,...,L). 
jN*<-#*% 0!/7!O#!,! 0-'*-#6- <6'2162': [S #- $!'7-45#!7 
+/:1% N'!*/0!H*6<+ $*1<*'!0-#*%7 H4+ 1-OH!,! #!7*#-45#!,! 
N-'-7%6'- !H#!,! /#-;%#*+. S!<6-04++ 0!/7!O#:% 1!7?*#-)** 
(<!;%6-#*+) /#-;%#*> 0<%f #!7*#-45#:f N-'-7%6'!0, N!42;*7 
7!'$!4!,*;%<1!% 7#!O%<60! 0!/7!O#:f 0-'*-#6!0 <6'2162': [S. 
Q'*;%7, <6'!1-7 @[ 7!,26 <!!60%6<60!0-65 #% 6!451! #!7*#-45-
#:%, #! * ;*<4!0:% N-'-7%6': (6!;#%% ,!0!'+, *#6%'0-4: *f H*--
N-/!#- */7%#%#*+), ;6! !?%<N%;*0-%6 0!/7!O#!<65 <6'2162'#!-
N-'-7%6'*;%<1!,! <*#6%/- [S. 

Q'%HN!4!O*7, ;6! 0<% N-'-7%6': [S +04+P6<+ ;*<4!0:7*. 
8 h6!7 <42;-% $!'7-4*/!0-##!% !N*<-#*% 7#!O%<60- 0!/7!O#:f 
0-'*-#6!0 [S /-H-%6<+ 0 0*H% K-7%'#!,! N-'-44%4%N*N%H-. Q'* 
h6!7 7#!O%<60! H!N2<6*7:f 0-'*-#6!0 [S +04+%6<+ «N4!f*7», 0 
;-<6#!<6*, #%<0+/#:7 * #%0:N214:7, - 1'*6%'** 1-;%<60- – 7#!-
,!h1<6'%7-45#:7* #%,4-H1*7* $2#1)*+7*.  

8 6-1!> <*62-)** H4+ $!'7*'!0-#*+ 1!#%;#!,! ;*<4- 0!/-
7!O#:f 0-'*-#6!0 [S )%4%<!!?'-/#! N'*7%#+65 7%6!H DQ-
N!*<1-, !<#!0-##:> #- <*<6%7-6*;%<1!7 N'!<7!6'% (/!#H*'!0--
#**) 7#!,!7%'#!,! N-'-44%4%N*N%H- 0 '%/2456-6% ,%#%'*'!0-#*+ 
/-H-##!,! ;*<4- 0!/7!O#:f 0-'*-#6!0 [S ('-0#!7%'#! '-<N'%H%-
4%##:f DQ-6!;%1) Vi .  

G4+ <6'2162'#!-N-'-7%6'*;%<1!,! <*#6%/- [S #%!?f!H*7- 
N'!)%H2'- <!1'-M%##!,! N%'%?!'- 0-'*-#6!0 0 @[. Q'* h6!7 #%-
!?f!H*7! 2;*6:0-65, ;6! #!7*#-45#:% N-'-7%6': [S N!/0!4+P6 
10-4*$*)*'!0-##! !<2M%<604+65 7!'$!4!,*;%<1!% 14-<<*$*)*-
'!0-#*% *#O%#%'#:f '%_%#*>. 8 7%6!H% DQ-N!*<1-, #-!?!'!6, 0<% 
N-'-7%6': H!4O#: ?:65 1!4*;%<60%##:7*, 6.%. !?4-H-65 <0!><6-
0!7 #%N'%':0#!<6*. 
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Q'%HN!4!O*7, ;6! !6 #!7*#-45#:f N-'-7%6'!0 fk !<2M%<60-
4%# N%'%f!H 1 ;*<4!0:7 !)%#1-7 f`k. [!,H- N!N-H-#*% 1!!'H*#-6 
i-> DQ-6!;1* 0 #%1!6!':% *#6%'0-4: !6'%/1- [0,1] !)%#!1 x`k N!-
/0!4+%6 !H#!/#-;#! 0!<<6-#!0*65 <!!60%6<602PM*% /#-;%#*+ #!-
7*#-45#:f N-'-7%6'!0 xk H4+ i-,! 0!/7!O#!,! 0-'*-#6- [S. Q!-
<6'!%#*% ;*<4!0:f !)%#!1 x`k * '-/?*%#*% #- Nk #%N%'%<%1-PM*f-
<+ *#6%'0-4!0 !6'%/1!0 [0,1] N!/0!4+%6 «!?u%H*#*65» 7!'$!4!,*-
;%<1*> -#-4*/ * DQ-N!*<1 0 N'!)%H2'% <6'2162'#!-
N-'-7%6'*;%<1!> !N6*7*/-)** [S – 7!'$!4!,*;%<1!7 DQ-N!*<1%. 
]<6%<60%##! <;*6-65 N'* h6!7, ;6! 0%4*;*#- *#6%'0-4!0 1!4*;%<6-
0%##:f N!1-/-6%4%> x`k

i f-'-16%'*/2%6 <6%N%#5 <!!60%6<60*+ -45-
6%'#-6*0#:f <N!<!?!0 '%-4*/-)** <6'2162'#:f 1!7N!#%#6!0 [S 
6'%?!0-#*+7 * 2<4!0*+7 N'!%16*'!0-#*+. 8 1-;%<60% f`k 7!O%6 
?:65 N'*#+6- ;*<4!0-+ !)%#1- !6#!<*6%45#!> 0-O#!<6* /#-;%#*> 
#!7*#-45#!,! N-'-7%6'- fk, N!42;%##-+ #- !<#!0% !?'-?!61*  h1<-
N%'6#!> *#$!'7-)**.  

Z7<,3(<03( 
1. jH'*# 8.@.,  -'6-0!0 S.S. @!'$!4!,*;%<1*> -#-4*/ <*<6%7: Q!-

<6'!%#*% 7!'$!4!,*;%<1*f 6-?4*). -  *%0: K-21!0- H271-, 1977. – 148 <. 
2. S!?!45 X.@., S6-6#*1!0 I.d. 8:?!' !N6*7-45#:f N-'-7%6'!0 0 /-H--

;-f <! 7#!,*7* 1'*6%'*+7*.  - @.: K-21-, 1981. – 110 <. 

d"2597&<2" 083('9*,+L, 83"6,$$L $" +2"D7+7 
0E($<27&(+7  
K.K. Q%6'!0 

eO]F+T?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

8 1!#%;#!7%'#!7 N'!<6'-#<60% )2( ≥nRn  '-<<7-6'*0-%6<+  
H*$$%'%#)*-45#-+ *,'- Γ  mn +  4*): n  N'%<4%H!0-6%4%> 

nPP ,...,1  * m  2?%,-PM*f mEE ,...,1 . Q'%HN!4-,-%6<+, ;6! 0<% 2;--
<6#*1* !?4-H-P6 '-0#:7* H*#-7*;%<1*7* * *#%')*!##:7* 0!/-
7!O#!<6+7*. c%45 ,'2NN: N'%<4%H!0-6%4%> – N!>7-65 /-H-##!% 
;*<4! 2?%,-PM*f. 8 H!14-H% ?2H26 N'*0%H%#: '-/4*;#:% 2<4!0*+ 
'-/'%_*7!<6* /-H-;* N'%<4%H!0-#*+. 8 ;-<6#!<6*, H4+ N'*7%'- 
D.S.Q!#6'+,*#- ?2H26 N'*0%H%#: 

1. 2<4!0*+ N!*71* !H#!,! 2?%,-PM%,!; 
2. 2<4!0*+ 7+,1!> N!*71* !H#!,! 2?%,-PM%,!; 
3. 2<4!0*+ N!*71* /-H-##!,! ;*<4- 2?%,-PM*f N'* 2<4!0**, 
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;6! 1-OH:> 2?%,-PM*> *<N!45/2%6 N'!,'-77#:% <6'-6%,**, - 1--
OH:> N'%<4%H!0-6%45 4!0*6 #% ?!4%% !H#!,! 2?%,-PM%,!; 

4. 2<4!0*+ N!*71* H02f O%<61! <1!!'H*#*'!0-##:f 2?%-
,-PM*f; 

5. -<*7N6!6*;%<1*% !)%#1* H4+ #-*7%#5_%,! ;*<4- 2?%,-P-
M*f, 214!#+PM*f<+ !6 /-H-##!,! ;*<4- N'%<4%H!0-6%4%> */ 4P-
?:f #-;-45#:f N!/*)*>. 

@,2,3(<"3 83",&<"' - $3,/$<'" ('<"+(<7U(677 
83",&<73"'(27* 837&9(/2LV  

725"3+(67"22"-'LE7$97<,9?2LV $7$<,+ 
Z4U'!0 W.E.,  8:_*#<1*> D.D.,  B'*#%0 X.D., D!,*#!0 E.E., 

b*'!1!0 E.K., b*'!1!0 K.X. 
.m W " 

G!14-H N!<0+M%# -06!7-6*/-)** N'!%16*'!0-#*+ N'*14-H-
#:f *#$!'7-)*!##!-0:;*<4*6%45#:f * 2;%6#!--#-4*6*;%<1*f 
N'!,'-77#:f <*<6%7 '-/4*;#!,! )%4%0!,! #-/#-;%#*+.  G-U6<+ 
1'-61*> !?/!' <!0'%7%##:f *#<6'27%#6-45#:f <'%H<60 <!/H-#*+ 
N'*14-H#:f N'!,'-77#:f <*<6%7. j?<2OH-P6<+ '-/4*;#:% N!H-
f!H: 1 -06!7-6*/-)** N!<6'!%#*+ *#$!'7-)*!##:f <*<6%7, N%'%-
;*<4%# '+H #-*?!4%% */0%<6#:f *#<6'27%#6-45#:f <'%H<60 * H-#: 
*f f-'-16%'*<6*1*.  

d!4%% N!H'!?#! 0 H!14-H% N'%H<6-04%# '-/'-?!6-##:> 0 8c 
IEK *#<6'27%#6-45#:> 1!7N4%1< «B%#%'-6!' N'!%16!0» (BQ). j<-
#!0#:7* H!<6!*#<60-7* BQ +04+%6<+ <4%H2PM%%: 
− '-/'-?!61- N'*14-H#:f N'!,'-77#!-*#$!'7-)*!##:f <*<-
6%7 0 '-71-f 6%f#!4!,** BQ !<#!0:0-%6<+ #- "N'!%16#!7 N!Hf!-
H%", 6.%. 0%H%6<+ #- !<#!0% $!'7-45#!,! N'!%16-, 1!6!':> +04+%6<+ 
!<#!0!> H4+ -06!7-6*;%<1!> ,%#%'-)** N!4#!,! N'!,'-77#!,! 
1!H- <*<6%7:; 
− '-/'-?-6:0-%7:% 0 '-71-f 6%f#!4!,** BQ N'*14-H#:% 
<*<6%7: H!N2<1-P6 h$$%16*0#!% <!N'!0!OH%#*% <*<6%7, 6! %<65 
H!<6-6!;#! N'!<62P N'!)%H2'2 0#%<%#*+ *<N'-04%#*> * '-/0*6*+ 
<*<6%7: 0 N'!)%<<% $2#1)*!#*'!0-#*+; h$$%16*0#!<65 h6*f N'!-
)%H2' !?%<N%;*0-%6<+ <10!/#!> 6%f#!4!,*%> '-/'-?!61* !6 N'!%16- 
1 N'!,'-77#!72 1!H2;  
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− 0 '-71-f 6%f#!4!,** BQ <2M%<602%6 0!/7!O#!<65 '-/'-?--
6:0-65 N'*14-H#:% <*<6%7: <! <4!O#!> 7#!,!2'!0#%0!> 14*%#6-
<%'0%'#!> -'f*6%162': < '-<N'%H%4%##:7* ?-/-7* H-##:f ('%4+-
)*!##:7* * <%6%0:7*), <! <4!O#:7 N!45/!0-6%45<1*7 * 7%ON'!-
,'-77#:7 *#6%'$%><!7; 
− 0 '-71-f 6%f#!4!,** BQ 7!O%6 ?:65 !?%<N%;%#- 0:<!1-+ 
<6%N%#5 #-H%O#!<6* * *#$!'7-)*!##!> ?%/!N-<#!<6*; 0 '-/'-?--
6:0-%7:f N'*14-H#:f <*<6%7-f H!N2<6*7- *#6%,'-)*+ < 0#%_#*-
7* 4*)%#/*'!0-##:7* <'%H<60-7* 1!H*'!0-#*+ * H%1!H*'!0-#*+ 
*#$!'7-)** H4+ 6'-#<N!'6*'!01* N! N2?4*;#:7 6%4%1!772#*1--
)*!##:7 1-#-4-7; 
− N'*14-H#:% N'!,'-77#:% 1!7N4%1<: 0 '-71-f 6%f#!4!,** 
BQ '-/'-?-6:0-P6<+ 1-1 -06!#!7#:% <*<6%7: * #% 6'%?2P6 H4+ 
<0!%> '-?!6: H!'!,!<6!+M*f N'!,'-77#:f N'!H216!0 (1'!7% *<-
N!45/2PM*f<+ SCdG * !?M%<*<6%7#!,! !?%<N%;%#*+); 
− '-/'-?-6:0-%7:% 0 '-71-f 6%f#!4!,** BQ N'*14-H#:% 
<*<6%7: H!N2<1-P6 7-<_6-?*'!0-#*% * N!'6*'!0-#*% #- '-/4*;-
#:% 0:;*<4*6%45#:% N4-6$!'7: * SCdG. 

«B%#%'-6!' N'!%16!0» #% !'*%#6*'!0-# #- 1-12P-6! 1!#-
1'%6#2P !?4-<65 N'*7%#%#*+ * 7!O%6 ?:65 *<N!45/!0-# N'* '-/-
'-?!61% _*'!1!,! 14-<<- N'*14-H#:f *#$!'7-)*!##!-
0:;*<4*6%45#:f <*<6%7. 8 H!14-H% N'*0%H%# N%'%;%#5 N'!%16!0, 
'-/'-?!6-##:f < N!7!M5P BQ. l6!6 N%'%;%#5 014P;-%6 <*<6%7: 
-06!7-6*/*'!0-##!,! N'!%16*'!0-#*+ 6%f#*;%<1*f !?u%16!0, 
2;%6#!--#-4*6*;%<1*% $*#-#<!0:% <*<6%7:, -06!7-6*/*'!0-##:% 
<*<6%7: 2N'-04%#*+ N'%HN'*+6*+7* * '+H <*<6%7 0 H'2,*f !?4-<-
6+f H%+6%45#!<6*. Q'*7%#%#*% BQ N!/0!4*4! <2M%<60%##! <!1'--
6*65 6'2H!/-6'-6: #- N'!%16*'!0-#*% * N'!,'-77*'!0-#*% '-/'--
?-6:0-%7:f <*<6%7. 

Q%'%;*<4%# '+H !<6':f N'!?4%7 * #%'%_%##:f /-H-;, <6!+-
M*f N%'%H '-/'-?!6;*1-7* *#<6'27%#6-45#:f <'%H<60 * !?<2OH--
P6<+ N26* *f '%_%#*+. K-*?!4%% 0-O#!> +04+%6<+ /-H-;- N!0:_%-
#*+ h$$%16*0#!<6* '-/'-?-6:0-%7:f 7#!,!N!45/!0-6%45<1*f 14*-
%#6-<%'0%'#:f <*<6%7. I%_%#*% h6!> /-H-;* 6'%?2%6 #!0:f -'f*-
6%162'#:f '%_%#*>, '-<N'%H%4U##:f ?-/ H-##:f, 7#!,!2'!0#%0:f 
<%'0%'#:f <6'2162', '-/H%4%#*+ 6'-#/-1)*!##:f (on-line) $2#1-
)*>, * -#-4*6*;%<1*f (off-line) $2#1)*>, '-<_*'%#*+ 0!/7!O#!-
<6%> 7%ON'!,'-77#!,! * N!45/!0-6%45<1!,! *#6%'$%><-. G'2,!> 
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0-O#!> /-H-;%> +04+%6<+ N!0:_%#*% h$$%16*0#!<6* <-7!,! B%#%-
'-6!'- N'!%16!0, 0 6!7 ;*<4%, 27%#5_%#*% <4!O#!<6* !N*<-#*+ 
N'!%16!0 #- +/:1% lejQ, 1!6!':> +04+%6<+ !<#!0#:7 <'%H<60!7 
$!'7-4*/-)** !N*<-#*+ N'*14-H#:f <*<6%7, *<N!45/2PM*><+ 0 
«B%#%'-6!'% N'!%16!0».   

 "/,9? /72(+7&7 3(U'7<7*  
$79?2"$'*U(22LV $7$<,+, "87$L'(,+LV  
502&67"2(9?2" 'U',],22L+7 D3(5(+7 

X.Z. b-f#!0 
.m W "  

K-<6!+M*> H!14-H N!<0+M%# !N*<-#*P 7!H%4*, N'%H#-/#--
;%##!> H4+ !N'%H%4%#*+ /-0*<*7!<6* (;20<60*6%45#!<6*) 0:f!H-
#:f f-'-16%'*<6*1 <*<6%7 !N'%H%4%##!,! 14-<<- !6 f-'-16%'*<6*1 
0#26'%##*f ($2#1)*!#-45#:f) h4%7%#6!0 h6*f <*<6%7. 

Q'* !N'%H%4%#** ;20<60*6%45#!<6* 0:f!H#:f f-'-16%'*-
<6*1 0<%> <*<6%7: 1 f-'-16%'*<6*1-7 %% !6H%45#:f h4%7%#6!0 (* 
0:+04%#** «1'*6*;%<1*f» h4%7%#6!0, #-*?!4%% <*45#! 04*+PM*f 
#- f-'-16%'*<6*1*) !<#!0#:% 6'2H#!<6* 0:/:0-%6 -#-4*/ 0:f!H-
#:f f-'-16%'*<6*1 ?4!1!0 0/-*7!<0+/-##:f h4%7%#6!0 [1], !6 1!-
6!'!,! /-0*<*6 6'2H!%71!<65 '%_%#*+ 0<%> /-H-;* !6?!'- N'*%7-
4%7:f 0-'*-#6!0 '-/0*6*+ '-<<7-6'*0-%7!> <*<6%7:. Q!h6!72 0 
H!14-H% !<#!0#!% 0#*7-#*% 2H%4%#! <*<6%7-7, <!<6!+M*7 */ 
0/-*7!<0+/-##:f h4%7%#6!0 * !N*<:0-%7:7 < N!7!M5P $2#1)*!-
#-45#! 0/0%_%##:f ,'-$!0. 

@!H%45 !<#!0-#- #- <4%H2PM*f N'%HN!4!O%#*+f.  
1. 8/-*7!H%><60*% h4%7%#6!0 1 2, ,..., nY Y Y  (0!/7!O#!, +04+P-

M*f<+ !',-#*/-)*!##:7* %H*#*)-7* [2]) <*<6%7: S  0:'-O-%6<+ 
0 0*H% !?7%#- 7%OH2 #*7* '%/2456-6-7* <0!%> H%+6%45#!<6* 0 N!-
6-16#!7 '%O*7% (0 H*<1'%6#:% 7!7%#6: 0'%7%#* 0,1, 2,...t = ). 

2.  -OH:> h4%7%#6 iY  !<2M%<604+%6 6!451! !H*# !N'%H%4%#-
#:> («<0!>») 0*H H%+6%45#!<6*. Q'* h6!7 !6<26<602%6 0!/7!O-
#!<65 H2?4*'!0-#*+ '-?!6: !H#*f h4%7%#6!0 '-?!6!> H'2,*f h4%-
7%#6!0 <*<6%7: S . G4+ #-/0-#*+ h4%7%#6- * N'!*/0!H*7!,! *7 
0*H- H%+6%45#!<6* *<N!45/2%6<+ !H#! * 6! O% !?!/#-;%#*% iY . 

3. 8 N'!)%<<% <!07%<6#!> H%+6%45#!<6* 0<% h4%7%#6: +04+-
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P6<+ «<*45#!<0+/-##:7*»: '%/2456-6: H%+6%45#!<6* 1-OH!,! h4%-
7%#6- 04*+P6 4*?! #%N!<'%H<60%##!, 4*?! 1!<0%##! (;%'%/ '%/245-
6-6: H%+6%45#!<6* H'2,*f h4%7%#6!0) #- '%/2456-6: H%+6%45#!<6* 
4P?!,! H'2,!,! h4%7%#6- <*<6%7: S . 

4. I%/2456-6: '-?!6: («0:f!H») 1-OH!,! h4%7%#6- iY  0 7!-
7%#6 0'%7%#* t  f-'-16%'*/2%6<+ /#-;%#*%7 !H#!7%'#!,! 1!4*;%-
<60%##!,! N!1-/-6%4+ t

iy  , 1,=i n . e#-;%#*+ N!1-/-6%4%> t
iy   !N*-

<:0-P6<+ < N!7!M5P #%N'%':0#:f _1-4. d!4%% N'%HN!;6*6%45-
#:7* N'*#+6: ?ó45_*% /#-;%#*+ N!1-/-6%4%> t

iy  . 
5. X7%%6 7%<6! N!4!O*6%45#-+ <0+/5 7%OH2 '%/2456-6-7* 

'-?!6: '-/4*;#:f h4%7%#6!0, 6.%. 242;_%#*% '%/2456-6!0 '-?!6: 
1-1!,!-4*?! */ h4%7%#6!0 iY  ('!<6 /#-;%#*+ N!1-/-6%4+ iy ) #% 7!-
O%6 N!04%;5 /- <!?!> 2f2H_%#*% '%/2456-6!0 '-?!6: 4P?!,! H'2-
,!,! h4%7%#6- jY  (27%#5_%#*% 0%4*;*#: N!1-/-6%4+ jy ). ]<4* 
h4%7%#6: iY , N'%H<6-04+P6 <!?!> #%1!6!':% !',-#*/-)*!##:% 
%H*#*):, 6! <H%4-##!% N'%HN!4!O%#*% !/#-;-%6, ;6! H-##:% !',--
#*/-)*!##:% %H*#*): !?4-H-P6 #%N'!6*0!N!4!O#:7* *#6%'%<--
7*. 

6. K* H4+ 1-1!,! */ h4%7%#6!0 iY  '%/2456-6: '-?!6: !<6-45-
#:f h4%7%#6!0 jY , , 1,=i j n , #% 7!,26 1!7N%#<*'!0-65 H'2, H'2,-. 

7. G! #-;-4- <!07%<6#!> '-?!6: h4%7%#6: iY  H!4O#: 0:-
?'-65 «6%f#!4!,*P» <0!%> '-?!6:, N'%H<6-04+PM2P <!?!> 7*#*-
7-45#! #%!?f!H*7:% 6'%?!0-#*+, N'%Hu+04+%7:% H-##:7 h4%7%#-
6!7 1 N!6-16#:7 '%/2456-6-7 '-?!6: !<6-45#:f h4%7%#6!0. 

8. Q'%HN!4-,-%6<+ #-4*;*% 0 <*<6%7% S  ( 1)n + -,! h4%7%#6-, 
#-/:0-%7!,! «1!!'H*#-6!'!7». e-H-;- 1!!'H*#-6!'- − '-/'-?!61- 
'%1!7%#H-)*> h4%7%#6-7 N! ;-<6* <!,4-<!0-#*+ 6'%?!0-#*>, 
N'%Hu+04+%7:f *7* H'2, 1 H'2,2. 

jH#*7 */ #-/#-;%#*> !N*<:0-%7!> 7!H%4* +04+%6<+ !1-/--
#*% N!7!M* 1!!'H*#-6!'2 N'* '%_%#** h6!> /-H-;*. 

SH%4-##:% H!N2M%#*+ N!/0!4+P6 N'%H<6-0*65 N!6-16#2P 
/-0*<*7!<65 7%OH2 '%/2456-6-7* '-?!6: (7%OH2 0f!H-7* * 0:f!-
H-7*) h4%7%#6!0 <*<6%7: S  0 0*H% 7!H%4* 7-1<7*##!,! 6*N-, *<-
<4%H!0-#*% 1!6!'!> 2H!?#! N'!0!H*65 7%6!H-7* 6%!'** ,'-$!0. 
j;%0*H#!% H!<6!*#<60! N'%H4!O%##!> 7!H%4* – 0!/7!O#!<65 
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!N*<-#*+ < N!7!M5P N'!<6!,! 7-6%7-6*;%<1!,! -NN-'-6- [3] <*<-
6%7#!,! h$$%16- !6 0/-*7!H%><60*+ h4%7%#6!0 * N'!,#!/*'!0-#*% 
1'*6*;%<1*f <*62-)*> N'* #-4*;** 0%<57- !,'-#*;%##!> *#$!'-
7-)** ! <0!><60-f h4%7%#6!0 '-<<7-6'*0-%7!> <*45#!<0+/#!> 
<*<6%7:. 8 ;-<6#!<6*, < %% N!7!M5P 4%,1! N!42;*65 !60%6: #- 
<4%H2PM*% 0!N'!<:: +04+%6<+ 4* H-##-+ <*<6%7- S  '-/0*0-PM%>-
<+ (6.%. 0:N!4#+%6<+ 4* 2<4!0*% 1t t

i iy y +  : ) *4* #%6, 1-1!0: N'%-
H%45#:% /#-;%#*+ t

iy   N'* ® <t , 1-1*% 7%': #%!?f!H*7! N'*#+65 
H4+ 6!,!, ;6!?: <*<6%7- S  <6-4- '-/0*0-PM%><+ * 6.H. 8 )%4!7 
N'%H4!O%##-+ 7!H%45 N'%H<6-04+%6 <!?!> !H*# */ 0!/7!O#:f *#-
<6'27%#6!0 H4+ -#-4*/- * !6?!'- N'*%74%7:f 0-'*-#6!0 '-/0*6*+ 
6%f#*;%<1*f * h1!#!7*;%<1*f <*<6%7 '-<<7-6'*0-%7!,! 14-<<-. 

Z7<,3(<03( 
1. [.D. S--6*. Q'*#+6*% '%_%#*> N'* /-0*<*7!<6+f * !?'-6#:f 

<0+/+f. E#-4*6*;%<1*% <%6*. – @.: D*?'!1!7, 2009. − 360 <. 
2. W.X. d2'+1, 8.8. X#<-'!0, 8.D.  -4*#*#. Z!'7*'!0-#*% 

2N'-04%#;%<1*f '%_%#*> 0 !',-#*/-)*!##:f <*<6%7-f #- !<#!0% 
7!H%4*'!0-#*+ *f H%+6%45#!<6* // X/0. IEK. [ * SC. 2008. q1. S. 
158−171. 

3. b-f#!0 X.Z. Q'*7%#%#*% 6%!'** ,'-$!0 0 /-H-;% 1!4*;%<6-
0%##!> !)%#1* 0-O#!<6* )%4%> //  GEK. 2005. [.401. q2. S. 
173−176. 

B($]73,27, &9($$( +"/,9,; 8"9?U"'(<,9?$&"D" 
72<,35,;$( ' @,2,3(<"3, 83",&<"' 

b*'!1!0 K.X. 
.mW " 

8 H!14-H% <$!'724*'!0-#: !<#!0#-+ 1!#)%N)*+ * 6%f#!4!-
,*+ '-/'-?!61* N!45/!0-6%45<1!,! *#6%'$%><-, /-4!O%##:% 0 B%-
#%'-6!'% N'!%16!0, '-/'-?!6-##!7 0 8c IEK. I-<<7-6'*0-P6<+ 
#!0:% 6%f#!4!,*;%<1*% -<N%16: ,%#%'-)** N'!%16!0, 0#%H'%##:% 
0 N!<4%H#*% 0%'<** B%#%'-6!'- Q'!%16!0: 
• ,*?1-+ <6'2162'- 7!H%4* N'!%16-, 1!6!'-+ H!N2<1-%6 0 N'!%16% 
#-4*;*% N'!*/0!45#!,! 1!4*;%<60- N'!,'-77#:f 1!7N!#%#6 <4%-
H2PM*f 0*H!0: <%'0%', N'*4!O%#*% < !1!##:7 *#6%'$%><!7, 26*-
4*6- < 0:/!0!7 */ 1!7-#H#!> <6'!1*, H*#-7*;%<1-+ ?*?4*!6%1-; 
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• 0!/7!O#!<65 !N*<-#*+ 0 <%'0%'% N'!*/0!45#!,! 1!4*;%<60- 
N!'6!0, web-N!'6!0, ?-/ H-##:f; 
• 0!/7!O#!<65 *<N!45/!0-#*+ 14*%#6<1*f N!H14P;%#*> #% 6!45-
1! */ N'*4!O%#*>, - 6-1 O% */ 26*4*6 * H'2,*f <%'0%'!0; 
• '-?!6- < ?-/-7* H-##:f */ 26*4*6 * N'*4!O%#*>, - #% 6!451! 
*/ <%'0%'!0; 
• *<N!45/!0-#*% N'*#)*N*-45#! #!0!,! H4+ ,%#%'-6!'- N!#+6*+ 
– <6'2162'*'!0-##!,! H!127%#6-, 1-1 6*N- H-##:f; 
• !N*<-#*% N!45/!0-6%45<1!,! *#6%'$%><- 1-1 <!0!12N#!<6* 
<6'2162'*'!0-##:f 6*N!0 !1!# < h4%7%#6-7* *#6%'$%><-; 
• *<N!45/!0-#*% <N%)*-45#! '-/'-?!6-##!,! +/:1-  N'!,'-77*-
'!0-#*+ (lejQ) H4+ #-N*<-#*+ '-/4*;#:f 1!7N!#%#6 N'!%16-. 

I%-4*/!0-#: 7-1'!<'%H<60- – 6%f#!4!,*+ ,%#%'-)** N'!-
,'-77 #% #- S*, - #- N'!7%O26!;#:> ?-/!0:> +/:1 < N!<4%H2PM%> 
,%#%'-)*%> < #%,! #- S*. @#!,!;*<4%##:% 1!7N!#%#6: 0:<!1!,! 
2'!0#+ (#% 6!451! 6*N: * N'!)%H2':), 6-1*%, 1-1 7!H24* -H7*#*-
<6'-6!'!0 '-/#:f 6*N!0, ,%#%'*'2P6<+ 1-1 !N*<-#*+ 1!7N!#%#6 
N'!%16-, - N!6!7 2O% !?:;#:7* <'%H<60-7* N'%!?'-/2P6<+ 0 N'!-
,'-77#:> 1!H #- +/:1% S*. 

d!4%% N!H'!?#! !N*<-#- <6'2162'- * !<#!0#:% f-'-16%'*-
<6*1* N'%H<6-04%#*+ *#$!'7-)** 0 0*H% 7#!,!<6'-#*;#!,! <6'21-
62'*'!0-##!,! H!127%#6- (!1!##:> 14-<< hyperview). j1!##:> 
14-<< hyperview '-/'-?!6-# 1-1 <'%H<60! */!?'-O%#*+ #- h1'-#% * 
60%'H!> 1!N** <4!O#:f <6'2162'*'!0-##:f !?u%16!0, <!H%'O--
M*f $!'7-6*'!0-##:> 6%1<6, '-<6'!0:% */!?'-O%#*+ * 7#!,*% 
H'2,*% !?u%16:, N%'%;%#5 1!6!':f ?2H%6 '-<_*'+65<+ N! 7%'% 
'-/0*6*+ ,%#%'-6!'-. 

8 !?M%7 0*H% */!?'-O-%7:> !?u%16, h6! N!<4%H!0-6%45-
#!<65 <%1)*>, <%1)*+ – N!<4%H!0-6%45#!<65 h4%7%#6!0 H02f 0*H!0: 
N-'-,'-$ *4* 6-?4*)-. Q-'-,'-$ – N!<4%H!0-6%45#!<65 N'+7!-
2,!45#*1!0 '-/#:f 6*N!0, 0 ;-<6#!<6*, $'-,7%#6 6%1<6- < '-/#:7* 
-6'*?26-7* (_'*$6, '-/7%', <6*45…), *4* '-<6'!0!% */!?'-O%#*%. 
[-?4*)-, h6! <6'2162'- < *%'-'f*;%<1*7 /-,!4!01!7, * N!<4%H!0--
6%45#!<65 <6'!1, <!<6!+M*f */ +;%%1. l4%7%#6 /-,!4!01- * +;%>1- 
!N'%H%4+P6<+ 1-1 <%1)** N'!*/0!45#!,! 0*H-. [-1-+ '%12'<*0#-+ 
<6'2162'- N!/0!4+%6 <6'!*65 <-7:% '-/#!!?'-/#:% !?u%16: H4+ 
0*/2-4*/-)** H-##:f. 

I%-4*/!0-# #-?!' N'!)%H2', N!/0!4+PM*f *#62*6*0#! N!-
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#+6#:7 <N!<!?!7 <!/H-0-65 !?u%16: !N*<-##!> <6'2162':. I-/'--
?!6-# <N%)*-45#:> +/:1 H4+ !N*<-#*+ 6-1*f !?u%16!0 < N!<4%-
H2PM%> /-,'2/1!> 0 !1!##:> 14-<< H4+ N!<4%H2PM%> 0*/2-4*/--
)**. 

8%H%6<+ '-?!6- N! '-<_*'%#*P h6!,! +/:1- < )%45P 00%H%-
#*+ 0 #%,! *7%#!0-##:f N!4%>, 20+/-##:f < '%12'<*0#!> <6'2162-
'!> 6-1*7 !?'-/!7, ;6!?: N'!,'-77- 7!,4- N'* /-,'2/1% !N*<-#*+ 
N!H<6-04+65 /#-;%#*+ N!4%>. [-1-+ 6%f#!4!,*+ N!/0!4*6 !',-#*/!-
0-65 6%f#!4!,*P h1'-##:f $!'7, 1!,H- H-##:% 0 N'!,'-77% 0:-
H-P6<+ #- h1'-# 0 0*H%, 2N'-04+%7!7 N!45/!0-6%4%7. Q!45/!0-6%45 
#% /-#*7-%6<+ 7!H*$*1-)*%> N'!,'-77:, - 6!451! 7%#+%6 6%1<6!-
0!% !N*<-#*% $!'7:. 

S'<"+(<7U73"'(22(* $7$<,+( ',$"'"D" (2(97U(  
7 &"2<3"9* 
b*'!1!0 K.X. 

.mW " 
E06!7-6*/*'!0-##-+ <*<6%7- 0%<!0!,! -#-4*/- * 1!#6'!4+ 

+04+%6<+ !H#!> */ )%#6'-45#:f <*<6%7 -06!7-6*/-)** N'!%16*'!-
0-#*+ 4%6-6%45#:f -NN-'-6!0 * 7!O%6 *<N!45/!0-65<+ N'* '%_%-
#** _*'!1!,! 1'2,- /-H-; 0%<!0!,! N'!%16*'!0-#*+ #- 0<%f <6-H*-
+f <!/H-#*+ !?'-/)!0 <!0'%7%##!> 6%f#*1*. 

S*<6%7- 0%<!0!,! -#-4*/- * 1!#6'!4+ ?:4- '-/'-?!6-#- 0 
8:;*<4*6%45#!7 )%#6'% *7%#* E.E. G!'!H#*):#- I!<<*><1!> 
-1-H%7** #-21 * ?:4- 0#%H'%#- 0 '+H% -0*-)*!##:f  d 0 0!<57*-
H%<+6:f ,!H-f. e-6%7 !#- 7#!,!1'-6#! 7!H*$*)*'!0-4-<5. S*<6%-
7- N'%H#-/#-;%#- H4+ '%_%#*+ <4%H2PM*f /-H-; 0%<!0!,! N'!%1-
6*'!0-#*+: 
• N!<6'!%#*% 0%<!0!> 7!H%4* */H%4*+, 
• /-H-;* 0%<!0!,! 1!#6'!4+, 
• /-H-;* ,%!7%6'** 7-<<, 
• /-H-;* 0%<!0!,! -#-4*/-.  

8%<!0-+ 7!H%45 */H%4*+ <!/H-%6<+ 0 N-7+6* l8@ 0 0*H% H%-
'%0- 1!#<6'21)** * 7!O%6 <!H%'O-65 H%<+61* * <!6#* 6:<+; 0%'-
_*#. j?u%7 *#$!'7-)** 0 0%<!0!> 7!H%4* !,'-#*;%# 6!451! '-<-
N!4-,-%7:7* 7!M#!<6+7* 0:;*<4*6%45#:f <'%H<60. 8 <*<6%7% 
'-/'-?!6-#: 2H!?#:% <'%H<60- <!/H-#*+ * '%H-16*'!0-#*+ 0%<!-
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0:f 7!H%4%> */H%4*+, - 6-1O% -06!7-6*;%<1!> /-,'2/1* 0%<!0!> 
*#$!'7-)** */ H'2,*f -06!7-6*/*'!0-##:f N!H<*<6%7 N'!%16*-
'!0-#*+ * 1!#<6'2*'!0-#*+, 0 ;-<6#!<6* */ <*<6%7: ,%!7%6'*;%-
<1!,! 7!H%4*'!0-#*+ * 1!#<6'2*'!0-#*+ Unigraphics.  

G4+ '%_%#*+ /-H-; 0%<!0!,! 1!#6'!4+ *#$!'7-)*+ ! 6%12-
M%7 <!<6!+#**  0%<!0!> 7!H%4* */H%4*+ 0 4P?!> 7!7%#6 0'%7%#* 
N! /-N'!<2 N!45/!0-6%4+ N'%H<6-04+%6<+ 0 0*H% H%6-4*/*'!0-##:f, 
21'2N#%##:f *4* <277-'#:f <0!H!1 ! 6%12M%>, 6%!'%6*;%<1!>, 
4*7*6#!>, ;%'6%O#!> * $-16*;%<1!> 7-<<% */H%4*+ * %,! -,'%,--
6!0. 8%<!0:% <0!H1* N'%H<6-04+P6 0:?!'12 *#$!'7-)** N! H%'%-
02 1!#<6'21)**, 2H!04%60!'+PM%> !N'%H%4%##:7 N'*/#-1-7 – N! 
#!7%'2 !6H%4-, N! #!7%'2 *<N!4#*6%4+, N! 14-<<*$*1-)*!##:7 
N'*/#-1-7 1!#<6'21)*>, 1!6!':% *<N!45/2%6<+ 1-1 -6'*?26: 0%'-
_*#. Q'* $!'7*'!0-#** <277-'#:f 0%<!0:f <0!H!1 0:0!H*6<+ 
<277-'#-+ *#$!'7-)*+ N! 0<%7 N!H'-/H%4%#*+7. Q!<6'!%#*% 0%-
<!0:f <0!H!1 H-O% H4+ !;%#5 ?!45_*f 0%<!0:f 7!H%4%>, <!H%'-
O-M*f H%<+61* 6:<+; 0%'_*# /-#*7-%6 2-3 7*#26:. 

G4+ !?%<N%;%#*+ '%_%#*+ /-H-; N'!%16*'!0-#*+, 6'%?2P-
M*f *#$!'7-)** ! '-<N'%H%4%#** 7-<<: DE 0 6'%f7%'#!7 N'!-
<6'-#<60% (/-H-;* H*#-7*;%<1!> * <6-6*;%<1!> N'!;#!<6*) 0 <*<-
6%7% '%-4*/!0-#: <'%H<60- '-/?*%#*+ */H%4*+ #- N'!<6'-#<60%#-
#:% !6<%1*, !,'-#*;%##:% 4P?:7 1!4*;%<60!7 N4!<1!<6%>. 8 <*<-
6%7% 0:N!4#+P6<+ '-<;%6: *#%')*!##:f f-'-16%'*<6*1 H4+ 1-O-
H!,! h4%7%#6- N'!<6'-#<60%##!,! '-/?*%#*+. 

G4+ '%_%#*+ /-H-; 0%<!0!,! -#-4*/- 0 <*<6%7% 7!O#! !<2-
M%<604+65 <!'6*'!012 <6-6*<6*;%<1!,! 7-6%'*-4- N! N'*/#-1-7, 
2<6-#!04%##:7 N!45/!0-6%4+7*. K-N'*7%', 7!,26 ?:65 '-<<;*6--
#: 7-<<: <*4!0!,! * #% <*4!0!,! #-?!'-, N'!H!45#!,! * N!N%'%;-
#!,! #-?!'!0 #%1!6!'!,! -,'%,-6-, 7-<<: ,!6!0:f */H%4*> * 6.H.  

[%12M-+ 0%'<*+ <*<6%7: 0%<!0!,! -#-4*/- * 1!#6'!4+ '-/'--
?!6-#- 1-1 7#!,!N!45/!0-6%45<1-+ 14*%#6 – <%'0%'#-+ <*<6%7-, 
N!/0!4+PM-+ !H#!0'%7%##! '-?!6-65 < 0%<!0!> 7!H%45P */H%4*+ 
#%!,'-#*;%##!72 1!4*;%<602 N!45/!0-6%4%> <! <0!*f '-?!;*f 
7%<6. v'-#*7-+ *#$!'7-)*+ * N'!,'-77#:% <'%H<60- !?'-?!61* 
N!45/!0-6%45<1*f /-N'!<!0 '-/7%M-P6<+ #-  )%#6'-45#!7 <%'0%'%, 
H!<62N 1 1!6!'!72 !<2M%<604+%6<+ N! 6%4%1!772#*1-)*!##:7 
1-#-4-7. S*<6%7- !?%<N%;*0-%6 /-M*62 N%'%H-0-%7!> * f'-#*7!> 
*#$!'7-)** !6 #%<-#1)*!#*'!0-##!,! H!<62N- * *<1-O%#*+. 

S*<6%7- '-/'-?!6-#- < *<N!45/!0-#*%7 B%#%'-6!'- Q'!%1-
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6!0. 8%<!0-+ 7!H%45 '%-4*/2%6<+ 0 <*<6%7% N!<'%H<60!7 <6'2162-
'*'!0-##:f H!127%#6!0, +04+PM*f<+ h4%7%#6!7 6%f#!4!,** B%-
#%'-6!'- Q'!%16!0. 

I3D(27U(67* 502&67"273"'(27* =79972D"'"; 
$7$<,+L ' ('<"+(<7U73"'(22"; =(2&"'$&"; $3,/, 

E.K. b*'!1!0, E.E. D!,*#!0, X.D. B'*#U0  
.m W " 

8 H!14-H%  '-<<7-6'*0-%6<+ 1'2, /-H-;, <0+/-##:> < N'!%1-
6*'!0-#*%7 * '-/'-?!61!> ?*44*#,!0!> <*<6%7: 0 <'%H% 1'2N#!,! 
1!77%';%<1!,! ?-#1-. j<#!0#:7 <'%H<60!7 -06!7-6*/-)** N'!%1-
6*'!0-#*+ !N*<-##!> /H%<5 <*<6%7: +04+%6<+ B%#%'-6!' Q'!%16!0, 
'-/'-?!6-##:> 0 8c IEK. 

l$$%16*0#!% '-/0*6*% N!-#-<6!+M%72 7-<<!0!,! '!/#*;#!-
,! !?<42O*0-#*+ 14*%#6!0 0 1!77%';%<1*f ?-#1-f 6'%?2%6 0#%-
H'%#*+ #!0:f 6%f#!4!,*>. 8 #-<6!+M%7 H!14-H% '%;5 N!>H%6 ! 
?*44*#,!0:f 6%f#!4!,*+f, N!H'-/27%0-PM*f 0#%H'%#*% 0 ?-#1-f 
-06!7-6*/*'!0-##:f 2;%6#!--#-4*6*;%<1*f <*<6%7, 1!6!':%  N!-
/0!4+P6: 
• 0%<6* H%6-45#:> 2;%6 14*%#6!0 ?-#1-, 014P;-+ *f *#H*0*-
H2-45#:% 6%f#!4!,*;%<1*% !<!?%##!<6* !?<42O*0-#*+ (0 0*H% 
N%'<!#-45#:f N'!$*4%>); 
• !?%<N%;*0-65 14*%#6-7 ?-#1- 0!/7!O#!<65 0 '%O*7% on-
line (24f7) 0:N!4#+65 #%!?f!H*7:> #-?!' !N%'-)*> N! 4P?!72 
H!<62N#!72 1-#-42; 
• H4+ )%4%> N!HH%'O1* !N%'-6*0#!> H%+6%45#!<6* 14*%#6!0 
0/-*7!H%><60!0-65 0 '-/4*;#:f '%O*7-f < _*'!1*7 <N%16'!7 
0#%_#*f -06!7-6*/*'!0-##:f <*<6%7. 
Q'%H<6-04%##-+ ?*44*#,!0-+ <*<6%7- ?:4- '-/'-?!6-#- * 0#%H'%-
#- 0 '+H% 1'2N#:f ?-#1!0 I!<<**. 8f!H+M*% 0 %% <!<6-0 7!H24* * 
N!H<*<6%7: !?%<N%;*0-P6: 
• 0%H%#*% <N'-0!;#*1!0 4*)%0:f <;%6!0 14*%#6!0,  N!<6-0M*1!0 
2<42, * N'!$*4%> 14*%#6!0; 
• '-/H%4%#*% <*<6%7: #- 6'-#/-1)*!##2P * -#-4*6*;%<12P <!-
<6-04+PM*%; 
• !?%<N%;%#*% 7-<_6-?*'2%7!<6* 0 6'-#/-1)*!##!> <!<6-04+P-
M%> 0 ;-<6* <1!'!<6* 0:N!4#%#*+ 14*%#6<1*f !N%'-)*>; 
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• !?<42O*0-#*% '-/4*;#:f 1-#-4!0 0/-*7!H%><60*+ < 14*%#6!7; 
• ,*?12P #-<6'!>12 *7N!'6-/h1<N!'6- H-##:f 0 '%O*7% off-line; 
• #%!?f!H*7:> 2'!0%#5 *#$!'7-)*!##!> ?%/!N-<#!<6*; 
• 0/-*7!H%><60*% < 0#%_#*7* -06!7-6*/*'!0-##:7* <*<6%7-7* 0 
'%O*7-f off-line * on-line. 

I-/H%4%#*% <*<6%7: #- 6'-#/-1)*!##2P * -#-4*6*;%<12P 
<!<6-04+PM*% #%!?f!H*7! H4+ !?%<N%;%#*+ #%/-0*<*7!,! 0:N!4-
#%#*+ ?:<6':f * 7%H4%##:f !N%'-)*> 0 <*<6%7%. 8 h6*f )%4+f 
6'-#/-1)*!##:> * -#-4*6*;%<1*> $2#1)*!#-4 '-/#%<%# N! '-/#:7 
<%'0%'-7 <*<6%7:. 

8-O#%>_%> ;%'6!> <!0'%7%##!> ?-#1!0<1!> ?*44*#,!0!> 
<*<6%7: +04+%6<+ 0!/7!O#!<65 0:N!4#%#*+ !N%'-)*> 14*%#6!0  
;%'%/ '-/4*;#:% 1-#-4: !?<42O*0-#*+, 0 6!7 ;*<4% * 2H-4%##:%: 
• <%6* C<6'!><60 S-7!!?<42O*0-#*+ (?-#1!7-6!0, *#$!1*!-
<1!0); 
• 7!H24*  -<<*'!0-!N%'-6!'!0 0 !6H%4%#*+f ?-#1-; 
• *#6%'#%6 (0:N!4#%#*% !N%'-)*> ;%'%/ ?'-2/%'); 
• GSM (7!?*45#:> 6%4%$!# < 2<6-#!04%##:7 #- #%,! N'*4!-
O%#*%7); 
• <%6* POS -6%'7*#-4!0; 
• SMS (!6N'-01- $!'7-6*'!0-##:f SMS ;%'%/ 7!?*45#:> 
6%4%$!#). 

8<% N%'%;*<4%##:% 1-#-4: $2#1)*!#*'2P6 0 '%O*7% on-line 
0 %H*#!7 *#$!'7-)*!##!7 N'!<6'-#<60% <*<6%7: (14*%#6:, N!-
<6-0M*1* 2<42,, 4*)%0:% <;%6-, /-H!4O%##!<6*, H!127%#6:). 

e-M*6- !?7%#- H-##:7* 0 '%O*7% off-line (*7N!'6/h1<N!'6) 
!<2M%<604+%6<+ N'*7%#%#*%7 lcQ. 8/-*7!H%><60*% < 0#%_#*7* 
-06!7-6*/*'!0-##:7* <*<6%7-7* 6-1O% 7!O%6 ?:65 '%-4*/!0-#! 0 
0*H% !#4->#!0:f <%6%0:f <!%H*#%#*> < N'*7%#%#*%7 <!!60%6<6-
02PM%,! 1!#62'- *#$!'7-)*!##!> ?%/!N-<#!<6*. 
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Robust Backward Population Projections  
Made Possible  

D.M. Ediev 
Vienna Institute of Demography of Austrian Academy of Sciences 

Based on formal results for population dynamics under varying 
fertility and mortality, the paper presents a new approach to backward 
population projection. Unlike other methods known from the literature, 
the method presented here is robust and accurate in both the short- and 
long-run. The method and the theory behind it contribute to the knowl-
edge about dynamical populations and may find applications in histori-
cal demography and population reconstructions. 

Population projection backward would have been a useful tool in 
variety of research contexts of historical demography. Unfortunately, 
backward population projections have proven to be a tough problem of 
demography and remained to be an unsolved problem so far. Formally 
speaking, the population projection matrix L  is singular and, therefore, 

usual matrix equation of forward population projection tt LPP =+1   

may not be inversed (
1−L  does not exist to obtain 1

1
+

−= tt PLP ). An 
easy way to overcome this limitation by truncating the projection ma-
trix at last age at reproduction and then inversing the truncated matrix 
does not work either due to instability of the results (Keyfitz 1977). The 
backward population projection turns unstable due to domination of 
oscillations caused by the complex eigenvalues. Greville and Keyfitz 
(1974, Greville 1968, Keyfitz 1977) proposed using a generalized in-
verse to L , which (the inverse) has only three non-zero eigenvalues 
(limiting, thereby, instability of the backward projection, as the spec-
trum of the inverse is ‘cleaned’ from eigenvalues of minor importance). 
This method, however, works only for projection over short intervals, 
because the two remaining complex eigenvalues still dominate the real 
eigenvalue, which should have determined the population dynamics in 
the long-run. 

Because of the overviewed obstacles, demographic literature di-
verged from developing the backward projection as such to indirect 
methods of approximate reconstruction – not projection – of the popu-
lation past from a priori information on population composition and 
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vital events in the past. Notably, the reconstructions based on time se-
ries of vital events also turn unstable when applied in backward direc-
tion. 

As we report here, however, theoretical consideration of general 
population dynamics indicates new possibility to conduct population 
projections backward. The new method originates from the concept of 
dynamically stable population, in which intensity of births is inversely 
proportional to the demographic potential of the newborn, which, in 
turn, is described by a robust backward renewal (e.g., Ediev 2007). We 
begin by presenting the basic backward projection, which – based on 
the dynamical stability assumption – ignores the short-term variations 
of fertility caused by the tempo effect and considers no migration. 
Those are considered in the third section. Finally, we present improve-
ments aimed to offset the projection bias, which may cumulate over the 
long run. The paper is supplemented by a self-sufficient introduction to 
the theory of dynamical stability underlying the projection method. 
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Endogenous Party Platforms: 
“Stochastic” Membership 

Andrei M. Gomberg, Francisco Marhuenda 
and Ignacio Ortuño-Ortín 

Universidad Carlos III de Madrid 
We analyze existence of divergent equilibrium in a model of en-

dogenous party platforms with stochastic parties. The parties proposals 
depend on their membership, while the membership depends both on 
the proposals and the unobserved idiosyncratic preferences of citizens 
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over parties. It is shown that when citizens view the parties as similar, 
apart from their policy proposals (i.e., the party platform is a good pre-
dictor of individual membership decision), the divergent equilibria ex-
ist. 

Implications of the Quota & Voice Reform of the 
IMF: the Aspect of Power*  

Kirill Pogorelskiy 
State University – Higher School of Economics 

In this paper I investigate the results of the recent Quota and 
Voice Reform, adopted by the International Monetary Fund in April 
2008, by means of formal voting power analysis.  

Using classical and preference-based power indices, I demon-
strate that although the relative changes in power of some members are 
basically in line with the stated goals of the Reform (e.g., more voice 
for the low-income countries), the resulting power re-distribution is 
hardly significant, if viewed in absolute terms, meaning that in fact the 
voting power distribution does not change. 

I argue that the main reasons for this situation are first, the cur-
rent distribution of quota shares, which was political rather than eco-
nomical at the time of the IMF creation and has not been re-aligned 
enough since then; and second, the substantially limited ability of the 
Fund to act. The Coleman index (“Power of the body to act”) demon-
strates that under the 85% majority rule and the proposed amendments 
in quota and votes, the Executive Board has severely limited ability to 
pass decisions, which is especially important at the time of reforms (es-
pecially since this particular rule has to be used for any reallocation of 
the quotas to come into force). 
                                                
* The partial financial support from the Decision Choice and Analysis Labora-
tory of the State University – Higher School of Economics is gratefully ac-
knowledged. I am indebted to Fuad Aleskerov for a number of comments and 
suggestions that have greatly improved this paper. I also thank the participants 
of the session “Choice theory”, 1st Russian Economic Congress of the New 
Economic Association, December 7-12, 2009, Moscow, Russia, where I pre-
sented the results of this work.  
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Finally, preference-based power indices, used in this paper, are 
shown to be insightful for the analysis of the (seemingly) unintended 
implications of the Reform, indicating a possible need to explicitly take 
into account existing country groupings in the process of developing 
new proposals for reforming the IMF governing structures. 

Optimal auditing with suppression of corruption 
Alexander Vasin, Pavel Nikolaev, Anton Urazov 

Lomonosov Moscow state University 
Government agencies and large corporations meet similar prob-

lems related to the control of agents dealing with outsiders: citizens 
under audit of the agency or clients of the company. In such interaction 
there typically exists a possibility of collusion. In order to prevent it 
agencies and corporations usually organize hierarchical controlling 
structures. The present paper considers game-theoretic models of such 
structures and examines a problem of their optimal organization. 

One branch of the literature (Chander, Wilde, 1992, Acemoglu, 
Verdier, 2000) considers civil society institutes (independent mass me-
dia and so on) as a main mechanism of corruption revealing. Another 
direction (Vasin, Panova, 2000) studies internal control strategies for 
suppression of corruption in the “principal-agents” framework. The 
latter paper assumes that there is a possibility to hire a sufficient num-
ber of honest auditors for reviewing primary audits. But actually a prin-
cipal typically has very few reliable associates, and their time is a very 
expensive resource. On the other hand, he can employ individuals who 
maximize their utility and behave honestly if this is profitable for them. 

Let us discuss the corresponding model. There is a fixed number 
N  of 0-level agents (taxpayers, citizens under control, clients of insur-
ance companies etc.). For each of them there is a set 0T  of possible ac-
tions, and the correct action *

0 ( )at I  depends on the value of some ran-
dom variable aI  ( [ , ])a min maxI I I∈ . Each action is characterized by its 
cost 0t  for an agent. Random values aI  are independent and identically 
distributed for all agents, and distribution function ( )F I  is a common 
knowledge. Let random factor values be ordered by increasing of the 
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cost *
0 ( )t I  of the correct action. For example, we will consider a tax-

payer with random income I . Then *
0 ( )t I  is a given tax schedule, and 

0 ( )t I  is a tax paid by a taxpayer according to his declaration.  
The principal meets an auditing problem because only a 0-level 

agent observes costlessly his random factor value. In order to ensure 
correct behavior, the principle organizes the hierarchical structure (in-
spection), where agents at the first level check 0-level agents with the 
probability 1 0( )p t . If the audit reveals an incorrect action 0t  instead of 

*
0t  then the 0-level agent has to pay the penalty *

0 0 0( )( ( ))f t I t I−  
where 0 1f > . The cost of each audit at this level is 1c .  

An inspector at the first level can collude with an audited agent. 
In order to prevent corruption, the principal organizes the second level 
audit. The probability of such audit 2 0 1( , )p t t  depends on the reports by 
0- and 1-level agents. At the top level k  the principal and his associ-
ates check reports with the probability 0 1 1( , , , )k kp t t t −… . If an l -level 
audit determines 1l lt t −>  as a correct cost then each r -level agent, 

0,1, , 1r l= … − , concerned with this case, is to pay the penalty 

1( )r l lf t t −− . Thus an inspection strategy P  includes the number k  of 
the levels and the auditing probabilities 1 0 0 1( ), , ( , ),k kp t p t t −… … . The 
penalty coefficients 10 , , kf f −…  and the auditing costs 1, , kc c…  are 
exogenous parameters in this version of the model. 

The problem is to find the optimal inspection strategy that pre-
vents incorrect actions and corruption at every level with minimal au-
diting costs. Below we consider two formal concepts of collusion 
proofness.  

Consider a coalition lC  including some set of 0-level agents and 
all agents at levels 1, , l… , l k< , who may check them. A strategy of 
such coalition is given by functions 0 1( ), ( ), , ( )lt I t I t I…  that determine 
reports at levels 0, ,i l= …  in case of auditing some 0-level agent from 
this coalition.  
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We call strategy P  stable with respect to lC  if the total payoff to 
its members reaches its maximum under the honest behavior, that is 
under 0

*
0 ( ) ( )t I t I= , *

0( ) ( )rt I t I= , 1,r l= … , if agents at the upper le-
vels 1, , 1l k+ … −  behave honestly. 
Proposition 1. Strategy P  is stable with respect to any coalition lC  if 
and only if, for any s l≤  

                        1
0 1

1(·)· · (·)s
s

p p
f f −

… ≥
+ … +

      (*) 

Now under a given strategy P , consider non-cooperative solu-
tion SPE and find out conditions for existence of SPE corresponding to 
honest behavior at all levels 0,1, , 1k… − .  

Consider the case where at each level 1s l≤ −  a deviation at lev-
el 0 was not completely revealed. Under what conditions is mutually 
beneficial collusion possible if at the upper levels all agents behave 
honestly? It is possible if and only if for some *

1 0[ , ( ))l lt t t I−∈  the fol-
lowing system has a solution: 

1 0

1 0

, , )· , 0, , 1
, ·

(
( , )

l l i il i

il l
i l

l l

p t f b f it
t fp tb

l+

+
<

… + < = … −
…

⎧⎪
⎨ >⎪⎩
∑ . 

Here ilb  is a bribe per unit of the covered deviation *
0( ( ) )lt I t−  

that the agent at level i  pays to the l -level inspector. 
Proposition 2. The SPE corresponding to honest behavior exists if and 
only if condition (*) holds for any s k≤ . 

Proceeding from Propositions 1 and 2, we call a strategy P  col-
lusion-proof if it meets condition (*) for any s k≤ . 

Now we find the optimal collusion-proof strategy that minimizes 
the auditing cost. Under honest behavior of agents, this cost is 

max

1 1 2 12 1( ( ( )))( (k k
I

k k
I

c c c cp p p Ip dF−−
<

… + …+ + +∫ , where 

* *( ( ), , ( ))i ip p t I t I= … . 
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Proposition 3. The optimal collusion-proof strategy is to check with 

probabilities 1 1
0

1
ˆp p

f
= = , 0

2 2
0 1

ˆ
fp p

f f
==

+
,  

2 1

0 0
ˆ

s s

s is ip p f f
− −

== ∑ ∑ , 

2, ,s k= … , for any reports 0 1 max, , kt t t−… < . 
We assumed above that all agents who deviated from honest be-

havior are punished under revealing the deviation. Now consider a pos-
sibility of exemption from the punishment for some levels, depending 
on at what level the deviation is revealed. The idea is that agents free of 
the punishment have no incentive to pay bribes. We find out if it is pos-
sible to reduce the auditing costs by means of such exemption. Let 

( ) {0,1 , 1 ,, }lK l −⊂ …  1 ( )l K l− ∈  be the set of levels where the 
agents are punished if the l -level audit reveals deviation. Then collu-
sion with the auditor is possible if and only if there exists a solution 
( 0, ( ))il ib K l≥ ∈  of a system 

1

1
( )

, ( ) ( 1)
( ) \ (, 1)

l i il i

il i

il l l
i K l

f b f i K l K l
b K l Ki

p
lf

b f

p +

+
∈

+ < ∈ ∩ +
∈

⎧
⎪
⎪ <⎨

>
+

⎪
⎪⎩
∑

. 

Proposition 4. For a given scheme of punishment 
( ( ), 0, , 1)K l l k= … −  the SPE corresponding to honest behavior ex-

ists if and only if condition ( 1)

( )

s

i
i K s

i
i K s

p
f

f
∈ −

∈

≥
∑
∑

 holds for any s k≤ . 

Now consider again the problem of auditing costs minimization 
in the wider class of inspection strategies ( , )S K P=  including pun-
ishment scheme K  and auditing probabilities P . The following propo-
sition shows that exemption from the punishment does not reduce au-
diting costs.  
Proposition 5. The optimal collusion-proof strategy in the class S  is to 
punish all revealed deviators ( ( ) {0, , 1}, 1, , )K l l l k= … − = …  and 
use auditing probabilities p̂  determined in Proposition 3. 
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On the optimal salaries of inspectors.  We considered above a 
penalty scheme with exogenously given penalty coefficients if  and the 
penalty proportional to the deviation. In practice the punishment of an 
inspector relates to his salary since the maximal penalty is firing of a 
deviated inspector. Firing is equivalent to the one-shot fine 
( )i alts s α− , where is  is a salary of the inspector per the time of one 

audit, alts  is the alternative salary he can get after firing, 1 δα
δ
−= , δ  

is a discount rate corresponding to this time. Let the cost of auditing at 
level [1, , 1]l k∈ … −  coincide with inspectors salary ls , the cost of 
audit at the top level is kc . Salary ls  determines the maximal penalty 
coefficient max min( ) /( )l altlf s s t tα= − − . Proceeding from Proposi-
tions 3 and 5 that determine the optimal penalty scheme and auditing 
probabilities, we obtain the following problem of the optimal inspection 
organization: 

1 1 1 1

1 2
,.., , ,..,0 0 1 0 1 2 0 1 1

1 min
k k

k
s s f f

k

k k

ss s
f f f f f f f f f

c
− −

−

− −
+ + … + + →

+ + … + + ++ + …
 
under constraints 

max min )( ( )i i altsf t t s α− −≤ , , 11, ki … −= , 
                                 1ˆ ˆ· kNp p M… ≤ , 

where M  is the maximal number of audits by the principal and his as-
sociates per one period (here we assume that each 0-level agent makes 
one action per one period). Now consider an example where taxpayer’s 
income is in the interval [0 ],a mI I∈ . The expected value of income is 

[ ] avgE I I= . A taxpayer with income aI  is to pay tax 0 ( )a at I tI= . De-

note i i altd s s= − . The threshold audit probabilities that induce honest 

behavior are, according to Proposition 3, 1
0

1p̂
f

= , 
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2

0
1
1

0
1

ˆ

l

m i
i
l

m i
i

l

f tI d

f dtI
p

α

α

−

=
−

=

+
=

+

∑

∑
, 2, ,l k= … . Under this auditing strategy the net 

tax revenue depends on ( , 1, 1)id i k= … −  as follows: 

1 1 2 1 1ˆ ˆ ˆ ˆ( ( ( ( ) )avg alt k k alt k kR N tI p d s p cp d s p− −= − + + … + + + … . Con-
sider the results of numerical optimization for this example under the 
following parameters: 1000000mI = $, 400000avgI = $, 0.2t = , 

0 4f = , 100000kc = $, 1N = . Each inspector makes 60 audits per 
year. The alternative salary is 140$ per one audit (that is about 700$ per 
month). Let the annual discount coefficient equal 10%aδ =  ( 570α = ). 
The table below contains, total auditing costs C , the maximal net tax 

revenue R , the share of costs in the gross income C
C R+

, the ratio 

/ minZ C C= , where 
0

alt
min

sC
f

= , the optimal monthly salaries for in-

spections with 3, ,7k = …  levels: 
  3k =  4k =  5k =  6k =  7k =  
R  76 290 76 920 77 223 77 398 77 510 
C  3 710 3 080 2 777 2 602 2 490 

/ ( )C C R+  0.0464 0.0385 0.0347 0.0325 0.0311 

Z  106 88 79 74 71 

1s  4 582 2 861 2 099 1 684 1 430 

2s  18 475 7 988 4 689 3 240 2 473 

3s   22 770 10 699 6 358  4 351 

4s    20 647 12 608 7 738 

5s     25 139 13 846 

6s      24 863 
The given results show that it is possible to provide an honest behavior 
of agents with acceptable auditing costs. Starting with 4-level inspec-
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tion, the optimal auditing costs are less than 4% of the gross tax in-
come. However, the actual costs essentially exceed the lower estimate. 
The next model shows that it is possible to reduce the number of levels 
in the hierarchy and auditing costs by allowing agents to send secret 
signals about their bribery. 
An alternative collusion-proof mechanisms with low auditing costs. 
Consider another model of inspection organization where each agent at 
level 1, , 1k… −  may send a secret signal about bribing. Formally a 
strategy of s -level inspector includes value sI , 1s sI I I −≥ ≥ , of re-
vealed parameter and {0,1}sm ∈  where 1sm =  means sending a secret 
signal to the top level about bribing in the inspection process. The pun-
ishment rule is as in the previous case except for that every agent who 
sent a signal is free from the penalty. Consider a 3-level inspection with 

the following auditing probabilities ( )P ε : 1
0

1p
f

= , 0
2

0 1

m

m

fp
f

tI
tI dα

=
+

, 

3 1 2( , ) 0p m m ε= >  if there is no signal and 3 1 2( , ) 1p m m ε= −  if there 
is a signal about bribing: 1 2max( , ) 1m m = . 
Proposition 6. For any sufficiently small 0ε >  for the given strategy 

( )P ε  there exists a unique SPE in the game of agents. At this equilib-
rium, every 0-level agent chooses honest behavior strategy *( )t I , and 
each 1- or 2-level inspector sends a signal under bribing.  The equilib-
rium is stable with respect to any coalition of 0- and 1-level agents. 
For the given example, the auditing costs for this strategy are 

0
1

0
2

0 1

1 ( ( ) ( ))m
a alt

m
lt

f tId s d O
f f tI d

s ε
α

+ + +
+

+ . The optimal salaries of 

inspectors at the both levels coincide with the alternative income (700$) 
per month, the part of the cost that does not depend on ε  is equal to 70 
while the gross income is 80 000. Evaluation of probability ε  that is 
necessary in practice for the support of honest behavior is a special 
problem.  
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4+PM-+ <!?!> '-/?*%#*% 7#!O%<60- *,'!1!0 #- m  1!-4*)*> '-0-
#!,! '-/7%'- m1 , +04+%6<+ S I. 

jH#-1!, 0 N%'%;*<4%##:f *<<4%H!0-#*+f N'%HN!4-,-%6<+, 
;6! $2#1)*+ 0:*,':_- !H*#-1!0- H4+ 0<%f *,'!1!0. [!,H- 1-1 0 
'%-45#!> O*/#* 7!O#! #-?4PH-65 7#!O%<60! N'*7%'!0, N!H60%'-
OH-PM*f, ;6! N'%HN!;6%#*+ *,'!1!0 < !H*#-1!0!> *H%-45#!> 6!;-
1!> 7!,26 <2M%<60%##! !64*;-65<+. K!0*/#- H-##!> '-?!6: /--
14P;-%6<+ 0 N'%HN!4!O%#** ! #%!H#!6*N#!<6* *,'!1!0: 1 !<#!0-
#!72 7#!O%<602 *,'!1!0 < $2#1)*%> 0:*,':_- 

( ) ( )2
11 ,, xPrPrxU −−= α  H!?-04+P6<+ *,'!1* #!0!,! 6*N- < 

$2#1)*%> ( ) ( )2
22 ,, xPrPrxU −−= α , 1!6!':% 6-1O%, 1-1 * *,'!1* 

!<#!0#!,! 6*N-, '-0#!7%'#! '-<N'%H%4%#: N! *H%-45#:7 6!;1-7 
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λ , N'* 1!6!':f 1!-4*)*!##-+ <6'2162'- mK , +04+0_-+<+ S I 0 
*<f!H#!> N!N24+)**, !<6-%6<+ S I N'* N!+04%#** *,'!1!0 #!0!,! 
6*N-. [-1O% *<<4%H!0-# 0!N'!<, 1-1*% 2<6!>;*0:% <6'2162': 7!-
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S I. 8 h6!7 <42;-% N!7*7! <!07%<6#:f 1!-4*)*>, <!<6!+M*f */ 
*,'!1!0 !?!*f 6*N!0, !?'-/2P6<+ 0#26'%##*% 1!-4*)**, <!<6!+-
M*% */ *,'!1!0 < ??45_*7 /#-;%#*%7 N-'-7%6'- α  (6! %<65 +0-
4+PM*f<+ ??45_*7* *#H*0*H2-4*<6-7*). 
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W. d. B%'7%>%'- H4+ *,': 14-<<- B2 < H!N!4#*6%45#:7 N'%HN!4!-
O%#*%7 ! N!4#!> *#$!'7*'!0-##!<6* *,'!1!0. 8 7!H%4* N'*7%-
#+P6<+ N'*#)*N: N'*#2OH%#*+ * N!?2OH%#*+, N!H'!?#! */4!-
O%##:% 0 [2].  

 -OH:> */ 0:_%21-/-##:f 0*H!0 N!H12N- f-'-16%'*/2%6<+ 
N-'-7%6'-7* !O*H-%7!> h$$%16*0#!<6* N!H12N-: '-/7%'!7 #-4!-
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1 #-4!,!0!> <6-01%) H! 0.05, 0:*,':_ 8%H2M%,! 20%4*;*0-%6<+ #- 
61% N! <'-0#%#*P <! <'%H#*7.  Q'* 27%#5_%#** h$$%16*0#!<6%> 
N!H12N- (N'*7%#*6%45#! 1 10!6*'!0-#*P) H! 0.05, 0:*,':_ 8%-
H2M%,! 27%#5_-%6<+ #- 67% N! <'-0#%#*P <! <'%H#*7. 8:*,':_* 
8%H!7!,! 27%#5_-P6<+ <!!60%6<60%##! #- 348,9% * 465,1% N! 
<'-0#%#*P <! <'%H#*7 /#-;%#*%7. 

2) Q'* */7%#%#** h$$%16*0#!<6%> N!H12N- (N'*7%#*6%45#! 1 
#-4!,!0!> <6-01%) H! 0.65, 0:*,':_ 8%H2M%,! 27%#5_-%6<+ #- 
12,2% N! <'-0#%#*P <! <'%H#*7 /#-;%#*%7. Q'* */7%#%#** h$-
$%16*0#!<6%> N!H12N- (N'*7%#*6%45#! 1 10!6*'!0-#*P) H! 0.65, 
0:*,':_ 8%H2M%,! 20%4*;*0-%6<+ #- 24,5%. 8:*,':_* 8%H!7!,! 
<!!60%6<60%##! 20%4*;*0-P6<+ #- 116% * 348% N! <'-0#%#*P <! 
<'%H#*7 /#-;%#*%7. 
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3) Q'* */7%#%#** h$$%16*0#!<6%> N!H12N- (N'*7%#*6%45#! 1 
#-4!,!0!> <6-01%) H! 1.25, 0:*,':_ 8%H2M%,! 20%4*;*0-%6<+ <!-
!60%6<60%##! #- 92% * 43% N! <'-0#%#*P <! <'%H#*7 /#-;%#*%7. 
Q'* */7%#%#** h$$%16*0#!<6%> N!H12N- (N'*7%#*6%45#! 1 10!6*-
'!0-#*P) H! 0.65, 0:*,':_ 8%H2M%,! 20%4*;*0-%6<+ #- 24,5%. 
8:*,':_* 8%H!7!,! <!!60%6<60%##! 20%4*;*0-P6<+ #- 163% * 
163,2% N! <'-0#%#*P <! <'%H#*7 /#-;%#*%7. 

Z7<,3(<03( 
1. G%#*#  .X., C,!45#*)1*> B.E. [%!'%6*1!-*,'!0-+ 7!H%45 1!''2N-

)** 0 <*<6%7-f *%'-'f*;%<1!,! 2N'-04%#*+. // X/0%<6*+ IEK. [%!'*+ * 
<*<6%7: 2N'-04%#*+. 2010. q1. S.156-162. 

2. C,!45#*)1*> B.E. [%!'%6*1!-*,'!0:% N'*#)*N: !N6*7-45#!<6* 
*%'-'f*;%<1!,! 2N'-04%#*+ 2<6!>;*0:7 '-/0*6*%7 // X/0%<6*+ IEK. 
[%!'*+ * <*<6%7: 2N'-04%#*+. 2005. q4. S.72-78. 

`9,&<3"22L; $<3(<,D7E,$&7; <,(<3 –  
7D3"<,V27E,$&(* $3,/( /9* 8"//,3.&7 8372*<7* 

3,],27;  
O.E. Y*'1!0 

W1??=%?34f 434O']=f -1?FO4+?T9'))1% ?6Fj*Q 
[+= C+'&=O')T' WS, :1?394 

l4%16'!##:> <6'-6%,*;%<1*> 6%-6' <!/H-# H4+ N!HH%'O1* 
N'!0%H%#*+7 !',-#*/-)*!##!-7:<4%H%+6%45#!<6#:f *,'. X#6%4-
4%16#-+ <'%H- 6%-6'- *#0-'*-#6#- 1 N'%H7%6#!> !?4-<6*. 8 h4%1-
6'!##!> !?!4!;1% N!HH%'O1* N'*#+6*+ '%_%#*> !<2M%<604%# 
<*#6%/ N'!)%<<- -#-4*/- <4-?!<6'2162'*'!0-##!> N'!?4%7#!> 
<*62-)** 4%0:7 * N'-0:7 N!42_-'*+7* ,!4!0#!,! 7!/,-. G4+ 1--
;%<60%##!> !)%#1* 0-'*-#6!0 '%_%#*+ N'!?4%-7#!> <*62-)** 
N'*7%#%#- *#6%'-16*0#-+ 0*/2-4*/-)*+ < *<N!45/!0-#*%7 <N%)*-
-45#!,! N'!,'-77#!,! !?%<N%;%#*+ N!HH%'O1* 7:<4%H%+6%45#!-
<6* – brainware. Q'* h6!7 0 1!7-#H% *,'!1!0 H!<6*,-%6<+ h$$%16 
*#<->6-. [%f#!4!,* h4%16'!##!,! <6'-6%,*;%<1!,! 6%-6'- '-/'-?!-
6-#: H4+ !<#-M%#*+ -#-4*6*;%<1*f * <*62-)*!##:f )%#6'!0.  

I-/'-?!61- *##!0-)*!##!> <'%H: lS[ 0:/0-#- 1'*/*<!7 
6'-H*)*!#-#:f h1!#!7*1!- 7-6%7-6*;%<1*f 7%6!H!0 * N!Hf!H!0 
6.#. *#$!'7-6*1*, ?-/*'2PM*f<+ #- N-'-H*,7-45#! 2<6-'%0M*f 
N!#+6*+f - 6*N- -#-4*/- H-##:f, <*<6%7#!,! -#-4*/- * H', '-/'--
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?!6-##:f 0 N%'*!H 1*?%'#%6*;%<1!,! ?27- H4+ 6%f#*;%<1*f <*<-
6%7., 1!6!':% #% !6'-O-P6 0<%,! 7#!,!!?'-/*+ <4-?!<6'2162'*-
'!0-##!> N'!?4%7#!> <*62-)** * N'!)%<<!0 N'!*<f!H+M*f 0 '%-
-45#!> <!)*-45#!> H%><60*6%45#!<6*.  

S1!'!<65 * ,42?*#- '-<<7!6'%#*+ *,'!0!> <*62-)** 0! 7#!-
,!7 /-0*<*6 * !6 <N!<!?- %U N'%H<6-04%#*+. X#6%'-16*0#-+ 0*/2--
4*/-)*+ * 1!,#*6*0#-+ ,'-$*1- 0! 7#!,! '-/ 2<1!'+%6 * #- H'2,!7 
1-;%<60%##!7 2'!0#% N'%H<6-04+%6 0!/7!O#!<65 !<7:<4%#*+ <*-
62-)** ,'2NN!> N!45/!0-6%4%>. K! N'* ,'2NN!0!7 N!45/!0-6%4%, 
1-1 * 0 2;%?#!> ,'2NN%, '-/H%4%#*% *#H*0*H227!0 #- N'-0!- * 4%-
0!- N!42_-'#:f <!/H-%6 !N'%H%4%##:%, %MU <4-?! */2;%##:% 
6'2H#!<6* ,'2NN!0!,! 0/-*7!H%><60*+ 0 N'!)%<<- 1!44%16*0#!,! 
<*#6%/-, -#-4*/-, !)%#1* * N'*#+6*+ '%_%#*>.  

jN'%H%4%##:% <4!O#!<6* 0!/#*1-P6 * N'* *<N!45/!0-#** 
#- '-/4*;#:f h6-N-f <)%#-'*+ *,'!6%f#*;%<1!,! N'!)%<<-, *<-
N!45/!0-#*% 6%f *4* *#:f 7-6%7-6*;%<1*f 7%6!H!0 -#-4*/- * 
!)%#1* <*62-)** '-/#!N'!$*45#!> 1!7-#H!> h1<N%'6!0-
-#-4*6*1!0. 8 #-<6!+M%% 0'%7+ '-/'-?!6-# !N:6#:> !?'-/%) <%-
6%0!> 0%'<** N'!,'-77#!,! !?%<N%;%#*+ H4+ ,'2NN!0!> N!HH%'O-
1* <62H*>#:f 6%f#!4!,*> lG[ < h',!H*/->#%'<1*7 *#6%'$%><!7 
* !6H%45#:7* '-?!;*7* 7%<6-7* '%O*<<%'- * *,'!6%f#*1- <%-#<-, 
- 6-1O% h4%16'!##:> <6!4 ,'2NN!0!,! 0/-*7!H%><60*+ h1<N%'6!0-
-#-4*6*1!0 #- h1'-#% 1!44%16*0#!,! N!45/!0-#*+.  

[%f#!4!,**  lS[ !'*%#6*'!0-#: #- 1-;%<60%##:> -#-4*/ 
N'!?4%7#!> <*62-)** < *<N!45/!0-#*%7 '+H- */0%<6#:f * *##!-
0-)*!##:f 7%6!H!0 !)%#1* <4-?!<6'2162'*'!0-##!> N'!?4%7#!> 
<*62-)**: 7%6!H -#-4*/- *%'-'f*>, #%>'!##:% <%6*, 1!,#*6*0#:% 
,'-$: <*#6%/*'!0-##:% < ,%#%6*;%<1*7* -4,!'*67-7*, *#6%'-1-
6*0#:> 7%6!H <!/H-#*+ 0*'62-45#:f 1-'6!$!#!0, ,H% -4,!'*67*-
;%<1* #% <0+/-##:% 7%OH2 <!?!> N!1-/-6%4* 7!O#! -#-4*/*'!0-65 
N! N'*#)*N2 “<-N!,* < N*'!,-7*” * 6.H. 

l4%7%#6: 6%f#!4!,** lG[ N'!f!H*4* -N'!?-)** N'* '%_%-
#** '+H- N'!?4%7#:f <*62-)*> * <N%)*-45#:f N'!,'-77, - !N:6-
#:> !?'-/%) 7!H%4*'2PM%,! <6%#H- '-/0%'#26 0 X#$!'7-)*!##!-
7%6!H*;%<1!7 )%#6'% 6%f#!4!,*> ,!<2H-'<6 

  0%##!,! * 72#*)*N-45#!,! 2N'-04%#*+ IEBS.  
     K-_ -H'%<-: www. e-theatre.ru (zc89@mail.ru). 
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Z7<,3(<03( 
1. Y*'1!0 j.E.,  2'#!<!0 W.8., Q!42H%##:> K.K. X#6%'-16*0#!-

-#-4*6*;%<1-+ <'%H- ,'2NN!0!> N!HH%'O1* '-/'-?!61* 2N'-04%#;%<1*f 
'%_%#*>. Z%H%'-45#!% -,%#6<60! N! !?'-/!0-#*P, ”j6'-<4%0!> $!#H 
-4,!'*67!0 * N'!,'-77”. S0*H%6%45<60! !? !6'-<4%0!> '%,*<6'-)** '-/-
'-?!61* 9658, X#0.q50200800031  !H 8K[Xc 303024050320. j6 
21.12.2007 www.ofap.ru 

M9(=", +(2780973"'(27, 837 D"9"$"'(277*  
G.S.  -'-?%1+#1,8.X. `12?-2 

1H1?FO4+?T9'))Q% e)=9'+?=T'T .Q?P4f x3164 k31)1]=3= 
2$)?T=TFT C+1*6'] e[+496')=f W1??=%?31%  34O']== "4F3 

I-/4*;-P6 #%<1!451! !<#!0#:f 6*N!0 7-#*N24*'!0-#*+ N'* 
,!4!<!0-#**: 7-#*N24*'!0-#*% <! <6!'!#: 2;-<6#*1- ,!4!<!0--
#*+, <! <6!'!#: !',-#*/-6!'- ,!4!<!0-#*+ * !H#!0'%7%##!% 7-#*-
N24*'!0-#*% 1-1 <! <6!'!#: 2;-<6#*1!0 ,!4!<!0-#*+, 6-1 * <! <6!-
'!#: !',-#*/-6!'!0. @-#*N24*'!0-#*% <! <6!'!#: !',-#*/-6!'!0 
,!4!<!0-#*+ /-14P;-%6<+ 0 0:?!'% 7%f-#*/7- N'*#+6*+ '%_%#*>, 
1!6!':> N'* /-H-##:f *<6*##:f N'%HN!;6%#*+f 2;-<6#*1!0 N'*-
0%H%6 1 42;_%72 H4+ !',-#*/-6!'- 1!44%16*0#!72 *<f!H2. jH#-1! 
/-;-<62P h6!6 6*N 7-#*N24*'!0-#*+ /-N'%M%# /-1!#!H-6%45#! - 
7#!,*% N'!)%H2': ,!4!<!0-#*+ */#-;-45#! /-1'%N4%#: 0 <!!60%6-
<602PM*f /-1!#-f, '%,24*'2PM*f N'-0*4- N'*#+6*+ '%_%#*>. 
X7%##! N!h6!72 7-#*N24*'!0-#*% <! <6!'!#: 2;-<6#*1!0 ,!4!<!-
0-#*+ +04+%6<+ <-7:7 '-<N'!<6'-#%##:7 0*H!7 7-#*N24*'!0--
#*+. I-/4*;-P6 H0- !<#!0#:f 6*N- 6-1!,! 7-#*N24*'!0-#*+: *#-
H*0*H2-45#!% * 1!-4*)*!##!%. K-_ -#-4*/ 4%O*6 0 '-71-f N%'0!> 
1!#)%N)** - *#H*0*H2-45#!,! 7-#*N24*'!0-#*+ N'* ,!4!<!0-#**. 

l6!6 6*N 7-#*N24*'!0-#*+ +04+%6<+ !H#*7 */ <-7:f *<<4%-
H!0-##:f < 6%!'%6*;%<1!> 6!;1* /'%#*+. 8 #-;-4% 1970-f ,!H!0 
B*??-'H!7 * S-66%'62h>6!7 (Gibbard 1973, Satterthwaite 1975) #%-
/-0*<*7! ?:4 N!42;%# '%/2456-6, N!1-/:0-PM*> #%0!/7!O#!<65 
/-M*6: !6 *#H*0*H2-45#!,! 7-#*N24*'!0-#*+ H4+ <42;-+ !H#!-
/#-;#!,! 0:?!'- .  E#-4!,*;#:> '%/2456-6 H4+ <42;-+ 7#!O%<6-
                                                
* I-?!6- ;-<6*;#! N!HH%'O-#- K-2;#:7 Z!#H!7 BC-8bl B'-#6 q 10-
04-0030 * IZZX B'-#6 q q 08-01-00039E. 
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0%##!,! 0:?!'- ?:4 N!42;%# 0  1990-f ,!H-f G2,,-#!7 * b0-')%7 
(Duggan, Schwartz 2000). 8 h6! O% 0'%7+ 0 <0+/* < '-/0*6*%7 1!7-
N5P6%'#!> 6%f#*1* <6-4 0!/7!O#:7 !60%6 #- 0:6%1-PM*> */ h6*f 
6%!'%7 0!N'!<: #-<1!451! 7-#*N24*'2%7: */0%<6#:% N'!)%H2': 
N'*#+6*+ '%_%#*>.  j<#!0#-+ N'!?4%7- <!<6!*6 0 6!7, ;6! H4+ 
-#-4*/- <6%N%#* 7-#*N24*'2%7!<6* 0 2<4!0*+f 7#!O%<60%##!,! 
0:?!'- #%!?f!H*7! N!<6'!*65 N'%HN!;6%#*+ 2;-<6#*1!0 ,!4!<!-
0-#*+ #- 7#!O%<60-f -456%'#-6*0. I-#%% 0 0:;*<4%#*+f N'*7%#+-
4*<5 7%6!H: 2<6'-#%#*+ #%<'-0#*7!<6* - H!N!4#*6%45#:% N'%HN!-
<:41*, 1!6!':% N!/0!4+P6 N!42;*65 !H#!/#-;#:> 0:?!' */ 7#!-
O%<60%##!,! (#-N'*7%', -4$-0*6#:> N!'+H!1).  [-1*7 !?'-/!7 
N'!*/0!H*4-<5 !)%#1- 7-#*N24*'2%7!<6* 0 '-?!6-f  %44* (Kelly 
1993) * E4%<1%'!0-,  2'?-#!0- (Aleskerov, Kurbanov 1999). 

8 '-?!6%  -'-?%1+#- (2009) */2;%#: 7%6!H: N!<6'!%#*+ 
'-<_*'%##:f N'%HN!;6%#*>. X<f!H+ */ H-##!> '-?!6: 7!O#! 0:-
H%4*65 N!#+6*+ <*45#!,! * <4-?!,! 7-#*N24*'!0-#*+. 8 N%'0!7 
<42;-% N!42;%##:% '-<_*'%##:% N'%HN!;6%#*+ +04+P6<+ 4*#%>-
#:7 N!'+H1!7. G4+ <4-?!,! 7-#*N24*'!0-#*+ */0%<6#: 4*_5 #%-
1!6!':% <!!6#!_%#*+ 7%OH2 #-?!'-7* -456%'#-6*0. S42;-> <*45-
#!,! 7-#*N24*'!0-#*+ 0 2<4!0*+f 7#!O%<60%##!,! 0:?!'- ?:4 
'-/!?'-# 0 '-?!6% E4%<1%'!0-,  -'-?%1+#-, S-#0%'- * `12?: 
(2009) H4+ N+6* !<#!0#:f N'-0*4 N'*#+6*+ '%_%#*>.  8 H-##!7 
H!14-H% N4-#*'2%6<+ '-<<7!6'%65 N!#+6*% <4-?!,! 7-#*N24*'!0--
#*+ N'* ,!4!<!0-#**.  

Z7<,3(<03( 
1. E4%<1%'!0 Z.[., G.S.  -'-?%1+#, I.@. S-#0%' * 8.X. `12?- (2009) 

"j)%#1- <6%N%#* 7-#*N24*'2%7!<6* */0%<6#:f <f%7 -,'%,*'!0-#*+ 0 
2<4!0*+f 7#!O%<60%##!,! 0:?!'-", lF+)46 "191% k31)1]=V'?31%  ??1-
8=48==. [. 1. q 1. C. 37—61 

2.  -'-?%1+# G.S. (2009) "j '-<_*'%##:f N'%HN!;6%#*+f 0 /-H-;% 7--
#*N24*'!0-#*+ N'* ,!4!<!0-#**", k31)1]=V'?3=% jF+)46 .xk, [.13 q1 
< 19-34 

3. Aleskerov, F. and E., Kurbanov (1999) "Degree of manipulability of so-
cial choice procedures", Current trends in economics: theory and applications 
: proceedings of the third international meeting of the Society for the Ad-
vancement of Economic Theory, pp. 13-27 

4. Duggan J. and T. Schwartz (2000), "Strategic manipulability without re-
soluteness or shared beliefs: Gibbard–Satterthwaite generalized", Social 
Choice and Welfare, Vol. 17, pp. 85–93. 
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5. Kelly, J. (1993) "Almost all social choice rules are highly manipulable, 
but few aren't", Social Choice and Welfare, Vol.10 

6. Gibbard A (1973): "Manipulation of voting schemes" // Econometrica 
41: 587-601 

7. Satterthwaite M (1975): "Strategy-proofness and Arrow's conditions: ex-
istence and correspondence theorems for voting procedures and social welfare 
functions" // Journal of Economic Theory 10: 187-217 

S&$7"+(<7E,$&7; (2(97U "3/72(9?2LV +"/,9,; 
$7$<,+ 83"8"367"2(9?2"D" 83,/$<('7<,9?$<'(*  

E.8.  -'N!0 
H1?FO4+?T9'))Q% e)=9'+?=T'T – .Q?P4f x3164 k31)1]=3= 

Z2#H-7%#6-45#:% *<<4%H!0-#*+ <*<6%7 N'!N!')*!#-45#!,! 
N'%H<6-0*6%45<60- ?:4* N'!*/0%H%#: #% 0 6%'7*#-f '-)*!#-45#!-
,! 0:?!'-. Q'%HN!;6%#*+ #% *,'-P6 #*1-1!> '!4*. Q!<6'!%#*% 
-1<*!7-6*1* <*<6%7 N'!N!')*!#-45#!,! N'%H<6-0*6%45<60-, 1!6!-
'-+ 014P;-4- ?: !N*<-#*% <*<6%7 N'!N!')*!#-45#!,! N'%H<6-0*-
6%45<60- 0 6%'7*#-f '-)*!#-45#!,! 0:?!'- +04+%6<+ <!0'%7%##:7 
'-/0*6*%7 7!H%4%> !N*<-#*+ <*<6%7 N'!N!')*!#-45#!,! N'%H<6--
0*6%45<60-. 

8 '-?!6% N!1-/-#- #%0!/7!O#!<65 <!/H-#*+ N'!)%H2': N'!-
N!')*!#-45#!,! N'%H<6-0*6%45<60-, 2H!04%60!'+PM%> #%1!6!':7 
<0!><60-7 '-)*!#-45#!,! 0:?!'-. 

8:?!'#:> !',-# */?*'-%6<+ N26%7 ,!4!<!0-#*+ /- N-'6**. 
 -OH:> */?*'-6%45 */ 7#!O%<60- N ( nN = ) f-'-16%'*/2%6<+ 
N'%HN!;6%#*+7*, N'%H<6-0*7:7* 4*#%>#:7 N!'+H1!7 P #- 7#!-
O%<60% N-'6*> A ( kA = ). K%1!6!'!% N'-0*4! H!4O#! '-<N'%H%-

4*65 S 7%<6 0 N-'4-7%#6%, ?2H%7 <;*6-65, ;6! kAS => . @#!O%-
<60! 2;-<6#*1!0, H4+ 1!6!':f -456%'#-6*0- x +04+%6<+ ?!4%% N'%H-
N!;6*6%45#!>, ;%7 -456%'#-6*0- y ( ){ }iPyxNiPyxV ∈∈= ,|),,(

r
. 

Q'!)%H2'- N'!N!')*!#-45#!,! N'%H<6-0*6%45<60- f-'-16%'*/2%6<+ 
$2#1)*%> 0:?!'-: { }),,(|),,( SAPFyySAPC

rr
∈= . 8:?!' 6-1O% 

                                                
* I-?!6- ;-<6*;#! N!HH%'O-#- K-2;#:7 Z!#H!7 BC-8bl. B'-#6 “C;*-
6%45-C;%#*1*” 2010-2011 q 10-04-0030. 
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f-'-16%'*/2%6<+ 1-1 0%16!' ( )ksss ,...,, 21 , ,H% 

))Im(),,(( jj xSAPCcards ∩=
r

. 
M'";$<'( $7$<,+ 83"8"367"2(9?2"D" 83,/$<('7<,9?$<'( 

1 K%/-0*<*7!<65 !6 N!<6!'!##*f -456%'#-6*0. 
),,(),,(),,( SAPCsJPCsJPC

Jj
j

Jj
j

rrr
=∪ ∑∑

∈∈

. 

2 ]H*#!,4-<*% 
]<4* NPyxV =),,(

r
, 6! yx ss ≥ . 

3. @!#!6!##!<65 
]<4* )',,(),,( PyxVPyxV

rr
⊂ , 6! xx ss '≤ , yy ss '≥  

4. K%#-0+/-##!<65 
( )SAPCCPACNSA s ,,:,,
rr

=∃∈∀∀  
5. E#!#*7#!<65 
8:?!' #% /-0*<*6 *#H%1<- 2;-<6#*1- i  0 N'!$*4% P

r
. 

6. K%>6'-45#!<65 
8:?!' !<#!0:0-%6<+ 6!451! #- N'%HN!;6%#*+f * #% /-0*<*6 

!6 H'2,*f f-'-16%'*<6*1 -456%'#-6*0:. 
^,"3,+( 1 (" 2,'"U+".2"$<7) 
G4+ n { 3 * ( )) 4card A ≥  #% <2M%<602%6 N'!)%H2', !H#!0'%-

7%##! 2H!04%60!'+PM*7 <0!><60-7 7!#!6!##!<6*, -#!#*7#!<6*, 
#%>6'-45#!<6*. 

G!1-/-6%45<60!. 
I-<<7!6'*7 N'!$*45 H4+ { }3, , ,n A x y z= = . 

x y z

y z x

z x y

 

I-<<7!6'*7 'P
r

, 0 1!6!'!7 -456%'#-6*0- y <6!*6 #- 7%<6% z, 
6!,H-  

( , , ) ( , , ')V y x P V y x P⊂
r r

. 
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X/ <0!><60- 7!#!6!##!<6* <4%H2%6 'x xs s≥  * 'y ys s≤ . S!-
,4-<#! #%>6'-45#!<6* N'%H<6-0*6%45<60! H!4O#! <!f'-#*65<+ #%-
/-0*<*7! !6 #-/0-#*> -456%'#-6*0 'z ys s= . X/ h6!,! <4%H2%6, ;6! 

y zs s≤ . E#-4!,*;#! N!42;*7 x ys s≤  * z xs s≤ . [-1*7 !?'-/!7 

z y x zs s s s≥ ≥ ≥ , ;6! N'*0!H*6 1 z y xs s s= = . l6! 2<4!0*% #%0:-
N!4#*7! N'* S #% 1'-6#!7 3.A 

 "/,973"'(27, ',3<7&(9?2LV X55,&<"' 
&"2&03,2677 ' 7,3(3V7E,$&7V $7$<,+(V 

B.8.  !4%<#*1 
c9'+?31% -1?FO4+?T9'))Q% F)=9'+?=T'T 

['-H*)*!##:% *<<4%H!0-#*+ 1!#12'%#)** 0 <!)*-45#!-
h1!#!7*;%<1*f <*<6%7-f <!<'%H!6!;*0-P6<+ #- -#-4*/% ]1)131)-
3F+')8==, N'*#*7-+ 0! 0#*7-#*% %H*#<60%##:> N'!)%<< 1!#12-
'%#)** 7%OH2 !H#!6*N#:7* -,%#6-7*. 8 ;-<6#!<6*, 0 7!H%4+f *%-
'-'f*;%<1*f <*<6%7 '-<<7-6'*0-%6<+, 1-1 N'-0*4!, 1!#12'%#)*+ 
7%OH2 -,%#6-7*, #-f!H+M*f<+ #- !H#!7 2'!0#% *%'-'f**.  4-<<*-
;%<1!> 7!H%45P 6-1!,! '!H- +04+%6<+ !4*,!N!4*+ b6-1%45?%',-, 0 
1!6!'!> *<<4%H2%6<+ 1!#12'%#)*+ #- 2'!0#% N!H;*#%##:f h4%7%#-
6!0 (competitive fringe), 6!,H- 1-1 #- 0%'f#%7 2'!0#% *%'-'f** 
N'%HN!4-,-%6<+ #-4*;*% %H*#<60%##!,! h4%7%#6-. 

8 '%-45#:f <*<6%7-f N'!)%<<: 1!#12'%#)** 7!,26 '-/0%'-
6:0-65<+ !H#!0'%7%##! #- #%<1!451*f 2'!0#+f *%'-'f**, <0+/-#-
#:f !6#!_%#*+7* N!H;*#%##!<6*. 8 1-;%<60% N'*7%'- 7!O#! 
N'*0%<6* 2N'-04%#*% 0 *#6%,'*'!0-##:f 1!'N!'-6*0#:f <6'2162-
'-f, 1!,H- '-/4*;#:% <!?<60%##*1* #- 0%'f#%7 2'!0#% *%'-'f** 
1!#12'*'2P6 7%OH2 <!?!> N'* 2N'-04%#** $*'7-7*, 1!6!':% 7!-
,26 1!#12'*'!0-65 #- #*O#%7 2'!0#% *%'-'f**. G'2,*7 N'*7%'!7 
+04+%6<+ #-4!,!0-+ 1!#12'%#)*+, N'* 1!6!'!> '-/4*;#:% P'*<-
H*1)** 1!#12'*'2P6 /- N'*04%;%#*% N'%HN'*+6*>, 1!6!':%, 0 
<0!P !;%'%H5, 1!#12'*'2P6 #- 4!1-45#:f ':#1-f N'!H21)** *4* 
2<42,. 

8 6-1*f <*<6%7-f 7!O#! N'%HN!4-,-65 0!/#*1#!0%#*% 9'+-
T=3467)Qg ^ii'3T19 31)3F+')8==, /-14P;-PM*f<+ 0 6!7, ;6! #--
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4*;*% 1!#12'%#)** #- #%1!6!'!7 2'!0#% *%'-'f** ?2H%6 */7%#+65 
0/-*7!!6#!_%#*+ 7%OH2 -,%#6-7* #- H'2,*f 2'!0#+f. G4+ *<<4%-
H!0-#*+ H-##:f h$$%16!0 #%!?f!H*7! '-<<7-6'*0-65 7!H%4* [1-
6=31)3F+')T)Qg ?=?T'], N!/0!4+PM*% -#-4*/*'!0-65 h$$%16: 
!H#!0'%7%##!,! N'!6%1-#*+ N'!)%<<!0 1!#12'%#)** #- #%<1!45-
1*f 2'!0#+f *%'-'f**. 

Z!'7-45#! N!4*1!#12'%#6#-+ <*<6%7- 7!O%6 ?:65 !N*<-#- 
<4%H2PM*7 !?'-/!7. I-<<7!6'*7 7#!O%<60! N -,%#6!0, #- 1!6!-
'!7 00%H%#! !6#!_%#*% N!H;*#%##!<6* R, N'%H<6-04+PM%% <!?!> 
<6'!,*> N!'+H!1.  4-<<: h10*0-4%#6#!<6* #- 7#!O%<60% N, N!'!-
OH-%7:% !6#!_%#*%7 R, ?2H%7 !6!OH%<604+65 < 2'!0#+7* *%'-'-
f** 0 '-<<7-6'*0-%7!> <*<6%7%. 

8%'6*1-45#:% <0+/* 7%OH2 '-/4*;#:7* 2'!0#+7* *%'-'f** 
$!'7*'2P6 !',-#*/-)*!##2P <6'2162'2 '-<<7-6'*0-%7!> <*<6%-
7: Θ. @#!O%<60! 0<%0!/7!O#:f !',-#*/-)*!##:f <6'2162' !?!-
/#-;*7 ;%'%/ Ω. 

K- 7#!O%<60% Ω /-H-#! N-'-7%6'*;%<1!% <%7%><60! #%1!!-
N%'-6*0#:f *,' B(Θ), !N*<:0-PM*f 0/-*7!H%><60*+ 7%OH2 -,%#-
6-7* 0 <*<6%7-f < !',-#*/-)*!##:7* <6'2162'-7* Θ ∈ Ω. 

Q!<6-0*7 0 <!!60%6<60*% 1-OH!72 -,%#62 0 '-<<7-6'*0-%7!> 
<*<6%7% N-'2 (i, j), ,H% i – 2'!0%#5 *%'-'f**, 1!6!'!72 N'*#-H4%-
O*6 -,%#6, j – #!7%' -,%#6- #- H-##!7 2'!0#%. @#!O%<60! <6'-6%-
,*> -,%#6- (i, j) !?!/#-;*7 ;%'%/ Aij < h4%7%#6-7* 4ij. S*62-)*+ 0 
*,'% B(Θ) 7!O%6 ?:65 N'%H<6-04%#- 0 0*H% 0%16!'- a '-/7%'#!<6* 
||N||, <!<6!+M%,! */ h4%7%#6!0 4ij.  -OH:> -,%#6 7-1<*7*/*'2%6 
<0!> 1'*6%'*> Wij, /-0*<+M*> !6 <6'-6%,*> 0<%f -,%#6!0 0 <*<6%7% 
* !6 !',-#*/-)*!##!> <6'2162': Θ, 6! %<65 /-H-;-, '%_-%7-+ -,%#-
6!7 (i, j), 7!O%6 ?:65 N'%H<6-04%#- 0 0*H%: 

( ; ) max
ij ij

ij a A
W

∈
→a t . 

j64*;*% *,' B(Θ) !6 14-<<*;%<1!> *%'-'f*;%<1!> *,': <!-
<6!*6 0 6!7, ;6! #- 0:?!' <6'-6%,*> -,%#6-7* #- 0<%f 2'!0#+f *%-
'-'f**, N!7*7! «N'-0*4 *,':», !N'%H%4+%7:f 0%'f#*7* 2'!0#+-
7*, 04*+P6 6-1O% !6#!_%#*+ 1!#12'%#)** < H'2,*7* -,%#6-7* 
h6!,! O% 2'!0#+.  
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I-<<7!6'%#*% H-##!,! 14-<<- *,' N!/0!4+%6 N'!0!H*65 *<-
<4%H!0-#*% 0/-*7#!,! 04*+#*+ N-'-44%45#:f N'!)%<<!0 1!#12-
'%#)**, N'!*<f!H+M*f #- '-/4*;#:f *%'-'f*;%<1*f 2'!0#+f. K--
4*;*% !6#!_%#*> 1!#12'%#)** 7%OH2 -,%#6-7* #- !H#!7 2'!0#% 
*%'-'f** 7!O%6 N'*0!H*65 1 <7+,;%#*P *4* 1 !?!<6'%#*P 1!#12-
'%#)** #- H'2,*f 2'!0#+f, 6.%. 1 9'+T=3467)1]F ['+')1?F 1!#12-
'%#)** 0 <*<6%7%. 

I-<<7-6'*0-%7-+ 7!H%45 N!/0!4+%6 6-1O% '%_-65 /-H-;2 
<*#6%/- !',-#*/-)*!##!> <6'2162': Θ, N!/0!4+PM%> N!42;-65 0 
<*<6%7% '-0#!0%<*+, f-'-16%'*/2%7:% '-/4*;#!> !<6'!6!> 1!#12-
'%#)** #- '-/#:f 2'!0#+f *%'-'f**. 

 "/,9? *'&7 2( 'L="3L $ /'0+* D3088(+7 
'L="3F7&"'. ^,"37* 7 X&$8,37+,2< 

].D. 2H'+0)%0 
:Sc$ 

I-<<7-6'*0-%6<+ !H#!_-,!0-+ *,'- < #%N!4#!> *#$!'7-)*-
%>. ]<65 H0% ,'2NN: *,'!1!0 0 1!4*;%<60% AN  * BN , A BN N< . C 
1-OH!,! *,'!1- %<65 <42;->#:> N'*0-6#:> N-'-7%6' (?!#2<), '-0-
#!7%'#! '-<N'%H%4%##:> #- !6'%/1% [0; ]V , '%-4*/-)*+ 1!6!'!,! 
*/0%<6#- 6!451! %72. X,'!1 H%4-%6 0:?!': 0/+65 ?!#2< *4* H!?--
0*65 !H#! !;1! <0!%> 1!7-#H%.  !7-#H- < ?!45_*7 1!4*;%<60!7 
!;1!0 <;*6-%6<+ N!?%H*6%4%7, < 7%#5_*7 - N'!*,'-0_%>. 8 <42;-% 
'-0%#<60- !;1!0, <;*6-%6<+ #*;5+.  -OH:> *,'!1 N!?%H*0_%> 1!-
7-#H: N!42;-%6 0:*,':_ 0 '-/7%'% H , N'!*,'-0_%> – 
L ( )L H< , 0 <42;-% #*;5* !?% 1!7-#H: N!42;-P6 ( ) / 2H L+ . 
G!N!4#*6%45#! 1 1!7-#H#!72 0:*,':_2 *,'!1 N!42;-%6 ?!#2<, 
%<4* !# <!,4-<*4<+ #- #%,!. G-##2P *,'2 7!O#! 6'-16!0-65 1-1 
7!H%45 +01* #- 0:?!':, ,H% A* B – h4%16!'-6 7%#5_*#<60- * 
?!45_*#<60-  N! N!0%<61% H#+ 0:?!'!0, #-N'*7%', N! */?*'-%7:7 
1-#H*H-6-7. 8%4*;*#: H * L f-'-16%'*/2P6 0:*,':_ ;%4!0%1- 
!6 N!?%H: * !6 N'!*,':_- %,! 1-#H*H-6-. 8%4*;*#- ?!#2<- N!1--
/:0-%6 -456%'#-6*0#:> 0:*,':_, 1!6!':> ;%4!0%1 7!O%6 N!42-
;*65 !6 #%+01* #- 0:?!':, #-N'*7%', !# 7!O%6 N!6'-65 !<0!?!-
H*0_*%<+ 0'%7+ 0 4*;#:f )%4+f. 
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S <%#6+?'+ 2009 ,!H- ?:4 N'!0%HU# '+H h1<N%'*7%#6!0 #- 
?-/% 4-?!'-6!'** h1<N%'*7%#6-45#!> h1!#!7*1* @Z[X * 8c 
IEK. Q'* ?!45_!7 1!4*;%<60% N!06!'%#*> *,'!1* N'*f!H+6 1 *<-
N!45/!0-#*P <6'-6%,*>, 1!6!':7 7!O#! <!N!<6-0*65 !N'%H%4U#-
#:% +01* #- 0:?!':.  -;%<60%##:% <!!6#!_%#*+ 7%OH2 h6*7* +0-
1-7* #-f!H+6<+ 0 <!,4-<** < '-0#!0%<*%7 d->%<--Kh_- [1] (H-4%% 
IdK) 0 <*77%6'*;#:f N!'!,!0:f <6'-6%,*+f. IdK H-U6 !;%#5 ,'2-
?2P 1!4*;%<60%##2P !)%#12 +01* #- 0:?!': * *<N!45/2%7:% 0 
#U7 <6'-6%,** (N!'!,!0:%) #% <!!60%6<602P6 h1<N%'*7%#6-45#:7 
H-##:7, -,'%,*'!0-##:7 N! ,'2NN-7. jH#-1!, <'%H* *#H*0*H2-
-45#:f <6'-6%,*> 7!O#! ;-<6! #-?4PH-65 <6'-6%,**, ?4*/1*% 1 
N!'!,!0:7. 

G4+ H-##!> *,': ?:4! *<<4%H!0-#! 10-#6*45#!% '-0#!0%<*% 
[2] * N'!0%H%#! <!N!<6-04%#*% '%/2456-6!0 <! <6-65U> [3], N!<0+-
MU##!> h6!> 7!H%4*. d:4* N!H60%'OH%#: 0:0!H: ! 6!7, ;6! 10-#-
6*45#!% '-0#!0%<*% H-U6 42;_% !)%#12 +01* #- 0:?!':, ;%7 IdK. 
j;%';%# 1'2, N'!?4%7 <0+/-##:f < *<N!45/!0-#*%7 10-#6*45#!,! 
'-0#!0%<*+. 8 ;-<6#!<6*, $2#1)*!#-45#-+ <0+/5 7%OH2 ?!#2<!7 * 
0%'!+6#!<65P 6!,!, ;6! #- #%,! <!,4-<*6<+ *,'!1, #% <!!60%6<602%6 
h1<N%'*7%#6-45#:7 H-##:7 (#% <f!H*6<+ N-'-7%6' λ ). G-#! !?u-
+<#%#*%, N!;%72 2;-<6#*1-7 H-##!,! h1<N%'*7%#6- ?:4! <4!O#! 
#->6* N!0%H%#*%, !<#!0-##!% #- #-*42;_%7 !60%6% #- N!0%H%#*% 
!<6-45#:f. l6! !N'%H%4+%6<+ <4-?!> /-0*<*7!<65P 0:*,':_- *,-
'!1- !6 %,! <6'-6%,** 0 !1'%<6#!<6* !N6*727-. 

Q'%H4!O%#! N'* -#-4*/% '%/2456-6!0 !'*%#6*'!0-65<+ #- 
N!#+6*% ε-'-0#!0%<*+ 0 14-<<% <7%_-##:f <6'-6%,*> 4!,*<6*;%-
<1!,! 0*H- ( ) 1 / (1 exp( ( )))f x x aλ= + − . 8 h6!7 14-<<% #% <2M%<602-
%6 IdK, N!h6!72 *<N!45/2%6<+ N!#+6*% ε-'-0#!0%<*+ — N'!$*45 
<6'-6%,*>, 0 1!6!'!7 2 *,'!1- /- <;%6 !614!#%#*+ #%6 0!/7!O#!<6* 
242;_*65 !O*H-%7:> 0:*,':_ ?!45_%, ;%7 #- ε . @#!O%<60! 
6-1*f ε-'-0#!0%<*> N!HH-%6<+ +0#!72 !N*<-#*P. X/ '%/2456-6!0 
h1<N%'*7%#6!0 ?:4* N!42;%#: -,'%,*'!0-##:% <6'-6%,** *,'!1!0 
N! ,'2NN-7. @%6!H!7 #-*7%#5_*f 10-H'-6!0 !N'%H%4%#: N-'--
7%6': a * λ , 1!6!':% *7 <!!60%6<602P6, - 6-1O% N!<;*6-#: ε . 
j1-/-4!<5, ;6! N-'-7%6': a  H4+ h1<N%'*7%#6!0 */ N'!0%H%##!> 
<%'** ?:4* ?4*/1* 1 !N6*7-45#:7 a , H-PM*7 7*#*727 ε  H4+ 
H-##:f λ . l6! N!/0!4+%6 260%'OH-65, ;6! ε-'-0#!0%<*% #- 7#!O%-
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<60% 4!,*<6*;%<1*f <7%_-##:f <6'-6%,*> 1-1 7*#*727 #% f2O% 
<!!60%6<602%6  '%/2456-6-7 h1<N%'*7%#6!0 N! 7!H%4* +01* #- 0:-
?!':, ;%7 10-#6*45#!% '-0#!0%<*%. 

Z7<,3(<03( 
1. X. S. @%#5_*1!0 "D%1)** N! 6%!'** *,' * h1!#!7*;%<1!72 7!-

H%4*'!0-#*P", @eN'%<<, 2007. 
2. Richard D. McKelvey and Thomas R. Palfrey "Quantal Response 

Equilibria for Normal Form Games", Games and economic behavior 10, 6-38, 
Academic Press, Inc. 1995. 

3. David K. Levine, UCLA Thomas R. Palfrey, Princeton University 
"The paradox of voter participation? A laboratory study." 

 "/,9? 2(9"D"'LV 83"',3"& ' 0$9"'7*V 
3(U97E2LV 83"*'9,27; &"3308677  

S.b.  27-;U0- 
YC*He 

8 '-71-f 7-6%7-6*;%<1!> 6'-H*)**, /-4!O%##!> '-?!6-7* 
[2], [4], [5], '-<<7-6'*0-%6<+ 6%!'%6*1!-*,'!0-+ 7!H%45 #-4!,!0:f 
N'!0%'!1 < 2;U6!7 0!/7!O#!> 1!''2N)**. 8 %U !<#!0% <!H%'O*6<+ 
*%'-'f*;%<1-+ *,'-, !N*<-##-+ 0 [3]. 8 H-##!> '-?!6% <6'2162'- 
*,': +04+%6<+ 6'Uf2'!0#%0!>: 0%'f#*7 *,'!1!7 *%'-'f** +04+%6<+ 
'21!0!H<60! #-4!,!0:f !',-#!0, <'%H#*7 – N!H;*#U##:> #-4!,!-
0!72 '21!0!H<602 *#<N%16!', 1!6!':> 7!O%6 !1-/-65<+ 1!''2N-
)*!#%'!7, * #*O#*7* *,'!1-7* – n  #-4!,!N4-6%45M*1!0.  -1 * 0 
([1-6]) ?2H%7 N'%HN!4-,-65, ;6! 0/-*7!H%><60*% 7%OH2 '*<1-
#%>6'-45#:7* *,'!1-7* '-/4*;#:f 2'!0#%> *%'-'f** <!!60%6<6-
02%6 <f%7% «N'*#)*N-4--,%#6».  

 -OH:> */ #-4!,!N4-6%45M*1!0 *7%%6 H!f!H ki , ,H% nk ,1= , 
* N! !1!#;-#** #-4!,!0!,! N%'*!H- H%14-'*'2%6 H!f!H kr , N'*;%7 

kk ir ≤  H4+ 4P?!,! nk ,1= . Q2<65 t , π – #-4!,!0-+ * _6'-$#-+ 
<6-01* <!!60%6<60%##!. X/ ;%6:'Uf */0%<6#:f 0-'*-#6!0 _6'-$- 
([1]) H4+ '-<<7!6'%#*+ 0:?'-# N'!N!')*!#-45#:> <!1':6!72 
2'!0#P H!f!H- (6.%. N'* 0:+04%#** 214!#%#*+ k -> #-4!,!N4--
6%45M*1 H!4O%# /-N4-6*65 )()( kk rit −+ π ).   

K-4!,!0:% !',-#: < 0%'!+6#!<65P kp  #-N'-04+P6 *#<N%1-
6!'- H4+ !<2M%<604%#*+ #-4!,!0!> N'!0%'1* <6!*7!<65P k? , 
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nk ,1= , (N'%HN!4-,-%6<+, ;6! !#- h$$%16*0#-, 6.%. !?#-'2O*0-%6 
<!1':6*% '%-45#!,! 2'!0#+ H!f!H-). e- 0/+612 kb  N'!0%'+PM*> 
*#<N%16!' 7!O%6 <!,4-<*65<+ #% *#$!'7*'!0-65 <0!U '21!0!H<60! 
! 0:+04%##!7 #-4!,!0!7 214!#%#**. S 0%'!+6#!<65P kp~  '21!0!-
H<60! #-4!,!0:f !',-#!0 N'!0!H*6 N%'%N'!0%'12 '-?!6: *#<N%1-
6!'-, <6!*7!<65P kc~ , 6!O% -?<!4P6#! h$$%16*0#2P * *<14P;-P-
M2P 0!/7!O#!<65 1!''2N)**. ]<4* 0 '%/2456-6% N%'%N'!0%'1* !?-
#-'2O%#! <!1':6!% *#<N%16!'!7 214!#%#*%, #-4!,!N4-6%45M*1 
N!-N'%O#%72 H!4O%# /-N4-6*65 )()( kk rit −+ π , - *#<N%16!' – 
_6'-$ f . Q'%HN!4-,-%6<+, ;6! $-16 1!''2N)** 0:+0*65 !;%#5 
<4!O#! * *#<N%16!' #-1-/:0-%6<+ 6!451! /- #%H!?'!<!0%<6#2P 
N'!0%'12. 

S )%45P N!*<1- !N6*7-45#:f <6'-6%,*> N!42;%#: 2<4!0*% 
214!#%#*+ k -,! #-4!,!N4-6%45M*1- 
   kkkk tiritp <−+ )()( π   (1) 
* 2<4!0*% #-4*;*+ 0/-*7!0:,!H#!> 0/+61* 
  )())(~1(~

kkkkk ritpbfp −+−<< π .  (2) 
Q'* -#-4*/% 2<4!0*> (1) * (2) '-<<7-6'*0-P6<+ '-/4*;#:%  

<*62-)**, <!;%6-PM*% #-4*;*% *4* !6<26<60*% $-16!0 #-4!,!0!,! 
214!#%#*+ * 1!''2N)** (0:N!4#%#*+ *4* #-'2_%#*+ 2<4!0*> (1) * 
(2)). j6H%45#!,! 0#*7-#*+ /-<42O*0-%6 <42;->, 1!,H- 0/+61- #% 
0:,!H#- #-4!,!N4-6%45M*12, #! 2<6'-*0-%6 *#<N%16!'-, – <42;-> 
0!/7!O#!,! 0:7!,-6%45<60-.  

G4+ 1-OH!> */ 0!/7!O#:f <*62-)*> #->H%#: $2#1)** 0:-
*,':_%> *,'!1!0 * *f !N6*7-45#:% <6'-6%,**. j6H%45#! '-<<7-6-
'*0-%6<+ $-16!' N'%7*'!0-#*+ *#<N%16!'-, 04*+PM*> #- %,! 
<14!##!<65 1 1!''2N)**. 

Z7<,3(<03( 
1. 8-<*# E. E., 8-<*#- Q. E. jN6*7*/-)*+ #-4!,!0!> <*<6%7: 0 2<-

4!0*+f 214!#%#*+ !6 #-4!,!0: '!45 !,'-#*;%#*> #- _6'-$. @!<10-:  !#-
<!')*27 h1!#!7*;%<1*f *<<4%H!0-#*> * !?'-/!0-#*+ (EERC). S%'*+ 
"K-2;#:% H!14-H:". 2002. 

2. 8-<*# E.E., @!'!/!0 8.8. [%!'*+ *,' * 7!H%4* 7-6%7-6*;%<1!> 
h1!#!7*1*. @!<10-: @E SQ'%<<. 2005. 

3.  27-;U0- S.b., Q%6'!<+# D.E. [%!'%6*1!-*,'!0-+ 7!H%45 0/-*7!-
H%><60*+ #-4!,!N4-6%45M*1!0 * #-4!,!0:f !',-#!0 // Q'!)%<<: 2N'-04%-
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#*+ * 2<6!>;*0!<65: ['2H: 40-> 7%OH2#-'!H#!> #-2;#!> 1!#$%'%#)** 
-<N*'-#6!0 * <62H%#6!0. 2009. S. 634 – 637. 

4. Chander P., Wilde L. Corruption in Tax Administration // Journal of 
Public Economics. 1992. V. 74, N3. P. 395 – 430. 

5. Hindriks J., Keen M., Muthoo A. Corruption, Extortion and Evasion // 
Journal of Public Economics. 1999. V. 74, N3. P. 395 – 430. 

 (<,+(<7E,$&(* +"/,9? 2(9"D"'"; &"2&03,2677 
$ 0E,<"+ 2,6,9,'"D" 7$8"9?U"'(27* 5,/,3(9?2LV 

<3(2$5,3<"'  
K.E. D%!#!0- 

c9'+?31% H1?FO4+?T9'))Q% e)=9'+?=T'T 
I%,*!#-45#-+ #-4!,!0-+ 1!#12'%#)*+ 0%H%6<+ 0 2<4!0*+f #--

4!,!0!> * ?PHO%6#!> N!4*6*1*, N'!0!H*7!> $%H%'-45#:7 2'!0-
#%7 04-<6*. 8 <0+/* < h6*7, N'* '-<<7!6'%#** '%,*!#-45#!> #-4!-
,!0!> 1!#12'%#)** #%!?f!H*7! *<<4%H!0-65 6'%f2'!0#%02P <*<-
6%72 «$%H%'-45#-+ 04-<65 – '%,*!#-45#-+ 04-<65 – #-4!,!N4--
6%45M*1» 07%<6! H02f2'!0#%0!> <*<6%7: «04-<65 – #-4!,!N4--
6%45M*1», *<N!45/2%7!> N'* -#-4*/% 7%O,!<2H-'<60%##!> 1!#12-
'%#)**.   

S2M%<60%##!% 04*+#*% #- 2<4!0*+ '%,*!#-45#!> #-4!,!0!> 
1!#12'%#)** !1-/:0-%6 #-4*;*% $%H%'-45#:f 6'-#<$%'6!0, N%'%-
'-<N'%H%4+PM*f ?PHO%6#:% H!f!H: * 6%7 <-7:7 <#*O-PM*f 
/-0*<*7!<65 #-N!4#%#*+ '%,*!#-45#!,! ?PHO%6- !6 <6'-6%,*> '%-
,*!#!0. K! 0 '%-45#!<6* #*/1-+ N'!/'-;#!<65 ?PHO%6#!,! N'!)%<-
<- * 1!''27N*'!0-##!<65 04-<6%> ;-<6! N'*0!H+6 1 #%)%4%0!72 
*<N!45/!0-#*P ?PHO%6#:f <'%H<60 * 1 <#*O%#*P !?M%> h$$%1-
6*0#!<6* 7%f-#*/7- $*#-#<*'!0-#*+ < *<N!45/!0-#*%7 $%H%'-45-
#:f 6'-#<$%'6!0. 8 <0+/* < h6*7 1!4*;%<60! H%#%O#:f <'%H<60, 
0:H%4%##:f 0 0*H% 6'-#<$%'6!0 '%,*!#-7 H4+ 1-1*f-4*?! )%4%>, 
!1-/:0-%6<+ ?!45_%, ;%7 0 1!#%;#!7 *6!,% '%,*!#-45#:% 04-<6* 
/-6'-;*0-P6 #- H!<6*O%#*% h6!> )%4*.  

G4+ -#-4*/- H-##!> <*62-)** #-7* '-<<7!6'%#- 6'%f2'!0#%-
0-+ 7-6%7-6*;%<1-+ 7!H%45 #-4!,!0!> 1!#12'%#)** < 2;%6!7 #%)%-
4%0!,! *<N!45/!0-#*+ $%H%'-45#:f 6'-#<$%'6!0, 2;-<6#*1-7* 
0/-*7!H%><60*+ +04+P6<+ *#0%<6!':, '%,*!#: * $%H%'-45#:> 
2'!0%#5 04-<6*. 
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Z%H%'-45#:% 04-<6* 2<6-#-04*0-P6 !<#!0#:% N-'-7%6': 
#-4!,!0!> N!4*6*1* * 7%O?PHO%6#:f !6#!_%#*>.   #*7 !6#!<+6-
<+: #!'7- '-<M%N4%#*+ <6-01* #-4!,- #- N'*?:45 [ ]max,0 ηη∈ , 
N'%H<6-04+PM-+ <!?!> H!4P !6 !?M%,! #-4!,- #- N'*?:45, N!<62-
N-PM2P 0 $%H%'-45#:> ?PHO%6, - 6-1O% !,'-#*;%#*+ #- <6-01* 
#-4!,- #- N'*?:45 * #-4!,- #- *72M%<60! 0 ;-<6*, /-;*<4+%7!> 0 
?PHO%6 <2?u%16!0 Z%H%'-)**. c%45P $%H%'-45#!,! 2'!0#+ 04-<6* 
+04+%6<+ 7-1<*7*/-)*+ h$$%16*0#!<6* *<N!45/!0-#*+ ?PHO%6#:f 
<'%H<60 * 7*#*7*/-)*+ N!6%'5 6'-#<$%'6!0. 

I%,*!#-45#:% 04-<6* 2<6-#-04*0-P6 <6-01* #-4!,- #- N'*-
?:45 * #-4!,- #- *72M%<60! 0 ;-<6*, /-;*<4+%7!> 0 ?PHO%6 <2?u-
%16!0 Z%H%'-)** ( )()( , q

=]
q

[+ rr ).  c%45 '%,*!#!0 <!<6!*6 0 7-1<*7*/--
)** #-4!,!0:f N!<62N4%#*> 0 ?PHO%6 < 2;%6!7 0!/7!O#:f 6'-#<-
$%'6!0. 

8 2<4!0*+f N!4#!> *#$!'7*'!0-##!<6* ! '%,*!#-45#:f 
<6-01-f #-4!,!0 *#0%<6!': 0:?*'-P6 '%,*!#, 0 1!6!':> !#* 04!-
O-6 <0!* H%#%O#:% <'%H<60- * N!<4% h6!,! N4-6+6 #-4!,* <!,4-<#! 
!N'%H%4%##:7 #- N'%H:H2M*f _-,-f <6-01-7  4*?! !61-/:0-P6<+ 
!6 *#0%<6*'!0-#*+.  

Z%H%'-45#:% !',-#: 04-<6*, <!?'-0 #-4!,* 0 <0!> ?PHO%6,  
'-<N'%H%4+%6 7%OH2 '%,*!#-7* 6'-#<$%'6:, 1!6!':% *7%P6 ?%/-
0!/0'-6#:> f-'-16%'. 8%<5 $%H%'-45#:> ?PHO%6 #-N'-04+%6<+ #- 
6'-#<$%'6: '%,*!#-7, #! H! #*f H!f!H*6 6!451! #%1!6!'-+ ;-<65 

1µ ≤ .  
8 '%/2456-6% *<<4%H!0-#*+ H-##!> 7!H%4* ?:4! N!42;%#!, 

;6! 0 <*<6%7% 0!/7!O#: ;%6:'% 6*N- '-0#!0%<*>: 
- «,!#1- 1 N!0%'f#!<6*» – '-0#!0%<*% < 7-1<*7-45#:7* <6-0-
1-7* #-4!,!0 N'* 2'!0#% 6'-#<$%'6!0, H!<6-6!;#!7 H4+ 0:'-0#*-
0-#*+ '%,*!#-45#:f ?PHO%6!0; 
- «,!#1- 1! H#2» –  '-0#!0%<*% < 7*#*7-45#:7* <6-01-7* #-4!-
,!0; 
- <*77%6'*;#:7* N'!7%O26!;#:7* '-0#!0%<*+7*; 
- #%<*77%6'*;#:7* N'!7%O26!;#:7* '-0#!0%<*+7* < '-/?*%-
#*%7 '%,*!#!0 #- «H!#!':» * «'%)*N*%#6:». 

[-1O% ?:4! H!1-/-#!, ;6! 0 <*62-)**, 1!,H- N!6%'* 6'-#<-
$%'6!0 #% 0%4*1*, < 6!;1* /'%#*+ $%H%'-45#!,! 2'!0#+ 04-<6* 
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7-1<*7-45#-+ h$$%16*0#!<65 *<N!45/!0-#*+ ?PHO%6#:f <'%H<60 
H!<6*,-%6<+, 1!,H- H!4+ #-4!,- #- N'*?:45 N!<62N-PM%,! 0 $%H%-
'-45#:> ?PHO%6, /#-;*6%45#! ?!45_%, ;%7 H!4+, *H2M-+ 0 ?PHO%-
6: <2?u%16!0 Z%H%'-)**. E 0 <*62-)**, 1!,H- N!6%'* /#-;*6%45-
#:%, 7-1<*7-45#-+ h$$%16*0#!<65 *<N!45/!0-#*+ ?PHO%6#:f 
<'%H<60 H!<6*,-%6<+, 1!,H- 0%<5 #-4!, #- N'*?:45 *H%6 0 ?PHO%6: 
<2?u%16!0 Z%H%'-)**. 

@"9"$"'(27, $ 83('"+ ',<" ' 0$9"'7*V  
2,8"92"$<?: "83,/,9q22LV 83,/8"E<,27;  

7D3"&"' 
E.X. @-_%;1*# 

:He =]')= :... _1]1)1?194 
X<<4%H2%6<+ *,'!0-+ 7!H%45 ,!4!<!0-#*+ < N'-0!7 0%6! (/--

N'%6 #- */?'-#*%), #-N'*7%', 0 <42;-% 0:?!'- N'%H<%H-6%4+ <!0%6- 
H*'%16!'!0 1!7N-#**. Q!<6-04%#- /-H-;- 14-<<*$*1-)** *,' 1-1 
#-?!'!0 N'%HN!;6%#*> 2;-<6#*1!0, N'* 1!6!':f 1-> *,'!1 (,!4!-
<2PM*> N%'0:7) 7!O%6 !?%<N%;*65 */?'-#*% <0!%,! 1-#H*H-6-. 
I-<<7-6'*0-%6<+ 7!H%45 < 6'%7+ *,'!1-7*, 1-OH:> */ 1!6!':f 
N'%H<6-04+%6 ,'2NN2 4PH%> 0:H0*#20_*f !H#!,! */ 1-#H*H-6!0. 
8:?!' H%4-%6<+ */ 4-f 1-#H*H-6!0: 6'!% !6 1!7N-#** (;5* N'%H<6--
0*6%4* * <!0%'_-P6 0:?!') * !H*# <6!'!##*>. X,'!1* N!<4%H!0--
6%45#! #-14-H:0-P6 0%6! #- !H#!,! */ %MU #%/-0%6!0-##:f 1-#H*-
H-6!0. e-H-;- '-<<7-6'*0-%6<+ 0 2<4!0*+f N!4#!> *#$!'7*'!0-#-
#!<6* *,'!1!0 ! N'%HN!;6%#*+f H'2, H'2,-, #! <-7* $2#1)** 
N'%HN!;6%#*+ 7!,26 ?:65 #%!H#!/#-;#:7*. 

Z!'7-45#! 1-OH!72 *,'!12 i <6-0*6<+ 0 <!!60%6<60*% $2#1-
)*+ 0:*,':_- Ui(n), N!1-/:0-PM-+ #-<1!451! (!6#!<*6%45#! !<-
6-45#:f 1-#H*H-6!0) %72 0:,!H#! */?'-#*% 1-#H*H-6-. [!,H- *,-
'!0-+ 7!H%45 N'%H<6-0*7- 0 <4%H2PM%7 0*H%: 

U1(1) > U1(a2) > U1(a3) > U1(a4),    a2, a3, a4     {2,3,4}; 

U2(2) > U2(b2) > U2(b3) > U2(b4),    b2, b3, b4     {1,3,4}; 

U3(3) > U3(c2) > U3(c3) > U3(c4),     c2, c3, c4     {1,2,4}. 
j67%6*7, ;6! 0 '%-45#!> <*62-)** 0:?!'M*1 #% 0<%,H- 7!-

O%6 !H#!/#-;#! !N'%H%4*65, 1-1!> */ 1-#H*H-6!0 +04+%6<+ H4+ #%-
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,! #-*42;_*7. 8 6-1!7 <42;-% 0 N'%HN!;6%#*+f *,'!1!0 N!+04+%6-
<+ #%!N'%H%4U##!<65. Q!h6!72 *<<4%H!0-#*% H-##!> 7!H%4* '-/-
H%4%#! #- H0% /-H-;*: !H#!1'*6%'*-45#2P (0<% N'%HN!;6%#*+ *,-
'!1!0 <6'!,*% * !H#!/#-;#! !N'%H%4%#:) * 7#!,!1'*6%'*-45#2P 
(0!/7!O#- #%!N'%H%4U##!<65 0 N'%HN!;6%#*+f *,'!1!0). G4+ N!-
<4%H#%,! <42;-+ <H%4-#! H!N2M%#*%, ;6! 4P?!> ,!4!<2PM*> 7!-
O%6 *7%65 #%!N'%H%4U##!<65 0 N'%HN!;6%#*+f, 7-1<*727, 7%OH2 
H027+ 1-#H*H-6-7*. 

I%/2456-6-7* N!H60%'OH%#!, ;6! 1-> *,'!1 N!?%OH-%6 < 
?!45_%> ;-<6!6!> 0 2<4!0*+f, 1!,H-, 1'!7% <0!%,! 1-#H*H-6-, !# 
?4-,!<14!#%# 6-1O% 1 1-#H*H-62 !H#!,! */ ,!4!<2PM*f 2;-<6#*-
1!0, - N'%HN!;6%#*+ !<6-45#:f 0:?!'M*1!0 <6'!,! !H#!/#-;#:. 
G-4%%, < N!+04%#*%7 #%N!4#!<65P !N'%H%4U##:f <!!6#!_%#*> H4+ 
$2#1)*> 0:*,':_- 2 2-,!, 3-,! *4* 2 !?!*f *,'!1!0 !H#!0'%7%#-
#!, *HU6 N'!N!')*!#-45#!% 27%#5_%#*% _-#<!0 #- 0:*,':_ 1-,! 
*,'!1-.  '!7% 6!,!, '-<<7!6'%#- *,'-, 0 1!6!'!> 1-> *,'!1 *7%%6 
0!/7!O#!<65 !N'%H%4+65 N!'+H!1 f!H!0 N'* 0%6!0-#**. Q!1-/-#!, 
;6! N!+04%#*% 6-1!> 0!/7!O#!<6* 20%4*;*0-%6 _-#<: 0:*,':_- 
1-,! *,'!1-, 0 <42;-% !H#!1'*6%'*-45#!> *,':, N'-16*;%<1*, #- 
30%, 6!,H- 1-1 0 7#!,!1'*6%'*-45#!> H-U6 N'*'!<6 0<%,! #- #%-
<1!451! N'!)%#6!0.  

K-*f2H_*7 O% 0-'*-#6!7 H4+ 1-,! *,'!1- !1-/:0-%6<+ *,'-, 
0 1!6!'!> <0!> 1-#H*H-6 !?%<N%;*0-%6 %72 6-1!> O% 7-1<*7-45-
#:> 0:*,':_, ;6! * <6!'!##*>. 8 h6!7 <42;-% _-#<: #- N!?%H2  
1-,! *,'!1- 27%#5_-P6<+ H! '%/2456-6!0, N!42;%##:f H4+ <42;-+ 
N!4#!<65P !N'%H%4U##:f N'%HN!;6%#*> N'* 0!/7!O#!<6* 1-,! 
*,'!1- 2<6-#-04*0-65 N!'+H!1 ,!4!<!0-#*+. 

Z7<,3(<03( 
1. Mueller D.C. Voting by Veto// Journal of Public Economics 10, 57-75, 

1978. 
2. @24%# l. [%!'*+ *,' < N'*7%'-7* */ 7-6%7-6*;%<1!> h1!#!7*1*. 

@: @*', 1985. 
3. 8-<*# E.E., @!'!/!0 8.8. [%!'*+ *,' * 7!H%4* 7-6%7-6*;%<1!> 

h1!#!7*1*. @.: @E S Q'%<<, 2005 ,. 



 

 428

K$$9,/"'(27, X&"2"+7&"-/,+"D3(57E,$&";  
+"/,97 B"$$77*  
].W. @!OO%'*#- 

:Sc$(He) 
Q!<4%H#*% H0- H%<+6*4%6*+ IZ #-f!H*6<+ 0 <!<6!+#** H%7!-

,'-$*;%<1!,! 1'*/*<-, #-<%4%#*% #% 6!451! #% '-<6%6, #% N'!*<f!-
H*6 H-O% N'!<6!,! 0!<N'!*/0!H<60-. K%<7!6'+ #- #%?!45_*% 
242;_%#*+, N'!*/!_%H_*% 0 N!<4%H#*% ,!H:, N'!?4%7- <6!*6 0<% 
6-1 O% !<6'!. jH#!> */ !<!?%##!<6%> H%7!,'-$*;%<1!> <*62-)** 
IZ +04+%6<+ 0:<!1-+ <7%'6#!<65 #-<%4%#*+ 0 6'2H!<N!<!?#!7 0!/-
'-<6%. S!!60%6<602PM*% N!1-/-6%4* /#-;*6%45#! 0:_% <'%H#%%0-
'!N%><1!,! 2'!0#+. K%1!6!':% *<<4%H!0-6%4* <;*6-P6 h6! <4%H<6-
0*%7 <*45#%>_%,! <!)*-45#!,! <6'%<<- [1]. 8 '%/2456-6% N'!*/!-
_%H_*f 0 <6'-#% /- N!<4%H#*% ,!H: */7%#%#*> 7#!,*% 4PH* 6'2-
H!<N!<!?#!,! 0!/'-<6- N!6%'+4* 0!/7!O#!<65 !?%<N%;*0-65 <0!*7 
6'2H!7 H!<6!>#!% <2M%<60!0-#*% <%?% * <0!%> <%75%, 2N-4 2'!0%#5 
6'2H!0!> 7!6*0-)** 0 !?M%<60%. 

c%45 H-##!> '-?!6: – *<<4%H!0-65 <!!6#!_%#*% 7%OH2 
<7%'6#!<65P * 2'!0#%7 H!f!H- #-<%4%#*+, '-<<7!6'%65 6'2H!02P 
7!6*0-)*P * %% */7%#%#*%. G4+ h6!,! N!<6'!%#: H0% 0/-*7!<0+-
/-##:% 7!H%4*: h1!#!7*;%<1-+ * H%7!,'-$*;%<1-+, 1-OH-+ */ 1!-
6!':f !N*<-#- N!1-/-6%4+7* < 0!/'-<6#:7 '-<N'%H%4%#*%7. 

8 !<#!0% H%7!,'-$*;%<1!> 7!H%4* 4%O*6 N'%HN!4!O%#*% ! 
/-0*<*7!<6* H%7!,'-$*;%<1*f N!1-/-6%4%> !6 2'!0#+ H!f!H- #- 
H2_2 #-<%4%#*+. G4+ <7%'6#!<6* *<N!45/2%7 $!'7242 B!7N%')--
@%>1%7- , ,H% i - 0!/'-<6, - N!0!/'-<6#!> 1!-
h$$*)*%#6 <7%'6#!<6*  – H!4+ 27%'_*f H-##!,! 0!/'-<6- /- 
,!H. 8 $!'724% 2;6%#: ?*!4!,*;%<1-+ * <!)*-45#-+ <!<6-04+PM-+ 
<7%'6#!<6*. d*!4!,*;%<12P <!<6-04+PM2P #->H%7 */ <6-6*<6*;%-
<1*f H-##:f b0%)** (N!H!?#! [2]), N!4-,-+ <7%'6#!<65 0 ?!45_*f 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% IZZX (N'!%16: qq 08-01-00377, 09-
01-90201-@!#,_-), IBKZ (N'!%16 qq 10-02-00300--), QZX Q'%/*H*27- 
IEK Q-2, QZX j@K IEK q 2. 
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0!/'-<6-f '-0#!> ?*!4!,*;%<1!>. E 0*H <!)*-45#!> <!<6-04+PM%> 
0 /-0*<*7!<6* !6 H!f!H!0 #-<%4%#*+ !N'%H%4*7 */ H-##:f N! I!<-
<**. x*<4%##!<65 #-<%4%#*+ #- 1-OH:> <4%H2PM*> ,!H '-<<;*6:-
0-%6<+ N! ;*<4%##!<6*, <7%'6#!<6* * '!OH-%7!<6* 0 N'%H:H2M*> 
,!H. 

8 I!<<** 0 !64*;*% !6 '-/0*6:f <6'-# N'%!?4-H-P6 2<6--
'%0_*% 7!M#!<6*, !?#!04%#*% 7!M#!<6%> N'!*<f!H*6 1'->#% 
7%H4%##!, ;6! #%<!7#%##! <1-O%6<+ #- H-45#%>_%7 '-/0*6** h1!-
#!7*1* <6'-#:. x6!?: 2;*6:0-65 h62 !<!?%##!<65 N'* 7!H%4*'!-
0-#** h1!#!7*1* IZ, *<N!45/2%7 7!H%45 < 7!M#!<6+7*, H*$$%-
'%#)*'!0-##:7* N! 7!7%#6-7 <!/H-#*+, N!H!?#! [3], 0*H!*/7%#*0 
%U 0 <!!60%6<60** < N!1-/-6%4+7* h1!#!7*1* I!<<**. 

Q! 6-1!> h1!#!7*1!-H%7!,'-$*;%<1!> 7!H%4* 7!O#! !N'%-
H%4*65 0!/7!O#:% */7%#%#*+ !H#!> ;-<6* 7!H%4* 0 /-0*<*7!<6* 
!6 N-'-7%6'!0 06!'!>: !)%#*65 h1!#!7*;%<1*% */7%#%#*+, #%!?f!-
H*7:% H4+ N'%!H!4%#*+ H%7!,'-$*;%<1!,! 1'*/*<-, - 6-1O% 04*+-
#*% H%7!,'-$*;%<1*f */7%#%#*> #- '-/0*6*% h1!#!7*1*. 

Z7<,3(<03( 
1. 8%4*;1!0<1*> d.[. Y*/#%<N!<!?#!<65 #-)**. I!45 <!)*-45#!,! 

<6'%<<- * ,%#%6*;%<1*f N'!)%<<!0 0 N!N24+)** 0 '-/0*6** 
H%7!,'-$*;%<1!,! 1'*/*<- * */7%#%#** <!<6!+#*+ /H!'!05+ #-<%4%#*+ 
I!<<**. - @.,2009. 

2. B%'7-#<1*> E.8. X<6!'*;%<1-+ H*#-7*1- ?*!4!,*;%<1!> 
1!7N!#%#6: <7%'6#!<6* #-<%4%#*+ b0%)** * K!'0%,** 
http://gealeksandr.narod.ru./ 2003. – 13 <. 

3. j4%#%0 K.K., Q!<N%4!0 X.B.@!H%45 *#0%<6*)*!##!> N!4*6*1* 
$*'7 0 h1!#!7*;%<1!> <*<6%7% ':#!;#!,! 6*N- //Mathematical Modelling: 
Processes in Complex Economic and Ecologic Systems (Ed. A.A. Samarsky, 
N.N. Moiseev, A.A. Petrov) @.:K-21-, 1986 
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 (<,+(<7E,$&7, 7 D0+(27<(32L, $3,/$<'( '  
7$$9,/"'(277 "8,3(67; (2( 837+,3,  
+"/,973"'(27* '""30.,22"; ="3?=L)  

W.K. Q-04!0<1*> 
.QV=?6=T'67)Q% 8')T+ =].  . .b1+1O)=8Q)4 W ", 
:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (He) 
X/4-,-%6<+ <*<6%7- 7-6%7-6*;%<1*f 7!H%4%> 8:;*<4*6%45-

#!,! )%#6'- IEK, !N*<:0-PM-+ 0!!'2O%##2P ?!'5?2 [1-6], - 6-1-
O% «#-H<6'!%##-+» #-H h6!> <*<6%7!> +/:1!0-+ <'%H-, <!<6!+M-+ 
*/ N!#+6*> * N'%H<6-04%#*> N'%*72M%<60%##! ,27-#*6-'#!,! f--
'-16%'-. 8 !<#!0% 2N!7+#26!> <'%H:  4%O*6 N!#+6*% ! «$-16!'% 
D.K. [!4<6!,!» * ! «<*4% 0!!'2O%##!> ,'2NN*'!01*» 0 <7:<4% 
D.K. [!4<6!,! [4]. l6* N!#+6*+ N!/0!4+P6 $!'7-4*/!0-65  6!, ;6! 
D.K. [!4<6!> [7] #-/:0-4 «H2f!7 0!><1-», 6.%. «?!45_%% *4* 
7%#5_%% O%4-#*% H'-65<+ * N!H0%',-65 <%?+ !N-<#!<6+7».  I-/'--
?!61- <*<6%7: 7!H%4%>, !N*<:0-PM-+ 0!!'2O%##2P ?!'5?2, N'*-
0%4- 1 N'%H<6-04%#*P ! 0!!'2O%##!> ?!'5?% 1-1 ! <!0!12N#!<6* 
!H#!0'%7%##! N'!6%1-PM*f, !;%#5 '-/#!'!H#:f N! <0!%> N'*'!H% 
*, 0 6! O% 0'%7+, <2M%<60%##! 0/-*7!<0+/-##:f N'!)%<<!0: 0/-*7-
#!,! 2#*;6!O%#*+, N%'%7%M%#*+, <#-?O%#*+, <?!'-, N%'%H-;*, !?-
'-?!61* *#$!'7-)**, N'*#+6*+ '%_%#*>.  !,H- '%;5 *H%6 ! 0!!-
'2O%##!> ?!'5?% 0 7-<_6-?% ?-6-45!#- * 0:_%, 6! %% !N*<-#*% 
2O% #- f-'-16%'#:f 0'%7%#-f N!'+H1- #%<1!451*f ;-<!0 ?2H%6 #%-
-H%10-6#!, %<4* f!6+ ?: !H*# */ h6*f N'!)%<<!0 #% 2;*6:0-%6<+.  
S2M%<60%##:7 N'%H<6-04%#*%7 ,27-#*6-'#!> +/:1!0!> <'%H:, ! 
1!6!'!> *H%6 '%;5, +04+%6<+ N'%H<6-04%#*% ! <!f'-#%#** <6'2162-
': 0!!'2O%##:f <*4 0 N'!)%<<% 0!!'2O%##!> ?!'5?:, 1-1 7-6%'*-
-45#!>, 6-1 * #%7-6%'*-45#!>. @-6%'*-45#-+ <6'2162'- – h6! 1!-
4*;%<60! <'%H<60 0%H%#*+ * <'%H<60 !?%<N%;%#*+ 0!!'2O%##!> 
?!'5?:, N'*f!H+M%%<+ #- !H#!,! ;%4!0%1- 0 0!!'2O%##:f <*4-f. 
K%7-6%'*-45#-+ <6'2162'- 0!!'2O%##:f <*4 – h6! H%><602PM-+ 0 
#*f <*<6%7- N!H;*#%#*+, '%-4*/2%7-+ <!)*-45#:7* 7%f-#*/7-7*. 
S!f'-#%#*% #%7-6%'*-45#!> <6'2162': – h6! 0 N%'02P !;%'%H5 
<!f'-#%#*% ?!%<N!<!?#!<6*.   S!f'-#%#*% O% ?!%<N!<!?#!<6* 6%<-
#! <0+/-#! <! /#-;%#*%7 $-16!'- D.K. [!4<6!,!, 1!6!':>, 1-1 2O% 
!67%;-4!<5, *7%%6 $2#H-7%#6-45#!% /#-;%#*% 0! 0<%7, ;6! <0+/-#! 
< 0!!'2O%##!> ?!'5?!>.  
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Z7<,3(<03( 
1. X0-#*4!0 8.W., j,-':_%0 8.Z., Q-04!0<1*> W.K. X7*6-)*+ 1!#-

$4*16!0. @.: 8c IEK. 1993. 196 <. 
2.  '-#!M%1!0 Q.S., Q%6'!0 E.E. Q'*#)*N: N!<6'!%#*+ 7!H%4%>. @.: 

Z-/*<. 2000. 411 c.  
3. S-0*# B.X.  S*<6%7#!% 7!H%4*'!0-#*% <4!O#:f N'!)%<<!0. @.: Z--

/*<. 2000. 275 <.  
4. Q-04!0<1*> W.K.  j $-16!'% D.K. [!4<6!,! 0 0!!'2O%##!> ?!'5?%// 

@-6%7-6*;%<1!% 7!H%4*'!0-#*%. [ 5. q 1. 1993. S. 4-15.  
5. Q-04!0<1*> W.K.  j <!f'-#%#** <6'2162': 0!!'2O%##:f <*4 0 

N'!)%<<% 0!!'2O%##!> ?!'5?:. G*<1'%6#:> -#-4*/ * *<<4%H!0-#*% !N%-
'-)*>. S%'. 2. [.5. q1. 1998. S.40-55.  

6. Q-04!0<1*> W.K.  @%6!H *7*6-)*!##:f *,' 0 N'!?4%7-f ,%!N!4*-
6*1*, ?%/!N-<#!<6*, 7%O,!<2H-'<60%##:f !6#!_%#*>. 8 1#. @-6%'*-4: 
2;'%H*6%45#!> 1!#$%'%#)** I!<<*><1!,! !?M%<60- *<<4%H!0-#*+ !N%'--
)*>.@.:8c IEK 1997.S.44-56. 

7. [!4<6!> D.K.  8!>#- * 7*'. @.:v2H!O%<60%##-+ 4*6%'-62'-, 1987. - 
 #.2. S. 427-428. 

K$$9,/"'(27, '"U+".2LV 2(83('9,27;  
"8<7+7U(677 ' U(/(E(V +(<,+(<7E,$&"D"  
+"/,973"'(27* /,+"D3(57E,$&7V 83"6,$$"' 

8.W.I%_%6!0 
:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 

=]')= :..._1]1)1?194 
G!14-H N!<0+M%# *<<4%H!0-#*P 0!/7!O#!<6* !N6*7*/-)** 

<6'-6%,*> 0 /-H-;-f 7-6%7-6*;%<1!,! 7!H%4*'!0-#*+ 2N'-04%#*%7 
H%7!,'-$*;%<1*7* N'!)%<<-7*. jN'%H%4%#*% 2N'-04+PM*f <6'--
6%,*> ?-/*'2%6<+ #- '%/2456-6-f '%_%#*+ !N6*7*/-)*!##:f /-H-; 
N'* '-/4*;#:f H%7!,'-$*;%<1*f 7!H%4+f '-/0*6*+.  

E162-45#!<65 * <4!O#!<65 /-H-;, '%_-%7:f 0 !?4-<6* !N6*-
7*/-)**  #-N'-04%#*> '-/0*6*+ 0 H%7!,'-$**, !N'%H%4+%6<+  #%-
!?f!H*7!<65P 2;%6- N'* !N6*7*/-)** 1-1 H%7!,'-$*;%<1*f, 6-1 * 
h1!#!7*;%<1*f 6%#H%#)*> '-/0*6*+, 1!6!':% 0/-*7!<0+/-#:. 8 
#-<6!+M%% 0'%7+ #-?4PH-%6<+ 6%#H%#)*+ 0!/'-<6-#*+ '!4* 4PH-
<1*f '%<2'<!0 0 h1!#!7*;%<1!7 '-/0*6** 7#!,*f <!0'%7%##:f 
<6'-#.  

Q'!?4%7: 0 !?4-<6* H%7!,'-$** <6-4* !<!?%##! -162-45#: 
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H4+ I!<<**, 0 <0+/* < #-;-4!7 /#-;*6%45#!,! <#*O%#*+ ;*<4%##!-
<6* !?M%,! * 6'2H!<N!<!?#!,! #-<%4%#*+. I%_%#*P 0!/#*1_*f 
/-H-; 0 !?4-<6* '%,24*'!0-#*+ 0 H%7!,'-$** N!<0+M%# )%4:> '+H 
N2?4*1-)*>.  

8 #-<6!+M%% 0'%7+ '-<<7-6'*0-P6<+ '-/4*;#:% 1!#)%N)** 
0!/H%><60*+ #- H%7!,'-$*;%<1*% N'!)%<<:, <0+/-##:% 1-1 < N!-
0:_%#*%7 2'!0#+ '!OH-%7!<6* * <#*O%#*%7 <7%'6#!<6*, 6-1 * 
'%,24*'!0-#*%7 N'!)%<<- N'*04%;%#*+ * *<N!45/!0-#*+ 6'2H!0:f 
7*,'-#6!0. I%-4*/-)*+ h6*f 1!#)%N)*> <0+/-#- <! /#-;*6%45#:7* 
7-6%'*-45#:7* /-6'-6-7* * 7!O%6 *7%65 '-/#:% N!<4%H<60*+.  

l6! !N'%H%4+%6 #%!?f!H*7!<65 N!<6-#!01* !N6*7*/-)*!#-
#:f /-H-;, !<#!0-##:f #- !)%#1% h1!#!7*;%<1!> h$$%16*0#!<6* 
21-/-##:f 1!#)%N)*> < N'!0%H%#*%7 -#-4*/- 04*+#*+ *f '%-4*/--
)** #- H%7!,'-$*P.  

Q'!0%H%##:> -#-4*/ 0 ;-<6#!<6* N!1-/:0-%6, ;6! N!4*6*1- 
N! N!0:_%#*P '!OH-%7!<6* * N'*04%;%#*P 7*,'-#6!0 N'* !N'%-
H%4%##:f 2<4!0*+f 7!O%6 H-0-65 '-/#:> h$$%16. 8!/#*1-%6 0!-
N'!< ! '-)*!#-45#!7 <!;%6-#** 2N'-04%#*+ H%7!,'-$*;%<1*7* 
N'!)%<<-7* * 7*,'-)*%> 0! 0'%7%#*, < 2;%6!7 H*#-7*1* *f '-/0*-
6*+.  

8 '-?!6% <6-0*6<+ * $!'7-4*/2%6<+ /-H-;- N'*#+6*+ '%_%-
#*+ N! 0:?!'2 !N6*7-45#!> <6'-6%,**  N'*04%;%#*P 7*,'-#6!0 < 
)%45P 7-1<*7*/-)** 0:?'-##!,! 1'*6%'*+ h1!#!7*;%<1!> h$$%1-
6*0#!<6*, < N'!0%H%#*%7 -#-4*/- '-/0*6*+ H%7!,'-$*;%<1!> <*-
62-)**.  

8 1-;%<60% 1'*6%'*+ !N6*7*/-)** N'*#+6! <277-'#!% H*<-
1!#6*'!0-##!% H2_%0!% N!6'%?4%#*% #- /-H-##!7 *#6%'0-4% N'!-
,#!/*'!0-#*+. 8 1-;%<60% 2N'-04+%7:f '-<<7-6'*0-4*<5 <4%H2P-
M*% N-'-7%6'::  

–   0%4*;*#- 7*,'-)*!##!,! N!6!1- (#%66! 7*,'-)*+), 
–   N!1-/-6%45 2'!0#+ '!OH-%7!<6*, 
–   N!1-/-6%45 2'!0#+ <7%'6#!<6*. 
G4+ 7!H%4*'!0-#*+ H*#-7*1* H%7!,'-$*;%<1*f  N'!)%<<!0 

0:?'-#: 7%6!H N%'%H0*O1* N! 0!/'-<6-7 * 7%6!H 1*#%6*;%<1*f 
2'-0#%#*>. G4+ N!42;%#*+ -#-4*6*;%<1*f '%_%#*> *<N!45/!0--
4*<5 7!H%4* <6-?*45#!,! * <6-)*!#-'#!,! #-<%4%#*+. 
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l6! N!/0!4*4! N!42;*65 ;*<4%##:% * -#-4*6*;%<1*% '%_%-
#*+ N!<6-04%##:f /-H-;, 0 6!7 ;*<4% '%_%#*% /-H-;* 0!<<6-#!04%-
#*+ H%7!,'-$*;%<1!,! N!6%#)*-4-.  

Q'!0%H%# <'-0#*6%45#:> -#-4*/ h$$%16*0#!<6* N'*7%#%#*+ 
!N6*7-45#:f <6'-6%,*> * -456%'#-6*0#:f (-#-4!,!0 N'*7%#+%7:f 
0 #-<6!+M%% 0'%7+ N!Hf!H!0). Q'* N'!0%H%#** <'-0#%#*+ *<N!45-
/2P6<+ 0-'*-#6: 7!H%4%>, N!/0!4+PM*% 2;*6:0-65 -<<*7*4+)*P 
7*,'-#6!0. 

Q! '%/2456-6-7 ;*<4%##!,! h1<N%'*7%#6- N!42;%#- !?4-<65 
#-;-45#:f /#-;%#*> (0'%7%#* #-;-4- !N6*7-45#!,! 2N'-04%#*+ N! 
0:?'-##!72 1'*6%'*P), N'* 1!6!':f (N'* 0:N!4#%#** !N'%H%4%#-
#:f 2<4!0*>) 0!/7!O#! 0!<<6-#!04%#*% H%7!,'-$*;%<1!,! N!6%#-
)*-4-. Q'* 7!H%4*'!0-#** *<N!45/!0-4*<5 <6-6*<6*;%<1*% H-#-
#:%, 0 6!7 ;*<4% N! I!<<**. Q'*7%#%#*% !N6*7-45#:f <6'-6%,*> 
N! '!OH-%7!<6* <!N'+O%#! < 20%4*;%#*%7 N!6'%?*6%45<1*f /--
6'-6, <0+/-##:f < 20%4*;%#*%7 !?M%> ;*<4%##!<6* #%6'2H!<N!-
<!?#!,! #-<%4%#*+ * < !604%;%#*%7 !6 N'!*/0!H<60%##!> H%+6%45-
#!<6* '-?!6!<N!<!?#!> ;-<6* O%#<1!,! #-<%4%#*+ 0 <0+/* < 2f!-
H!7 /- H%657*. 

Q!42;%##:% '%/2456-6:, 0<4%H<60*% <4!O#!<6* *<<4%H2%-
7:f h1!#!7*1!-H%7!,'-$*;%<1*f N'!)%<<!0, #!<+6 *<<4%H!0-6%45-
<1*> f-'-16%' * 7!,26 N'%H<6-04+65 N'-16*;%<1*> *#6%'%< N'* 
-#-4*/% 04*+#*+ '-/4*;#:f 1!#)%N)*> 2N'-04%#*+ 0 !?4-<6* H%-
7!,'-$*;%<1!> N!4*6*1*.  

Z7<,3(<03( 
1. E_7-#!0 S. E. 80%H%#*% 0 7-6%7-6*;%<12P h1!#!7*12. @.: K-21-, 

1984 ,. 
2. lH*%0 G.@.  !#)%N)*+ H%7!,'-$*;%<1!,! N!6%#)*-4- * %% N'*4!-

O%#*+ / @-6%7-6*;%<1!% 7!H%4*'!0-#*% 2003, 6.15 q 12. 
3. 8*_#%0<1*> E.B. G%7!,'-$*;%<1-+ 7!H%'#*/-)*+ I!<<** / @: K!-

0!% */H-6%45<60!, 2006 ,. 

M<3(<,D77 "=0E,27* 7 3('2"',$7*  
' 7D3, 83" <3,V $,2(<"3"' 

A.]. C6%7!0 
.m W " 

I-<<7-6'*0-%6<+ 6%<6!0-+ H*#-7*;%<1-+ *,'- ,!4!<!0-#*+ 0 
1!7*6%6% < N!4#!> *#$!'7-)*%> < 2<4!0#:7 #-/0-#*%7 «6'* <%#--
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6!'-». S%#-6!': A , B  * C  2;-<602P6 0 '-?!6% 1!7*6%6-, !N'%H%-
4+PM%,! <6-012 #-4!,- [ ]0;1τ ∈ . B!4!<!0-#*% ! <6-01% #-4!,- t 
N'!f!H*6 0 6%;%#*% #%<1!451*f H#%>, N!1- #% ?2H%6 N'*#+6! '%_%-
#*%.  -OH:> H%#5 N'*0!H*6 1 27%#5_%#*P 0:*,':_%> 0<%f *,'!-
1!0 N'!N!')*!#-45#! 1!h$$*)*%#62  ( )0 1δ δ< < . 

C 1-OH!,! <0!> *H%-4 <6-01*. S%#-6!' A  – ?!'%) /- !67%#2 
#-4!,!0. ],! 0:*,':_ !6 N'*#+6*+ <6-01* #-4!,- τ  0 H%#5 t  '-0%# 

( )21tδ τ− , S%#-6!' B  – )%#6'*<6: %,! 0:*,':_ !6 N'*#+6*+ 

<6-01* #-4!,- τ  0 H%#5 t  '-0%# ( )( )21t Tδ τ− − , ,H% 0 1T< <  +0-

4+%6<+ *H%-45#!> H4+ #%,! <6-01!>. S%#-6!' C  <6'%7*6<+ 1 7-1-
<*7-45#!> <6-01%: %,! 0:*,':_ !6 N'*#+6*+ <6-01* #-4!,- τ  0 

H%#5 t  '-0%# ( )( )21 1tδ τ− − . 

 -OH:> H%#5 !H*# */ *,'!1!0 N! O'%?*P N!42;-%6 N'-0! 
0:H0*#265 <6-012 #-4!,- τ , - H0!% !<6-45#:f ,!4!<2P6 «G-» *4* 
«K%6». jH#!,! «G-» H!<6-6!;#! H4+ /-0%'_%#** *,': * N'*#+6*%7 
<6-01* #-4!,- t. ]<4* !?- *,'!1- ,!0!'+6 «K%6», 6! *,'- N'!H!4O--
%6<+ #- <4%H2PM*> H%#5.  

8 h6!> H*#-7*;%<1!> *,'% <!0%'_%##!% N! N!H:,'-7 '-0#!-
0%<*% Kh_- [1] (SQIK) #-f!H*6<+ 0 +0#!7 0*H%, #! N'* h6!7 !60%6 
N!42;-%6<+ 0 0*H% H!<6-6!;#! <4!O#!> $!'724:, 1 6!72 O% «<%#--
6!':» 7!,26 ?:65 #% 0 12'<%, ;6! 6-1!% SQIK. 8 <0+/* < h6*7 )%-
45P '-?!6: ?:4! N'!0%H%#*% 4-?!'-6!'#!,! h1<N%'*7%#6- < H!?-
'!0!45#:7* 2;-<6#*1-7*, ;6!?: 0:+<#*65, #-<1!451! *f *#62*-
6*0#!% N!0%H%#*% <!,4-<2%6<+ < #->H%##:7 SQIK. 

l1<N%'*7%#6: N'!0!H*4*<5 0 4-?!'-6!'** h1<N%'*7%#6-45-
#!> h1!#!7*1* @Z[X * 8c IEK. G4+ !',-#*/-)** h1<N%'*7%#6!0 
< N!7!M5P <N%)*-4*/*'!0-##!> !?!4!;1* Z-tree (2#*0%'<*6%6 
cP'*f-, b0%>)-'*+ [2]) ?:4- #-N*<-#- 1!7N5P6%'#-+ N'!,'-77-. 
C;-<6#*1-7* h1<N%'*7%#6!0 ?:4* <62H%#6: @Z[X. 

Q!0%H%#*% 2;-<6#*1!0 h1<N%'*7%#6!0 <!N!<6-04+4!<5 < 6%!-
'%6*;%<1* #->H%##:7 SQIK. 8:+04%#: 1-1 <2M%<60%##:% !64*-
;*+, 6-1 * 1-;%<60%##-+ ?4*/!<65 '%/2456-6!0 h1<N%'*7%#6!0. 8 
;-<6#!<6*, N'* '%/1!7 27%#5_%#** 1!h$$*)*%#6- δ  <!,4-<#! 
6%!'%6*;%<1* #->H%##!72 SQIK 7!O#! N'!,#!/*'!0-65 N'*?4*-



 

435 
 

O%#*% N'%H4-,-%7!> <6-01* *,'!1- 1 %,! *H%-42 * N'*#+6*% '%_%-
#*+ 0 N%'0:> O% H%#5. I%/2456-6: h1<N%'*7%#6- N!H60%'H*4* h6!6 
N'!,#!/ #- 90%. 

K->H%#! 10-#6*45#!% '-0#!0%<*% [3], - 6-1O% */2;%#!, #--
<1!451! ?4*/1! N!0%H%#*% *,'!1!0 1 10-#6*45#!72 '-0#!0%<*P. 
K->H%#! 1!7?*#*'!0-##!% '-0#!0%<*%, 1!6!'!% *<N!45/2%6 '-/#:% 
0-'*-#6: !<4-?4%#*+ N'*#)*N- #-*42;_%,! !60%6-. 

G4+ 7!H%4*'!0-#*+ h$$%16- <f!H*7!<6* H!<6-6!;#! N'!<6!-
,! -H-N6*0#!,! N!0%H%#*+ 1 SQIK ?:4* N'!0%H%#: ;*<4%##:% 
h1<N%'*7%#6!0 < N!N24+)*%> *,'!1!0-'!?!6!0. j?2;%#*% '!?!6!0 
N'!*<f!H*4! 0! 0'%7+ N'!)%<<- 7#!,!1'-6#!,! N!06!'%#*+ *,':. 
X/#-;-45#! N'!<6-+ <6'-6%,*+ !?2;%#*+, 1-1 N!1-/-4* ;*<4%##:% 
h1<N%'*7%#6:, N'*0!H*6 1 6%!'%6*;%<1!72 SQIK, N'*;%7 0 H!-
0!45#! _*'!1!7 H*-N-/!#% N-'-7%6'!0. 

Q'!0%H%# <'-0#*6%45#:> -#-4*/ <6'-6%,*> !?2;%#*+ '!?!-
6!0. X/2;%# 0!N'!< 7!H%4*'!0-#*+ !<6!'!O#:f '!?!6!0.  

Z7<,3(<03( 
1. @%#5_*1!0 X.S. D%1)** N! 6%!'** *,' * h1!#!7*;%<1!72 7!H%4*-

'!0-#*P. – @.: @e Q'%<<, 2007. – 208<. 
2. Fischbacher U. z-Tree: Zurich toolbox for ready-made economic ex-

periments. – Experimental Economics, 2007. – 171-178. 
3. McKelvey R., Palfrey T. Quantal response equilibria in normal form 

games - Games Econ. Behav. 10, 1995. – 6-38. 
 

K2/,&$L '97*27*, &(& X9,+,2<L  
83",&<7'2"D" 83"$<3(2$<'(*  

G.E. b0-') 
H1?FO4+?T9'))Q% F)=9'+?=T'T .Q?P4f P3164 ^31)1]=3= 

j<#!0!> H4+ h6!> <6-65* <6-4! #%<1!451! H!0!45#! !;%0*H-
#:f #-?4PH%#*>: 

1. Q'* 0:;*<4%#** 7#!,*f *#H%1<!0 04*+#*+ (d-#)-$-, 
GO!#<6!#-,  G*,%#--Q-1%4-, v!4%'--Q-1%4-) 0#-;-4% <;*6-%6<+ 6-1 
#-/:0-%7:> "!?M*> *#H%1<", - <-7 <!!60%6<602PM*> *#H%1< 
04*+#*+ N!42;-%6<+ */ #%,! #!'7*'!0-#*%7, 6.%. H%4%#*%7 #- 6-1!% 
;*<4!, ;6!?: <277- 04*+#*> 0<%f *,'!1!0 <6-4- '-0#- %H*#*)%. 
                                                
* I-?!6- ?:4- N!HH%'O-#- ,'-#6!7 IZZX \#!7%' 08-01-01342. 
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X#-;% ,!0!'+, 0 *#H%1<-f 04*+#*+ *<N!45/2P6<+ !6#!<*6%45#:% 
/#-;%#*+. 

2. ]<4* 0 <*62-)** ,!4!<!0-#*+ < 10!6!> 27#!O*65 ;*<4! 
,!4!<!0 0<%f *,'!1!0 * 10!62 #- !H#! * 6! O% N!4!O*6%45#!% ;*<-
4!, #!0!% ,!4!<!0-#*% < 10!6!> ?2H%6 /-H-0-65 62 O% N'!<62P *,'2, 
;6! * <6-'!%. 

3. Q'* '-<<7!6'%#** *#H%1<!0 04*+#*+, /-0*<+M*f !6 N'%H-
N!;6%#*> 2;-<6#*1!0, *#6%#<*0#!<6* N'%HN!;6%#*> 0! 7#!,*f 
<42;-+f 6-1O% 7!,26 ?:65 !N'%H%4%#: < 6!;#!<65P H! N'!N!')*!-
#-45#!<6*, N!<1!4512 !6 27#!O%#*+ 0<%f *#6%#<*0#!<6%> #- !H#! 
* 6! O% ;*<4! !6#!_%#*+ 04*+#*+ *,'!1!0 #% */7%#+6<+. Q!h6!72 
*f 7!O#! !N'%H%4*65 < 6!;#!<65P H! N'!N!')*!#-45#!<6*, 6.%. 1-1 
h4%7%#6: N'!%16*0#!,! N'!<6'-#<60-.  

G!14-H N!<0+M%# '-/0*6*P h6!,! N!Hf!H-.  
X6-1, N'!%16*0#:> *#H%1< 04*+#*+ <!N!<6-04+%6 1-OH!> 

N'!<6!> *,'% #-?!' 04*+#*> *,'!1!0, 1!6!':> 7: <;*6-%7 h4%7%#-
6!7 N'!%16*0#!,! N'!<6'-#<60-. [!,H- *#H%1< 04*+#*+ d-#)-$- 
!H#!/#-;#! !N'%H%4+%6<+ <4%H2PM*7* -1<*!7-7*. 
1. E1<*!7- ?!40-#-. ]<4* *,'!1 #% 14P;%0!> #* 0 !H#!> 1!-4*-
)**, %,! 04*+#*% '-0#! 0. 
2. E1<*!7- -#!#*7#!<6* 0 <6-#H-'6#!> $!'724*'!01%.  
3. Q'!%16*0#-+ -1<*!7- «Transfer»: '-<<7!6'*7 3 6!;1* N'!%1-
6*0#!,! N'!<6'-#<60- – *#H%1< 04*+#*+ 0 *,'% v, *#H%1< 04*+#*+ 0 
*,'%, N!42;%##!> 2H-4%#*%7 */ v 7*#*7-45#!> 0:*,':0-PM%> 
1!-4*)** S, * 6-1 #-/:0-%7:> 0%16!' H!f!H!0 * N!6%'5, i-+ 1!!'-
H*#-6- 1!6!'!,! '-0#- 1, %<4* *,'!1 i 0f!H*6 0 S, * -1, %<4* #% 0f!-
H*6. E1<*!7- 260%'OH-%6, ;6! h6* 3 6!;1* H!4O#: 4%O-65 #- !H#!> 
N'+7!>. 

Q'+7:7 <4%H<60*%7 h6!> 1!#<6'21)** <6-4- N%'0-+ (#--
<1!451! */0%<6#! -06!'2) -1<*!7-6*1- H4+ #!'7*'!0-##!,! *#H%1-
<- d-#)-$-. ]U !?!?M%#*%7 <6-4- "N'!%16*0#-+" -1<*!7-6*1- H4+ 
*#H%1<!0 04*+#*+, /-0*<+M*f !6 N'%HN!;6%#*> 2;-<6#*1!0. 
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Universal Risk Management Approach as a basis of 
managing of a commercial bank 

G.G. Dimitriadi 
The Finance Academy under the Government of the Russian Fed-

eration (Moscow, Russia) 
Usually risk-management in a commercial bank is considered as 

a one of its internal activities. Top-management creates a special divi-
sion, estimating and monitoring risks of a bank. 

Unlike this situation Universal Risk Management Approach is a 
new bank-management concept, which states that all activities of the 
commercial bank (internal and external ones) can be considered and 
should be based on principles of risk-management. So management of a 
bank and its activities is a risk-management. Bank is always a commer-
cial organization by its definition. It means that its goal is “to create a 
profit as a main goal of its activity”. As a result for bank shareholders 
(let’s use this term independently of a juridical form of holding of a 
bank) the main target of possessing of a bank is “creating of a 
profit”.The assumption of continuity of activity is made. Also it is as-
sumed that bank shareholders and bank management organize a bank 
and its activity as a fully legal, responsible to meet all commitments 
undertaken organization, existing unlimitedly in time. Then the goal 
“creating of a profit”, stated by shareholders, is concretized as “in the 
given reporting period to create a profit, calculated by proper Financial 
Reporting Standards, not less then the value, established by sharehold-
ers, at conditions of legal and continuous activity”. Then the only risk, 
on which shareholders have an exposure, is a risk of  “in the given re-
porting period not to create a profit, calculated by proper Financial Re-
porting Standards, not less then the value, established by shareholders, 
at conditions of legal and continuous activity”. Here “not to create” 
means “to create less profit then planned”. 

To have profit as planned the shareholders should manage the 
risk of “to create less profit then planned”. But this risk can be split into 
a lot of components. 

In Universal Risk Management Approach this split is made. It is 
shown that all bank staff, organizational structure, staff functions, ac-
tivities and business processes are only the sub-items of a risk man-
agement technique.  
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I $'";$<'(V $,+,;$<' 502&67; 37$&"'LV 
83,/8"E<,27; 72',$<"3( /9* CC-VaR  

B.E. E,-<-#H+#  
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
K- $*#-#<!0:f ':#1-f H%><602%6 #%N*<-#!% N'-0*4!, N! 1!-

6!'!72 20%4*;%#*% '*<1- *#0%<6*)** H!4O#! -H%10-6#! 0!/#-,'--
OH-65<+ N!0:_%#*%7 H!f!H#!<6*. Q'%H4-,-%7-+ '-?!6- <6-0*6 
)%45P <!!6#%<6* h6!6 $*#-#<!0:> N'*#)*N < 1!#6*#2-45#:7 1'*-
6%'*%7 VaR (<7., #-N'*7%', [1-3]) 0 <42;-%, 1!,H- $2#1)*+ '*<1!-
0:f N'%HN!;6%#*> *#0%<6!'- +04+%6<+ h4%7%#6!7 !H#!N-'-7%6'*-
;%<1!,! <%7%><60- $2#1)*>, - N-'-7%6' !6'-O-%6 '*<1!0:% N'%H-
N!;6%#*+ *#0%<6!'-.  

 !#6*#2-45#:> 1'*6%'*> VaR (CC-VaR) <!<6!*6 0 0:N!4-
#%#** #%'-0%#<60 P{q ≥ φ(ε;λ)} ≥ 1–ε H4+ 9?'g ε∈[0,1], ,H% P{M} – 
0%'!+6#!<65 7#!O%<60- M, q – <42;->#:> N!'6$%45#:> H!f!H *#-
0%<6!'-, φ(ε;λ) – 7!#!6!##! 0!/'-<6-PM-+ * #%N'%':0#-+ $2#1)*+ 
ε, /-H-0-%7-+ *#0%<6!'!7 * !N'%H%4+PM-+ %,! '*<1!0:% N'%HN!;-
6%#*+, λ > 0. 

j<#!0#:7* ;*<4!0:7* f-'-16%'*<6*1-7* !N6*7-45#!,! 
N!'6$%4+ *#0%<6!'- +04+P6<+ <'%H#*> H!f!H R(λ), *#0%<6*)*!##-+ 
<277- A(λ) * <'%H#*> !6#!<*6%45#:> H!f!H r(λ). X7%P6 7%<6! 
$!'724:   ( ) ( )1

0
;R dλ = φ ε λ ε∫ ,   ( ) ( ) ( )1

0
;A d′λ = φ ε λ γ ε ε∫ , 

( ) ( ) ( ) ( ) ( ) ( )1

0
;r R A R dλ = λ λ = λ φ ε λ γ ε∫ . 

eH%<5 $2#1)*+ γ(ε) +04+%6<+ )%#!0!> $2#1)*%>, !N'%H%4+%-
7!> <!!6#!_%#*%7 N'!,#!/#!> N4!6#!<6* 0%'!+6#!<6* * N4!6#!-
<6* ':#!;#:f )%# ?-/!0!,! -16*0-, * 6-1!> ;6! γ'(ε)≥0, γ"(ε)≤0. 
Z2#1)** γ(ε) < 6-1*7* <0!><60-7* #-/!0%7 O1[F?T=]Q]=.  

<1++'3T)Q] #-/!0%7 <%7%><60!, H4+ 1!6!'!,! N'* 4P?!> 
H!N2<6*7!> $2#1)** γ(ε) !N6*7-45#:> !6#!<*6%45#:> H!f!H r(λ) 
+04+%6<+ 7!#!6!##! 0!/'-<6-PM%> $2#1)*%> λ. "'31++'3T)Q] 
#-/!0%7 <%7%><60!, #% +04+PM%%<+ 1!''%16#:7. E#-4*/ <0!><60 
<%7%><60- $2#1)*> φ(ε;λ) N'!0!H*6<+ #- !<#!0-#** #!'7*'!0-#-
#:f $2#1)*> φn(ε;λ) = φ(ε;λ)/R(λ).  

b1?T4T1V)1' F?619=' 31++'3T)1?T=. G4+ 4P?!,! λ <2M%<6-
02%6 12<!;#!-#%N'%':0#-+ $2#1)*+ ε'(λ)∈(0,1), 6-1-+ ;6! 
∂φn(ε;λ)/∂λ < 0 N'* ε∈(0,ε'(λ)) * ∂φn(ε;λ)/∂λ > 0 N'* ε∈(ε'(λ),1). 
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b1?T4T1V)1' F?619=' )'31++'3T)1?T=. G4+ <%7%><60- 
$2#1)*> φ(ε;λ) <2M%<602P6 λ * ε'(λ) > 0, 6-1*% ;6! ∂φn(ε,λ)/∂λ > 0 
N'* 0<%f ε∈(0, ε'(λ)). 

]<4* N'!*/0!H#:% ∂φn(ε,λ)/∂λ N'%6%'N%0-P6 <1-;!1 (N'* <!-
f'-#%#** #%N'%':0#!<6* $2#1)**), 6! 07%<6! N'!*/0!H#:f <4%H2-
%6 -#-4*/*'!0-65 '-/#!<6*. 

<1++'3T)Q]= !1-/:0-P6<+ <4%H2PM*% <%7%><60- $2#1)*> 
(ε∈[0,1], λ > 0):  

1) φ(ε;λ) = ελ;  2) {(λε – 1)/(λ – 1), λ ≠ 1,  ε, λ = 1};  3) 1 – (1 –
 ελ)1/λ;  4) (1 – ε)–ν – 1,  0 < ν < 1, ν = λ/(λ+1);   5) (1 – ε)–ν – ν,   
0 < ν < 1,    ν = λ/(λ+1).  

"'31++'3T)Q] +04+%6<+ <%7%><60! $2#1)*> φ(ε;λ) = aε + (1–
a)ελ (%,! /-H-%7 4*_5 N'* λ > 1), ,H% H4+ a 0!/7!O#: 0-'*-#6:: 
1)  a = const,   0 < a < 1;  2)  a = α/ln(k + mλ),   α∈[0,1];  m > 0,  k + m 
> e;  3)  a = α(d + λ)–n,  α∈[0,1]; d > 0, {0 < n < 1 || n ≥ 1&(d + 1)n–

1×(d + 1 – 2n) > α}.  
G4+ N'!0%'1* H!<6-6!;#!<6* 2<4!0*> )'31++'3T)1?T= 0 1--

;%<60% H!N2<6*7:f N'*7%#+P6<+ $2#1)** γ(ε) = 1 – (1–ε)µ < N!H-
f!H+M% N!H!?'-##:7 /#-;%#*%7 N-'-7%6'- µ>1. S *f O% N!7!M5P 
H%7!#<6'*'2%6<+ * 1!''%16#!<65 <%7%><60.  

Z7<,3(<03( 
1. E,-<-#H+# B.E. Z*#-#<!0-+ *#O%#%'*+ * 1!#6*#2-45#:> 1'*6%'*> 

VaR #- ':#1% !N)*!#!0 // l1!#!7*1- * 7-6%7-6*;%<1*% 7%6!H:, 2005. [. 
41, q4. S. 88-98. 

2. E,-<-#H+# B.E. j<#!0#:% 6%!'%6*;%<1*% <f%7: N'*7%#%#*+ 1!#6*-
#2-45#!,! 1'*6%'*+ VaR. @.: 8c IEK, 2009 33<.  

3. Agasandian G.A. Optimal Behavior of an Investor in Option Market / In-
ternational Joint Conference on Neural Networks. The 2002 IEEE World Con-
gress on Computational Intelligence (Honolulu, Hawaii, Mai 12-17, 2002). P. 
1859-1864.  

`55,&< ('<"&(<(97<7E2"$<7  
2( 572(2$"'LV $,<*V  

].X. E4%1<%%0-  
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W "  
S N!/*)*> #%4*#%>#!> H*#-7*1* * 6%!'** <*<6%7 #- <%6+f 

*<<4%H2%6<+ 7!H%45 1'%H*6#!,! ':#1-. I-<<7!6'%#: N'*4!O%#*+ 
'-/0*6!> -06!'!7 6%!'** 1 N'!?4%7% !)%#1* 2<6!>;*0!<6* #- N!H-
<%6+f, <!<6!+M*f */ !H#!6*N#:f 2/4!0 – ?-#1!0 *4* $*'7. 8 '-?!-
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6% GO. S6*,4*)- < <!-06!'-7* [1] <H%4-# 2N!' #- -06!1-6-4*6*;-
#!<65 h1!#!7*;%<1*f N'!)%<<!0. e-7%6*7, ;6! -06!1-6-4*6*;#!<65 
0 N!#*7-#** 14-<<*1!0 (GO. @-''*, X.Q'*,!O*# * H'.) H4+ ?*!-
!<)*44+6!'!0 (1!4%?-6%45#:f, <-7!0!<N'!*/0!H+M*f<+ '%-1)*>) 
N!H'-/27%0-%6 #-4*;*% 1*+4T)Qg ?9f&'% (f!6+ ?: !H#!> !?'-6#!> 
<0+/* 0 )%N!;1% '%-1)*> 0/-*7!N%'%f!H!0). 8 '-?!6% [1] '-<<7-6-
'*0-%6<+ H0% N!H<%6*, 1!6!':% N!42;-P6<+ */ !?M%> <%6* N26%7 
N'!%1)** #- 7#!O%<60! ?-#1!0 (N!H<%65 ?-#1!0) * 7#!O%<60! 
$*'7 (N!H<%65 $*'7), <!!60%6<60%##!. 8 h6*f N!H<%6+f !?u%16:, 
#-f!H+M*%<+ 0 2/4-f, 2O% 1O)1T=[)Q, ;6! N!/0!4+%6, 0 N'*#)*N%, 
N!H!?'-0 N!Hf!H+M2P H4+ !N*<-#*+ 6!;%;#2P 7!H%45 (<1-O%7, 
H4+ '%,*!#-45#!,! N'!*/0!H<60- –  <7.. #-N'*7%', [2, 3]) *, <H%4-0 
<!!60%6<602PM2P $!'7-4*/-)*P, !N*'-+<5 #- 6%!'** G-<0+/#:f 
<*<6%7 [4], N!42;*65 <%'*P 7-6%7-6*;%<1*f '%/2456-6!0, <!H%'O--
6%45#! *#6%'N'%6*'2PM*f N!0%H%#*% 1-1 <-7:f <4-?:f («N%'%H!-
0:f») 0 !6#!_%#** N!6%'* 2<6!>;*0!<6* (?*$2'1-)**) 2/4!0 (hubs 
– <!,4-<#! [1]), 6-1 * 0<%> <*<6%7: 0 )%4!7. S!,4-<#! 2N!7+#26!> 
6%!'**, %<4* '-0#!0%<#:%  /#-;%#*+  N%'%7%##:f 0! 0<%f !;-,-f 
'%,*!#-45#!> <%6* ?4*/1* (6.%. #-?!' 2;-<6#*1!0 H!<6-6!;#! ,!7!-
,%##:>), 6! #-4*;*% <0+/%> N!0:_-%6 2<6!>;*0!<65 6-1!> '%,*!-
#-45#!> <%6* $*'7. E %<4* h6* /#-;%#*+ N%'%7%##:f  <2M%<60%##! 
'-/4*;-P6<+ * H!<6-6!;#! 0%4*1* (#-?!' $*'7 H!<6-6!;#! ,%6%'!-
,%##:> * <-7* $*'7: H!0!45#! 1'2N#:%), 6! <0+/* 7%OH2 !;-,-7* 
0 N!H<%6* S6*,4*)- H%<6-?*4*/*'2%6 6-12P '%,*!#-45#2P <%65 
$*'7. ]<4* O% 0 '%,*!#-45#!> <%6* N'*<26<602%6 ?!45_!% 1!4*;%-
<60! !;-,!0 '-/4*;#:f 6*N!0 (2;-<6#*1* <%6* !;%#5 '-/#!_%'<6#: 
– %<65 * 1'2N#:% * 7%41*%), 6!, <!,4-<#! 6%!'**, $-16!':, !?4%,-
;-PM*% <0+/* 7%OH2 2;-<6#*1-7*, <N!<!?<602P6 <6-?*4*/-)** 
0<%> '%,*!#-45#!> <%6*. K-4*;*% O% 2/4!0, H4+ 1!6!':f 0!/7!O%# 
6!451! !H#!<6!'!##*> N!6!1 ($*'7:-H!#!': *4* $*'7:-
-1)%N6!':), 7!O%6 N'*0%<6* 1 H%<6-?*4*/-)** 0<%> <%6*. Q'* #--
4*;** 2/4!0 '-/#:f 6*N!0 <0+/*, N'* !N'%H%4%##:f (21-/-##:f 0 
6%!'**) 2<4!0*+f, 7!,26 1-1 N!0:_-65, 6-1 * N!#*O-65 2<6!>;*-
0!<65. l$$%16!7 6-1!> <6-?*4*/*'2PM%> <*<6%7: !?7%#- 7!O%6 
<6-65 #-1!N4%#*% N'*?:4* (H%#%O#:f -16*0!0) 0 !N'%H%4%##:f 
2/4-f N! <'-0#%#*P < !<6-45#:7* 2/4-7*  6!> O% '%,*!#-45#!> 
<%6* $*'7.  

jH#!> */ *44P<6'-)*> 0!/7!O#!,! $!'7-45#!,! N!Hf!H- 1 
-#-4*/2 $*#-#<!0:f <%6%> 7!O%6 <42O*65 '-?!6- [5], ,H%, N!45/2-
+<5 #%1!6!':7* <!!6#!_%#*+7* N%'%f!H- f-'-16%'*<6*1 !6 !H#!-
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,! 2/4- <%6* 1 ?4*/4%O-M*7, !N*<-#- -06!7-6#-+ 7!H%45 '-<N'!-
<6'-#%#*+ «$*#-#<!0!> *#$%1)**». I%-4*/-)*+ H-##!> 7!H%4* 
N!/0!4*4- N!42;*65 #-,4+H#!% N'%H<6-04%#*% ! H*#-7*1% '-<N'!-
<6'-#%#*+ $*#-#<!0!,! 1'*/*<-. 

j?/!' #%1!6!':f '-?!6 * N!Hf!H!0 1 */2;%#*P $*#-#<!0:f 
<%6%> N'*0!H*6<+ 0 [6]. 

Z7<,3(<03( 
1. De Masi G., Fujiwara Y., Gallegati M., Greenwald B., Stiglitz J.E. An 

Analysis of the Japanese Credit Network.// arXiv:0901.2384v1 [q-fin.ST] 16 
Jan 2009. 21 P. 

2. Q*45#*1 K.Q, Q!<N%4!0 X.B. `[=?4)=' 8'6'% O'fT'67)1?T= i=+]Q 
9 O=)4]=V'?31% ]1O'6= ^31)1]=V'?31-1 +49)19'?=f//S!!?M%#*+ N! N'*-
14-H#!> 7-6%7-6*1%. 8:;*<4*6%45#:> )%#6' IEK, @!<10-, 2009 ,. 76 S. 

3. ]'%_1! Z.X., D!f#:,*#- W.8. $??6'O194)=' ]1O'6'% +'i6'3?=9-
)Qg ?T+4T'-=% 9 F[+496f']Qg ?=?T']4g // S!!?M%#*+ N! N'*14-H#!> 
7-6%7-6*1%. 8:;*<4*6%45#:> )%#6' IEK, @!<10-, 2001 ,. 38 S. 

4. E4%1<%%0- ].X. e?T1%V=91?T7 ?9f&4))Qg O=)4]=V'?3=g ?=?T'] 9 
)'31T1+Qg ]1O'6fg *=1i=&=3=, ?18=161-==, ^31)1]=3= / G*#-7*1- #%!H-
#!'!H#:f <*<6%7. XSE IEK, [. 39 (1), 2008 ,., <. 166-177. 

5. Reginald D. Smith. The Spread of the Credit Crisis: View from a Stock 
Correlation Network// arXiv:0901.1392v1 [cond-mat.stat-mech] 10 Jan 2009, 
3P. 

6.  http://www.financialnetworkanalysis.com/about-the-blog/   
 

^(& 97 0. 89"V", E<" +L 2, 0+,,+ 3($8"U2('(<? 
E,32LV 9,=,/,;?*  

Z.[. E4%<1%'!0, D.B. ],!'!0- 
"$e .xk 

8 1#*,% K.K. [-4%?- «x%'#:> 4%?%H5. Q!H /#-1!7 #%N'%H-
<1-/2%7!<6*» , -#-4*/*'2+ N'*;*#: $*#-#<!0:f 1'*/*<!0, -06!' 
H%4-%6 0:0!H ! 6!7, ;6! <!0'%7%##:% h1!#!7*;%<1*% 7!H%4* N4!-
f! !N*<:0-P6 '%-45#!<65, 6.1. #% 27%P6 N'%H<1-/:0-65 6-1*% 1'*-
/*<:. 8<% #%!'H*#-'#:% <!?:6*+, 0 ;-<6#!<6*, 1'*/*<:, -06!' #--
/:0-%6 x%'#:7* 4%?%H+7* – 6! %<65 <!?:6*+7*, !?4-H-PM*7* 
<4%H2PM*7* 6'%7+ f-'-16%'*<6*1-7*.  
                                                
* E06!': ?4-,!H-'#: /- $*#-#<!02P N!HH%'O12 D-?!'-6!'** -#-4*/- * 
0:?!'- '%_%#*> KXC 8bl * K-2;#!72 Z!#H2 KXC 8bl (,'-#6 q10-
04-0030). 
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«…8!-N%'0:f, !#! 4)1]467)1, N!6!72 ;6! #*;6! 0 N'!_4!7 
%,! #% N'%H0%M-4!. 8!-06!':f, !#! !?4-H-%6 !,'!7#!> <*4!> 0!/-
H%><60*+. 8-6'%65*f, ;%4!0%;%<1-+ N'*'!H- /-<6-04+%6 #-< N'*H2-
7:0-65 !?u+<#%#*+ <42;*0_%72<+ [1?6' 6!,!, 1-1 !#! <42;*4!<5, 
H%4-+ <!?:6*%, <#-;-4- 0!<N'*#+6!% 1-1 <P'N'*/, !?u+<#*7:7 * 
N'%H<1-/2%7:7.» 

K% ?2H2;* -H%N6-7* 1-1*f-4*?! <N%)*-45#:f 0/,4+H!0, 
*7%PM*f f!OH%#*% 0 h1!#!7*;%<1!7 <!!?M%<60%, 7: N!N:6-4*<5 
N'%H<6-0*65 N'!)%<<:, N'!*<f!H+M*% #- ?*'O%, 0 0*H% H02f <42-
;->#:f N'!)%<<!0, !H*# */ 1!6!':f N'!*<f!H*6 ;-<6! (#!'7-45-
#:> '%O*7), - H'2,!> – '%H1! (1'*/*<). 8 !?M%7 0*H% /-H-;- <!-
<6!*6 0 <4%H2PM%7. 

K- 2<6'!><60! N!<62N-%6 N!6!1 <!?:6*> H02f 6*N!0 – 6*N-  
(!6 <4!0- quick) * 6*N-  (rare).  -OH:> */ #*f +04+%6<+ N'!<6%>-
_*7. X#6%#<*0#!<65 N!6!1- <!?:6*> 6*N-  '-0#- , *#6%#<*0-
#!<65 N!6!1- <!?:6*> 6*N-  '-0#- , N'*;%7  (<!?:6*+ 6*-
N-  N'!*<f!H+6 ,!'-/H! ;-M% <!?:6*> 6*N- ).  

e-H-;- 2<6'!><60- /-14P;-%6<+ 0 '-<N!/#-0-#** #-<62N*0-
_%,! <!?:6*+ X. ]<4* #-<62N*4! <!?:6*%  * 2<6'!><60! %,! 
*H%#6*$*)*'!0-4! 0%'#!, 6! !#! N!!M'+%6<+ N!42;%#*%7 #%?!45-
_!,! 0!/#-,'-OH%#*+ ; %<4* O% N'!*/!_4- !_*?1-, * <!?:6*%  
?:4! '-<N!/#-#! 1-1 <!?:6*% , 6! 2<6'!><60! ?2H%6 «!_6'-$!0--
#!» #- 0%4*;*#2 . 8%'!+6#!<6* 6-1*f *<f!H!0 */0%<6#: * '-0#: 

 * , <!!60%6<60%##!. E#-4!,*;#!, H4+ <!?:6*> 6*N- , N'* 
N'-0*45#!> *H%#6*$*1-)** 2<6'!><60!7 #-<62N*0_%,! <!?:6*+  
0:*,':_ <!<6-04+%6 0%4*;*#2 , N'*;%7 , - N'* #%N'-0*45-
#!> – «N'!*,':_» <!<6-04+%6 , * . Q!<4% 1-OH!,! #-<62-
N*0_%,! <!?:6*+ 0%4*;*#- N!42;%##!,! 0:*,':_-/N'!*,':_- 
N'*?-04+%6<+ 1 N'%H:H2M%> <277%. @-6%7-6*;%<1!% !O*H-#*% 
<42;->#!> 0%4*;*#: 0:*,':_-  '-0#! 

 
 Q2<65 *<<4%H2%7!% 2<6'!><60! – h6! ?*'O-, <!?:6*+  *  – 

h6! “<N!1!>#-+ O*/#5” * “1'*/*<”. S!?:6*%  7!O#! *#6%'N'%6*-
'!0-65 1-1 #%1*> <*,#-4, 1!6!':> N!<62N-%6 ?'!1%'2 #- ?*'O% ! 
<!<6!+#** h1!#!7*1*, ! 1!6!'!7 !# H!4O%# '%_*65, ;6! !/#-;-%6 
h6!6 <*,#-4 – ;6! h1!#!7*1- #-f!H*6<+ 0 “#!'7-45#!7 '%O*7%”, 
4*?! #-<62N-%6 1'*/*<. 8%4*;*#:  6-1O% *7%P6 <0!% /#--
;%#*% 0 6-1!> *#6%'N'%6-)**. ]<4* #-<62N*4! <!?:6*%  (h1!#!-
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7*1- <6-?*45#-) * ?'!1%' %,! N'-0*45#! '-<N!/#-4, 6! !# 7!O%6 
N!42;*65 /- h6! #%?!45_!> H!f!H – 0%4*;*#2 . ]<4* <!?:6*%  
?2H%6 N'*#+6! /- , 6! !# N!#%<%6 #%?!45_*% N!6%'* . ]<4* O% 
#-<62N*4! <!?:6*%  (1'*/*<) * #% ?:4! '-<N!/#-#! 0%'#!, 6! 
?'!1%' N!#%<%6 N!6%'*, #-7#!,! ?!45_*% – <2772 . ]<4* O% !# 
«2,-H-%6» #-<62N4%#*% 1'*/*<-, 6! <7!O%6 #- h6!7 #%N4!f! /-'--
?!6-65 – 0 <42;-% N'-0*45#!> *H%#6*$*1-)**  ?'!1%' N!42;-%6 
0%4*;*#2 . 

G4+ !)%#1* N-'-7%6'!0 7!H%4* ?2H%7 *<N!45/!0-65 0'%7%#-
#!> '+H H!f!H#!<6* $!#H!0!,! *#H%1<- S&P500 < 1999 N! 2009,,. 
G4+ !N'%H%4%#*+ N-'-7%6'!0 7!H%4* *<N!45/2%7 6!6 $-16, ;6! 0:-
<!1*% /#-;%#*+ 0!4-6*45#!<6* *#H%1<- <!!60%6<602P6 N-H%#*P 
*#H%1<-, - /#-;*6, ,!0!'+6 ! 1'*/*<#:f <!?:6*+f. @: N!42;*4* 
<4%H2PM*% !)%#1*: . G4+ 
6-1*f !)%#!1 N-'-7%6'!0 0%'!+6#!<65 !_*?*65<+ N'* '-<N!/#-0--
#** ;-<6:f <!?:6*> !1-/:0-%6 #%<'-0#%##! ?!4%% <*45#!% 04*+-
#*% #- !O*H-%7:> 0:*,':_, ;6! #%2H*0*6%45#! N'* 6-1*f /#-;%-
#*+f !<6-45#:f N-'-7%6'!0. Z-16*;%<1*, H!<6-6!;#! '-<N!/#-0-65 
<!?:6*+ 6*N-  0 N!4!0*#% <42;-%0 H4+ !?%<N%;%#*+ N!4!O*6%45-
#!,! '%/2456-6- 0<%> *,':. 

 
 "/,9?2", "87$(27, =(2&"'$&"; $7$<,+L* 

E#H'%%0 @.W., Q*45#*1 K.Q., Q!<N%4!0 X.B.  
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W ", 

H1?FO4+?T9'))Q% e)=9'+?=T'T .Q?P4f x3164 k31)1]=3= 
8 7!H%4* ?-#1!0<1!> <*<6%7: I!<<** '-<<7-6'*0-%6<+ %H*-

#:> -,%#6 6*N- ?-#1, H%><602PM*> 0 1!#12'%#6#!> <'%H% * N'%H-
<6-04+PM*> <!?!> 0<P <!0!12N#!<65 1!77%';%<1*f ?-#1!0. Q!0%-
H%#*% ?-#1- !N*<:0-%6<+ N'*#)*N!7 !N6*7-45#!<6*: ?-#1 7-1<*-
7*/*'2%6 N!6!1 H*0*H%#H!0 0 '-71-f !,'-#*;%#*> #- 2N'-04+%7:% 
N%'%7%##:%. Q'%HN!4-,-%6<+, ;6! ?-#1, 0 <!!60%6<60** < N'*#)*-
N!7 '-)*!#-45#:f !O*H-#*>, !?4-H-%6 6!;#:7 N'!,#!/!7 h1/!-
,%##:f H4+ %,! /-H-;* N%'%7%##:f (N'!)%#6#:% <6-01*, 0-4P6#:> 
12'<, #!'7- '%/%'0*'!0-#*+ * H'2,*%). 
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6!0: IZZX q09-01-13534_!$*-); 
QZX j@K IEK q 3 N'!%16  q 3.14; QZX Q'%/*H*27- IEK q 14 N'!%16 
q109. 
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8 1-;%<60% !,'-#*;%#*> 7!H%4* *<N!45/!0-#: ?-4-#<!0:% 
<!!6#!_%#*+ * <!!6#!_%#*+, #->H%##:% < N!7!M5P N'%H0-'*-
6%45#! N'!0%HU##!,! h1!#!7%6'*;%<1!,! -#-4*/-. Z!'7-45#! 7!-
H%45 N'%H<6-04+%6 <!?!> H%6%'7*#*'!0-##2P #%-06!#!7#2P H*-
#-7*;%<12P /-H-;2 !N6*7-45#!,! 2N'-04%#*+ <! <7%_-##:7* !,-
'-#*;%#*+7*. I%_%#*% /-H-;* *M%6<+ 1-1 <%H4!0-+ 6!;1- $2#1-
)*!#-4- D-,'-#O-. 8 '%/2456-6% N!0%H%#*% ?-#1- !N*<:0-%6<+ '%-
_%#*%7 1'-%0!> /-H-;* H4+ #%-06!#!7#!> <*<6%7: !?:1#!0%##:f 
H*$$%'%#)*-45#:f 2'-0#%#*> < '-/':0#:7* N'-0:7* ;-<6+7*, 
#-;-45#:7* 2<4!0*+7* #- N'+7:% N%'%7%##:% * 6%'7*#-45#:7* 
2<4!0*+7* #- H0!><60%##:% N%'%7%##:%.  

I%_%#*+ ( )i tλ  H*$$%'%#)*-45#:f 2'-0#%#*> 

( )( ) ( ), , ( )i i i J Kt f t a w tλ λ=&  #- H0!><60%##:% N%'%7%##:%, ,H% 
, ( )J Ka w t  7#!O%<60! N-'-7%6'!0 7!H%4* * h1/!,%##:% N%'%7%#-

#:%, #%2<6!>;*0: 0 N'+7!7 0'%7%#*. 8 !?'-6#!7 0'%7%#* !#* 
<f!H+6<+ 1 %H*#<60%##!72 !,'-#*;%##!72 '%_%#*P ˆ ( )i tλ  (7-,*<6-
'-45#!% <0!><60!). j1-/:0-%6<+, ;6! N'* «*<6*##:f» N-'-7%6'-f 
7!H%4* { }Ja , 6! %<65 6-1*f, N'* 1!6!':f 7!H%45 42;_% 0<%,! 0!<-

N'!*/0!H*6 <6-6*<6*;%<1*% H-##:%, !,'-#*;%##!% '%_%#*% ˆ ( )i tλ  

N'-16*;%<1* <!0N-H-%6 < '%_%#*%7 ( )i tλ%  10-/*<6-)*!#-'#!,! 

2'-0#%#*+ ( )0 ( ), , ( )i i J Kf t a w tλ= % , - !<6-45#:% '%_%#*+ H*$$%-

'%#)*-45#!,! 2'-0#%#*+ ?:<6'! (/- 1-2 N%'*!H-) <f!H+6<+ 1 ( )i tλ% . 
Q'* N'!*/0!45#:f N-'-7%6'-f 7!H%4* { }Ja  H-##:> <*45#:> 7--
,*<6'-45#:> h$$%16 #% #-?4PH-%6<+. 

S*45#:> 7-,*<6'-45#:> h$$%16 N!/0!4+%6 /-7%#*65 H*$$%-
'%#)*-45#:% 2'-0#%#*+ H4+ H0!><60%##:f N%'%7%##:f #- 10-/*-
<6-)*!#-'#:% 2'-0#%#*+ * < N!7!M5P h6!,! <0%<6* <4!O#2P 
1'-%02P /-H-;2 1 <'-0#*6%45#! ?!4%% N'!<6!> H*#-7*;%<1!> /-H--
;%.  
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K+7<(67"22", +"/,973"'(27, 3,59,&$7'2LV 
'U(7+"/,;$<'7; D3088 <3,;/,3"'  

2( 572(2$"'LV 3L2&(V 
E.@. E#*1*# 

:1?319?3=% i=&=31-T'g)=V'?3=% =)?T=TFT (He) 
8 '-?!6% '-<<7-6'*0-%6<+ N!_-,!0-+ *7*6-)*!##-+ 7!H%45 

H*#-7*;%<1!> <*<6%7: $*#-#<!0!,! ':#1-, 014P;-PM-+ 0 <%?+ 
'%$4%1<*0#:% 0/-*7!H%><60*+, !N*<-##:% GO!'HO%7 S!'!<!7. 
I-<<7-6'*0-%6<+ $*#-#<!0:> *#<6'27%#6, N%'0-+ 1!7N!#%#6- )%-
#: 1!6!'!,! !N'%H%4+%6<+ $2#H-7%#6-45#:7* N!1-/-6%4+7* (0 
N'!<6%>_%7 <42;-% /-0*<*6 !N'%H%4%##:7 !?'-/!7 !6 0'%7%#*): 

( )t
n

tt
f xxtFP ,...,, 1= , 

,H% ),...,1( nixt
i =  – /#-;%#*% i-,! $2#H-7%#6-45#!,! N!1-/-6%4+ 0 

7!7%#6 0'%7%#* t. 
86!'-+ (<N%124+6*0#-+) 1!7N!#%#6- !N'%H%4+%6<+ '-/#!<65P 

7%OH2 <N'!<!7 * N'%H4!O%#*%7 #- N'%H:H2M%7 _-,%. I-/#!<65 
7%OH2 <N'!<!7 * N'%H4!O%#*%7 ?2H%7 #-/:0-65 #%0+/1!> <N'!<- * 
!?!/#-;-65 Q. SN%124+6*0#-+ 1!7N!#%#6- )%#: 0 h6*f !?!/#-;%-
#*+f:                                              ( )1−= tt

c QGP  
X6!,!0-+ )%#- (<277- 1!7N!#%#6) +04+%6<+ N%'0!> N%'%7%#-

#!> H*#-7*;%<1!> <*<6%7::        t
c

t
f

t PPP +=  
8 1-;%<60% 06!'!> N%'%7%##!> H*#-7*;%<1!> <*<6%7: 0:-

<62N-%6 #%0+/1- <N'!<- *#<6'27%#6- (<N'!< * N'%H4!O%#*% N! !6-
H%45#!<6* #% '-<<7-6'*0-P6<+, *#6%'%<2%6 4*_5 *f '-/#!<65), 1!-
6!'-+ 0 <0!P !;%'%H5 /-0*<*6 !6 N'%H:H2M*f )%#!0:f H0*O%#*> * 
$2#H-7%#6-45#:f N!1-/-6%4%>:  ( )t

n
tttt xxPPGQ ,...,,...,, 1

21 −−=  
8<% 6'%>H%': '-/?*0-P6<+ #- ,'2NN:, 0/0%_%##:% !O*H-#*+ 

*,'!1!0 ,'2NN !N'%H%4+P6 !?M*% !O*H-#*+ ':#1- (#%0+/12 <N'!-
<-). j<#!0#:% ,'2NN: 6'%>H%'!0 – $2#H-7%#6-4*<6: * ;-'6*<6:. 
Z2#H-7%#6-4*<6: !<#!0:0-P6 <0!* N'%H<1-/-#*+ #- $2#H-7%#-
6-45#!7 -#-4*/%, #- N'%HN!4!O%#*+f !? h$$%16*0#!<6* ':#1-. 
x-'6*<6: N'*H%'O*0-P6<+ 1!#)%N)*> 6%f#*;%<1!,! -#-4*/-, 
<6'!+6 N'!,#!/: #- !<#!0-#** N'%H:H2M*f )%#!0:f H0*O%#*>. 

['%>H%': N'*#*7-P6 '%_%#*+ ! N!12N1%, %<4* 0:;*<4%##-+ 
*7* )%#- !1-/:0-%6<+ 0:_% ':#!;#!>, ;6! +04+%6<+ <*,#-4!7 6!-
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,!, ;6! 6!0-' #%H!!)%#%#, * #-!?!'!6. Q'* h6!7 N'*'!<6 #%0+/1* 
<N'!<- 0 H-##!7 <42;-% /-0*<*6 !6 0%4*;*#: #%<!!60%6<60*+ ':-
#!;#!> )%#: !O*H-#*+7 6'%>H%'!0. 

Z2#1)*+ /-0*<*7!<6* $-16*;%<1!> )%#: !6 #%0+/1* <N'!<- 
H4+ $2#H-7%#6-4*<6!0 4*#%>#-+. 8 <42;-% < ;-'6*<6-7* '-<<7-6-
'*0-P6<+ '-/4*;#:% 0*H: $2#1)*!#-45#:f /-0*<*7!<6%>. 

K- 1-OH!7 _-,% N'!*<f!H+6 N%'%f!H: *,'!1!0 7%OH2 ,'2N-
N-7*. 8%'!+6#!<6* N%'%f!H- !N'%H%4+P6<+ N'*?:4+7* 1-OH!> */ 
,'2NN, %<4* !H#- ,'2NN- H%><602%6 #- N'%H:H2M%7 _-,% 2<N%_#%%, 
;%7 !<6-45#:%, H!4+ h6!> ,'2NN: #- ':#1% 20%4*;*0-%6<+. K- 1--
OH!7 _-,% 0%16!' H!4%> ,'2NN 6'%>H%'!0 #- ':#1% 27#!O-%6<+ #- 
0%'!+6#!<6#2P 7-6'*)2 N%'%f!H!0, 0 '%/2456-6% ;%,! N!42;-P6<+ 
H!4* ,'2NN 6'%>H%'!0 #- <4%H2PM%7 _-,%. 

j<#!0#:7* N-'-7%6'-7* 0:_%!N*<-##!> H*#-7*;%<1!> 
<*<6%7: +04+P6<+: 

a – 7-1<*7-45#:> 0!/7!O#:> N'*'!<6 )%#:, 0:/0-##:> 
<N%124+6*0#:7 <N'!<!7 (1-1 <*45#! 7!O%6 */7%#*65<+ )%#- /- 
!H*# _-, 0 '%/2456-6% !O*H-#*> ;-'6*<6!0); 

b – h4-<6*;#!<65 )%#: N! <N%124+6*0#!72 <N'!<2 (;-<6#-+ 
N'!*/0!H#-+ )%#: N! <N%124+6*0#!72 <N'!<2); 

? – h4-<6*;#!<65 )%#: N! $2#H-7%#6-45#!72 <N'!<2 (;-<6-
#-+ N'!*/0!H#-+ )%#: N! $2#H-7%#6-45#!72 <N'!<2); 

µ – 0#2_-%7!<65 6'%>H%'!0 (N-'-7%6', !N'%H%4+PM*> 0%-
'!+6#!<6* N%'%f!H!0 6'%>H%'!0 */ ,'2NN: 0 ,'2NN2 N!H 04*+#*%7 
<'-0#%#*+ <0!> N'*?:4* < N'*?:45P H'2,*f ,'2NN). 

8 f!H% *7*6-)*!##!,! 7!H%4*'!0-#*+ N!42;%#: 6'-%16!'** 
H0*O%#*+ <*<6%7: N'* '-/4*;#:f /#-;%#*+f N-'-7%6'!0, 1-;%<6-
0%##! *<<4%H!0-#: /-0*<*7!<6* 6'-%16!'*> <*<6%7: !6 /#-;%#*> 
N-'-7%6'!0. [-1O% 1-;%<60%##! *<<4%H!0-#- <14!##!<65 <*<6%7: 1 
!?'-/!0-#*P <N%124+6*0#:f N2/:'%> (2<6!>;*0!<65). 

[97*27, 2,"83,/,9q22LV 5(&<"3"' 2(  
$(+"572(2$73"'(27, &"(97677 

j.d. d->'-7!0 
.QV=?6=T'67)Q% 8')T+ =].  . .b1+1O)=8Q)4 W " 
K-<6!+M-+ '-?!6- N'!H!4O-%6 *<<4%H!0-#*+ '-?!6 [1,2,3]. 

Z2#1)*!#*'!0-#*%   !-4*)*> /-U7M*1!0 (<<2H#!-<?%'%,-6%45#:f 
1-<<) <!N'+O%#! < '*<1-7*, !?2<4!04%##:7* #%!N'%H%4%##!<65P 
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$-16!'!0 (N'!)%#6#:f <6-0!1 #- H%N!/*6: * 1'%H*6:, )%# #- O*-
45U, H*#-7*1* N'*f!H- #!0:f ;4%#!0 * #%_6-6#:f 0:?:6*> '-#%% 
N'*_%H_*f ;4%#!0  !-4*)*> /-U7M*1!0). 8 N'%H:H2M*f '-?!6-f 
!)%#1- 04*+#*+ */7%#%#*+ #%!N'%H%4U##:f $-16!'!0 (N'!)%#6#:f 
<6-0!1 #- H%N!/*6: * 1'%H*6:, )%# #- O*45U) N'!0!H*4-<5 7%6!H--
7* <6-6*<6*;%<1*f *<N:6-#*> N'* /-H-#** <)%#-'*%0 '%-4*/-)** 
#%!N'%H%4U##:f $-16!'!0 * N!<4%H2PM%> !?'-?!61!> '%/2456-6!0 
'-<;U6!0. 8 '-?!6-f [1,2] ?:4* N!42;%#: 6%!'%6*;%<1*% '%/2456--
6:, 1!6!':% 2<6-#-04*0-4* 2<4!0*+, N'* 1!6!':f N'!+04+%6<+ $%-
#!7%# <-7!$*#-#<*'!0-#*+ <<2H#!-<?%'%,-6%45#:f 1-<< 0 $!'7% 
!;%'%H* '-0#!/#-;#:f H!,!0!'!0. x6!?: !)%#*65 '*<1*, ?:4- 
N'!0%H%#- <%'*+ 0:;*<4*6%45#:f h1<N%'*7%#6!0, *7*6*'2PM*f 
$2#1)*!#*'!0-#*% !;%'%H* 0 2<4!0*+f '%-45#!,! ':#1-. 8<% h1<-
N%'*7%#6: N'!H%7!#<6'*'!0-4* +0#!% N'*<26<60*% h$$%16- <--
7!$*#-#<*'!0-#*+ !;%'%H*. [%f#!4!,*+ *<<4%H!0-#*>, '-/'-?!-
6-##-+ 0 [1,2], '-<N'!<6'-#+%6<+ #- <42;-> #%!N'%H%4U##!<6* 0 6%-
12M*> 7!7%#6 !6#!<*6%45#! N'!H!4O*6%45#!<6* !;%'%H* H-4%% * 
1!4*;%<60- * 7!7%#6!0 #%_6-6#:f 0:?:6*> 0 ?2H2M%7 2O% N'*-
_%H_*f 2;-<6#*1!0  !-4*)*> /-U7M*1!0.  I-<<7-6'*0-%6<+ #-?!' 
0-'*-#6!0 <6'-6%,*> H4+ '-<;U6!0 < 7!H%45P <<2H#!-
<?%'%,-6%45#:f 1-<< N'* *<<4%H!0-#** $!'7*'!0-#*+  !-4*)*> 
/-U7M*1!0 * !N%'-6*0#!7 %U 2N'-04%#** 0 H*#-7*1%, 1!,H- -N'*!-
'* #%*/0%<6#! 1!#%;#!% ;*<4! 2;-<6#*1!0, * #%!N'%H%4U##:7 $-1-
6!'!7 +04+%6<+ 0:?:6*% 2;-<6#*1!0, 2O% 0<62N*0_*f 0  !-4*)*> 
/-U7M*1!0. j<#!0#-+ N'!?4%7- <!<6!*6 0 '-/'-?!61% <*#6%/- '%-
-1)*> <*<6%7: #- ?2H2M*% */7%#%#*+ $-16!'!0 N'!)%<<-. I-<-
<7-6'*0-%6<+ <42;->, 1!,H- 0'%7%##! <0!?!H#:% <'%H<60-  !-4*-
)*> /-U7M*1!0 '-/7%M-P6<+ #- 0#%_#*f 014-H-f N!H ':#!;#:> 
N'!)%#6 tζ . ]<4* !;%'%H5 0:#2OH%#- N'*?%,-65 1 /-*7<60!0-#*P 
<'%H<60 #- 1'%H*6#!7 ':#1% #- N!12N12 O*45+ H4+ 14*%#6-, 6! 
<6-01- '-0#- 6%12M%> ':#!;#!> <6-01% tγ . Q'* h6!7 SS  0:H-%6 
14*%#62 1'%H*6 #- #%H!<6-PM2P <2772 N! <6-01% tk vv = < tγ . 

G*#-7*1- ?-4-#<- !;%'%H* tG  !N*<:0-%6<+ <4%H2PM%> $!'724!>: 

1
2

1
1

11 0101 ++++ −++⋅⋅+= tttttt YWWGG τλ ).( . eH%<5: tt ζλ = , %<4* 

0>tG  * tt γλ = , %<4* 0<tG ; 1
1+tW  – 6%12M*% 014-H: 14*%#6!0 

!;%'%H*, %M% #% N!42;*0_*f 1'%H*6; 2
1+tW  – 6%12M*% N!<62N4%#*+ 
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!6 0!/0'-6- 1'%H*6- 14*%#6-7* !;%'%H*, 12N*0_*7* O*45%; 1+tY  – 
6%12M*% '-<f!H: #- N'*!?'%6%#*% O*45+ H4+ 14*%#6!0 !;%'%H*. 8 
H!14-H% !N*<:0-P6<+ 0!/7!O#:% <6'-6%,** N!0%H%#*+ 0 '-<<7-6-
'*0-%7!7 <42;-%. E#-4!,*;#! '-?!6% [1] <6'!*6<+ 7!H%45 N'!)%<<- 
*/7%#%#*+ #%!N'%H%4U##:f $-16!'!0, N! #%> <,%#%'*'!0-# N!4*-
,!# */ '%-4*/-)*> * #- h6!7 N!4*,!#% H4+ !;%'%H* /-H-##!> H4*#: 
N!H?*'-4*<5 6-1*% 7*#*7-45#:% 1'%H*6#:% <6-01*, N'* 1!6!':f 
!;%'%H5 !<6-0-4-<5 #%2?:6!;#!> N'* 0<%f '%-4*/-)*+f. X7*6-)*-
!##:% N'!,!#1* H%7!#<6'*'2P6 H!<6-6!;#! 0:<!1*> 2'!0%#5 2<-
6!>;*0!<6*  !-4*)** /-U7M*1!0. 

Z7<,3(<03( 
1. B-<-#!0 X.X. j',-#*/-)*+ <<2H#!-<?%'%,-6%45#!> 1-<<: N! N'*#-

)*N2 !;%'%H*. // S!!?M%#*+ N! N'*14-H#!> 7-6%7-6*1% 8c IEK. - @.: 
8c IEK, 2006 ,., 79 S. 

2. B-<-#!0 X.X. 8:;*<4*6%45#:% h1<N%'*7%#6: < !H#!'!H#!> !;%'%-
H5P *N!6%;#:f 1!#6'-16!0, ['2H: 1!#$%'%#)** «[%!'*+ -16*0#:f <*<-
6%7», @.: XQC IEK, 2007. 

3. d->'-7!0 j.d, S:6!0 E.K.  X7*6-)*!##!% 7!H%4*'!0-#*% N'!)%<<- 
$2#1)*!#*'!0-#*+ <2H#!-<?%'%,-6%45#!> 1-<<: 0 2<4!0*+f 1'%H*6#:f 
'*<1!0. ['2H: 1!#$%'%#)** «CN'-04%#*% '-/0*6*%7 1'2N#!7-<_6-?#:f 
<*<6%7» @.: XQC IEK, 2009, <. 236-238.  

 
[L="3 "8<7+(9?2"; $<3(<,D77 2( "$2"', "6,2"& 

/72(+7&7 572(2$"'"-X&"2"+7E,$&"D"  
$"$<"*27* $7$<,+L 

@. e. d%'1!4->1!, W. 8. G!4,*f 
``` «$)9'?T=8=1))4f [464T4» 

Q'*7%#%#*P *H%> X. d. I2<<7-#- [1] 1 0:?!'2 <6'-6%,*> N!-
0%H%#*+ #- $!#H!0!7 ':#1% /- N!<4%H#%% H%<+6*4%6*% N!<0+M%# 
'+H '-?!6 [3, 4], 0 1!6!':f 0:?!' <6'-6%,** !<#!0-# #- #-f!OH%-
#** #-*42;_%> 6'-%16!'** H0*O%#*+ 0 N-'-44%4!,'-77% I2<<7--
#-. 

Q'*#)*N*-45#-+ #!0*/#- N'%H4-,-%7!,! /H%<5 N!Hf!H- <!-
<6!*6 0 6!7, ;6! N!4!O%#*% 6!;1* 20+/:0-%6<+ * < %% '-<N!4!O%-
#*%7 !6#!<*6%45#! #-;-4- 1!!'H*#-6 (#-;-4! H0*O%#*+ 1 )%4*), * 
< '-<N!4!O%#*%7 !6#!<*6%45#! !1!#;-#*+ N'!)%<<- (6!;1- S #- 
'*<. 1 0 [2]). l6! N!/0!4+%6 '-/?*0-65 N'!)%<< H0*O%#*+ <*<6%7: 1 
)%4* #- 2 h6-N-, - /-6%7 0:?*'-65 !H*# */ H02f 0-'*-#6!0: 1) N'*-
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4!O*65 #-*?!45_*% 2<*4*+ #- N%'0!7 h6-N%, !?4%,;-+ /-H-;2 
!1!#;-6%45#!,! H!<6*O%#*+ )%4* #- 06!'!7; 2) 2;*6:0-+ *#%')*-
!##!<65, N'*<2M2P #-;-42 4P?!,! N'!)%<<-, <6-0*65 ?!4%% <1'!7-
#:% /-H-;* #- #-;-45#!7 h6-N% < 6%7, ;6!?: 7-1<*7-45#! h$$%1-
6*0#! H0*,-65<+ #- 06!'!7. 

Q%'%;*<4*7 #%1!6!':% <N!<!?: !)%#1* 6!;%1 0 N-'-44%4!-
,'-77%. G4+ h6!,! 00%H%7 H!N!4#*6%45#:% 0%4*;*#:, !N*<:0-P-
M*% N!4!O%#*% 6!;1* @(t`,A`). j?!/#-;*7 <1!'!<65 '-0#!7%'#!,! 
H0*O%#*+ */ #-;-4- 1!!'H*#-6 j(0,0) 0 6!;12 @(t`,A`) 1-1 V`, - 
<1!'!<65 '-0#!7%'#!,! H0*O%#*+ */ H-##!> 6!;1* 0 6!;12 )%4* 
S(tpl,Apl) – 1-1 V``. ]<4* N'* h6!7 0:;*<4%#*+ N'!*/0!H+6<+ 0 ?%/-
'-/7%'#:f 0%4*;*#-f, 6! tpl=1 *  Apl=1. [!,H- H4+ f-'-16%'*<6*1* 
<!<6!+#*+ <*<6%7: #- #%1!6!'!> 6'-%16!'** H0*O%#*+ 1 )%4* 
N'%H4-,-%6<+ *<N!45/!0-65 !H#2 */ <4%H2PM*f N-' 0%4*;*#: 

E) 
minmax

minmax

max

max 1
`1
`)`(

VV
VV

VV
VVMP

−
+

∗
+

−
=     *  

minmax

minmax

max

max 1
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`

)`( min τ−∗=
V

VMP   * 

``)1(
``
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,H% t` * t`` –  0'%7+, 0 6%;%#*% 1!6!'!,! N!HH%'O*0-%6<+ <1!'!<65 
V` * V`` <!!60%6<60%##!. 

8 N%'0!7 * 0! 06!'!7 <42;-% 21-/-##:% 0%4*;*#: N!/0!4+-
P6 !f-'-16%'*/!0-65 H*#-7*12 H!<6*O%#*+ )%4* <*<6%7!> < 2;%-
6!7 2<'%H#%##!> N'%H:<6!'** %% H0*O%#*+ */ #-;-45#!,! <!<6!+-
#*+ 1 6%12M%72 * 2;*6:0-P6 6-1*7 !?'-/!7 «<4!O#!<65» 1-1 2O% 
N'!>H%##!,! h6-N-, 6-1 * N'%H<6!+M%,!. j64*;*6%45#!> !<!?%##!-
<65P N!Hf!H- E +04+%6<+ 6!, ;6! %72 N'*<2M% <f!H<60! < !)%#1!> 
0%'!+6#!<6* H!<6*O%#*+ )%4* 0 2<4!0*+f, 1!,H- N'%HN!4-,-%6<+, 
;6! <*<6%7- <N!<!?#- N!HH%'O*0-65 4P?2P <1!'!<65 H0*O%#*+ 1 
)%4* 0 H*-N-/!#% !6 Vmin H! Vmax <1!45 2,!H#! H!4,!. 8 <42;-% d 
N'%H4-,-%7:> <N!<!? 0:;*<4%#*+ !)%#!1 +0#:7 !?'-/!7 <0+/:0--
%6 7%OH2 <!?!> 1-1 0%4*;*#2 H!N2<6*7!> <1!'!<6* H0*O%#*+ 1 
)%4*, 6-1 * N'!H!4O*6%45#!<65 *#6%'0-4- 0'%7%#*, 0 6%;%#*% 1!-
6!'!,! H-##-+ <1!'!<65 H!4O#- N!HH%'O*0-65<+. 
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Z7<,3(<03( 
1. d-?2#-_0*4* @.  ., d%'7-#6 @. E., I2<<7-# X. d. jN%'-6*0#!% 

2N'-04%#*% 0 !',-#*/-)*!##:f <*<6%7-f // l1!#!7*1- * 7-6%7-6*;%<1*% 
7%6!H:. 1971. [!7 7, 0:N. 3. 

2. d%'1!4->1! @. e., G!4,*f W. 8., X0-#!0-    B. ['2H#!<6* 0 <7:<-
4% X. d. I2<<7-#- * !)%#1- #-H%O#!<6* 2N'-04%#*+ // 8%<6#*1 8BC, S%-
'*+: S*<6%7#:> -#-4*/ * *#$!'7-)*!##:% 6%f#!4!,**. 2008. q2. 

3. d%'1!4->1! @. e., X0-#!0-  . B. CN'-04%#*% N!'6$%4%7 )%##:f 
?27-,, !<#!0-##!% #- <*<6%7#!7 N!Hf!H% * #%>'!<%6%0!7 7!H%4*'!0-#** 
// K-2;#!-6%f#*;%<1*% 0%H!7!<6* S-#16-Q%6%'?2',<1!,! N!4*6%f#*;%-
<1!,! 2#*0%'<*6%6-. 2008. q6. 

4. d%'1!4->1! @. e., I2<<7-# X. d. j #%1!6!':f 7%6!H-f $!'7*'!0--
#*+ * 2N'-04%#*+ N!'6$%4%7 -16*0!0  // l1!#!7*;%<1-+ #-21- <!0'%7%#-
#!> I!<<**: <?. #-2;. <6. 2004. x-<65 1, 2  

 
>372*<7, 3,],27; 2( "$2"', 72<,D3(677  
+(<,+(<7E,$&7V +"/,9,; 83"D2"U( $"$<"*27* 

X&"2"+7E,$&7V $7$<,+ 
8.E.d:0_%0, E.X.d!,!7!4!0, 8.X.  !<6P#*#  
S=)4)?194f 434O']=f  [+= C+49=T'67?T9' WS 

l1!#!7%6'*;%<1!% 7!H%4*'!0-#*% * N'!,#!/*'!0-#*% h1!-
#!7*;%<1*f N'!)%<<!0 * <*<6%7 +04+%6<+ _*'!1! '-<N'!<6'-#U#-
#!> N'-16*1!>, 1-1 0 2;%?#:f N'!)%<<-f, 6-1  * 0 h1!#!7*;%<1*f 
*<<4%H!0-#*+f. S!/H-#*% * 0%H%#*% ?-#1!0 /#-#*> 7-6%7-6*;%-
<1*f 7!H%4%>, *7%PM*f !?M%N'*#+6:% (<6-#H-'6*/!0-##:%) 14-<-
<*$*1-)*!##:% N'*/#-1*, «N!,'2OU##:f» 0 %H*#!% *#$!'7-)*-
!##!% N'!<6'-#<60! (X#6%'#%6) ?2H%6 <N!<!?<60!0-65 H-45#%>_%-
72 '-/0*6*P «*#H2<6'** /#-#*>». ]<4* N'!,#!/#:% 7-6%7-6*;%-
<1*% 7!H%4* N'%H<6-04%#: 0 X#6%'#%6 0 <6-#H-'6*/!0-##!7 0*H%, 
6! 0 '+H%  <42;-%0 N'* '%_%#** N'-16*;%<1*f /-H-; !#* 7!,26 
?:65 !?u%H*#%#: 0 !H#2 <*<6%72 *4* !H#2, *#6%,'*'!0-##2P 7!-
H%45. Q'*7%' N!4!O*6%45#!,! h$$%16- !6 *#6%,'-)** #%<1!451*f 
7!H%4%> 0 !H#2 +04+%6 <!?!> *<N!45/!0-#*% <6-6*<6*;%<1!> N'!-
)%H2': l>61%#- [1] 0 <*<6%7% 7-<<!0!> !)%#1* <6!*7!<6#:f N!1--
/-6%4%> !?u%16!0 #%H0*O*7!<6* ,. @!<10:. I-/'-?!61- 0:_%#--
/0-##!> <*<6%7: ?:4! N!'2;%#! Q'-0*6%45<60!7 @!<10: Z*#-#-
<!0!> -1-H%7** N'* Q'-0*6%45<60% IZ. K%<1!451! *<<4%H!0-6%45-
<1*f ,'2NN N-'-44%45#! <!/H-0-4* 7!H%4* 7-<<!0!> !)%#1* <6!*-
7!<6#:f N!1-/-6%4%> !?u%16!0 #%H0*O*7!<6*, N'*;U7 !H#!> */ 
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!<#!0#:f 7!H%4%> <*<6%7: !1-/-4-<5 h1!#!7%6'*;%<1-+ #%4*#%>-
#-+ N! N-'-7%6'-7 7!H%45 7-<<!0!> !)%#1* !?u%16!0 #%H0*O*7!-
<6* ,. @!<10:. 8 1-;%<60% !<#!0#!,! <6!*7!<6#!,! N!1-/-6%4+ 
!?u%16- #%H0*O*7!<6* '-<<7-6'*0-4-<5 <6-01- -'%#H#!> N4-6:. S 
)%45P N!0:_%#*+ 6!;#!<6* 7-<<!0:f N'!,#!/!0 <6-0!1 -'%#H#!> 
N4-6: ?:4- !<2M%<604%#-  *#6%,'-)*+ N'!,#!/!0 N! '-/'-?!6-#-
#:7 7!H%4+7 #- !<#!0% <6-6*<6*;%<1!> N'!)%H2': l>61%#- [1], 
;6! H-4! 0!/7!O#!<65 <2M%<60%##! N!0:<*65  6!;#!<65 0:;*<4+%-
7:f <6!*7!<6#:f f-'-16%'*<6*1 !?u%16!0 #%H0*O*7!<6*. K*O% 
!?<2OH-%6<+ *H%+ H-##!> *#6%,'-)**. j?!/#-;*7 <*70!4!7 I 
<6-012 -'%#H#!> N4-6: /- !?u%16 #%H0*O*7!<6* 0 6%12M%7 N%'*!-
H%. 8%4*;*#- I +04+%6<+ *<1!7!> * N!H4%O*6 !)%#1%. Q'%HN!4-,--
%7, ;6! *7%%6<+ m h1!#!7%6'*;%<1*f 7!H%4%>, 1-OH-+ */ 1!6!':f 
H!<6-04+%6 #%1!6!'2P !)%#12 0%4*;*#: I.  j?!/#-;*7 h6* !)%#1* 
<*70!4-7*  P(1), P(2), …,P(m)  *  <!<6-0*7 */ #*f 0%16!' 

B<={P(1), P(2), …,P(m)}                                                   (1) 
e-H-;- /-14P;-%6<+ 0 0:;*<4%#** 1!7?*#-)** P~  0%4*;*# (1), 

6-1!>, 1!6!'-+ !1-/-4-<5 ?: ?4*O% 1 *<1!7!> 0%4*;*#% I, ;%7 1--
OH-+ */ !)%#!1 (1) 0 !6H%45#!<6*. [!;#-+ N!<6-#!01- h6!> /-H-;* 
6'%?2%6 <4%H2PM*f N'%HN!4!O%#*>. 8!-N%'0:f, N'%HN!4-,-%7, 
;6! 1-OH-+ !)%#1- P(i) */ #-?!'- (1) *7%%6 <6'2162'2 

             P (i) = I + u (i),                                                                  (2) 
,H% u(i) – <42;->#-+ !_*?1- !)%#1* P(i)  . 8!-06!':f, N!<624*'2%7, 
;6!  !_*?1- u(i)  !?4-H-%6 #24%0:7 7-6%7-6*;%<1*7 !O*H-#*%7 * 
#%1!6!'!> H*<N%'<*%>: 

](u(i)) = 0,  Bi
2 = Var (u (i))                                             (3) 

@%6!H*12 N'!0%'1* N'%HN!4!O%#*+ (3) '-<<7!6'*7 #*O%, - 
<%>;-< !67%6*7,  ;6! <*<6%72 '-0%#<60 (2) 7!O#! < 2;U6!7 (3) *#-
6%'N'%6*'!0-65 1-1 <*<6%72 2'-0#%#*> #-?4PH%#*> 0%4*;*#: I 
(<f%72 B-2<<- – @-'1!0-). G!?-0*7, ;6! 0 <*62-)** (3) 7%'!> ?4*-
/!<6* !)%#1* P(i)  1 *<1!7!> 0%4*;*#% I <42O*6 <'%H#%% 10-H'-6*-
;%<1!% !614!#%#*% Bi, N'*;%7 '-0%#<60- (3) '-0#!<*45#: '-0%#<6-
0-7 : 

](P(i)) = P; B2 (P(i)) = Bi
2.                                               (4) 

 !7?*#-)*P  P~  0%4*;*# (1) !N'%H%4*7 6-1, ;6!?: !H#!-
0'%7%##! !1-/-4*<5 <N'-0%H4*0:7* H0- 6'%?!0-#*+: 

              E ( P~ ) = P,                                                                     (5) 
              B2 ( P~ ) => min.                                                              (6) 
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l6! * ?2H%6 !/#-;-65 ?!4%% 0:<!12P 6!;#!<65 0%4*;*#: P~  N! 
<'-0#%#*P < 1-OH!> !)%#1!> P(i)  0 !6H%45#!<6*. [%<6*'!0-#*% 7%-
6!H*1* *#6%,'-)** '-/4*;#:f h1!#!7%6'*;%<1*f 7!H%4%>, !6#!-
<+M*f<+ 1 !H#!72 * 6!72 O% !?u%162, N!1-/-4! N%'<N%16*0#!<65 
N'%H<6-04%##!,! 0:_% N!Hf!H-. 

Z7<,3(<03( 
1. d:0_%0 8.E., d-?%_1! D.j., E'<%#5%0- D.E. E4,!'*67 !)%#*0-#*+ 
!<#!0#:f   *#0%<6*)*!##:f f-'-16%'*<6*1 $*#-#<!0:f -16*0!0 N'* N!-
7!M* !N6*7-45#!> <6-6*<6*;%<1!> N'!)%H2': l>61%#-. @., CN'-04%#*% 
'*<1!7, q4,  2000. 

I= 7+7<(677 083('9,27* 2( 7$<"37E,$&7V 3*/(V  
X.X. B-<-#!0 

.QV=?6=T'67)Q% 8')T+ =]')=  . . b1+1O)=8Q)4 W " 
Q'-16*1- 2N'-04%#*+, ;-<6! <6-41*0-%6<+ < /-H-;-7*, 0 1!-

6!':f #%!N'%H%4%##!<65 #!<*6 '%,24+'#:>, #! <4!O#:> H4+ 7!H%-
4*'!0-#*+ f-'-16%'. 8 N!H!?#:f <42;-+f H4+ N!*<1- 2N'-04%#*> 
;-<6! *<N!45/2%6<+ 6.#. !N6*7*/-)*+ #- *<6!'*;%<1*f '+H-f #--
?4PH%#*>. d%'26<+ 2O% */0%<6#:% H-##:% ! '%-4*/-)** #%1!#6'!-
4*'2%7:f $-16!'!0 0 N'!_4!7 * *M26<+ 6-1*% N'-0*4- 2N'-04%-
#*+, 1!6!':% ?:4* ?: h$$%16*0#:, ?2H5 !#* N'*7%#%#: 0 N'!-
_4!7. e- h6*7 N!Hf!H!7 <6!*6 *H%+, ;6! 1!45 <1!'! #%!N'%H%4%#-
#!<65 #!<*6 '%,24+'#:> f-'-16%', 6! <N!<!? 2N'-04%#*+, 1!6!':> 
?:4 ?: 2<N%_#:7 0 6%;%#*% H!<6-6!;#! N'!H!4O*6%45#!,! N'!-
_4!,!, ?2H%6 6-1*7 * 0 ?2H2M%7. XH%+ N'%H<6-04+%6<+ '-)*!#-45-
#!>, 6%7 #% 7%#%%, H-##:> N'*%7 N!'!OH-%6 !N'%H%4%##:% 0!N'!-
<:, 0 ;-<6#!<6*, <0+/-##:% < 6%7, ;6! 2N'-04%#*+ * <6'!+6<+, * 
!)%#*0-P6<+ #- !H#!> * 6!> O% 0:?!'1%. 8 H!14-H% '-<<7-6'*0--
%6<+ <%'*+ N!<6-#!0!1 #-N'-04%##:f #- *<<4%H!0-#*% H-##!> N'!-
?4%7:. 

I-<<7-6'*0-%6<+ 7!H%45 2N'-04+%7!,! 7-'1!0<1!,! N'!)%<-
<- < H*<1'%6#:7 0'%7%#%7 * ?%<1!#%;#:7 ,!'*/!#6!7. S42;->#:> 
$-16!' N'%HN!4-,-%6<+ <6-)*!#-'#:7. S6-0*6<+ /-H-;- 7-1<*7*-
/-)** #%1!6!'!,! 1'*6%'*+ Q  1-1 <'%H#%,! !O*H-%7!,! /#-;%#*+ 
N4-6: th . CN'-04%#*+  0:?*'-P6<+ 1-1 $2#1)** */ #%1!6!'!,! 
N-'-7%6'*;%<1!,! 14-<<- αU . [-1*7 !?'-/!7, /-H-;- <0!H*6<+ 1 
N!*<12 #-*42;_%,! /#-;%#*+ N-'-7%6'- a . K-/!0U7 %U /-H-;%> 1. 
G-4%% N'%HN!4-,-%6<+, ;6! N%'%f!H#-+ $2#1)*+ <42;->#!,! N'!-
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)%<<- *<<4%H!0-6%4P #% */0%<6#-, !H#-1! %72 */0%<6#- 1!#%;#-+ 
N!<4%H!0-6%45#!<65 Tξξξ ,...,, 21  '%-4*/-)*> N'!)%<<- * #-;-45#!% 
<!<6!+#*% <*<6%7:. I-<<7-6'*0-%6<+ /-H-;- 7-1<*7*/-)** #- 
7#!O%<60% 2N'-04%#*> αU  <'%H#%,! /#-;%#*+ N4-6: th  #- 0'%-
7%##!7 *#6%'0-4% ],[ T1  0 N'%HN!4!O%#**, ;6! '%-4*/-)** <42;->-
#!,! $-16!'- #- h6!7 *#6%'0-4% <!!60%6<602P6 '+H2 #-?4PH%#*> 

Tξξξ ,...,, 21 . K-/!0U7 %U /-H-;%> 2. 
@!O#! N!1-/-65, ;6! N'* !;%#5 _*'!1*f 2<4!0*+f, !f0-6:0-P-
M*f, #- #-_ 0/,4+H, ?!45_*#<60! N'*14-H#:f /-H-;, <0!H+M*f<+ 1 
/-H-;% 1, 0%'#! <4%H2PM%% 

C60%'OH%#*% 1. jN6*7-45#!% /#-;%#*% 1'*6%'*+ /-H-;* 2 < 
'!<6!7 !?u%7- *<N!45/2%7!> 0:?!'1* N.#. <6'%7*6<+ 1 !N6*7-45-
#!72 /#-;%#*P 1'*6%'*+ /-H-;* 1. 
(S6'!,*% $!'724*'!01* 7!O#! #->6* 0 '-?!6% [1]). 

x-<6!, 1!,H- *7%PM*%<+ H-##:% #% N!/0!4+P6 N!<6'!*65 
H!<6!0%'#2P 7!H%45 <42;->#!,! N'!)%<<- *4* /-H-;- 1 <4*_1!7 
<4!O#- H4+ %% <6'!,!,! '%_%#*+, */2;-%7:> <42;->#:> N'!)%<< 
/-7%#+%6<+ H'2,*7, ?!4%% N'!<6:7, #! 0<% O%, N! 7#%#*P *<<4%H!-
0-6%4+, !6'-O-PM*7 <2M%<60%##:% ;%'6: *<f!H#!,! N'!)%<<-. 
Q-'-7%6': h6!,! 0<N!7!,-6%45#!,! N'!)%<<- #-<6'-*0-P6<+ #- 
*/0%<6#!7 '+H2 #-?4PH%#*> Tξξξ ,...,, 21 , * '%_-%6<+ /-H-;- 1 < 6-1 
7!H*$*)*'!0-##:7 <42;->#:7 N'!)%<<!7. j?!/#-;*7 %% 1M. 

G4+ 6!> O% 7!H*$*)*'!0-##!> 7!H%4* <42;->#!,! N'!)%<<- 
7!O#! <$!'724*'!0-65 /-H-;2 0:?!'- %U N-'-7%6'!0 6-1*7 !?'--
/!7, ;6!?: 7-1<*7*/*'!0-65 <'%H#%% /#-;%#*% N4-6: th  #- 0'%-
7%##!7 *#6%'0-4% ],[ T1  N'* '%-4*/-)*+f Tξξξ ,...,, 21 . K-/!0%7 %% 
/-H-;%> 2M. @!O#! N!1-/-65, ;6! -<*7N6!6*;%<1* (< 20%4*;%#*%7 
!?u%7- 0:?!'1* Tξξξ ,...,, 21 ) '%_%#*% /-H-;* 2M H-%6 ?!4%% h$-
$%16*0#:% '%_%#*+ /-H-;* 1, ;%7 '%_%#*% /-H-;* 1@ N'* N-'--
7%6'-f <6!f-<6*;%<1!> 7!H%4*, #-<6'!%##:f #- 0:?!'1% 

Tξξξ ,...,, 21  N!<'%H<60!7 1-1!,!-4*?! */ 6'-H*)*!##:f <6-6*<6*-
;%<1*f 7%6!H!0.  

I-/27%%6<+, -<*7N6!6*;%<1!% N'%*72M%<60! !H#!,! 7%6!H- 
#-H H'2,*7 #% H-%6 $!'7-45#:f !<#!0-#*> <;*6-65 %,! h$$%16*0-
#:7 0 N'-16*;%<1*f /-H-;-f, 0 1!6!':f 0:?!'1* 0<%,H- !,'-#*;%-
#:, - /-;-<62P #%H!<6-6!;#! 0%4*1*. G4+ !)%#1* H-##!,! 7%6!H- 
N'%H4-,-%6<+ N'!0%H%#*% h1<N%'*7%#6!0 < *<N!45/!0-#*%7 1!7-
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N5P6%'#!,! 7!H%4*'!0-#*+. 
Z7<,3(<03( 

1. Gasanov I.I., Raguimov I.S. On Solution of Stochastic Control Problem by 
the Method of Optimization on Time Series. Hawaii International Conference 
on Statistics and Related Fields, 2003.  

 
>3"=9,+( 83,$9,/"'(27*: +,<"/  
83,/'(37<,9?2"; "6,2&7 &(3<  

8.E. B%'-<*7!0, j.K.  -#%0- 
`]?3=% -1?FO4+?T9'))Q% T'g)=V'?3=% F)=9'+?=T'T 
8 '-?!6% '-<<7-6'*0-%6<+ N'!?4%7- N'%<4%H!0-#*+ 0 *,-

'-f[1]. I-<<7!6'*7 *,'!02P 1-'62, N'%H<6-04%##2P <!0!12N#!-
<65P N'!f!H*7:f * #%N'!f!H*7:f '-0#:f 10-H'-6#:f +;%%1. 8:-
H%4+P6<+ H0% +;%>1* 1-'6:: «0f!H» * «0:f!H». 8*H*7!<65 1-'6: 
*,'!1!7 !,'-#*;*0-%6<+ '-H*2<!7 . G!N!4#*6%45#! N! 1-'6% 
N%'%7%M-P6<+ #%<1!451! #%*,'!0:f N%'<!#-O%>, 1!6!':% «#% 
/#-P6» 7%<6!N!4!O%#*% *,'!1-, * /-H-;- 1!6!':f /-14P;-%6<+ 0 
N'%<4%H!0-#** *,'!1-.  

@%6!H: '%_%#*+ N!<6-04%##!> N'!?4%7: 6'%?2P6, ;6!?: 
#%*,'!0:% N%'<!#-O* ?:4* 0 <!<6!+#** N'%H<1-/:0-65 7%<6!N!-
4!O%#*% *,'!1-. 8 N'!<6%>_%7 <42;-% !#* 7!,26 N'!<6! H0*,-65<+ 
0 <42;->#:f #-N'-04%#*+f.  -1 6!451! *,'!1 N!N-H-%6 0 !?4-<65 
0*H*7!<6* #%*,'!0!,! N%'<!#-O-, H-45#%>_%% N'%<4%H!0-#*% 
!<2M%<604+%6<+ N'* N!7!M* <!!60%6<602PM*f -4,!'*67!0 [1]. 
[-1*7 !?'-/!7, N%'0!!;%'%H#!> /-H-;%> <6-#!0*6<+ /-H-;- !)%#1* 
0%'!+6#!<6* N!+04%#*+ *,'!1- 0 6!> *4* *#!> +;%>1% 1-'6:. 

Q'%H4-,-%7:> 0 '-?!6% 7%6!H /-14P;-%6<+ 0 N'%H0-'*6%45-
#!> !)%#1% 1-'6 6-1*7 !?'-/!7, ;6!?: 2;*6:0-65 0%'!+6#!<6* N!-
+04%#*+ *,'!1- 0 6!> *4* *#!> +;%>1% 1-'6:. @%6!H <!<6!*6 */ 
6'%f h6-N!0: 

1) h6-N *#*)*-4*/-)**; 
2) h6-N !?2;%#*+; 
3) h6-N 1!''%16*'!0!1. 

K- h6-N% !?2;%#*+ !<#!0#:% 0:;*<4%#*+ N'!*<f!H+6 0 7-6-
'*)% 0%<!0 , 1!6!'-+ !N'%H%4+%6<+ <4%H2PM*7 !?'-/!7: 
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, 
,H%  − #!7%' *,'!0!> <%<<**, h4%7%#6 7-6'*):  <!!60%6-
<602%6 +;%>1% 1-'6: ,  * . 

8 f!H% -> *,'!0!> <%<<** *,'!1 N!1':0-%6 #%1!6!':> N265 
<!H%'O-M*>  +;%%1 1-'6:. K- 0%4*;*#2  #-14-H:0-%6<+ 

<4%H2PM%% !,'-#*;%#*%: . 8 1!#)% *,'!0!> <%<<** 
N'!*<f!H*6 N%'%'-<;%6 /#-;%#*> 0 7-6'*)% : 

 
,H%  – H!N!4#*6%45#:> 1!h$$*)*%#6 1!''%16*'!01*,  − <'%H#%% 
/#-;%#*% 0%<- 7-6'*): . 8%4*;*#-  ?%'%6<+ '-0#!> #24P, 
%<4* . 

Q!<4% 0:;*<4%#*+ #!0:f /#-;%#*> 0%<!0 N'!*/0!H*6<+ *f 
<,4-O*0-#*% * 0:;*<4%#*% 7-6'*): N'!,#!/- . G4+ h6!> )%4* 
*<N!45/2%6<+ 7%6!H h1<N!#%#)*-45#!,! <,4-O*0-#*+:  

 
,H%  − 1!h$$*)*%#6 <,4-O*0-#*+. Q'*  N'%H:H2M*% #--
?4PH%#*+ N!4#!<65P *,#!'*'2P6<+, - N'*  *,#!'*'2P6<+ 
6%12M*% #-?4PH%#*+. @%6!H h1<N!#%#)*-45#!,! <,4-O*0-#*+ H-%6 
0!/7!O#!<65 N!42;*65 !)%#12 N-'-7%6'!0, f-'-16%'*/2PM*f #% 
<'%H#*> 2'!0%#5 N'!)%<<-, - 6%#H%#)*P, <4!O*0_2P<+ 1 7!7%#62 
N!<4%H#%,! #-?4PH%#*+. 

G4+ N!42;%#*+ N'!,#!/- #- !<#!0% N'%H4!O%##!,! 7%6!H- 
#%!?f!H*7! !N:6#:7 N26%7 N!H!?'-65 H0- 1!h$$*)*%#6-: H!N!4-
#*6%45#:> 1!h$$*)*%#6 1!''%16*'!01*  * 1!h$$*)*%#6 <,4--
O*0-#*+  

Z7<,3(<03( 
1. Bourg D., Seeman G. AI for Game Developers. – O’Relly, 2004. – 400 c. 
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B"$$7;$&7; 3L2"&  
$<30&<0373"'(22LV 83"/0&<"' 

@. W. B42f!0 
``` «:H Y1iT» 

 -')T?T91 ?T+F3TF+=+194))Qg [+1OF3T19  
I!<<*><1*> ':#!1 <6'2162'*'!0-##:f N'!H216!0 #-f!H*6<+ 

N!1- #- #-;-45#!> <6-H** <0!%,! '-/0*6*+, !H#-1! N!<6%N%##! '-/-
0*0-%6<+ * 0 N%'<N%16*0% 7!O%6 #-;-65 *,'-65 /#-;*6%45#2P '!45. 

Q!H <6'2162'*'!0-##:7* N'!H216-7* (SQ) 7: ?2H%7 N!#*-
7-65 '!/#*;#:% *#0%<6*)*!##:% $*#-#<!0:% N'!H216:, N!<6'!-
%##:% #- !<#!0% H%'*0-6*0!0, 0#% /-0*<*7!<6* !6 <N!<!?- *f 
!$!'74%#*+ (P'*H*;%<1!> $!'7:). [-1*7 !?'-/!7, 1 H-##!> 1-6%-
,!'** 7: !6#!<*7 *#H%1<*'2%7:% H%N!/*6:, <6'2162'*'!0-##:% 
!?4*,-)**, #!6: * <%'6*$*1-6: * H'. 

Q%'0:% '!/#*;#:% *#0%<6*)*!##:% <6'2162'*'!0-##:% 
N'!H216: ?:4* N'%H4!O%#: 0 2005 ,!H2 ?-#1!7 W#*-<6'27 (N'!-
H216 #-/:0-4<+ Fusion). 8N!<4%H<60** !#* #-;-4* N'%H4-,-65<+ 
S*6*?-#1!7,  X[ Z*#-#< * H'2,*7* ?-#1-7* * X . Q!<4%H#*7 
/#-;*7:7 <!?:6*%7 #- ':#1% SQ <6-4 0:N2<1 1!7N-#*%> ['!>1- 
G*-4!, 0 *P#% 2009 ,!H- !?4*,-)*>, N'*0+/-##:f 1 *#H%1<2 I[S. 

C;-<6#*1!0 '!<<*><1!,! ':#1- <6'2162'*'!0-##:f N'!H21-
6!0 7!O#! '-/H%4*65 #- <4%H2PM*% !<#!0#:% ,'2NN:. 

1) X  * ?-#1* < 2(7="9,, 3(U'7<L+ =7U2,$"+ N! 0:N2<12 
SQ. S*45#%% 0<%,! 0:H%4+P6<+ #- ':#1% <6'2162'*'!0-##:% N'!-
H216:  X[ Z*#-#<, d S * ['!>1* G*-4!,. 

2) X  < +,2,, 3(U'7<L+ =7U2,$"+ N! 0:N2<12 SQ. j?:;#! 
6-1*% N'!H216: $!'7*'2P6<+ 0 '-71-f H!0%'*6%45#!,! 2N'-04%-
#*+ * <6'!+6<+ N26%7 1!7?*#-)** !?4*,-)*> * ?*'O%0:f !N)*!-
#!0, 6!',2%7:f #- ZjI[S ('%O% – 0#%?*'O%0:f !N)*!#!0). 

3) S6'2162'*'!0-##:% N'!H216: 72"$<3(22LV =(2&"'. Q!-
H!?#:% N'!H216: +04+P6<+ *#!<6'-##:7* )%##:7* ?27-,-7*, 
+04+P6<+ #-*?!4%% <4!O#:7* < 6!;1* /'%#*+ <0!%,! 2<6'!><60- * 
N'%H4-,-P6<+ 0 I!<<** *#0%<6!'-7 < 0:<!1*7 2'!0#%7 1-N*6-4-. 

S 6!;1* /'%#*+ 0#26'%##%,! 2<6'!><60-, *7%PM*% #- '!<-
<*><1!7 ':#1% SQ 7!O#! 14-<<*$*)*'!0-65 <4%H2PM*7 !?'-/!7. 

1) SQ <! $<(2/(3<2L+7 "867"2(+7 – ?!45_*#<60! '!<<*>-
<1*f SQ !6#!<+6<+ 1 H-##!> ,'2NN%. 

2) SQ, 014P;-PM*% =72(32L, "867"2L – #%1!6!':% SQ #- 
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'!<<*><1!> ':#1% <!H%'O-6 N'!<6%>_*% h1/!6*;%<1*% !N)*!#: – 
?*#-'#:%. 

3) d!4%% X&U"<7E,$&7, 83"/0&<L. 
d!45_*#<60! N'%H4-,-%7:f SQ *7%P6 /-M*62 1-N*6-4- * 

+04+P6<+ «?%<12N!##:7*» (#% <!H%'O-6 N'!7%O26!;#:f N4-6%-
O%>). 

S2M%<602P6 SQ, '-<<;*6-##:% #- '-/4*;#:% $6,2(377 
/'7.,27* 3L2&(: #- '!<6 (;-M% 0<%,!), #- N-H%#*%, - 6-1O% #- 
H0*O%#*% ':#1- 0 ?!1!0!7 1!'*H!'% (6-1!> N'!H216 *7%%6<+, #--
N'*7%', 2 d S). 

S'!1* N'%H4-,-%7:f SQ 1!4%?4P6<+ !6 3 7%<+)%0 H! 2 4%6 – 
6. %. 0 )%4!7 '!<<*><1*% SQ +04+P6<+ ?!4%% «1!'!61*7*» N! <'-0-
#%#*P <! <0!*7* /-N-H#:7* -#-4!,-7*. 

S2M%<602%6 #%<1!451! $8"$"="' "5"3+9,27* <6'2162'*'!-
0-##:f N'!H216!0, N'*7%#+%7:f #- '!<<*><1!7 ':#1%. 
1) K2/,&$730,+L; /,8"U7< – ?-#1!0<1*> 014-H < N4-0-PM%> 
N'!)%#6#!> <6-01!>. 
2) I=97D(67* $ 89('(:F7+ &08"2"+. 
3) G!,!0!': /"',37<,9?2"D" 083('9,27* * =3"&,3$&7, /"D"'"-
3L. 
4) O30D7, P'*H*;%<1*% $!'7: SQ. 
@!O#! 0:H%4*65 <4%H2PM*% ?-/!0:% -16*0:, #-*?!4%% ;-<6! 
0<6'%;-PM*%<+ 0 SQ #- '!<<*><1!7 ':#1%. 
1) K2/,&$ B^M – #-*?!4%% N!N24+'#:> -16*0. 
2) S&677. 
3) ^"'(3L. 
4) [(9:<2L, &03$L – '-<N'!<6'-#%#: #% <4*_1!7 <*45#! 0 1-;%-
<60% ?-/!0!,! -16*0- SQ. 
5) >3"6,2<2L, $<('&7 – '-<N'!<6'-#%#: %M% 7%#5_%. 
6) ADRs, GDRs #- '!<<*><1*% -1)**. 
7) i(30=,.2L, 72/,&$L 7 72/,&$L. 
I-/0*6*% '!<<*><1!,! ':#1- SQ <H%'O*0-P6 <4%H2PM*% 5(&<"-
3L. 
 
1) i(&"2"/(<,9?2L, 83"=9,+L. 
2) >3"=9,+L, 9,.(F7, 2( $<"3"2, 83,/9".,27* – #%H!<6-6!1 
!N:6- '!<<*><1*f ?-#1!0 * X  H4+ 0:N2<1- SQ. 
3) >3"=9,+L, 9,.(F7, 2( $<"3"2, $83"$( – #%H!<6-6!;#-+ !<0%-
H!74%##!<65 * 1!7N%6%#6#!<65 '!<<*><1*f *#0%<6!'!0. 

[%7 #% 7%#%%, <2M%<602P6 !<#!0-#*+ N!4-,-65, ;6! 0 ?2H2-
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M%7 '!<<*><1*> ':#!1 <6'2162'*'!0-##:f N'!H216!0 ?2H%6 '-/-
0*0-65<+ * '-#! *4* N!/H#! /->7%6 62 O% #*_2, 1!6!'2P !# /-#*-
7-%6 #- '-/0*6:f ':#1-f. 

d"72<,D3(67* 7 V,/.73"'(27,  
G.W. B!4%7?*!0<1*> 
E4)3 0J"$c, :1?394, 

:1?319?34f i=)4)?191-[+1]QP6'))4f 434O']=f 
j<#!0!N!4-,-PM-+ '-?!6- N! 1!*#6%,'-)** ?:4- !N2?4*1!-

0-#- R.F. Engle * C.W.J. Grander 0 1987 ,!H2 [1]. ['-H*)*!##:> 
N!'6$%45#:> -#-4*/ '-<<7-6'*0-%6 1!''%4+)*P */7%#%#*> )%#: 
-16*0!0. G4+ N!42;%#*+ <!!60%6<602PM*f !)%#!1 )%#!0:% H-##:% 
H*$$%'%#)*'2P6<+, 0 '%/2456-6% ;%,! */ H-##:f 2H-4+P6<+ H!4,!-
0'%7%##:% 6'%#H:. 

 !*#6%,'-)*+ * 1!''%4+)*+ – <0+/-##:%, #! '-/4*;#:% N!-
#+6*+. 8:<!1-+ 1!''%4+)*+ H!f!H#!<6%> #% !?+/-6%45#! 04%;%6 
0:<!12P 1!*#6%,'-)*P 7%OH2 )%#-7*. 8 h1!#!7*1% #-*?!4%% ;-<-
6! 0<6'%;-%6<+ !?'-6#-+ <*62-)*+, 1!,H- 1!*#6%,'*'!0-##:% 0'%-
7%##:% '+H: *7%P6 <4-?2P 1!''%4+)*P N'*'-M%#*>. 

Q'!<6!% $!'7-45#!% !N'%H%4%#*% 1!*#6%,'-)** <!<6!*6 0 
<4%H2PM%7. K%<6-)*!#-'#:> 0'%7%##!> '+H, 1!6!':> <6-#!0*6<+ 
<6-)*!#-'#:7 N!<4% n  - 1'-6#!,! H*$$%'%#)*'!0-#*+, #-/:0-%6-
<+ *#6%,'*'!0-##:7 N!'+H1- n  * !?!/#-;-%6<+ ( )nI . G0- *#6%,-
'*'!0-##:f 0'%7%##:f '+H- x  * y  1!*#6%,'*'!0-#:, %<4* <2M%-
<602%6 4*#%>#-+ 1!7?*#-)*+ H-##:f '+H!0 z , 1!6!'-+ <6-)*!#-'-
#-. [.%., <2M%<602%6 6-1!% α , ;6! ( )0~ Iyxz α−= . d!4%% !?M%% 
!N'%H%4%#*% 1!*#6%,'-)** N'*0%H%#! 0 [1] * [2]. X<<4%H!0-#*% 
1!*#6%,'-)** H-4! 6!4;!1 '-/0*6*P #!0:f N!Hf!H!0 1 2N'-04%-
#*P N!'6$%4%7, 1!6!':% 2;*6:0-P6 H!4,!0'%7%##:% 6%#H%#)**. 
8! */?%O-#*% -'?*6'-O#:f 0!/7!O#!<6%>, 1!*#6%,'-)*+ H!4O#- 
2;*6:0-65<+ * N'* )%#!!?'-/!0-#** !N)*!#!0.  !*#6%,'-)*+ <!/-
H-%6 #!0:% 0!/7!O#!<6* 1'!<<-f%HO*'!0-#*+, !<#!0-##:% #-  
H!4,!0'%7%##!> <0+/* '-/4*;#:f -16*0!0. 

8 H!14-H% N!1-/:0-%6<+, ;6! H!f!H#!<65 N!'6$%4+ '!<<*>-
<1*f '2?4%0:f 1!'N!'-6*0#:f !?4*,-)*> 1!*#6%,'*'!0-#-, 0 ;--
<6#!<6*, <! <4%H2PM*7* -16*0-7*: *#H%1< I[S, )%#- #%$6*, *#-
H%1< -1)*> -#,4*><1*f N'%HN'*+6*> FTSE 100, *#H%1< #%7%)1*f 
-1)*> DAX, %0'!N%><1*> *#H%1< -1)*> EURO STOXX 50. I-<-
<7-6'*0-%6<+ $!'7*'!0-#*% f%HO*'2PM%,! N!'6$%4+ */ $5P;%'-
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<!0 #- N%'%;*<4%##:% 0*H: -16*0!0.  
8 1-;%<60% N!'6$%4+ '!<<*><1*f !?4*,-)*> '-<<7-6'*0-%6<+ 

*#H%1<#:> N!'6$%45 ZETBI-Corp, 1!6!':> %O%H#%0#! '-<<;*6:-
0-%6<+ ?-#1!7 e]KX[ [3]. G4+ N'!0%H%#*+ h1<N%'*7%#6- N'%HN!-
4-,-%6<+, ;6! 0 7!7%#6 #-;-4- '-<;%6- H-##!,! *#H%1<- (14.03.02) 0 
<!!60%6<602PM*> N!'6$%45 014-H:0-%6<+ 1 000 000 000 '2?. X#-
H*1-6!'!7 H4+ !61':6*+ f%HO*'2PM%> N!/*)** <42O*6 !N'%H%-
4%##:> 2'!0%#5 value-at-risk (VaR) N!'6$%4+ ZETBI-Corp.  

G4+ !N'%H%4%#*+ '-/7%'- f%HO*'2PM*f N!/*)*> *<N!45/!-
0-4-<5 #-*?!4%% N'!<6-+ 4*#%>#-+ 7!H%45 1!*#6%,'-)** 0'%7%#-
#:f '+H!0 ?%/ 6'%#H!0 * 4-,!0:f /-0*<*7!<6%>. S#*O%#*% N!'6-
$%4+ 0 N%'*!H 1'*/*<- 2008 ,!H- H!<6*,4! 198 74#. '2?. Q!4!O*-
6%45#-+ 0-'*-)*!##-+ 7-'O- N! $5P;%'<#:7 1!#6'-16-7 #- 1!#%) 
2008 ,!H- <!<6-0*4- 81 74#. '2?4%>.  

[-1*7 !?'-/!7, *<N!45/!0-#*% f%HO*'!0-#*+, !<#!0-##!,! 
#- 1!*#6%,'-)*!##:f /-0*<*7!<6+f, N!/0!4*4! ?: <2M%<60%##! 
<7+,;*65 N!<4%H<60*+ 1'*/*<- H4+ '-<<7-6'*0-%7!,! N!'6$%4+ 
!?4*,-)*>. e-7%6*7, ;6! /-1':6*% N!/*)*> N! !?4*,-)*+7 0 N'%H-
1'*/*<#:> N%'*!H ?:4! #%0!/7!O#:7 00*H2 1-6-<6'!$*;%<1!,! 
<#*O%#*+ 4*10*H#!<6*. 8 6! O% 0'%7+, '-<<7-6'*0-%7:% ':#1* 
N'!*/0!H#:f *#<6'27%#6!0 0 h6! 0'%7+ <!f'-#+4* 4*10*H#!<65 * 
7!,4* ?:65 *<N!45/!0-#: H4+ !<2M%<604%#*+ f%HO*'!0-#*+. 

Z7<,3(<03( 
1. Engle R.F., Grander C.W.J. (1987) “Co-integration and error correction: 
representation, estimation and testing”. Econometrics 55:2, pp.318-327. 
2. Engle R.F., Yoo B.S. (1987) “Forecasting and testing in cointegrated sys-
tems”. Jour. Econometrics 35, pp. 143-159. 
3. d-#1 e]KX[ [l4%16'!##:> '%<2'<] – '%O*7 H!<62N-: www.zenit.ru, 
<0!?!H#:>. 

 
I 6,9,$""=3(U2"$<7 /7',3$757&(677  

(0&67"22"; U(*'&7  
@.E. B!'%4!0 

.QV=?6=T'67)Q% 8')T+ =]')=  . . b1+1O)=8Q)4 W " 
I-<<7!6'*7 7!H%45 -7%'*1-#<1!,! -21)*!#- N! N%'0*;#!72 

'-/7%M%#*P H*<1!#6#:f !?4*,-)*>, N!/0!4+PM2P !N'%H%4*65 
!N6*7-45#!% ;*<4! 1!#12'%#6#:f N'%H4!O%#*>. 

d2H%7 <;*6-65, ;6! /-$*1<*'!0-# N4-#!0:> N%'*!H, #-;-4! 
1!6!'!,! <!0N-H-%6 < H#%7 N'!0%H%#*+ -21)*!#-, - 1!#%) – < H#%7 
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N!,-_%#*+ !?4*,-)*>. Q'%HN!4!O*7, /- N'*04%;%#*% 0 H%#5 -21-
)*!#- <'%H<60 0 !?u%7% V 0 1!#)% N4-#!0!,! N%'*!H- N'*H%6<+ /--
N4-6*65 <2772 A(V). Q2<65 *7%P6<+ -456%'#-6*0#:% <N!<!?: 04!-
O%#*+ H%#%, 6-1*%, ;6! N'* 04!O%#** <277: V 0 1!#)% N4-#!0!,! 
N%'*!H- 7!O#! N!42;*65 N'*?:45 D(V).  

j<!?:> N'-16*;%<1*> *#6%'%< N'%H<6-04+%6 <42;->, 1!,H- 
D(V) – 12<!;#!-4*#%>#-+ #%2?:0-PM-+ 0!,#26-+ $2#1)*+, *7%P-
M-+ k 6!;%1 */4!7- * N!<6!+##-+ N'* H!<6-6!;#! ?!45_*f /#-;%-
#*+f V. l6! <!!60%6<602%6 6!72, ;6! 2 !N%'*'2PM%> <6!'!#: *7%-
%6<+ k–1 <N!<!? -456%'#-6*0#!,! 04!O%#*+ <'%H<60, 1-OH:> */ 1!-
6!':f !,'-#*;%# N! !?u%72 *#0%<6*'2%7:f H%#%,. 

E21)*!##2P /-+012 ?2H%7 f-'-16%'*/!0-65 !?u%7!7 <'%H<60 
vp, 014P;%##:f 0 1!#12'%#6#!% N'%H4!O%#*% N! )%#% p (N! 6'-H*-
)** )%#: */7%'+P6<+ 0 H!4+f #!7*#-4- N). c%#2 !6<%;%#*+ P #- 
H-##!7 -21)*!#% ?2H%7 <;*6-65 <42;->#!> 0%4*;*#!>. 8%'!+6-
#!<65 6!,!, ;6! /#-;%#*% )%#: !6<%;%#*+ ?2H%6 '-0#! P, !?!/#-;*7 
µP. S;*6-%7, ;6! !N%'*'2PM-+ <6!'!#- <6'%7*6<+ 7-1<*7*/*'!-
0-65 7-6%7-6*;%<1!% !O*H-#*% N'*?:4*, 6! %<65 %% $2#1)*+ 0:*,-
':_- *7%%6 0*H 

( ) ( ))p
P p p

P p P p P p P

v
N v D V v A V

p
µ

≥ ≥ ≥

⎡ ⎤
− + − −⎢ ⎥

⎣ ⎦
∑ ∑ ∑ ∑ , 

1!6!'-+ 7-1<*7*/*'2%6<+ N! N%'%7%##:7 vp * V N'* %<6%<60%##:f 
!,'-#*;%#*+f p

p
v V=∑ , 0pv ≥ . 

Q'* <H%4-##:f N'%HN!4!O%#*+f !N6*7-45#-+ /-+01- <!H%'-
O*6 #% ?!4%% k+1 1!#12'%#6#:f N'%H4!O%#*>. ]% 1!#1'%6#-+ 
<6'2162'- 7!O%6 ?:65 #->H%#- <4%H2PM*7 !?'-/!7. 

Q2<65 s=(s1,s2,…,sk)∈[0,1]k, s0=0, sk+1=1, di !?!/#-;-%6 2,4!0!> 
1!h$$*)*%#6 i-,! 2;-<61- 12<!;#!-4*#%>#!> $2#1)** D(V), - vi – 
!?u%7 i-,! 1!#12'%#6#!,! N'%H4!O%#*+ (i=1,…k+1). 

I-<<7!6'*7 /-H-;2 7-1<*7*/-)** $2#1)**  
1 1 1

1 1 1
( )

( )

ik k k
i i

P i
P i i i

vN v D V v A V
p s

µ
+ + +

= = =

⎡ ⎤⎛ ⎞− + − −⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

∑ ∑ ∑ ∑ , 

,H% 7-1<*727 *M%6<+ N! N%'%7%##:7 v1
, 

2,…vk+1 * V, 2H!04%-

60!'+PM*f 2<4!0*+7 
1

1

k
i

i
v V

+

=

=∑ , 0iv ≥  * N%'%7%##:7 s1,s2,…,sk, 

H4+ 1!6!':f 0:N!4#+P6<+ #%'-0%#<60- 0zs1zs2z…zskz1. 
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Q'* h6!7 )%#- pi(s) +04+%6<+ 6!;1!> 7-1<*727- $2#1)**  

[( 1 ) ]i
P

P p

N d
p

µ
≤

− − ∑  

N! /#-;%#*+7 )%#: p, 2H!04%60!'+PM*7 #%'-0%#<60-7 si–1zpzsi. 
]<4* !N6*7-45#:% /#-;%#*+ vi N!4!O*6%45#:, - ;*<4- pi(s) 

N!N-'#! '-/4*;#:, 6! !N6*7-45#-+ /-+01- ?2H%6 <!H%'O-65 k+1 
1!#12'%#6#!% N'%H4!O%#*%. X#-;% *f 7!O%6 ?:65 7%#5_%. 

j67%6*7 1-;%<60%##:% 0:0!H:, 1!6!':% N!/0!4+%6 <H%4-65 
'-<<7!6'%##-+ 7!H%45. 
• c%4%<!!?'-/#!<65 H*0%'<*$*1-)** /-+01* !N'%H%4+%6<+ ,!6!0-
#!<65P !N%'*'2PM%> <6!'!#: *H6* #- '*<1 (!'*%#6*'!0-65<+ #- 
7-6%7-6*;%<1!% !O*H-#*%). 
•  !4*;%<60! 1!#12'%#6#:f N'%H4!O%#*> 0 -21)*!##!> /-+01% 
!N'%H%4+%6<+ 0*H!7 $2#1)** D(V), !N*<:0-PM%> -456%'#-6*0#:% 
<N!<!?: *#0%<6*'!0-#*+ H%#%,. 
• j6 0*H- $2#1)** A(V), !N*<:0-PM%> 0!/7!O#!<6* N! N'*04%-
;%#*P <'%H<60, ;*<4! 1!#12'%#6#:f N'%H4!O%#*> /-0*<*6 4*_5 
!N!<'%H!0-##!. 

 
M7$<,+( "6,2&7 "<&3L<LV >Kc"' 

E.Q. B!'+%0 
W1??=%?34f ^31)1]=V'?34f P3164 

I!<<*><1*> $!#H!0:> ':#!1 0<%,H- ?:4 1'->#% 0!4-6*45-
#:7. 8 6-1*f 2<4!0*+f 1'->#% 0-O#!> !1-/:0-%6<+ <N!<!?#!<65 
2N'-04+PM*f 1 6->7*#,2 ':#1-. K-*?!4%% 2<N%_#:7 2N'-04+P-
M*7 2H-%6<+ N!42;-65 N'*?:45 N'* '!<6% ':#1- * !,'-#*;*0-65 
2?:61* N'* %,! N-H%#** /- <;%6 N%'%?-4-#<*'!01* <0!%,! N!'6$%-
4+. S6-#H-'6#:% N!Hf!H: 1 '%>6*#,!0-#*P $!#H!0 (#-N'*7%', #- 
!<#!0% -45$: GO%#<%#- * 1!h$$*)*%#6- b-'N-) N4!f! '-?!6-P6 
#- 6-1!7 h1<6'%7-45#!7 ':#1%. Q!h6!72 7: N'%H<6-04+%7 #!02P 
<*<6%72 !)%#1* !61':6:f QXZ!0, '-/'-?!6-##2P I!<<*><1!> 
h1!#!7*;%<1!> _1!4!> (Ilb). 

K-_- <*<6%7- !)%#1* QXZ!0 014P;-%6 N!1-/-6%4* '*<1- * 
H!f!H#!<6*, 1!6!':% f-'-16%'*/2P6 <6%N%#5 -,'%<<*0#!<6* * 2<-
N%_#!<6* *#0%<6*)*!##!> <6'-6%,** $!#H- /- N!<4%H#*% 3 ,!H-. 
C<N%_#!<65 $!#H- */7%'+%6<+ #- !<#!0% <'-0#%#*+ %,! H!f!H#!-
<6* < H'2,*7* $!#H-7* */ 6!> O% 1-6%,!'** /- 0'%7%##:% *#6%'-
0-4:, <!!60%6<602PM*% '-/#:7 6*N-7 ':#1-. 
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S'-0#*6%45#:> -#-4*/ H!f!H#!<6* * '*<1- $!#H!0 N'!0!-
H*6<+ 0 '-71-f 6'%f !<#!0#:f 1-6%,!'*> !61':6:f QXZ!0: -1)*>, 
<7%_-##:f *#0%<6*)*>, !?4*,-)*>. Q'* '-<;%6% 2;*6:0-P6<+ 
6!451! 6% $!#H:, '-/7%' (SxE) 1!6!':f #% #*O% 7*#*7-45#!,! 
N!'!,- H4+ #!0:f $!#H!0 <!,4-<#! 6'%?!0-#*+7 ZSZI (10 74#. 
'2?.).  '!7% 6!,!, */ '-<;%6- *<14P;%#: 2/1!<N%)*-4*/*'!0-##:% 
$!#H:, 1!6!':% N'*0+/-#: 1 !N'%H%4%##!> !6'-<4*. [-1*7 !?'--
/!7, -#-4*/ * <'-0#%#*% N'!0!H+6<+ 6!451! H4+ H!<6-6!;#! 1'2N-
#:f $!#H!0 */ !H#!> 1-6%,!'**, 1!6!':% *7%P6 <f!O*% 0!/7!O-
#!<6* H4+ H*0%'<*$*1-)**.  

E,'%<<*0#!<65 *#0%<6*)*!##!> <6'-6%,** $!#H!0 !)%#*0--
%6<+ #- !<#!0% *f <*<6%7-6*;%<1!,! '*<1- (1!h$$*)*%#6 ?%6- N! 
!6#!_%#*P 1 <'%H#%0/0%_%##!72 *#H%1<2 1-6%,!'**) * !?M%,! 
'*<1- (<'%H#%10-H'-6*;%<1!% !614!#%#*% H!f!H#!<6%>). Z!#H *7%-
%6 0:<!1*>/<'%H#*>/#*/1*> 2'!0%#5 '*<1-, %<4* !# N!N-H-%6 0 
0%'f#PP/<'%H#PP/#*O#PP 6'%65 $!#H!0 N! -,'%,*'!0-##!72 
N!1-/-6%4P '*<1- 0 <0!%> 1-6%,!'**. 

Q!1-/-6%4* 2<N%_#!<6* '-<<;*6-#: #- !<#!0% H*#-7*1* 
<6!*7!<6* N-+ $!#H!0 0 6%;%#*% 6'%f4%6#%,! N%'*!H-. l6!6 N%'*!H 
'-/?*6 #- 0'%7%##:% *#6%'0-4:, 1-OH:> */ 1!6!':f N'%H<6-04+%6 
<!?!> !H*# */ f-'-16%'#:f 6*N!0 ':#1-. G4+ $!#H!0 -1)*> * 
<7%_-##:f *#0%<6*)*> 7: 0:H%4+%7 6'* 6*N- ':#1-: '!<6, «N*-
4-» (?4*/1-+ 1 #24P H!f!H#!<65 N'* 0:<!1!> 0!4-6*45#!<6*) * 
N-H%#*%. C<N%_#!<65 $!#H- #- 1-OH!7 6*N% ':#1- !)%#*0-%6<+ #- 
!<#!0% %,! H!f!H#!<6* 0 <!!60%6<602PM*f *#6%'0-4-f. D2;_*% 
20% $!#H!0 0 1-6%,!'** N!42;-P6 !)%#12 A, <4%H2PM*% 20% - 
!)%#12 B * H-4%% – !)%#1* C, D * E (f2H_*% 20%).  

8 *6!,% 1-OH:> $!#H N!42;-%6 6'!>#2P !)%#12, 1!6!'-+ N!-
1-/:0-%6 %,! ?+'O)=% 1T)1?=T'67)Q% '%/2456-6 #- ?:;5%7 ':#1%, 
«N*4%» * 7%H0%O5%7 ':#1%. K-N'*7%', !)%#1- A/B/D !/#-;-%6, ;6! 
$!#H *<N!45/2%6 -,'%<<*0#2P <6'-6%,*P, !?,!#++ ?!45_*#<60! 
$!#H!0 -1)*> #- '-<62M%7 ':#1%, #! !6<6-0-+ !6 #*f #- N-H-P-
M%7 ':#1%.  

G4+ $!#H!0 !?4*,-)*> 7: !)%#*0-%7 2<N%_#!<65 *f '-?!6: 
#- H02f 6*N-f ':#1- – ?:;5%7 * 7%H0%O5%7. 

S4%H2%6 N!H;%'1#265, ;6! #-_* !)%#1* 2<N%_#!<6* #% +0-
4+P6<+ '%>6*#,!7, N!<1!4512 #% H%4-P6 0 +0#!7 0*H% N!N'-01* #- 
'*<1. @: <'-0#*0-%7 H!f!H#!<65 $!#H!0 #- '-/#:f 6*N-f ':#1-, 
;6!, 0N'!;%7, H-%6 #-7 0!/7!O#!<65 H%4-65 0:0!H: ! <6-?*45#!-
<6* '%/2456-6!0 QXZ!0.  
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>3"D3(++( " (D7$<3 572(2$"'" B`o 
E.Q. B!'+%0 

W1??=%?34f ^31)1]=V'?34f P3164 
8 +#0-'% 2007 ,. I!<<*><1-+ h1!#!7*;%<1-+ _1!4- !61':4- 

#!02P N'!,'-772 «@-,*<6' $*#-#<!0» N'* N!HH%'O1% 
Morgan Stanley H4+ N'!$%<<*!#-4!0 <'%H#%,! /0%#-, '-?!6-PM*f 0 
$*#-#<!0!> <$%'%. j?2;%#*% #- #%> N'!*<f!H*6 ?%/ !6':0- !6 '--
?!6: * /-#*7-%6 H0- ,!H-. 

Q'!,'-77- «@-,*<6' $*#-#<!0» Ilb N!7!,-%6 '%_*65 H0% 
N'!?4%7:, <6!+M*% N%'%H N'!$%<<*!#-4-7*, '-?!6-PM*7* 0 '!<-
<*><1!> $*#-#<!0!> *#H2<6'**: !6<26<60*% 1-;%<60%##!,! $*#-#-
<!0!,! !?'-/!0-#*+ 0 I!<<** * '-<62M2P <4!O#!<65 '-?!6: 0 $*-
#-#<!0!7 <%16!'%. 8 !64*;*% !6 6'-H*)*!##:f 7-,*<6%'<1*f N'!-
,'-77, N'%H4-,-%7:f '!<<*><1*7* 2#*0%'<*6%6-7*, 1!6!':% 2H%-
4+P6 !<#!0#!% 0#*7-#*% ?-#1!0<1!72 H%42 * ?2f,-46%'<1!72 2;%-
62, N'!,'-77- MiF H%4-%6 -1)%#6 #- */2;%#*% $*#-#<!0:f ':#1!0 
* 1!'N!'-6*0#:f $*#-#<!0. [-1!> 1!7N4%1<#:> N!Hf!H #%!?f!-
H*7 H4+ 2<N%_#!> 1-'5%': 0 1-OH!7 */ #-N'-04%#*>. 

8:N2<1#*1* N'!,'-77: N!42;-P6 !<#!0-6%45#2P N!H,!6!0-
12 0 !?4-<6* <!0'%7%##!> 6%!'** * N'-16*1* *#0%<6*)*> * $*#-#-
<!0!> N!4*6*1* 1!'N!'-)*>, - 6-1O% #-0:1* <6'!,!,! -#-4*6*;%-
<1!,! 7:_4%#*+, +04+PM%,!<+ 14P;%0:7 1-;%<60!7 N'* N'*#+6** 
'%_%#*> 0 <!0'%7%##!> <6'%7*6%45#! 7%#+PM%><+ $*#-#<!0!> 
*#H2<6'**.  

Q'!,'-77- «@-,*<6' $*#-#<!0» Ilb H-%6 <0!*7 <62H%#6-7 
/#-#*% <!0'%7%##:f $*#-#<!0 * 7%6!H!4!,*P N'*7%#%#*+ h6*f 
/#-#*> 1 '%-45#:7 /-H-;-7. 8:N2<1#*1* N'!,'-77: N!#*7-P6 
6%!'%6*;%<1!% !?!<#!0-#*%, <*45#:% * <4-?:% <6!'!#: <!0'%7%#-
#!,! *#<6'27%#6-'*+ * 27%P6 <6'!*65 $*#-#<!0:% 7!H%4*, N'*-
<N!<!?4%##:% H4+ '%_%#*+ 1!#1'%6#:f /-H-;.  

`H'! N'!,'-77: <!<6!*6 */ !?+/-6%45#:f 12'<!0 N! h1!#!-
7*1% * N! $*#-#<-7: Z*#-#<!0:% ':#1* * *#<6'27%#6:, Z*#-#-
<!0:> -#-4*/ * 2;%6, @-1'!h1!#!7*1-, l1!#!7*1- 2N'-04%#*+ * 
<6'-6%,**,  !'N!'-6*0#:% $*#-#<:, Z*#-#<!0-+ h1!#!7%6'*1-, 
Q!'6$%45#-+ 6%!'*+ * 2N'-04%#*% *#0%<6*)*+7*.  

8H!?-0!1 1 #*7 <62H%#6: 0:?*'-P6 *#H*0*H2-45#:> #-?!' 
h4%16*0#:f 12'<!0, 0 1!6!':> 0f!H+6 d-#1!0<1!% H%4!, I*<1 7%-
#%HO7%#6, S4*+#*+ * N!,4!M%#*+, @%OH2#-'!H#:% $*#-#<:, 
Q'+7:% *#0%<6*)** * 0%#;2'#:> 1-N*6-4, l6*1- 0 ?*/#%<% * H'. 
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j?2;%#*% 0%H%6<+ < 2;%6!7 N!<4%H#*f '%/2456-6!0 #-2;#:f 
*<<4%H!0-#*> 0 !?4-<6* $*#-#<!0. j<#!0#!% 0#*7-#*% 2H%4+%6<+ 
*/2;%#*P 6%7, #-*?!4%% '%4%0-#6#:f H4+ ?*/#%<-, *f 6%!'%6*;%-
<1!72 !?!<#!0-#*P < N!#*7-#*%7 h1!#!7*;%<1!> *#62*)**. G4+ 
N'!f!OH%#*+ 12'<- !6 2;-<6#*1!0 N'!,'-77: 6'%?2%6<+ N'!'-?!6-
1- 2;%?#:f 7-6%'*-4!0 (4%1)**, !6H%45#:% ,4-0: */ 1#*, * #-2;-
#:% <6-65*), 0:N!4#%#*% H!7-_#*f /-H-#*> * h1/-7%#!0. e#-;*-
6%45#-+ ;-<65 2;%?#!,! N'!)%<<- N!<0+M%#- '-/?!'2 1%><!0 */ 
N'-16*1* <!0'%7%##!,! '!<<*><1!,! * /-'2?%O#!,! ?*/#%<-. 8 !6-
4*;*% !6 6'-H*)*!##:f 4%1)*>, !?2;%#*% 0 MiF 014P;-%6 0 <%?+ 
'-?!62 0 ,'2NN-f * 6%<#!% 0/-*7!H%><60*% N'!$%<<!'!0 * <62H%#-
6!0.  

Q'!,'-77- «@-,*<6' $*#-#<!0» !N*'-%6<+ #- _6-6#:> N'%-
N!H-0-6%45<1*> <!<6-0 Ilb 0 !?4-<6* h1!#!7*1* * $*#-#<!0, - 
6-1O% #- N'*,4-_%##:f N'!$%<<!'!0 42;_*f 2#*0%'<*6%6!0 * 
?*/#%<-_1!4 7*'-.  4P;%0!% N'%*72M%<60! N'!,'-77: – h6! * %% 
2#*1-45#!% <!6'2H#*;%<60! < ;-<6#:7 <%16!'!7. D*H%': '!<<*>-
<1!,! * 7%OH2#-'!H#!,! $*#-#<!0!,! <!!?M%<60- 2;-<602P6 0 
$!'7*'!0-#** 2;%?#!> N'!,'-77:, ;*6-P6 ,!<6%0:% 4%1)** * 
N'%N!H-P6 )%4:% 12'<:. l6! <!6'2H#*;%<60! N!7!,-%6 N'!,'-77% 
'%-4*/!0-65 /-H-;2 N! !?%<N%;%#*P <62H%#6!0 #-0:1-7*, !<#!0-#-
#:7* #- #!0%>_*f H!<6*O%#*+f $*#-#<!0!> #-21* * N'*7%#*7:f 
0 <%,!H#+_#*f '%-4*+f <!0'%7%##:f $*#-#<!0. 

 
i(/(E( "8<7+(9?2"D" 'L="3( 2(="3( 83,+7;  

' $<3(V"'(277 .7U27 
G.8.G%#*<!0 

:1?319?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T  
=]')= :... _1]1)1?194 

e-H-;- 0:?!'- #-,'2/!1  N'* '-<;%6% #%66!-N'%7*> 0 <6'-f!-
0-#** O*/#* <0+/-#- < /-H-;%> '-<;%6- '%/%'0!0, h6- /-H-;- '%_--
%6<+ #- !<#!0% '%12''%#6#:f <!!6#!_%#*> H4+ '%/%'0!0 [1]: 

))1(()( 11 +++=+−++ ++++ kuVvpSvqkuecPV kkx
d
kKxkkk ,   (1) 

,H% x – 0!/'-<6 /-<6'-f!0-##!,! #- 7!7%#6 /-14P;%#*+ H!,!0!'-, 
u(k) – N'*?:45 #- #-;-4! k+1 – ,! ,!H-, Vk  - 7-6%7-6*;%<1*> '%-
/%'0, 0:;*<4+%7:> #%N!<'%H<60%##! N%'%H 0#%<%#*%7 k – !> N'%-
7**, kc  - #-,'2/1- 1 N'%7** k+1 – ,! ,!H-, v – H*<1!#6*'2PM*> 
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7#!O*6%45, kxp +  - 0%'!+6#!<65 H!O*6*+ H! 0!/'-<6- x+k+1 N'* 

2<4!0** H!O*6*+ H! 0!/'-<6- x+k, kxq + =1- kxp + , d
kS 1+  - <6'-f!0-+ 

<277- N! <42;-P <7%'6* #- k+1 – !7 ,!H2. Q'*?:45 u(k) $!'7*'2-
%6<+ < )%45P H!N!4#*6%45#!> 0:N4-6: <6'-f!0-6%4P 0 1!#)% <'!-
1- H4+ N'%H!60'-M%#*+ H!<'!;#!,! N'%1'-M%#*+ H%><60*+ N!4*<-. 
X/ (1) <4%H2%6, ;6! #-,'2/1* 1 #%66!-N'%7** P 2H!04%60!'+P6 <!-
!6#!_%#*+7 

)()1( kukuvpc kxk −+= + , k=0,1,2,…                   (2) 
C<4!0*% N'!H!4O%#*+ H!,!0!'- #- k+1 – > ,!H N'%H<6-0*7 1-1 

VEVku nkxknn ≥⋅+ +−))(( , k=1,2,3,…                     (3) 
Q'* 2<4!0** u(0)=0 0%4*;*#- N'*?:4* 4*#%>#! 0:'-O-%6<+ ;%'%/ 

:}{ kc  ∑ ⋅= jj caku )( ,k=1,2,3,…0-H-;- !N6*7*/-)** #-?!'- N'%-

7*> 6%N%'5 N'%H<6-04+%6<+ 0 0*H% /-H-;* !N6*7*/-)** 

∑
−

=

→
1

0
min

n

k
kxk cE  N'* 2<4!0*+f (2,3) 

Z7<,3(<03( 
1.  N.L. Bowers, H.U. Gerber, J.C. Hickman, D.A. Jones, C.J. Nesbit. 

Actuarial Mathematics. The Sociaty of Actuaries, 1986 
 
 

K2.727372D $5,3L 572(2$"'LV 0$90D  
' 3"$$7;$&"; X&"2"+7&,  

X.8. G!?-_*#- 
S=)4)?194f 434O']=f [+= C+49=T'67?T9' WS  

G!4+ $*#-#<!0:f 2<42, 0 '-/0*6:f <6'-#-f H!<6*,-%6 5 – 8% 
0-4!0!> H!?-04%##!> <6!*7!<6* ( <7.6-?4*)2). 8 '-/0*0-PM*f<+ 
h1!#!7*1-f, N'*?4*O%##:f N! 2'!0#P 1 *#H2<6'*-45#:7  ( !'%+, 
x%f*+, 8%#,'*+), <*62-)*+ -#-4!,*;#-. 

O"9* 572(2$"'LV 0$90D ' '(9"'"; /"=('9,22"; $<"7+"-
$<7, % 

S6'-#- 1990 1995 2000 2005 2007 
b0%>)-'*+ … … 13,2 12,7 … 
X'4-#H*+  8,0 7,2 10,1 10,6 
[2')*+ … … 7,4 8,0 8,9 
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SbE 6,0 7 7,6 8,0 7,9 
Q!'62,-4*+ … 4,4 6,1 7,8 … 
8%4*1!?'*6-#*+ … … 5,5 7,1 7,7 (2006) 
E0<6'-4*+ 6,9 6,9 7,1 7,4 7,8 
K*H%'4-#H: 6,0 6,1 6,1 6,8 7 
`N!#*+ … … 5,8 6,3 … 
X<N-#*+  4,0 4,6 5,9 6,9 
 !'%+ … … 5,8 6,5 6,8 
Q!45_- … 2,5 4,9 5,5 6,5 
Z'-#)*+ … … 5,1 5,3 5,5 
8%#,'*+ … … 3,3 5,3 5,2 
X6-4*+ 4,3 4,4 4,7 4,8 5,2 
B"$$7* … 1,6 1,6 4,0 4,6 
K!'0%,*+ 3,2 3,2 3,0 4,0 4,3 

- 0 +(9LV X&"2"+7&(V - +,./02(3"/2LV 572(2$"'LV 
6,2<3(V (b0%>)-'*+, DP1<%7?2',), H!4+ $*#-#<!0:f 2<42, – 0 
<*42 <N%)*-4*/-)** <6'-#: – 7!O%6 H!<6*,-65 12 – 25% '(9"'"; 
/"=('9,22"; $<"7+"$<7. E#-4!,*;#! – 0 7-4:f h1!#!7*1-f, N'!-
0!H*0_*f 0 2000-% ,,. N!4*6*12 <!/H-#*+ $*#-#<!0:f )%#6'!0, 
«$*#-#<!0:f ?27!0» (X'4-#H*+, X<4-#H*+ - !1!4! 10% 0-4!0!> 
H!?-04%##!> <6!*7!<6*); 

- MoS 7 [,97&"=37<(27*, 1-1 7*'!0:% $*#-#<!0:% )%#-
6':, $!'7*'2P6 /- <;%6 $*#-#<!0:f 2<42, N'*7%'#! 8% '(9"'"; 
/"=('9,22"; $<"7+"$<7 (!H*# */ <-7:f 0:<!1*f 2'!0#%> h6!,! 
*#H*1-6!'- 0 7*'%); 

-'!<6 $*#-#<!0!> ,42?*#: '!<<*><1!> h1!#!7*1*, «<!/'%-
0-#*%» %%  '-/0*0-PM%,!<+ ':#1- 3($]73797 ' Bc '&9(/ 57-
2(2$"'LV 0$90D ' '(9"'0: /"=('9,220: $<"7+"$<? < 0,5 – 0,6% 
0 1996 – 97 ,,. H! ?!4%% 4% N%'%H 1'*/*<!7 (2007 ,.). 

I37,2<73L 72.727372D( $5,3L 572(2$"'LV 0$90D ' 
B"$$77 H!4O#: !<#!0:0-65<+ #- ,4!?-45#:f 6%#H%#)*+f, H%><6-
02PM*f /,$*<79,<7*+7: 

- 3"$< /"97 572(2$"'LV 0$90D ' '(9"'"; /"=('9,22"; 
$<"7+"$<7 /" 6 – 8%. 8 21 */ 24 <6'-# (<(=9. 1) H!4+ $*#-#<!0:f 
2<42, <2M%<60%##! 0:'!<4- 0 1990 – 2000-% ,,. l6!6 N'!)%<< N!H-
60%'OH-%6<+ H-##:7*, *7%PM*7* ,42?!12P '%6'!<N%16*02. 8 
1947 ,. $*#-#<!0:% 2<42,* $!'7*'!0-4* 2,3% 0-4!0!> H!?-04%#-
#!> <6!*7!<6* SbE, 0 1967 ,.-3,8%, 0 1987 ,.-5,8%, 0 2007 ,.-7,9% 
; 
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-/7',3$757&(67* 572(2$"'LV 0$90D, N-H%#*% H!4* ?-#-
1!0<1*f 2<42, H! 50 – 60%, '!<6 '!4* 2<42, #- $*#-#<!0:f ':#-
1-f. 8 SbE H!4+ 1!77%';%<1*f ?-#1!0 0 $*#-#<!0:f -16*0-f 
2N-4- < 29,8% 0 1990 ,. H! 22,5% 0 2007 ,. (0 1900 ,. h6!6 N!1-/--
6%45 <!<6-04+4 52 – 53%, 0 1945 ,. – !1!4! 40%). jH#!0'%7%##! - 
20%4*;%#*% H!4* *#<6*626!0 $!#H!0!,! * <'!;#!,! ':#1!0. E#--
4!,*;#! – N! 7#!,*7 H'2,*7 <6'-#-7. 

c02/(+,2<(9?2L, 837E72L h6*f <,2/,267;: 3"$< 57-
2(2$"'"; D90=72L (financial depth) 7*'!0!> h1!#!7*1* N! 7%'% 
,4!?-4*/-)** * N%'%f!H- 0<U ?!45_%> ,'2NN: <6'-# #- ?!4%% /'%-
42P <6-H*P '-/0*6*+; «572(2$7(97U(67*» X&"2"+7&7, $,&?:-
37<7U(67* 572(2$"'"; $5,3L; %% D9"=(97U(67*. 8<U h6! – !?u-
%16*0#:% N'!)%<<:, #% *7%PM*% !6#!_%#*+ 1 «!6':0-7» $*#-#-
<!0!,! !?!'!6- !6 '%-45#!,!, 0%H2M*7 1 1'*/*<-7. 

Z7<,3(<03( 
1. Yuskavage Robert E., Fahim-Nader Mahnaz. Gross Domestic Product 

by Industry for 1947–86. New Estimates Based on the North American Indus-
try Classification System. – US Bureau of Economic Analysis, Survey of Cur-
rent Business, December 2005 

2. Litan Robert E. What Should Banks Do? – Wash.: The Brookings Insti-
tution, 1987. – P. 18 

I/2( U(/(E( 083('9,27* 8"3<5,9,+ "=97D(67; 
8.K. G!7'-;%%0, [.E. d-'H-H:7, W.Q. D-N6*#, E.Q. D*f!0*H 
He $)i1+]48=1))1-<1]]F)=348=1))Qg c'g)161-=%, <='9 
$)-T 3=*'+)'T=3= =]. ..:. H6FP3194 " " e3+4=)Q, <='9 

I-<<7-6'*0-%6<+ /-H-;- 2N'-04%#*+ N!'6$%4%7 !?4*,-)*> #- 
0'%7%##!7 *#6%'0-4% [1,..., ]T . 8:N4-6: N! !?4*,-)*+7, !N%'--
)*!##:% */H%'O1* * '-/#*)- )%# N'!H-0)- * N!12N-6%4+ <;*6-P6-
<+ N!<6!+##:7*. S42;->#:7* +04+P6<+ 1'-61!<'!;#:% N'!)%#6-
#:% <6-01* * )%#: !?4*,-)*> 0! 0'%7%#* (1-1 $2#1)*+ 1'-61!-
<'!;#:f N'!)%#6#:f <6-0!1). e-H-#:: 0%4*;*#- #-;-45#!,! 1-N*-
6-4- 0 ?%/'*<1!0:f -16*0-f, 0#%_#*% N!<62N4%#*+ 0 1-OH:> 7!-
7%#6 0'%7%#*, H%#%O#:% N!<62N4%#*+ !6 !?4*,-)*>, 0:'-O%##:% 
1-1 !6#!_%#*% 1 *f #!7*#-45#!> <6!*7!<6*, - 6-1O% ,'-$*1 N!-
,-_%#*+ /-H!4O%##!<6%>. K%!?f!H*7! !N'%H%4*65 !?u%7: N!12N-
1* * N'!H-O* !?4*,-)*> 0 1-OH:> N%'*!H 0'%7%#* 6-1*7 !?'-/!7, 
;6!?: !?%<N%;*65 ,'-$*1 N!,-_%#*+ /-H!4O%##!<6%> * 7-1<*7*-
/*'!0-65 1!#%;#:> 1-N*6-4 (#-4*;#:> N4P< <6!*7!<65 N!'6$%4+ 
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!?4*,-)*>).  
e-H-;- $!'724*'2%6<+ 1-1 7#!,!h6-N#-+ /-H-;- <6!f-<6*;%-

<1!,! N'!,'-77*'!0-#*+. G4+ %% N'*?4*O%##!,! '%_%#*+ $!'7*-
'2%6<+ H%'%0! 0!/7!O#:f <)%#-'*%0 * H%6%'7*#*'!0-##:> -#-4!, 
*<f!H#!> /-H-;*, +04+PM*><+ 04!O%##!> 10-/*?4!;#!> /-H-;%> 
0:N214!,! N'!,'-77*'!0-#*+.  

8 H!14-H% '-<<7-6'*0-P6<+: H%1!7N!/*)*!##-+ <f%7- '%_%-
#*+ H%6%'7*#*'!0-##!,! -#-4!,- *<f!H#!> /-H-;*, !<!?%##!<6* 
N'!,'-77#!> '%-4*/-)** <f%7: H%1!7N!/*)**, '-/4*;#:% N!Hf!-
H: 1 $!'7*'!0-#*P H%'%0- 0!/7!O#:f <)%#-'*%0 * <!!60%6<6-
02PM*% N'!,'-77#:% <'%H<60-. 

I%/2456-6: 0:;*<4*6%45#:f h1<N%'*7%#6!0 N'!H%7!#<6'*-
'!0-4* <2M%<60%##!% <!1'-M%#*% 0'%7%#* N!*<1- N'*?4*O%##:f 
'%_%#*> N'* *<N!45/!0-#** <f%7: H%1!7N!/*)** N! <'-0#%#*P < 
*<N!45/!0-#*%7 <6-#H-'6#:f N-1%6!0 H4+ '%_%#*+ /-H-; 4*#%>#!-
,! N'!,'-77*'!0-#*+. 

 
c3(&<(9?2L; (2(97U '3,+,22LV 3*/"'  

' U(/(E(V 83"D2"U(  
@. @. G2?!0*1!0, K. 8. S6-';%#1! 

0 ` «e[+496fqt4f 31][4)=f» $"cW Yc» 
K-;*#-+ < 1!#)- N'!_4!,! 0%1-, 6%7- f-!6*;%<1*f 0'%7%#-

#:f '+H!0 20%'%##! /-#*7-%6 !H#! */ 4*H*'2PM*f N!4!O%#*> 0 
#-2;#:f O2'#-4-f, H-O% 6-1*f, 1-1 Nature *4* Science. Q'*;%7 
'+H: '-<<7-6'*0-P6<+ <-7:% '-/#:%, #-;*#-+ !6 6'-H*)*!##:f 
(,%!$*/*;%<1*f, h1!#!7*;%<1*f, 7%H*)*#<1*f) * /-1-#;*0-+ 6%7*, 
1!6!':% <6-4* N!N24+'#:7* <'-0#*6%45#! #%H-0#! (%O%H#%0#:% 
0-'*-)** 2'!0#+ N'%<62N#!<6* *4* G[Q 0 '%,*!#%, 1!4%?-#*+ /--
N'!<!0 !N'%H%4%##:f <->6!0 0 Internet * 6.H.). K-H%O#! 2<6-#!04%-
#!, ;6! h6* '+H: #- '-/#:f 7-<_6-?-f 0:,4+H+6 N'*7%'#! !H*#--
1!0!. j<#!0#!> f-'-16%'*<6*1!> 6-1*f <-7!N!H!?#:f <6'2162', 
1-1 */0%<6#!, +04+%6<+ '-/7%'#!<65 D, 00%H%##-+ v-2<H!'$!7 %M% 
0 1919 ,!H2 H4+ 1!7N-16#!,! 7#!O%<60- 0 N'!*/0!45#!7 7%6'*;%-
<1!7 N'!<6'-#<60% [1]. j<!?-+ 0-O#!<65 h6!> f-'-16%'*<6*1* <0+-
/-#- < 6%7, ;6! !#- !N'%H%4+%6 N!1-/-6%45 v%'<6- H, 1!6!':> +04+-
%6<+ N!1-/-6%4%7 2<6!>;*0!<6* 6'%#H- (#-N'-04%##!,! H0*O%#*+ 
'+H- 00%'f *4* 0#*/). G4+ _*'!1!,! 14-<<-  N'!)%<<!0 (#-N'*7%', 
H4+ ,-2<<!0- <42;->#!,! N'!)%<<-) H=2-D. @%OH2 6%7, #- N'-16*-
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1%, H4+ #-H%O#!,! 0:;*<4%#*+ D (*4* H) 6'%?2%6<+ <4*_1!7 
?!45_!> '%N'%/%#6-6*0#:> 7-<_6-?, <!H%'O-M*> #%<1!451! 6:-
<+; H-##:f [2], 0#26'* 1!6!'!,!, 0'%7%##!> '+H 7#!,! '-/ 7%#+%6 
f-'-16%' <0!%,! N!0%H%#*+. l6! <0+/-#! < 6%7, ;6! < !H#!> <6!'!-
#:, '%-45#:% 0'%7%##:% '+H: 0<%,H- *7%P6 7*#*7-45#:7 7-<-
_6-? <6'2162': 0δ , < H'2,!> O% <6!'!#:, N'*?4*O%#*% 1 <!!60%6-
<602PM%72 -<*7N6!6*;%<1!72 '%O*72 !?:;#! +04+%6<+ <4*_1!7 
7%H4%##:7.  -1 N!1-/-#! 0 [3], ;6!?: !N'%H%4*65 '-/7%'#!<65 D 
4!1-45#! (6.%. #- 7-<_6-?-f, N!'+H1- f-'-16%'#!,! 7-<_6-?- !<-
#!0#:f H*#-7*;%<1*f <!<6!+#*> N'!)%<<-), H4+ %% 0:;*<4%#*+ 
<4%H2%6 *<N!45/!0-65 0:'-O%#*%: 

µδδ −~)(fV   N'*  0→δ ,                                (1) 
,H%   

                       ∑
=

≡
m

i
if AV

1

)()( δδ ,                               (2) 

)(δiA  +04+%6<+ '-/#!<65P 7%OH2 7-1<*7-45#:7 * 7*#*7-45#:7 
/#-;%#*%7 '+H- #- !6'%/1% ],[ 1 ii tt − ,  mabtt ii /)(1 −==− − δ ,  
( mi ...2,1= ), 1−= Dµ . Q'*;%7 ?:<6':> 0:f!H $2#1)** 

)(δfV #- -<*7N6!6*;%<1*> '%O*7 (1), N!42;-%6<+ N'* 6-1!7 <N!-
<!?% 0:;*<4%#*+ D -06!7-6*;%<1*. l6! N!/0!4+%6 H4+ #-H%O#!,! 
!N'%H%4%#*+  D  *<N!45/!0-65 7-<_6-?, <!H%'O-M*> 0<%,! 4*_5 
#%<1!451! H%<+61!0 /#-;%#*>. E#-4*/ $*#-#<!0:f '+H!0 < N!7!-
M5P h6!,! N!1-/-6%4+ N!/0!4+%6 #- !<#!0% h7N*'*;%<1*f H-##:f 
<6'!,! !?!<#!0-65 h$$%16 20%4*;%#*+ 1'2N#!7-<_6-?#:f $421-
62-)*> N'*  N!H-04%#** 7%41!7-<_6-?#:f.  

8 #-<6!+M%> '-?!6% N'%H<6-04%# *#H*1-6!', N!<6'!%##:> #- 
!<#!0% 21-/-##!,! h$$%16-. 8 #%7 *<N!45/!0-# -,'%,*'!0-##:> 
*#H%1<, 014P;-PM*> 0 <%?+  #-'+H2 < DJIA * RTS 0<% !<#!0#:% 
7*'!0:% $!#H!0:% *#H%1<:. E,'%,*'!0-#*% *#H%1<!0 /H%<5 N'!-
0!H*6<+ H4+ 6!,!, ;6!?: 27%#5_*65 ;*<4! h1/!,%##:f $-16!'!0, 
*<14P;*0 $-16!' 04*+#*+ $!#H!0:f ':#1!0 '-/#:f <6'-# H'2, #- 
H'2,-. X#H*1-6!' N!1-/-4 '%/1!% 27%#5_%#*% 7%41!7-<_6-?#:f 
$42162-)*>, #-;*#-+ < 2001 ,!H-, H0- '-/-.  Q%'0:> '-/ - 0 H%1-?'% 
2004 ,!H-, N!<4% ;%,! ;%'%/ N!4,!H- N!<4%H!0-4 ?2'#:> '!<6 0<%f 
*#H%1<!0, 1!6!':> N'!H!4O-4<+ !1!4! H02f 4%6. 86!'!> '-/ - 0 
-N'%4% 2008 ,!H-, N!<4% ;%,! 6-1O% N'*7%'#! ;%'%/ N!4,!H- 0 <0+-
/* < 1'*/*<!7 N'!*/!_4! '%/1!% N-H%#*% 0<%f *#H%1<!0. 
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Z7<,3(<03( 
1. Hausdorff F., Dimesion und Ausseres Mass, Matematishe Annalen 79 

(1919) 157–179. 
2. Feder J. Fractals. New York: Plenum Press, 1988. 
3. Dubovikov M.M., Starchenko N.S., Dubovikov M.S. Dimension of the 

minimal cover and fractal analysis of time series // Physica. 2004. A 339. I. 
591 – 608. 

 
>3"D2"U73"'(27, $ 8"+"F?: '"92  

67&9( d"2/3(<?,'(  
S.8. G2?!0<1*>  

$)?T=TFT ?=?T'])1-1 4)46=&4 W " 
Q!<4% !?0-4!0 #- $!#H!0:f ':#1-f * h1!#!7*;%<1*f 1'*/*-

<!0 0 1987,., 1997-98 ,.,. * 2008-2009 ,.,. <6-4! +<#!, ;6! 7*'!0!% 
'-/0*6*% N'!H!4O-%6 N!H;*#+65<+ /-1!#!7%'#!<6+7 )*14-  !#H-
'-65%0-. 8 <!!60%6<60** < 7-6%7-6*;%<1!> 7!H%45P  )*14-  !#H-
'-65%0-  !<#!0#2P '!45 0 <!/H-#** h6*f 1'*/*<!0 *,'-P6 H0% 0!4-
#: – 0!4#- #!'7: N'*?:4* (KQ) * 0!4#- 0-4!0!,! 0#26'%##%,! 
N'!H216- (88Q). 8!4#- KQ !N%'%O-%6 0!4#2 88Q N'*7%'#! #- 
;%60%'65 N%'*!H- 0<%,! )*14-, 6.%. N'*7%'#! #- 12-14 4%6. Q!h6!72 
0! 0'%7+ 1'*/*<!0 <!/H-P6<+ H0% '-/#:% 6!N!4!,*;%<1*% <*62--
)**. 8 !H#!7 <42;-% /- 7-1<*727!7 0!4#: KQ 0 <'%H#%7 ;%'%/ 13 
4%6 <4%H2%6  7-1<*727 0!4#: 88Q, - /-6%7 0 H-45#%>_%7 '-/0*6** 
/- 7*#*727!7 0!4#: KQ 0 <'%H#%7 ;%'%/ 13 4%6 <4%H2%6 7*#*727 
0!4#: 88Q. 8 !1'%<6#!<6+f h6*f 7-1<*727!0 * 7*#*727!0, 1-1 
N'-0*4!, * N'!*<f!H+6 !?0-4: #- $!#H!0:f ?*'O-f, h1!#!7*;%-
<1*% 1'*/*<: * <!)*-45#:% 1-6-14*/7:.  

[!N!4!,*;%<1*% <*62-)** '-/4*;-P6<+ N'*#)*N*-45#!. 
j?0-4 #- $!#H!0!> ?*'O% 0 !1'%<6#!<6* 7-1<*727- 0!4#: KQ 
N'!*<f!H*6 #- $!#% 0!<f!H+M%> 0!4#: 88Q, - !?0-4 #- $!#H!0!> 
?*'O% 0 !1'%<6#!<6* 7*#*727- 0!4#: KQ N'!*<f!H*6 #- $!#% 
#*<f!H+M%> 0!4#: 88Q. Q!h6!72 1'*/*<:, #-;*#-PM*%<+ 0 !1'%-
<6#!<6* 7-1<*727- 0!4#: KQ, /-1-#;*0-P6<+ ?:<6'%%, ;%7 1'*/*-
<:, #-;*#-PM*%<+ 0 !1'%<6#!<6* 7*#*727- 0!4#:  KQ. jH#!0'%-
7%##! <4%H2%6 !67%6*65, ;6! <!)*-45#:% 1-6-14*/7: 0 !1'%<6#!-
<6+f 7-1<*727- 0!4#: 88Q 1-1 N'-0*4! ?!4%% '-/'2_*6%45#:, 
;%7 0 !1'%<6#!<6+f 7*#*727- 6!> O% 0!4#:. j?0-4 2008 ,. N'*#-
)*N*-45#! !64*;-%6<+ !6 !?0-4!0 1929 ,. * 1987 ,. 6%7, ;6! <42;*4-
<+ 0 !1'%<6#!<6* 7-1<*727- 0!4#: #!'7: N'*?:4* #- $!#% 0!<-
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f!H+M%> 0!4#: 88Q. Q!h6!72 7!O#! #-H%+65<+ #- ?!4%% 1'-612P 
H4*6%45#!<65 1'*/*<- «2008-2009», ;%7 H%N'%<<*+ «1929-
1933».S*62-)** 1997-98 ,.,. * 2008-2009 ,.,. ?:4* N'%H<1-/-#: 0 
N2?4*1-)** 1993 ,. [1]. G4+ N%'0!> <*62-)** ?:4- 21-/-#- 0!/-
7!O#-+ !1'%<6#!<65 «1996-2002», H4+ 06!'!> – «2005-2012». l6* 
H0- 2H-;#:f <?:0_*f<+ N'!,#!/- N!/0!4+P6  <%'5U/#! !6#%<6*<5 1 
N'!,#!/-7 <4%H2PM*f 1'*6*;%<1*f 6!;%1. 8 !1'%<6#!<6* 2022 ,. 
!O*H-%6<+ 7-1<*727 0!4#: 88Q, 0 !1'%<6#!<6* 2037 ,. !O*H-%6<+ 
7*#*727 0!4#: KQ, 0 !1'%<6#!<6* «2050-51» !O*H-%6<+ 7*#*727 
0!4#: 88Q. Q!<1!4512 SSSI, - /-6%7 * I!<<*+, 0 N!<4%H#*% 22 
,!H- ?:4* 6%<#! <0+/-#: < 7*'!0!> h1!#!7*1!> ;%'%/ ':#!1 h#%'-
,!#!<*6%4%>, 6! 1!#H'-65%0<1*% )*14: 6'*OH: 2<N%4* 2H-'*65  N! 
SSSI * I!<<**. 8 1987 ,!H2 !?0-4: #- $!#H!0:f ?*'O-f #- $!#% 
#*<N-H-PM%> 0!4#: 88Q N'*0%4* 1 <#*O%#*P )%# #- h#%',!#!-
<*6%4*, N!<4%H!0-4 '-<N-H SSSI 0 1991 ,.  8 1997-98 ,.,. #- $!#% 
7*#*727- 0!4#: 88Q )%#: #- h#%',!#!<*6%4* 2N-4* H! 7*#*-
7-45#:f /#-;%#*>, N!<4%H!0-4 1'-f N*'-7*H: B j-jZe * '!<-
<*><1*> H%$!46. j<%#5P 2008 ,. N-H%#*% )%# #- #%$65 #- 7*'!0!7 
':#1% N'*0%4! 1 1'*/*<2, h1!#!7*;%<1!72 <N-H2 * H%$*)*62 ,!<-
?PHO%6-, 0!/#*14- /-H-;- 7!H%'#*/-)** '!<<*><1!> h1!#!7*1*. 
8<U h6! N!H<1-/:0-%6, ;6! 1 1-OH!> $-/% 1!#H'-65%0<1!,! )*14- 
'!<<*><1-+ h1!#!7*1- H!4O#- -H-N6*'!0-65<+ /-'-#%%.   -1 6!451! 
SbE,  *6-> * ]0'!<!P/ #-;#26 0:?*'-65<+ */ #:#%_#%,! 1'*/*-
<- «2008-2009», -06!7-6*;%<1* #-;#%6 0!<<6-#-04*0-65<+ 7*'!0!> 
':#!1 h#%',!#!<*6%4%>, N!h6!72 H-O% N'* *#%')*!##!> 0#26'%#-
#%> h1!#!7*;%<1!> N!4*6*1% I!<<*+ ?2H%6 <2M%<60!0-65 6-1 O%,  
1-1 !#- <2M%<60!0-4- '-#5_% N'* -#-4!,*;#!7 <!<6!+#** 7*'!0!-
,! ':#1-. K! !<6-#26<+ ?%H#!<65 ?!45_*#<60- #-<%4%#*+, #-'-<-
6-PM%% !6<6-0-#*% !6 7*'!0!,! 6%f#!4!,*;%<1!,! 2'!0#+, $-6-45-
#-+ /-0*<*7!<65  !6 7*'!0!,! ':#1-, *#$4+)*+ * #%<6-?*45#!<65 
$*#-#<!0!> <*<6%7:. Q!h6!72 6'%?2%6<+ N%'%f!H !6 *#%')*!##!,! 
4*?%'-45#!,! <)%#-'*+ '-/0*6*+ 1 7!H%'#*/-)*!##!72 <)%#-'*P, 
;6!?: H!<6!>#! 0<6'%6*65 !1'%<6#!<65 2022 ,. G4+ 6-1!,! <)%#--
'*+ #-*?!4%% 0-O#:: '-)*!#-45#!% '-<N'%H%4%#*% H!f!H!0, 7!6*-
0-)*+ ?*/#%<- 1 !?#!04%#*P 6%f#!4!,*>, *##!0-)*!##!% '-/0*6*% 
* $*#-#<!0-+ <6-?*45#!<65. 

Z7<,3(<03( 
1. G2?!0<1*> S.8. Q'!,#!/*'!0-#*% 1-6-<6'!$ (#- N'*7%'% )*14!0 

 !#H'-65%0-).// «j?M%<60%##:% #-21* * <!0'%7%##!<65». 1993,., q5, <. 
82-91. 
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S9D"37<+7E,$&7, $7$<,+L 7 572(2$"'L, 3L2&7 
E#6.Z. ]'%_1! 
Deutsche Bank 

G!14-H N'%H<6-04+%6 !?/!' *<N!45/!0-#*+ -4,!'*67*;%<1*f 
<*<6%7 H4+ -06!7-6*;%<1!> 6!',!04* #- $*#-#<!0:f ':#1-f. E4-
,!'*67*;%<1*> 6'%>H*#, 20%'%##! #-?*'-%6 !?!'!6: *, 1-1 N!H-
60%'OH-%6 <6-6*<6*1-, N'*7%#+%6<+ N'-16*;%<1* #- 0<%f ?*'O%0:f 
N4!M-H1-f. l6! <0+/-#!, N'%OH% 0<%,!, < 6%7, ;6! <1!'!<65 !?'--
?!61* *#$!'7-)** * '%-1)** #- */7%#%#*+ ':#1- -06!7-6*;%<1*-
7* <*<6%7-7* #%<!N!<6-0*7- < 0!/7!O#!<6+7* ;%4!0%1-. S!,4-<#! 
<6-6*<6*1%, 73% <H%4!1 #- $!#H!0!> ?*'O% NYSE, !<2M%<604+%6<+ 
-06!7-6*;%<1*7* <*<6%7-7*.  

8:<!1-+ h$$%16*0#!<65 -4,!'*67*;%<1!,! 6'%>H*#,- N'*-
04%1-%6 0#*7-#*% N'!$%<<*!#-45#:f 6'%>H%'!0, * !#* N'%HN'*-
#*7-P6 /#-;*6%45#:% 2<*4*+ H4+ H!<6*O%#*+ %MU ?!45_%> h$-
$%16*0#!<6*. 8 6! O% 0'%7+ '%,24+6!': 0:'-O-P6 ?%<N!1!><60!, 
N!<1!4512 0 f!H% h6*f !N%'-)*> 27%#5_-%6<+ 0!/7!O#!<6* '%,2-
4*'2PM*f $2#1)*>.  

8 H!14-H% ?2H%6 H-# !?/!' 6%12M%,! <!<6!+#*+ -4,!'*67*-
;%<1*f <*<6%7, *<N!45/2%7:f #- I!<<*><1*f N4!M-H1-f (@@8d, 
I[S). 8 H!14-H% ?2H26 '-<<7!6'%#: 0!N'!<: ! 6!7  6!, e-;%7 * 
 -1 *<N!45/2%6 <*<6%7: -06!7-6*;%<1!> 6!',!04*, - 6-1O% ?2H%6 
N'*0%H%#: 6*N*;#:% N'!?4%7: * /-H-;*, '%_-%7:% < *<N!45/!0--
#*%7 -4,!'*67*;%<1*f <*<6%7: vhHO*'!0-#*%, @-'1%6@h>1*#,, 
E'?*6'-O, 8:<!1!;-<6!6#-+ [!',!04+, CN'-04%#*% 14*%#6<1*7* 
N!/*)*+7*. 

j6H%45#!% 0#*7-#*% ?2H%6 2H%4%#! !<0%M%#*P <N%124+6*0-
#!> <!<6-04+PM%> N'* *<N!45/!0-#** -06!7-6*;%<1*f <*<6%7 H4+ 
6!',!04* #- ZjI[S, N'*7%': 7-6%7-6*;%<1*f 7!H%4%> N'* '-?!-
6% 7%6!H!7 14-<<*;%<1!> !)%#1* «<N'!<-N'%H4!O%#*%». 

[-1O% H!14-H !<0%M-%6 6*N*;#:% N'!?4%7:, < 1!6!':7* 
<6-41*0-P6<+ '-/'-?!6;*1* 7!H%4%> *  N'!,'-77, 6-1*% 1-1: N!H-
14P;%#*% 1 6!',-7, -162-45#!<65 ?*'O%0!> *#$!'7-)**, <N!<!?: 
6%<6*'!0-#*+ * #-f!OH%#*+ !N6*7-45#:f #-<6'!%1. 8 H!N!4#%#*% 
'-<<7-6'*0-P6<+ !<#!0#:% <6-H** '-/'-?!61* -4,!'*67*;%<1!> 
<*<6%7:, %% 6%<6*'!0-#*+ * N'!7:_4%##!> '%-4*/-)**. 

G!14-H '-<<;*6-# #- _*'!12P -2H*6!'*P. 
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I 3,59,&$7'2LV $"$<('9*:F7V 6,2  
572(2$"'LV 72$<30+,2<"' 

E'6.Z. ]'%_1! 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
8 /-H-;-f 2N'-04%#*+ N!'6$%4%7 $*#-#<!0:f *#<6'27%#6!0 

!H#! */ )%#6'-45#:f 7%<6 /-#*7-%6 N'!?4%7-6*1- N!<6'!%#*+ 7!-
H%4%> $!'7*'!0-#*+ #%!N'%H%4%##:f $-16!'!0, ;6! N'!+04+%6<+ 0 
N!<6'!%#** 7!H%4%> )%#. 8 '-?!6% S!'!<- GO. [1] ?:4! N'%H4!O%-
#! 2;*6:0-65 0 N!<6'!%#** 7!H%4%> )%# h4%7%#6: '%$4%1<*0#:f 
0/-*7!H%><60*>, N'*<26<602PM*f #- '-/4*;#:f ':#1-f. 8 6%!'** 
2N'-04%#*+, N'*#+6*+ '%_%#*> * 6%!'** *,' '%$4%1<*0#!% N!0%-
H%#*% * '%$4%1<*0#!% 2N'-04%#*% (2N'-04%#*% < '%$4%1<*%>) 2O% 
H-0#! N'*04%1-%6 0#*7-#*% *<<4%H!0-6%4%> [2]. j<#!0#!> <!H%'-
O-6%45#:> 7!6*0 0 h6*f '-?!6-f <0+/-# < N!N:61-7* -16*0#:f 
2;-<6#*1!0 N'%H0!<f*6*65, N'%H2,-H-65 H%><60*+ *4* #-7%'%#*+ 
!1'2O-PM*f < 6%7, ;6!?: 242;_*65 *4* 0!!?M% <$!'7*'!0-65 
<6'-6%,*P 2N'-04%#*+, < #-4*;*%7 0 N'!)%H2'-f N'*#+6*+ '%_%-
#*> h4%7%#6!0 '-<<2OH%#*>, 1!,H- 2;-<6#*1 0 6%12M*> 7!7%#6 
$!'7*'2%6 7:<4%##! N'!,#!/ '-/0*6*+ N'!)%<<-, !N*'-+<5 #- 6%-
12M%% N!4!O%#*%, - 0 6%12M%% N!4!O%#*% 014P;-%6<+ 7:<4%##:> 
N'!,#!/, '-/7:_4%#*% 2;-<6#*1-. S!'!< GO. 0 0%'?-45#:f 7!H%-
4+f H!N2<1-%6 N!4!O%#*%, 1!,H- 0/-*7!!6#!_%#*+ 7%OH2 N%'%-
7%##:7* #% H!4O#: ?:65 0#26'%##% #%N'!6*0!'%;*0:7* [1, <6'. 
86], ;6! #%H!N2<6*7! N'* $!'7-45#!7 !N'%H%4%#**. S $!'7-45-
#!> 6!;1* /'%#*+ '%$4%1<*P 7!O#! '-<<7-6'*0-65 1-1 N'!+04%#*% 
H0!>#!> !?'-6#!> <0+/* 0 H*#-7*;%<1*f 7!H%4+f 2N'-04+%7:f 
<*<6%7, ;6! N!/0!4+%6 *<N!45/!0-65 H4+ '-<;%6!0 6%f#!4!,*P *7*-
6-)*!##!,! 7!H%4*'!0-#*+.  

K-<6!+M-+ '-?!6- '-/0*0-%6 N!Hf!H:, N'%H4!O%##:% 0 [3], 
!<#!0#!% 0#*7-#*% 2H%4+%6<+ 0!/7!O#!<6+7 !N*<-#*+ 7!H%4%> 
$!'7*'!0-#*+ )%# 0 #%N'%':0#!7 0'%7%#*. Q'%H4-,-P6<+ <!!6-
0%6<602PM*% $!'7-4*/-)** H4+ $!#H!0!,!, 0-4P6#!,! * $5P-
;%'<#:f ':#1!0. Q'*#)*N*-45#! H4+ H-##!,! N!Hf!H-, ;6! ,%#%-
'*'2%7:% 1'*0:%, N!42;%##:% 0 '%/2456-6% 0:;*<4*6%45#:f h1<-
N%'*7%#6!0, ?4*/1* N! $!'7-7 1 '%-45#:7 1'*0:7, N'*0%H%##:7 
0 1#*,% [1] * !6'-O-PM*7 0/-*7#!% '%$4%16*0#!% 04*+#*% #- 
':#1-f $*#-#<!0:f *#<6'27%#6!0. 

K- $5P;%'<#!7 ':#1%, ,H% H%><602P6 '%-45#:% * <N%124+-
6*0#! #-<6'!%##:% 6'%>H%':, - 6-1O% '%,24+6!':, N'%H4-,-%6<+ 



477 

$!'7-4*/-)*+
),( Ttf  – $5P;%'<#-+ )%#- -16*0- 0 7!7%#6 0'%7%#* t  #- 

7!7%#6 0'%7%#* T ,  p(t) – '%-45#-+ )%#- (<N!6) -16*0- 0 7!7%#6 
0'%7%#* t , ∞<≤ tt0 , ∞<≤ Tt0 .λ   – ?%/'*<1!0-+ <6-01-. 

),()(),( )( TtW
d

dpe
t
Ttf

f
stT α
τ
τλ +=

∂
∂ − , ),(),(),( TtWTtf

T
Ttf

fβλ +=
∂

∂ , 

)(),()( tW
d

tdf
dt

tdp
p

s γ
τ
τδ += ,  

,H% 1!h$$*)*%#6: α , β ,γ  – <!!6#!<+6 0#%_#*% 0!/H%><60*+ * 
<1!'!<6* */7%#%#*+ )%#, ς  –  *#6%'0-4 /-N-/H:0-#*+, τ  – 7!7%#6 
0'%7%#* N'%H_%<602PM*> t, ςτ −= t , δ  – 1!h$$*)*%#6 <!!6#%-
<%#*+ <1!'!<6%> */7%#%#*+ )%#, )(tW f , )(tWp  – <)%#-'** 0!/H%>-
<60*+ 0#%_#*f 2<4!0*> #- */7%#%#*+ )%#. 

Q'%H4-,-%7:% <!!6#!_%#*+ H4+ $!'7*'!0-#*+ <)%#-'*%0 
)%# < 2;%6!7 '%$4%1<** +04+P6<+ 6!451! N%'0:7 N'*?4*O%#*%7 1 
!H#!> */ 0!/7!O#:f 6%f#!4!,*> ,%#%'*'!0-#*+ #%!N'%H%4%##:f 
$-16!'!0 0 /-H-;% 2N'-04%#*+ N!'6$%4%7 $*#-#<!0:f *#<6'27%#-
6!0. X<N!45/!0-#*% 7%6!H- @!#6%- -'4! 0 <!;%6-#** < 0-'5*'!0--
#*%7 1!h$$*)*%#6!0 7!H%4* * #-;-45#:f 2<4!0*> N'%H!<6-04+%6 
H-4%% _*'!1*% 0!/7!O#!<6* H4+ ,%#%'*'!0-#*+ N'-16*;%<1* '%--
4*/2%7:f <)%#-'*%0 0!/7!O#:f '%-4*/-)*> #%1!#6'!4*'2%7:f 
#%!N'%H%4%##:f $-16!'!0.  

Z7<,3(<03( 
1. Y1+1? bj. E4f*7*+ $*#-#<!0. @.: X#$'--@, 1996. 416 <. 
2. H'+]'%'+ R.E. X,': < #%N'!6*0!N!4!O#:7* *#6%'%<-7*. @.: K-2-

1-, 1976. 326 <. 
3. J+'P31 S.$., @!H%4*'!0-#*% '%$4%1<*0#:f <6'-6%,*> 0 2N'-04+%-

7:f <*<6%7-f. @.: 8c IEK, 2001. 47 < 
4. Y131619  .Y. X<<4%H!0-#*% '%$4%1<*0#:f <6'-6%,*> #- 0-4P6#!7 

':#1%, @.: @Z[X, H*N4!7#-+ '-?!6-, '21., 2002. 20 <  

I= "3D(27U(677 78"<,E2"; d"(97677 
Z.X. ]'%_1!, E.8.  !;%61!0 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
$)?T=TFT )'&49=?=]Qg i=)4)?19Qg ?19'T)=319 
8 H!14-H% N'*0!H*6<+ !?!<#!0-#*% N'*#)*N*-45#!> <f%7: 

!',-#*/-)** 7%O'%,*!#-45#!> *N!6%;#!>  !-4*)** 2;-<6#*1!0. 
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Q'%HN!4-,-%6<+, ;6! %U <!/H-#*% ?2H%6 ?-/*'!0-65<+ #- !N:6% <!/-
H-#*+ 1'%H*6#:f 6!0-'*M%<60 0 H'2,*f <6'-#-f, <2M%<602PM*f 
P'*H*;%<1*f N!4!O%#*+f, #- _*'!1!7 *<N!45/!0-#** *#$!'7--
)*!##:f <%6%> 6*N- <!)*-45#:f, <*<6%7 7-6%7-6*;%<1*f 7!H%4%> 
* '%/2456-6!0 0:;*<4*6%45#:f h1<N%'*7%#6!0. 8 H!14-H% N'*0!-
H*6<+ *<6!'*;%<1*> !?/!' '-/0*6*+ *N!6%;#!,! 1'%H*6!0-#*+. 8! 
0<%7 7*'% 6%f#!4!,*+ *#0%<6*'!0-#*+ 0 O*4*M#2P <$%'2 <6'!*6-
<+ #- 6'%f !<#!0#:f N'*#)*N-f: 1!#6'-16#:% <?%'%O%#*+, *N!6%;-
#!% 1'%H*6!0-#*%, ,!<2H-'<60%##-+ N!HH%'O1-. G! !1!#;-#*+ 06!-
'!> 7*'!0!> 0!>#: *N!6%;#:% ?-#1* +04+4*<5 #-*?!4%% '-/0*6!> 
$!'7!> !',-#*/-)** *N!6%;#!,! 1'%H*6!0-#*+, '%-4*/2+ !H#!-
2'!0#%02P <*<6%72: <-7!<6!+6%45#! h7*6*'!0-4* *N!6%;#:% )%#-
#:% ?27-,* < )%45P N'*04%;%#*+ H!4,!<'!;#:f $*#-#<!0:f '%-
<2'<!0. jH#!2'!0#%0:% <*<6%7: H!7*#*'2P6 0 G-#**, b0%)** * 
 -#-H%, 6-1O% !;%#5 '-/0*6: 0 B%'7-#**, E0<6'**, K*H%'4-#H-f, 
8%4*1!?'*6-#** * Z*#4+#H**. 8! Z'-#)** * X<N-#** !H#!2'!0-
#%0-+ <*<6%7- '%-4*/!0-#- ;%'%/ 7!#!N!45#:% ,!<2H-'<60%##:% 
*N!6%;#:% ?-#1*. jH#-1! h0!4P)*+ *N!6%1* N'*0%4- 1 $!'7*'!-
0-#*P 6-1 #-/:0-%7!> H02f2'!0#%0!> <*<6%7: *N!6%;#!,! 1'%H*-
6!0-#*+, ,H% 1'%H*6!' * h7*6%#6 *N!6%;#:f )%##:f ?27-, 
(mortgage backed securities - MBS) '-/H%4%#:. 8N%'0:% 6-1-+ <*<-
6%7- ?:4- '%-4*/!0-#- * N!42;*4- '-<N'!<6'-#%#*% 0 SbE. S%,!-
H#+ <*<6%7- $*#-#<*'!0-#*+ O*45+ 0 SbE - h6! <4!O#:> ':#!1 
!?M%#-)*!#-45#!,! 7-<_6-?-, #- 1!6!'!7 H%><602%6 !,'!7#!% 
;*<4! 2;'%OH%#*>, 014P;-+ *N!6%;#:% ?-#1*, <?%'%,-6%45#:% * 
1'%H*6#:% -<<!)*-)**, 1!77%';%<1*% * <?%'%,-6%45#:% ?-#1*, 
<6'-f!0:% 1!7N-#**, N%#<*!##:% $!#H: * 6.N. Q!0:_%##:% '*<-
1* N'*0!H+6 1 #%!?f!H*7!<6* H4+ 1'%H*6!'!0 00!H*65 '-/4*;#:% 
7%f-#*/7:, <#*O-PM*% 2'!0#* '*<1!0, !H#*7 */ 1!6!':f 0 H-#-
#!7 <42;-% 0:<62N-%6 /-4!, *72M%<60-. jH#-1!, 1-1 N!1-/-4* <!-
?:6*+ 0 7*'!0!> h1!#!7*1%, /-4!, #%H0*O*7!<6* #% !1-/-4<+ H!<-
6-6!;#!> ,-'-#6*%>. 80%H%##-+ 0 SbE 6%f#!4!,*+ !?4%,;U##!,! 
!$!'74%#*+ *N!6%;#:f /->7!0 Ninjo (?%/ '-?!6: * ?%/ !?!<#!0--
#*>) 0 2<4!0*+f '%/1!,! '!<6- h1!#!7*1* *, 0 ;-<6#!<6*, )%# #- 
#%H0*O*7!<65 N'*0%4- 1 #%2<6!>;*0!<6* * /-6%7 1 ?-#1'!6<602 
/-U7M*1!0, - 0<4%H /- h6*7 1 0!4#% N'!?4%7 0! 0<U7 7*'% 0 <6'--
#-f, ,H% '-/7%M-4*<5 )%##:% ?27-,*, !?%<N%;%##:% N24!7 *N!6%1. 
8 H!14-H% N'*0!H*6<+ !N*<-#*% '%/2456-6!0 *<<4%H!0-#*> ,'2NN: 
<!6'2H#*1!0 j6H%4- *#$!'7-)*!##!-0:;*<4*6%45#:f <*<6%7 8c 
IEK, 1!6!':% ?:4* #-N'-04%#: #- *<<4%H!0-#*% N'!?4%7 $2#1-



479 

)*!#*'!0-#*+ $*#-#<!0!> !',-#*/-)**  !-4*)** (S<2H#!-
S?%'%,-6%45#!>  -<<:=SS ) [1]. d:4-  N!<6'!%#- * *<<4%H!0-#- 
!?M-+ H*#-7*;%<1-+ 7!H%45 N'!6%1-#*+ $*#-#<!0:f N'!)%<<!0 0 
2<4!0*+f  !-4*)** /-U7M*1!0 (#%?-#1!0<1!> *N!6%1*). Q%'%7%#-
#:7* 7!H%4* +04+P6<+ -16*0:, !?+/-6%45<60- * <!?<60%##:> 1--
N*6-4  !-4*)**, $!'7*'2%7:% */ -16*0!0 * !?+/-6%45<60 2;-<6-
#*1!0. K%1!#6'!4*'2%7:7* $-16!'-7* 7!H%4* +04+P6<+ )%#: #- 
O*45U, ?-#1!0<1*% H%N!/*6#:% * 1'%H*6#:% <6-01*, 7!7%#6: 0f!-
H- * 0:f!H- 2;-<6#*1!0 */ 1!-4*)**, <'!1* * '-/7%': N4-6%O%>, 
6*N: O*45+. 8 '-?!6% H4+ !H#!,! */ 0-'*-#6!0 7!H%4*, H!N2<1-P-
M%,! -#-4*6*;%<1!% *<<4%H!0-#*%, N'*0!H*6<+ '%/2456-6 ! <-7!-
$*#-#<*'!0-#**:  !-4*)*+ 7!O%6 ?%/ 2M%'?- H4+ <!?<60%##!,! 
1-N*6-4- * *#6%'%<!0 2;-<6#*1!0 N'* <6-01-f #- 0#26'%##*% H%N!-
/*6:, '-0#:f ?-#1!0<1*7, 2<6-#!0*65 0#26'%##*% <6-01* N! 1'%-
H*6-7 H4+ 2;-<6#*1!0 #*O%, ;%7 ?-#1!0<1*% 1'%H*6#:% <6-01*. 8 
'%/2456-6% 0:;*<4*6%45#:f h1<N%'*7%#6!0 ?:4 2<6-#!04%# 0%<57- 
/#-;*6%45#:> h$$%16 <-7!$*#-#<*'!0-#*+. 8 H!14-H% N'*0!H+6<+ 
f-'-16%'#:% '%/2456-6: '-<;U6!0. d!4%% N!H'!?#! 7!H%45, !'*%#-
6*'!0-##-+ #- N'!0%H%#*% <%'*> 0:;*<4*6%45#:f h1<N%'*7%#6!0, 
*/4-,-%6<+ 0 '-?!6% S:6!0- E.K. 0 #-<6!+M%7 <?!'#*1%.  

Z7<,3(<03( 
1. ]'%_1! Z.X..j? -#-4*6*;%<1*f !<#!0-#*+f !',-#*/-)** 7%O'%,*!-
#-45#:f 1!-4*)*> *N!6%;#:f /-U7M*1!0. //['2H: X#<6*626- <*<6%7#!,! 
-#-4*/- I!<<*><1!> -1-H%7** #-21 (XSE IEK). G*#-7*1- #%!H#!'!H#:f 
<*<6%7: [. 39(1). @.: « #*O#:> H!7 «DXdIj j@», 2008, c. 189-206.  

 
K8"<,E2(* d"(9767* -  

I=F7; 5"2/ =(2&"'$&"D" 083('9,27*  
Z.X. ]'%_1!, E.8.  !;%61!0 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
$)?T=TFT )'&49=?=]Qg i=)4)?19Qg ?19'T)=319 

8 H!14-H% N'*0!H*6<+ !?!<#!0-#*% <f%7: !',-#*/-)** *N!-
6%;#!>  !-4*)** 2;-<6#*1!0 0 '-71-f <2M%<602PM%,! ?-#1!0<1!-
,! 7%f-#*/7-, ?-/*'2+<5 #- <*<6%7#!7 N!Hf!H% 1 !',-#*/-)** 
*N!6%;#!,! 1'%H*6!0-#*+, 7-6%7-6*;%<1!7 !N*<-#** N'!)%<<!0 
O*4*M#!,! 1'%H*6!0-#*+ * N'*04%;%#** #%!?f!H*7!,! 0:;*<4*-
6%45#!,! *#<6'27%#6-'*+.  

Y*4*M#!% <6'!*6%45<60!, '%7!#6 * '%1!#<6'21)*+ O*45+ 
*,'-P6 /#-;*6%45#2P '!45 0 #-)*!#-45#:f h1!#!7*1-f <6'-#. 
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[-1, 0 <6'-#-f ]0'!N: 1!4*;%<60! H%#%,, !?'-M-PM*f<+ 0 O*-
4*M#!7 <%16!'%, 1-1 N'-0*4!, <!<6-04+%6 N'*?4*/*6%45#! N!4!0*-
#2 88Q.  -1 !67%;-%6<+ 0 N%'0!7 H!14-H% -06!'!0, <2M%<602%6 
!H#!2'!0#%0-+ (N'%*72M%<60%##! 0 ]0'!N%) * H02f2'!0#%0-+ <*<-
6%7: !',-#*/-)** N!6%1* #- !<#!0% <%15P'*6*/-)** N24- H!4,!-
0:f !?+/-6%45<60 (SbE).  

8 H!14-H% N'*0!H*6<+ !N*<-#*% '%/2456-6!0 0:;*<4*6%45-
#:f h1<N%'*7%#6!0, N'!0%H%##:f <!6'2H#*1-7* j6H%4- *#$!'7--
)*!##!-0:;*<4*6%45#:f <*<6%7 8c IEK, 1!6!':% ?:4* #-N'-0-
4%#: #- *<<4%H!0-#*% N'!?4%7 $2#1)*!#*'!0-#*+ $*#-#<!0!> 
!',-#*/-)**  !-4*)** (S<2H#!-S?%'%,-6%45#!>  -<<:=SS ) 
[2,3]. 8<% h1<N%'*7%#6: N'!H%7!#<6'*'!0-4* +0#!% N'*<26<60*% 
h$$%16- <-7!$*#-#<*'!0-#*+  !-4*)** 0 $!'7% !?M%,! <6-'6- * 
!;%'%H*. K-*?!4%% N%'<N%16*0#:7 N'%H<6-04+%6<+ 0-'*-#6[2]., 
1!,H- SS  $2#1)*!#*'2%6 1-1 !',-#*/-)*+, *#6%,'*'!0-##-+ 0 
1'2N#2P h1!#!7*;%<12P <6'2162'2. [-1-+ <6'2162'-, N'*04%1-+ 
14*%#6!0 0!/7!O#!<65P N'%H0-'*6%45#!,! H!f!H#!,! #-1!N4%#*+ 
<'%H<60 < N!<4%H2PM*7 1'%H*6!0-#*%7 N!12N1* O*45+ N! <6-0-
1-7, 1!6!':% #*O% ':#!;#:f, 7!O%6 N!42;-65 H!f!H: N! *#0%-
<6*)*+7 0 SS , <2M%<60%##! 0:_%, ;%7 N! <'%H#%':#!;#:7 <6-0-
1-7. ]<4* ?: <6'2162'-, *#0%<6*'2PM-+ 0 !;%'%H5, H%><60!0-4- 0 
'-71-f ,!<2H-'<60%##!> O*4*M#!> N'!,'-77:, 6! ?%/ 2?:61- H4+ 
$*#-#<!0 H-##!> <6'2162': <6-01* 14*%#6<1*f 1'%H*6!0 7!,4* ?: 
?:65 N'*?4*O%#: 1 2'!0#P, ?4*/1!72 1 2'!0#P <6-0!1 N! 014--
H-7. 8 H!14-H% N'%H4-,-%6<+ '%-45#-+ $!'7- !',-#*/-)** SS  0 
0*H% j?M%,! $!#H- ?-#1!0<1!,! 2N'-04%#*+, 1!6!'-+ 0 '-<;U6#!7 
!<#!0-#** ?2H%6 !N*'-65<+ #- $!'7-45#:% 1!#<6'21)**, '-/0*6:% 
0 8c IEK. j<!?%##!<6* !<2M%<604%#*+ 1!77%';%<1*7* ?-#1-7* 
!N%'-)*> H!0%'*6%45#!,! 2N'-04%#*+ !N*<-#: 0 X#<6'21)** cd 
IZ !6 2 *P4+ 1997 ,!H- N 63 «j N!'+H1% !<2M%<604%#*+ !N%'-)*> 
H!0%'*6%45#!,! 2N'-04%#*+ * ?2f,-46%'<1!7 2;%6% h6*f !N%'-)*> 
1'%H*6#:7* !',-#*/-)*+7* I!<<*><1!> Z%H%'-)**». j?M*> $!#H 
?-#1!0<1!,! 2N'-04%#*+ (jZdC) – *#<6*626 1!44%16*0#!,! *#0%-
<6*'!0-#*+, 6! %<65 $*#-#<!0:> *#<6'27%#6, <!/H-##:> <N%)*-
-45#! H4+ *#0%<6*'!0-#*+ #%?!45_*f <277 H%#%O#:f <'%H<60, 
*7%PM*f<+ 0 '-<N!'+O%#** H!7-_#*f f!/+><60, ?!4%% 0:,!H#:> 
(0 <*42 N'!$%<<*!#-45#!,! 2N'-04%#*+, h1!#!7** 7-<_6-?- * 
?!45_*f 0!/7!O#!<6%> H*0%'<*$*1-)**), ;%7 <-7!<6!+6%45#!% 
*#0%<6*'!0-#*% #%?!45_*f H%#%O#:f <'%H<60. 8 2008 – 2009 ,!-
H-f 0:+04%##:% #%H!<6-61* 0 -#,4! – -7%'*1-#<1!> 7!H%4* *N!-
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6%;#!,! 1'%H*6!0-#*+ N!0:<*4* *#6%'%< 1 !H#!2'!0#%0!> *N!6%;-
#!> <*<6%7% 1!#6'-16#:f <?%'%O%#*>. 8 I!<<** *#<6*626!0 1!#-
6'-16#:f *N!6%;#:f <?%'%O%#*> #% <2M%<602%6. e-1!# ! SS  2O% 
6'*OH:  0#!<*4<+ 0 B!<H272 — 0 2002, 2004 * 2010,!H-f, * !614!-
#+4<+. 87%<6% < 6%7 <2M%<602%6 0!/7!O#!<65 N'%H4-,-65 14*%#6-7 
<*<6%72 1!#6'-16#:f <?%'%O%#*> 2O% 0 #-<6!+M%% 0'%7+, !N*'--
+<5 #- 6%12M%% ?-#1!0<1!% /-1!#!H-6%45<60! * #!'7-6*0#:% H!12-
7%#6: cd IZ, #% H!O*H-+<5 N'*#+6*+ #!0!,! /-1!#- * #% H%4-+ 
<4!O#:f ,*?'*H#:f 1!#<6'21)*>. Q'%H<6-04+%6<+ #-*?!4%% !?!<-
#!0-##:7 N*4!6#:> N'!%16 6-1!> SS  H%4-65 #- ?-/% jZdC 
1'2N#!,! ?-#1- < ,!<2H-'<60%##:7 2;-<6*%7.  

Z7<,3(<03( 
1. Q!46%'!0*; 8.@., S6-'1!0 j.W. Z!'7*'!0-#*% *N!6%1* 0 H!,!-

#+PM*f h1!#!7*1-f: N'!?4%7- 6'-#<N4-#6-)** *#<6*626!0. @.: K-21-, 
2007. 19<. 

2. B-<-#!0 X.X. j',-#*/-)*+ <<2H#!-<?%'%,-6%45#!> 1-<<: N! N'*#-
)*N2 !;%'%H*. // S!!?M%#*+ N! N'*14-H#!> 7-6%7-6*1% 8c IEK. - @.: 
8c IEK, 2006 ,., 79 S.  

3. www. ccas.ru, '-/H%4 «Z*#-#<!0-+ *#O%#%'*+». 

e<" <(&", "8<7+7U(67"22L; (2(97U 7 &(& +".2" 
7$8"9?U"'(<? ,D" 3,U09?<(<L?  

W.K.X0-#!0, I.E. S!6#*1!0- 
$Y  W " 

e-0%'_*4<+ $*#-#<!0:> ,!H *4* N!4,!H-, *4* 4P?!> H'2,!> 
1!#6'!45#:> !6'%/!1 0'%7%#*. 8 #-;-4% h6!,! N%'*!H- H*4%' !6 
'21!0!H<60- ?-#1- N!42;*4 <6-'6!02P <2772 <'%H<60 H4+ '-?!6: 0 
<0!%7 <%,7%#6% $*#-#<!0!,! ':#1-; N! f!H2 '-?!6: %,! N!H1'%N-
4+4* <'%H<60-7* * 2 #%,! */:7-4* <'%H<60- – $*#-#<!0:> ':#!1 
N%'%7%#;*0 * N%'%?'!<1- <'%H<60 < !H#!,! %,! <%,7%#6- #- H'2,!> 
– #!'7-45#!% /-#+6*% '21!0!H<60- ?-#1-. G%><602+ #- <0!%7 <%,-
7%#6%, H*4%' N'*_%4 1 1-1!72-6! '%/2456-62, *<;*<4+%7!72 0 '2?-
4+f, H!44-'-f, ]0'!,… E 1 1-1!72 N'%H%45#! 0!/7!O#!72 1-N*6--
42 7!O#! ?:4! N'*>6* /- 6!6 O% !6'%/!1 0'%7%#*? 

[-1!> N'%H%45#:> N!1-/-6%45 H%><60*6%45#! 7!O#! '-<<;*-
6-65: 0<% N'!_4:% )%#: #- 0<% *#<6'27%#6: $*#-#<!0!,! ':#1- 
()%##:% ?27-,*, 1'%H*6: * H%N!/*6:, 0-4P6:) */0%<6#: * H4+ <!-
<6!+6%45#:f !',-#*/-)*> H!<62N#:; ;6! 1-<-%6<+ 1[T=]467)Qg 
[+49=6 [+1O4j = [13F[13 i=)4)?19Qg =)?T+F]')T19 [+= =&9'?T-
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)Qg 8')4g, 6! !#* 1-1 '-/ +04+P6<+ N'%H7%6!7 h6!> '-?!6:. 
Q!1-, !<6-04++ 0 <6!'!#% <!H%'O-#*% !N6*7-45#!<6*, !?'--

6*7<+ 1 0!N'!<2 !? *<N!45/!0-#** N'%H%45#:f $*#-#<!0:f 0:*,-
':_%>. 

["-8,3'LV, 7!O#! 0:;*<4+65 [+1i'??=1)467)Q% 31^ii=-
8=')T [16'&)1-1 O'%?T9=f O=6'+4, !N'%H%4*0 %,! 1-1 !6#!_%#*% 
1-N*6-4-, < 1!6!':7 !# N'*f!H*6 1 $*#*_2, 1 7-1<*7-45#! 0!/-
7!O#!72. G4+ '21!0!H<60- ?-#1-  QG 7!O%6 <42O*65 !?u%16*0-
#!> 7%'!> h$$%16*0#!<6* '-?!6: H*4%'- * +04+65<+ !<#!0-#*%7 
H4+ N'*#+6*+ -H7*#*<6'-6*0#:f '%_%#*>. S1-O%7, H0- H*4%'- 
'-?!6-4* #- !H#!7 * 6!7 O% <%,7%#6% $*#-#<!0!,! ':#1-; 2<4!0*+ 
*f '-?!6: '-/4*;-4*<5 0 6!7 N4-#%, ;6! <6-'6!0:% '%<2'<: ?:4* 
'-/#:7*, <6!'!##*% N!<62N4%#*+ * */u+6*+ 0 6%;%#*% N%'*!H- ?:-
4* '-/#:7*.  -1 <'-0#*65 2<N%_#!<65 '-?!6: H02f H*4%'!0 N'* 
'-/4*;-PM*f<+ 0#%_#*f 2<4!0*+f? l6- N!<6-#!01- 0-O#-, 1!,H- 
/-'-?!6!1 H*4%'- H%4-%6<+ /-0*<+M*7 !6 $*#-#<!0!,! '%/2456-6- 
%,! '-?!6:. [!,H- 0 $!'724% /-'-?!61- H!4O%# $*,2'*'!0-65  QG 
H*4%'-. X7%##!  QG 1-1 7%'- h$$%16*0#!<6*, - #% -?<!4P6#-+ 
0%4*;*#- 1-N*6-4-, 6-1 1-1 1!#%;#:> 1-N*6-4 /-0*<*6 !6 <6!'!#-
#*f N!<62N4%#*> * */u+6*> #- <6!'!#2.  

["-'<"3LV, '-<N!4-,-+ /#-;%#*%7 N'%H%45#!,! 0:*,':_-, 
7!O#! '-<<;*6-65 31^ii=8=')T [16'&)1-1 O'%?T9=f ^9+=?T=V'-
?31-1 46-1+=T]4 N'!H-O * N!12N!1 $*#-#<!0:f *#<6'27%#6!0. 
I%-45#-+, 6.%. 0 6%12M%7 0'%7%#*, '-?!6- #- $*#-#<!0!7 ':#1% 
'-<14-H:0-%6<+ #- H0% <!<6-04+PM*%: 0!-N%'0:f, N'!,#!/*'!0-#*% 
)%# #- <1!451!-6! _-,!0 0N%'%H *, 0!-06!':f, 0:?!' N!12N-%7:f * 
N'!H-0-%7:f *#<6'27%#6!0. 86!'-+ N'!?4%7- (N'* */0%<6#:f )%-
#-f) 0 !N6*7-45#!7 0-'*-#6% '%_-%6<+ 0 #-<6!+M%> '-?!6%. x6! 
1-<-%6<+ N'!?4%7: N'!,#!/*'!0-#*+, 6! 0 '-/'-?!61% -4,!'*67- 
h6! – <-7-+ <4!O#-+ ;-<65, #% *7%PM-+ N'*/#-##!,! 2<N%_#!,! 
'%_%#*+, #! N!<6!+##! '%1'26*'2PM-+ #!0:f * #!0:f *<1-6%4%> 
%% '%_%#*+.  -1 !)%#*65 N'*,!H#!<65 7!H%4* N'!,#!/*'!0-#*+? 
]<6%<60%##! *<N:6-65 h62 7!H%45 #- N'!_4:f H-##:f. G!<6*,-%-
7-+ N'*?:45, !6#%<%##-+ 1 7-1<*7-45#! 0!/7!O#!>, !N'%H%4+%6 
 QG -4,!'*67-. Q! /#-;%#*P  QG -4,!'*67- 7!O#! 0:#%<6* <2-
OH%#*% ! %,! h$$%16*0#!<6* *, 0 ;-<6#!<6*, ! 6!7, <4%H2%6 4* 
H-45_% <!0%'_%#<60!0-65 7!H%45 N'!,#!/*'!0-#*+ *4* 7!O#! 
2H!04%60!'*65<+ H!<6*,#26:7. 

[-<3,<?7V, N'%H%45#:% ,!H!0:% 0:*,':_* #- <%,7%#6-f 
$*#-#<!0!,! ':#1- 7!,26 ?:65 N'*#+6: 1-1 !?u%16*0#:% f-'-16%-
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'*<6*1* <!<6!+#*+ h6*f <%,7%#6!0 * 7!,26 ?:65 *<N!45/!0-#: H4+ 
<'-0#%#*+ N'*?:45#!<6* <%,7%#6!0, - 6-1O% H4+ 0:+04%#*+ H*#--
7*1* N'*?:45#!<6* 1-OH!,! <%,7%#6-. 

Z!#H!0:> ':#!1 1-1 )%4!% f-'-16%'*/2P6 *#H%1<-7* 6*N- 
G!2-GO!#<-, K*11%>, I[S * 6.N. Z!#H!0:% *#H%1<: N'%H<6-04+P6 
<!?!> <277: 0/0%_%##:f )%# -1)*> * 0 h6!> <0!%> <2M#!<6* !#* 
#%?%/2N'%;#:. [%7 #% 7%#%%, !#* <1!451!-6! *#$!'7-6*0#:. E H4+ 
':#1- 0-4P6, 1'%H*6!0 * H%N!/*6!0 -#-4!,*;#:f N!1-/-6%4%> 0!-
0<% #%6. Q'%H%45#:% 0:*,':_* 7!,26 <42O*65 6-1*7* !?!?M%#-
#:7* N!1-/-6%4+7* $*#-#<!0!,! ':#1-. 

 
 (3&"'$&7; '(37(2< "$2"'2";  
 "/,97 Z02/=,3D(-d3(+,3(  
3(U"3,27* $<3(V"'"; &"+8(277* 

8.K. X,!41*#, ].Q. @%45#*1!0- 
Y4)3T-C'T'+*F+-?3=% -1?FO4+?T9'))Q% F)=9'+?=T'T 
G*#-7*;%<1-+ 7!H%45 '-/!'%#*+ <6'-f!0!> 1!7N-#** ?:4- 

N'%H4!O%#- ?!4%% <6- 4%6 #-/-H. j#- !?!?M-4-<5 * '-/0*0-4-<5 
7#!,*7* -06!'-7*.  v!'!_*> !?/!' h6*f '-?!6 *7%%6<+ 0 [1]. 

8 '-?!6% [2] N'%H4!O%#- 7!H%45, 0 1!6!'!> *#6%'0-4:  7%O-
H2 *<1-7* kτ  * *<1* kx  7!,26 ?:65 m 6*N!0 < '-<N'%H%4%#*+7* 

t
kk

ketg λλ −=)(  * )(xfk  <!!60%6<60%##!, mk ,...2,1= . X#6%'0-4: 
<0+/-#: 0 7-'1!0<12P )%N5 < */0%<6#!> 7-6'*)%> 0%'!+6#!<6%> 
N%'%f!H!0 { }jkπ=Π , 6*N *#6%'0-4- !N'%H%4+%6 6*N *<1-, N'*f!-
H+M%,! 0 %,! 1!#)%. X#6%'0-4 !6 #-;-4- $2#1)*!#*'!0-#*+ 1!7-
N-#** 0=t  H! N'*f!H- N%'0!,! *<1- +04+%6<+, 0!!?M% ,!0!'+, 
!<!?:7, ?2H%7 #-/:0-65 %,! #24%0:7. 

j?!/#-;*7 )( jj uP  0%'!+6#!<65 #%'-/!'%#*+ #- ?%<1!#%;#!7 
*#6%'0-4%, %<4* 0 1!#)% #24%0!,! _-,- N'*_%4 *<1 6*N- j * N!<4% 
0:N4-6: N! *<12 !<6-4<+ 1-N*6-4 0≥ju . [!,H- H4+ )( jj uP  <N'--
0%H4*0- <4%H2PM-+ <*<6%7- *#6%,'-45#:f 2'-0#%#*> [2, <.56]: 
                                                
* I-?!6- 0:N!4#%#- N'* $*#-#<!0!> N!HH%'O1% I!<<*><1!,! $!#H- $2#-
H-7%#6-45#:f *<<4%H!0-#*> (N'!%16 q97-01-00499) 
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kjkjkjj yduyPuP
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)()()( π , mj ,...2,1=      (1) 

( ) )()( xdFyxGy kkk ∫
∞

∞−

+=Φ . 

]<4* #->H%#: )( jj uP  */ (1), #->H%7 ),( jj uup  N4!6#!<6* 
'-<N'%H%4%#*+ 0%'!+6#!<6%> #%'-/!'%#*+ #- #24%0!7 _-,%. 

[!,H- 0%'!+6#!<65 #%'-/!'%#*+ 1!7N-#** #- ?%<1!#%;#!7 
*#6%'0-4% < #-;-45#:7 1-N*6-4!7 u '-0#-: 

∑ ∫
=

∞

=
m

j
jjjjj duuPuupuP

1 0

)(),()( π              (2) 

eH%<5 jπ – 0%'!+6#!<65 *#6%'0-4- * *<1- 6*N- j #- #24%0!7 
_-,%.  

j<#!0#-+ 6'2H#!<65 N'* #-f!OH%#** P(u) <0+/-#- < '%_%#*-
%7 <*<6%7: (1). j?!/#-;*7 */!?'-O%#*+ N! D-N4-<2 )(uPj  * 

)(xf k  ;%'%/ )( pjϕ  * )( pkψ  <!!60%6<60%##!. [!,H- H4+ )( pjϕ  
N!42;*7 <4%H2PM2P <*<6%72: 

( )∑
=

−
−

=
m

k
kkkkkk

k

kjk
j pp

p
p

1

)()()()()( ψϕλψλϕ
λ
λπ

ϕ ,       (3)   

eH%<5 )()( kkkkkd λψλϕ=  #%*/0%<6#:% 1!#<6-#6:, N!H4%-
O-M*% !N'%H%4%#*P. S*<6%7- (3) 7!O%6 ?:65 '-/'%_%#- !6#!<*-
6%45#! )( pjϕ : 
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G4+ #-f!OH%#*+ 1!#<6-#6 mdd ,...1  7!O#! *<N!45/!0-65 */-
0%<6#!% <!!6#!_%#*% 1)(lim

0
=

→
pp jp

ϕ , mj ,...2,1=                 (5), 

- 6-1O% 2'-0#%#*+    0),...,( 1 =Δ mlj ddq                                (6). 

Q!<1!4512 )( pjϕ  -#-4*6*;#: 0 0Re >p , 6! 1!'#* /#-7%-
#-6%4+ */ N'-0!> N!42N4!<1!<6* H!4O#: ?:65 1!'#+7* ;*<4*6%-
4%>. 

S42;-> 2=m  N!4#!<65P '-<<7!6'%# 0 [3], ,H% N!42;%#- 
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<*<6%7- H4+ #%*/0%<6#:f 1!#<6-#6. 
8 H-##!> '-?!6% '-<<7-6'*0-%6<+ N'!*/0!45#!% .2≥m   
I-/'-?!6-#- N'!,'-77- 0 <'%H% Maple 9, *7%P6<+ *44P<6'--

6*0#:% N'*7%':. 
Z7<,3(<03( 

1. Grundell J. Aspects of Risk Theory. New York: Springer-Verlag, 
1992. 175 p. 

2. X,!41*# 8.K,  !0'*,*# E.d. Z*#-#<!0:% N!6!1* * *f $42162--
)**. SQ?.: X/H-0! S.-Q%6%'?. 2#-6-, 2006, 134 <. 

3.  X,!41*# 8.K. j 0:;*<4%#** 0%'!+6#!<6* #%'-/!'%#*+ <6'-f!0!> 
1!7N-#**. 8%<6#*1 S.-Q%6%'?2',<1!,! 2#-6-, S%'.10, 2009, 0:N.3. 
 

I= "/2"; +"/,97 D"$0/(3$<',22"D" 
083('9,27* 572(2$"'L+ 3L2&"+ 

E.B. X<4-7!0, B.B. X<4-7!0 
eO]F+T?3=% -1?F)=9'+?=T'T 

Z*#-#<!0:> ':#!1 <42O*6 0-O#!>, #! #% !N'%H%4+PM%>, 
<!<6-04+PM%> h1!#!7*1* ,!<2H-'<60-. e-4!O%##:% *<6!'*;%<1* 
N'-0*4- %,! $2#1)*!#*'!0-#*+ #% +04+P6<+ <!0%'_%##:7*, ;6! 
N!1-/:0-%6 /-6+#20_*><+ 7*'!0!> $*#-#<!0:> 1'*/*<. j?4-H-+ 
!,'-#*;%##:7 0 !?uU7% 2#*0%'<-45#:7 '%<2'<!7, 0:'-O-PM*7 
0<%!?M*> h10*0-4%#6 6'2H-, $*#-#<!0:> ':#!1 *<12<<60%##! <!/-
H-U6 N'%HN!<:41* H4+ ?%/,'-#*;#!,! N%;-6-#*+ H%#%, 1-1 #%!?f!-
H*7!,! 2<4!0*+ <0!%,! <2M%<60!0-#*+. l6! N'*0!H*6 1 f'!#*;%-
<1!> *#$4+)**, N!<4%H<60*+ 1!6!'!> !1-/:0-P6<+ 1-6-<6'!$*;%-
<1*7* 1-1 H4+ #-<%4%#*+ ,!<2H-'<60-, 6-1 * H4+ !6H%45#:f !6'-<-
4%> h1!#!7*1*. X/0%<6#!, ;6! $*#-#<!0:> ':#!1 !?+/-# <6*724*-
'!0-65 *##!0-)** 0 <$%'% N'!*/0!H<60- 7-6%'*-45#:f ?4-, * 0!<-
N'!*/0!H<60- *#6%44%162-45#:f '%<2'<!0, $*#-#<*'!0-65 N4-#!-
7%'#!% '-/0*6*% N!6'%?#!<6%> 4PH%> * ?%<N%'%?!>#!% N!6'%?4%-
#*% 7-6%'*-45#:f * *#$!'7-)*!##:f '%<2'<!0. l6! /#-;*6, ;6! 
6'%?2%6<+ h$$%16*0#!% 2N'-04%#*% $*#-#<!0:7 ':#1!7 <! <6!'!-
#: ,!<2H-'<60-. Q'%H4-,-%7-+ -06!'-7* 7-6%7-6*;%<1-+ 7!H%45 
,!<2H-'<60%##!,! 2N'-04%#*+ $*#-#<!0:7 ':#1!7 N!1-/:0-%6, 
;6! $*#-#<!0:> ':#!1 7!O%6 #-f!H*65<+ 0 !H#!7 */ 6'Uf <!<6!+-
#*>: O'-+4O48=f, 3+=&=? = ?T4*=67)1?T7. l6! <4%H<60*% *%'-'f*-
;%<1!> <6'2162': $*#-#<!0!,! ':#1- * /-1!#- %,! h0!4P)**, 1!-
6!':% /-H-P6<+ 7-6'*)%> A  N'!)%#6!0 0/-*7#:f N4-6%O%> 2;--
<6#*1!0 $*#-#<!0!,! ':#1- * N'-0*4!7 0#%_#%,! 2N'-04%#*+ <! 
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<6!'!#: ,!<2H-'<60-. S6'2162'- 7-6'*): A  !N*<-#- 0 '-?!6% [1]. 
Q'*#+6-+ 0 7!H%4* *%'-'f*+ $*#-#<!0!,! ':#1- !?%<N%;*0-%6 %,! 
7!?*45#!<65 * 2N'-04+%7!<65. jH#-1! h6* N!4!O*6%45#:% 1-;%<6-
0- 7!,26 ?:65 *<N!45/!0-#: 0 '-/'2_*6%45#:f )%4+f, N'*H-0-+ 
$*#-#<!0!72 ':#12 2+/0*7!<65 N'* #%?4-,!N'*+6#:f 0#%_#*f 
0!/H%><60*+f: *#6%'0%#)*+ * 0:0!/ 1-N*6-4-, * 6. H. I-<<7!6'%#-
#-+ 0 '-?!6% 7!H%45 h0!4P)** $*#-#<!0!,! ':#1- !N*<:0-%6<+ 
H*<1'%6#:7 2N'-04+%7:7 N'!)%<<!7 

[ 1] [ ] [ ], 0,1,2,...,x k Ax k u k k+ = + =  
,H% 2N'-04%#*% <! <6!'!#: ,!<2H-'<60- $!'7*'2%6<+ N! N'-0*42 

][][ kqxpku ⋅−= . 
eH%<5 )...,,( 1 nppcolonp =  %<65 <6!4?%) ,!#!'-'!0 * _6'-$!0, 
2<6-#!04%##:f ,!<2H-'<60!7. Q!4!O*6%45#-+ 1!7N!#%#6- ip  0:-
'-O-%6 0%4*;*#2 ,!#!'-'- 0 N'!)%#6-f −i ,! 2;-<6#*1- $*#-#<!-
0!,! ':#1-, 6!,H- 1-1 -?<!4P6#!% /#-;%#*% !6'*)-6%45#!> 1!7N!-
#%#6: ip  !N'%H%4+%6 0%4*;*#2 #-4!,-, 1!6!':7 !?4-,-%6<+ 2;-<6-
#*1 i  0 1!#)% N4-#!0!,! N%'*!H- k . S6'!1- )...,,( 1 nqqq =  <!-
H%'O*6 ,!<2H-'<60%##:% N'*!'*6%6:, - <6!4?%) 

])[...,],[(][ 1 kxkxcolonkx n=  - 1-N*6-4: 2;-<6#*1!0 ':#1-. @: 
N!1-/:0-%7, ;6! /- <;U6 0:?!'- 2N'-04+PM*f 0%16!'!0 p * q  
7!O#! !?%<N%;*65 4P?!% */ 21-/-##:f 0:_% 6'Uf <!<6!+#*> $*-
#-#<!0!,! ':#1-. 8:<!1!N'!*/0!H*6%45#:% 0:;*<4%#*+, <0+/-#-
#:% < #-f!OH%#*%7 2N'-04+PM*f 0%16!'!0, 0:N!4#+P6<+ #- ,'--
$*;%<1*f N'!)%<<!'-f 1!7N-#** NVIDIA < N'*7%#%#*%7 6%f#!4!-
,** 7#!,!N!6!;#!,! N'!,'-77*'!0-#*+ CUDA. 

Z7<,3(<03( 
1. X<4-7!0 E.B., X<4-7!0 B.B., D21*# j.D. j? !H#!> 7!H%4* $*#-#-

<!0!,! ':#1-. http://www.iton.mfua.ru/tesis/islamov2.doc. 
 

>3"6,/03( 8,3,3($83,/,9,27* &(87<(9( +,./0 
$,D+,2<(+7 3L2&( 6,22LV =0+(D 

E.K.  -4-_+# 
$)?T=TFT [+1*6'] F[+496')=f =]. .. . c+4['&)=3194  W " 

Q'* '-/7%M%#** 1-N*6-4- #- $*#-#<!0:f ':#1-f *#0%<6*-
)*!##-+ 1!7N-#*+ (X ) *<N!45/2%6 1-1 <!?<60%##:%, 6-1 * N'*-
04%;%##:%  <'%H<60-.  
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Q'*7%7, ;6!: 
• !?+/-6%45<60- N! N'*04%;%##:7 <'%H<60-7 N!,-_-P6<+ X  

'-/ 0 ,!H, 
• H%#%O#:% <'%H<60- '-/7%M-P6<+ #- ':#1% !?4*,-)*> * #- 

':#1% -1)*>. 
8:?%'%7 1!#<%'0-6*0#2P 4*#*P N!0%H%#*+ N'* '%*#0%<6*-

'!0-#** <'%H<60, - *7%##!: 
• <277-, '-/7%M-%7-+ #- ':#1% !?4*,-)*>, * H!f!H: '%*#-

0%<6*'2P6<+ #- h6!7 ':#1%, 
• H!f!H: !6 <277:, '-/7%M-%7!> #- ':#1% -1)*>, '%/%'0*-

'2P6<+. Q!<6!+##! *#0%<6*'2%6<+ 6!451! !<#!0#-+ <277-, 0:H%-
4%##-+ H4+ H-##!,! ':#1-. 

8 /-0*<*7!<6* !6 N'%H<6-04%#*+ (N'!,#!/-) H!f!H#!<6* 0 
0*H% #%1!6!'!,! 6'%#H- #- ':#1% -1)*> #- ,!'*/!#6, 1!6!':> !N-
'%H%4+%6<+ N%'*!H!7 '-/7%M%#*+ #- ':#1% !?4*,-)*>, 7!O#! !N-
'%H%4*65 !?u%7: '-/7%M%#*+ H%#%O#:f <'%H<60, 6! %<65 1γ  #- 
':#1% !?4*,-)*> * 2γ  #- ':#1% -1)*>. 

Q! 7%'% N'!0%H%#*+ !N%'-)*> #- ':#1% )%##:f ?27-, N'!-
*<f!H*6 26!;#%#*% 7#!,*f N-'-7%6'!0 (#-N'*7%',  H!f!H#!<65 * 
!?u%7 -16*0- #- ':#1% !?4*,-)*> */*4* #- ':#1% -1)*>), ;6! N'*-
0!H*6 1 #%!?f!H*7!<6* N%'%'-<N'%H%4%#*+ H%#%O#:f <'%H<60 7%-
OH2 h6*7* ':#1-7*. Q!h6!72 0%<57- 0-O#! #->6* <!!6#!_%#*%, 
1!6!'!% N!/0!4+%6 N%'%'-<N'%H%4*65 1-N*6-4 7%OH2 0:?'-##:7* 
':#1-7* N'* #%1!6!'!7 -N'*!'#!7 /#-#** !)%#1* H!f!H#!<6* #-  
h6*f ':#1-f. G-##!% <!!6#!_%#*% 0:N*<:0-%6<+ */ 2'-0#%#*+ ?--
4-#<- -16*0!0 * !?+/-6%45<60 X  0 0*H%: 
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,H% T - N%'*!H '-/7%M%#*+ H%#%O#:f <'%H<60 #- ':#1% )%##:f 
?27-, (#%<1!451! 7%<+)%0 – ,!H), 1β  – N'!)%#6#-+ <6-01- !?+/--
6%45<60- N! N'*04%;%##:7 <'%H<60-7,  2β  – N4-#*'2%7-+ <6-01- 
H!f!H- X  H4+ N!,-_%#*+ 6%12M*f '-<f!H!0 * $!'7*'!0-#*+ 
N'*?:4*, jr1  –H!f!H#!<65 #- ':#1% !?4*,-)*> 0 j-> 7%<+), jr2 – 
%O%7%<+;#-+ 2<'%H#%##-+ H!f!H#!<65 !6 !N%'-)*> #- ':#1% -1)*> 
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0 j-> 7%<+), 1γ  - H!4+ !6 <277: -16*0!0 H4+ ':#1- )%##:f ?27-,, 
'-/7%M-%7-+  #- ':#1% !?4*,-)*>, 2γ - H!4+ !6 <277: -16*0!0 H4+ 
':#1- )%##:f ?27-,, '-/7%M-%7-+  0 -1)**. 

I-<N'%H%4%#*% 1-N*6-4- 7%OH2 <%,7%#6-7* ':#1- (-1)*> * 
!?4*,-)*>) !<2M%<604+%6<+ <4%H2PM*7 !?'-/!7: 

1. 8 #-;-4% N4-#*'2%7!,! N%'*!H- [ (#%<1!451! 7%<+)%0 – 
,!H) N'!0%H%#*+ !N%'-)*> #- ':#1% )%##:f ?27-, H%4-%6<+ N'%H-
N!4!O%#*% ! N!0%H%#** H!f!H#!<6* #- ':#1% !?4*,-)*> - jr1  * 

':#1% -1)*> - jr2 . 
2. X/ <*<6%7: 2'-0#%#*> !N'%H%4+P6<+  H!4* <'%H<60, 1!6!-

':% 0:H%4+P6<+ #- ':#!1 -1)*> * ':#!1 !?4*,-)*>.  
3. 8 #-;-4% 1-OH!,! 7%<+)- 26!;#+%6<+ N'%HN!4!O%#*% ! N!-

0%H%#** H!f!H#!<6* #- ':#1% !?4*,-)*>  * ':#1% -1)*>. 
4. X/ N!<4%H#%> <*<6%7: 2'-0#%#*> !N'%H%4+P6<+ #%!?f!-

H*7:% H!4* <'%H<60, 1!6!':% ?2H26 '-/7%M%#: #- ':#1% !?4*,--
)*> * #- ':#1% -1)*>. 

5. Q'!0!H*6<+ N%'%'-<N'%H%4%#*% H%#%O#:f <'%H<60 7%OH2 
':#1!7 !?4*,-)*> * ':#1!7 -1)*>  < 2;%6!7 '%-45#! N!42;%##!> 
H!f!H#!<6* /- N'!_%H_*% 7%<+):. 

8 H!14-H% N'*0!H+6<+ N'*7%': h$$%16*0#!,! *<N!45/!0--
#*+ H-##!> N'!)%H2': #- '%-45#:f !?u%16-f. 

 
S2"+(977 2( 3"$$7;$&"+ 5"2/"'"+ 3L2&,  

@. X.  -#6!4*#<1*> 
S=)4)?194f 434O']=f [+= C+49=T'67?T9' WS 

8!N'!< 242;_%#*+ h$$%16*0#!<6* 6!',!0:f <6'-6%,*> +04+-
%6<+ 14P;%0:7 N'*14-H#:7 0!N'!<!7 ?'!1%'<1!,! H%4- * 2N'-0-
4%#*+ -16*0-7*. K-2;#!% !?!<#!0-#*% 6!',!0:f -4,!'*67!0 * 
<N!<!?#!<65 *#6%,'*'!0-65 #-2;#:% '-/'-?!61* 0 *#0%<6*)*!#-
#:> N'!)%<< 7!O%6 <6-65 *<6!;#*1!7 N'*14-H#:f #!2-f-2 * /#--
;*6%45#:f 1!#12'%#6#:f N'%*72M%<60 H4+ <27%0_*f <H%4-65 h6! 
*,'!1!0 ':#1-. 87%<6% < 6%7, !_*?1* * #%0%'#:% #-2;#:% !?!<#!-
0-#*+ <N!<!?#: N'*0%<6* 1 <%'5%/#:7 #%,-6*0#:7 N!<4%H<60*+7 
N'*14-H#!,! f-'-16%'-, N!<1!4512 N'-0!6- 0#%H'%#*+ #-2;#:f 
H!<6*O%#*> 0 6!',!0:% -4,!'*67: 7!O%6 ?:65 N'!0%'%#- <1!'%% 
#- H4*##:f 0'%7%##:f ,!'*/!#6-f. Q!h6!72 #-2;#-+ '-/'-?!61- 
-#!7-45#:f $-16!'!0, *7%PM*f ;%61!% N'*14-H#!% N'*7%#%#*%, 
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+04+%6<+ !<!?%##! -162-45#!> * 0!<6'%?!0-##!>. 
v-'-16%'#:% h6-N: * -6'*?26:  0:+04%#*+ -#!7-4*>: 
1. E#!7-4** 7!,26 0!/#*1-65 0<4%H<60*% #%h$$%16*0#!<6* 

':#1- * #%0!/7!O#!<6* !?u+<#%#*+ ;-<6* H*<N%'<** H!f!H#!<6%> 
< N!7!M5P 7!H%4%>, <0+/-##:f < ,*N!6%/!> h$$%16*0#!,! ':#1-. 

2. x%7 ?!4%% #%h$$%16*0#:7 +04+%6<+ ':#!1, 6%7 ?!4%% 0%-
'!+6#! 0!/#*1#!0%#*% #- #%7 -#!7-45#:f $-16!'!0 (6%7 7%#5_*> 
N'!)%#6 H*<N%'<** !?u+<#+P6 7!H%4* ,*N!6%/: h$$%16*0#!,! 
':#1-). 

3. Q!0%H%#;%<1*> $-16!' 04*+%6 #- H*#-7*12 )%# )%##:f 
?27-,. 

4. G!1-/-6%45<60! <2M%<60!0-#*+ -#!7-4*> #% +04+%6<+ !N-
'!0%'O%#*%7 ,*N!6%/: h$$%16*0#!,! ':#1-. 

5. Q'* !?#-'2O%#** 0!/7!O#!> -#!7-4** *<<4%H!0-6%4+7 
#%!?f!H*7! h7N*'*;%<1* H!1-/-65 %% 2<6!>;*0!<65, N'*7%#*7!<65 
H4+ N'!,#!/*'!0-#*+ ?2H2M*f H!f!H#!<6%> )%##:f ?27-, * 0!/-
7!O#!<65 ,%#%'*'!0-#*+ <0%'fN'*?:4%> !6 *<N!45/!0-#*+ -#!-
7-45#:f $-16!'!0 0 6!',!0:f <6'-6%,*+f. [!451! 0 <42;-% N!H-
60%'OH%#*+ H-##:f N'%HN!<:4!1 0:+04%##-+ -#!7-4*+ 7!O%6 
<;*6-65<+ H!1-/-##!>. 

E#-4*/*'2+ '!<<*><1*> ':#!1 < 6!;1* /'%#*+ $!'7*'!0--
#*+ -#!7-4*>, 7: N'*f!H*7 1 0:0!H2, ;6! #- #%7 <!/H-#: 0<% 
N'%HN!<:41* H4+ *f !?#-'2O%#*+. jH#-1! N'!0%H%##:> < N!7!-
M5P '-/4*;#:f <6-#H-'6#:f 7%6!H!0 -#-4*/ N!1-/-4, ;6! -#!-
7-45#:% $-16!': ('-/4*;#:% #%/-0*<*7:% N%'%7%##:% 0 -#-4*/%) 
!N*<:0-P6 4*_5 7-42P ;-<65 H*#-7*1* )%# -1)*> (6.%. H!f!H#!-
<6* – /-0*<*7!> N%'%7%##!>). l6! !/#-;-%6, ;6! '!45 -#!7-45#:f 
$-16!'!0 <'%H* 0<%f $-16!'!0, 04*+PM*f #- )%#!!?'-/!0-#*% #- 
$!#H!0!7 ':#1%, 7-4-, * #%45/+ 260%'OH-65, ;6! -#!7-45#:% $-1-
6!': <2M%<602P6 #- ?!45_%> ;-<6* H*<N%'<** /-0*<*7!> N%'%-
7%##!>, *#-;% ,!0!'+, #%45/+ 260%'OH-65, ;6! -#!7-45#:% $-16!-
': 04*+P6 #- $!'7*'!0-#*% H!f!H#!<6* -1)*>. [-1*7 !?'-/!7, 
#%45/+ 260%'OH-65 < 0:<!1!> 0%'!+6#!<65P, ;6! #- '!<<*><1!7 
$!#H!0!7 ':#1% <2M%<602P6 -#!7-4**. @: <0+/:0-%7 h6! +04%-
#*% < 6%7, ;6! ,4-0#:7* $-16!'-7*, 04*+PM*7* #- )%#!!?'-/!0--
#*% #- '!<<*><1!7 $!#H!0!7 ':#1%, +04+P6<+ /-0*<*7!<65 !6 
*#!<6'-##:f *#0%<6!'!0, 7-#*N24+6*0#!<65, <N%124+6*0#:> #--
<6'!>, !6<26<60*% «H4*##:f» H%#%,, N!H0%'O%##!<65 carry trade. 
jH#-1! 2<6!>;*0!<65 H-O% ,4-0#:f $-16!'!0 #%0%4*1-.  

8 #-<6!+M%% 0'%7+ 7: #-f!H*7<+, <1!'%% 0<%,!, #- h6-N% 
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$2#H-7%#6-45#!,! *, 0!/7!O#!, #-;-4% <N%124+6*0#!,! '!<6-. ]<-
4* 7!H%45 '-/0*6*+ '!<<*><1!,! $!#H!0!,! ':#1- ?2H%6 H0*,-65<+ 
N! N!f!O%72 <)%#-'*P, 6! %<65 ,*N%'0!4-6*45#!<65 2008-2009 ,!-
H!0 ?2H%6 N!<6%N%##! 27%#5_-65<+ #- $!#% <6-?*45#!,! '!<6- 
':#1- * #-H20-#*+ #!0!,! «N2/:'+», 6! 7: 7!O%7 N'%HN!4!O*65, 
;6! N! 7%'% '-/0*6*+ 4!,*1* H-##!,! N'!)%<<- ?2H%6 0!/'-<6-65 
N'!)%#6 !?u+<#%##!> H*<N%'<** N'* *<<4%H!0-#** -#!7-4*>. 
X#:7* <4!0-7*, <6%N%#5 04*+#*+ -#!7-45#:f $-16!'!0 #- H!f!H-
#!<65 ?2H%6 0!/'-<6-65, 6! %<65 7!O#! ?2H%6 < ?!45_%> 20%'%##!-
<65P 260%'OH-65 ! <2M%<60!0-#** * 2<6!>;*0!<6* -#!7-4*> #- 
'!<<*><1!7 $!#H!0!7 ':#1%. 8 N%'02P !;%'%H5 h6! 1!<#%6<+ 0 
#-*?!45_%> <6%N%#* f-'-16%'#:f <%>;-< -#!7-4*>, - *7%##!: 
«h$$%16- 7%<+)- ,!H-», «h$$%16- 6'%6* 7%<+)-», «h$$%16- H#+ 
#%H%4*», «h$$%16- #*/1*f p/e», «h$$%16- #*/1*f p/b», -#!7-4*>, 
<0+/-##:f < IPO. 

 
K$$9,/"'(27, "8,3(67; ' (D3"$<3(V"'(277 

8.B.  *<%4%0 
.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
K%<7!6'+ #- 0<% H!<6*O%#*+ #-2;#!-6%f#*;%<1!,! N'!,'%<<- 

<%45<1!f!/+><60%##!% N'!*/0!H<60! 0<%,H- /-0*<%4! * ?2H%6 /-0*-
<%65 !6 <42;->#:f N'*'!H#:f $-16!'!0. SN!<!?!7 7*#*7*/-)** 
'-<f!H!0 0 '%/2456-6% 0!/H%><60*+ #%?4-,!N'*+6#:f N'*'!H#:f 
$-16!'!0, <!1'-M%#*+ 0!/7!O#:f 2?:61!0 * !?%<N%;%#*+ $*#-#-
<!0!> 2<6!>;*0!<6* <%45<1!f!/+><60%##:f N'!*/0!H*6%4%> +04+-
%6<+ <6'-f!0-#*% <%45<1!f!/+><60%##:f '*<1!0.  

8 <!0'%7%##!7 !?M%<60% <6'-f!0-#*% N'%0'-6*4!<5 0 2#*-
0%'<-45#!% <'%H<60! 0!/7%M%#*+ 2M%'?- N'-16*;%<1* 0! 0<%f !?-
4-<6+f ;%4!0%;%<1!> H%+6%45#!<6* [1]. 8 I!<<*><1!> Z%H%'-)** 
N'-16*;%<1* H4+ 0<%f 0*H!0 <6'-f!0-#*+ '-/'-?!6-#: N'*%74%7:% 
7%6!H*1*, !<#!0-##:% #- *7%PM*f<+ 0 H!<6-6!;#!7 !?u%7% <6--
6*<6*;%<1*f H-##:f. X<14P;%#*% <!<6-04+%6 <6'-f!0-#*% 0 <%45-
<1!7 f!/+><60%, ,H% 6!451! 0:'-?-6:0-P6<+ 1!#)%N)** '-/0*6*+ 
6-1!> <*<6%7:. 

 S4!O#!<65 -,'!<6'-f!0-#*+ 0 IZ /-14P;-%6<+ 0 6!7, ;6! 
N'-16*;%<1* 0<+ 6%''*6!'*+ <6'-#: +04+%6<+ /!#!> '*<1!0-##!,! 
/%74%H%4*+ * N!h6!72 H4+ <6'-f!0-#*+ 2'!O-+ 6'%?2%6<+ #-/#--
;-65 H!<6-6!;#! 0:<!1*% 6-'*$:, ;6! #%!?f!H*7! H4+ <6-?*45#!,! 
<2M%<60!0-#*+ <6'-f!0:f 1!7N-#*>, - h6* 0:<!1*% 6-'*$: 0 <0!P 
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!;%'%H5 4!O-6<+ #%N!<*45#:7 ,'2/!7 #- -,'-'*%0. Q!h6!72 #2O-
#: 6-1*% N'!,'-77: <6'-f!0-#*+, 1!6!':% ?: 2H!04%60!'+4* ?: * 
<%45f!/N'!*/0!H*6%4%> * <6'-f!0M*1!0. l62 #%N'!<62P /-H-;2 
N'*f!H*6<+ '%_-65 0 2<4!0*+f #%H!<6-6!;#!> *#$!'7-)** !? 
2'!O->#!<6+f 0:'-M*0-%7:f 124562'.  

G-4%%, #%!?f!H*7:7 h4%7%#6!7 <*<6%7: <6'-f!0-#*+ H!4O-
#- ?:65 h$$%16*0#-+ <*<6%7- 7!#*6!'*#,- '%,*!#-45#:f N!,!H-
#:f 2<4!0*> * N'!*/0!H<60%##!> H%+6%45#!<6* <%45f!/N'!*/0!H*-
6%4%>, /-14P;*0_*f <6'-f!0!% <!,4-_%#*% <! <6'-f!0!> 1!7N-#*-
%>. l6! #%!?f!H*7! H4+ 2<6-#!04%#*+ N'*;*# #%H!?!'- 2'!O-+ *, 
<!!60%6<60%##!, H4+ !)%#1* 0%4*;*#: <6'-f!0!> 1!7N%#<-)**. 
G4+ h6!,! N!6'%?2P6<+ <!!60%6<602PM*% 7-6%7-6*;%<1*% 7!H%4*, 
#-N'*7%'. 7!H%4*, N'%H4-,-%7:% 0  [2].  

]<6%<60%##!, ;6! 6-12P <4!O#2P /-H-;2 '-/'-?!61* <*<6%7: 
-,'!<6'-f!0-#*+ #%!?f!H*7! '%_-65 < *<N!45/!0-#*%7 <!0'%7%#-
#:f 0:;*<4*6%45#:f <'%H<60 * <!0'%7%##:f 7%6!H!0 *<<4%H!0--
#*+ !N%'-)*>.  !#%;#:7 '%/2456-6!7 '-?!6: N! '%_%#*P N'!-
?4%7: -,'!<6'-f!0-#*+ H!4O#- ?:65 h$$%16*0#-+ *7*6-)*!##-+ 
<*<6%7-, 1!6!'-+ H!4O#- *<N!45/!0-65<+ 1-1 #- h6-N% '-/'-?!61* 
N'!,'-77 -,'!<6'-f!0-#*+, 6-1 * 0 !N%'-6*0#!7 '%O*7%. 

S 2;%6!7 7%OH2#-'!H#!,! !N:6- -,'!<6'-f!0-#*+ ?:4- '-/-
'-?!6-#- <6'2162'- 6-1!> <*<6%7:. 

8 1-;%<60% N'*7%'- N'*7%#%#*+ 7%6!H!0 *<<4%H!0-#*+ !N%-
'-)*> ?:4! N'!0%H%#! 7-6%7-6*;%<1!% *<<4%H!0-#*% #%1!6!':f 
h1!#!7*;%<1*f <0!><60 1!#1'%6#!> N'!,'-77: <6'-f!0-#*+ 2'!-
O-+ 0 N'%HN!4!O%#**, ;6! */0%<6#- $2#1)*+ '-<N'%H%4%#*+ 2'!-
O->#!<6* 0:'-M*0-%7!> 124562':. 

Z7<,3(<03( 
1. S6'-f!0!% H%4!. C;%?#*1 N!H '%H-1)*%> N'!$%<<!'- I%>67-#- 

D.X. @.: d-#1!0<1*> * ?*'O%0!> #-2;#!-1!#<2456-)*!##:> )%#6', 1992, 
524<. 

2. 8.B. Q4PM*1!0, l.E. G!04%6+'!0-, K.X. X45+<!0- @%6!H*;%<1*% 
-<N%16: h1<N%'6#!,! * 6%f#!4!,*;%<1!,! <!N'!0!OH%#*+ <6'-f!0-#*+ 
'*<1!0 0 EQ .// 8%<6#*1 ICGK, <%'. E,'!#!7*+ * O*0!6#!0!H<60!, 
2007.q1-2 <.4-10. 
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I8<7+(9?2(* $<3(<,D7* $<3(V"'(<,9* ' $7$<,+, 
="20$-+(90$: 2,83,3L'2L; $90E(;*  

E.Z.  !4!<1!0 
S43F67T'T .:=<  :He =]. :... _1]1)1?194  

8 <*<6%7% ?!#2<-7-42< <6'-f!0-6%4*, ;6!?: */?%O-65 20%4*-
;%#*+ '-/7%'- N'%7*>, N'%HN!;*6-P6 <-7!<6!+6%45#! !N4-;*0-65 
'-<f!H: 0 <0+/* < #%/#-;*6%45#:7* <6'-f!0:7* <42;-+7*. l6! 
+04%#*% #-/:0-P6 «O-OH!> ?!#2<-» [1]. 8 [2] '-<<7!6'%#- <4%-
H2PM-+ #%N'%':0#-+ 7!H%45 <*<6%7: ?!#2<-7-42<, 0 1!6!'!> 
2;*6:0-%6<+ H-##:> h$$%16. I-<N'%H%4%#*% ;*<4- <6'-f!0:f <42-
;-%0 #- %H*#*;#!7 *#6%'0-4% +04+%6<+ N2-<<!#!0<1*7 < N-'-7%6-
'!7 .λ  S*<6%7- ?!#2<-7-42< !N'%H%4+%6<+ <4%H2PM*7 !?'-/!7: 
N'%7*-45#-+ _1-4- – ),...,( 1 sbbb = ; N%'%f!H#:% N'-0*4- */ 14-<<- 
i 0 14-<< j N'* k <6'-f!0:f <42;-+f – ).(ktij  Q2<65 '%_%#*% <6'-f!-
0-6%4+ ! N'%Hu+04%#** *<1- 0 '-/7%'% L  0 7!7%#6 0'%7%#* [ )1;0∈t  
N%'*!H- n !<#!0:0-%6<+ #- <4%H2PM%7 N'-0*4%: 

  0   ),,( >− tkiLL n  
,H%  ),,( tkiLn – !N6*7-45#:> 1'*6*;%<1*> '-/7%' 2M%'?- <6'-f!-
0-6%4+, #-f!H+M%7<+ 0 14-<<% i, N'%Hu+0*0_%,! k <6'-f!0:f <42;--
%0. 

8 <42;-% h1<N!#%#)*-45#!,! '-<N'%H%4%#*+ 0%4*;*#: 2M%'-
?- H4+ #-f!OH%#*+ $2#1)*>  ),,( tkiLn <6-0*6<+ /-H-;-  !_* H4+ 
2'-0#%#*>: 

[ ] ,)(1),,(),,( ),,(

),1,(
∫

+

−+=
tkiL

tkiL
nn

n
n

n

dllFtkiL
dt

tkidL
λδ  

,H% δ - «<*4- N'!)%#6-»; )(lFn - $2#1)*+ '-<N'%H%4%#*+ 0%4*;*#: 
2M%'?- 0 N%'*!H n . G4+ #-f!OH%#*+ '%_%#*+ ),,(1 tkiLn−  !N'%H%-
4+P6<+ ,'-#*;#:% 2<4!0*+ H4+ /-H-##!,! N%'*!H- 0'%7%#* N! /#--
;%#*+7 '%_%#*+ ),,( tkiLn . Q'* h6!7, #-;-45#!% '%_%#*% 

),,( tkiLN  #-f!H*6<+ */ ,'-#*;#:f 2<4!0*>, ,H% N – 7-1<*7-45#:> 
<'!1 #-f!OH%#*+ 0 <*<6%7% <6'-f!0-#*+. 

8 #-<6!+M%> '-?!6% '-<<7-6'*0-P6<+ H'2,*% 0*H: '-<N'%H%-
                                                
* I-?!6- 0:N!4#%#- N'* N!HH%'O1% ,'-#6- IZZX, N'!%16 08-01-00249 
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4%#*> 0%4*;*#: 2M%'?-, N'*0!H*6<+ -4,!'*67 '%_%#*+ /-H-;* 
 !_*, - 6-1O% *#!% N'%H<6-04%#*% <*<6%7: ?!#2<-7-42<, !N'%H%-
4+%7!> 1!4*;%<60!7 N'%Hu+04%##:f <6'-f!0:f <42;-%0 /- 0%<5 
N%'*!H <6'-f!0-#*+, 0'%7%#%7 * N-'-7%6'!7 6'%#H-.   

Z7<,3(<03( 
1. D%7%' Y. S*<6%7: ?!#2<-7-42< 0 -06!7!?*45#!7 <6'-f!0-#**. 

@.: `#2<- , 2003. 
2. De Pril N. Optimal claim decisions for a bonus-malus system: a con-

tinuous approach // ASTIN Bulletin. 1979. N 10. P. 215-222. 

I '"U+".2"$<*V 7$8"9?U"'(27* "8,3(67"22"D" 
7D3"'"D" +"/,973"'(27* 837 083('9,277  

8"3<5,9,+ 6,22LV =0+(D 
E.Z.  !#!#%#1!, 8.8. b%0;%#1! 

.QV=?6=T'67)Q% 8')T+ =]')=  . . b1+1O)=8Q)4 W " 
jH#!> */ ,4-0#:f /-H-; N'* '-/'-?!61% '-)*!#-45#!> <6'--

6%,** 2N'-04%#*+ N!'6$%4%7 )%##:f ?27-, ([1] * H'.) +04+%6<+ /--
H-;- N'!,#!/*'!0-#*+ !O*H-%7!> <6!*7!<6* 1-OH!> 6-1!> ?27-,* 
#- '-<<7-6'*0-%7!7 !6'%/1% 0'%7%#*. Q'*7%#+%7:>, 1-1 N'-0*4!, 
0%'!+6#!<6#:> N!Hf!H 1 !)%#1% 6-1*f !O*H-#*> !?4-H-%6 #% 6!45-
1! N'%*72M%<60-7*, #! * #%H!<6-61-7*, !H#*7 */ 1!6!':f +04+%6-
<+ !6<26<60*% 2,42?4%##!,! -#-4*/- <!<6!+#*+ * N!6%#)*-45#:f 
0!/7!O#!<6%> h7*6%#6!0 )%##:f ?27-,. ]H0- 4* 7!O#! 6-1O% <;*-
6-65 H!<6-6!;#:7* !)%#1* h7*6%#6!0 '%>6*#,!0:7* -,%#6<60-7*, 
N!<1!4512 6-1*% !)%#1*, 1-1 N'-0*4!, ?-/*'2P6<+ #- !N'!<-f h1<-
N%'6!0 * 0 /#-;*6%45#!> 7%'% #!<+6 <2?u%16*0#:> f-'-16%'. 8 
<0+/* < ;%7 N'%H<6-04+%6<+ )%4%<!!?'-/#:7 N'!0%H%#*%, 0 H!N!4-
#%#*% 1 <2M%<602PM*7 7%6!H-7 $*#-#<!0!> *#O%#%'**, *#6%'-
0-45#!,! N'!,#!/*'!0-#*+ !O*H-%7!> <6!*7!<6* 1-OH!> */ '-<-
<7-6'*0-%7:f )%##:f ?27-,, *<f!H+ */ -#-4*/- !?!'!6!0 * <-45H! 
<;%6!0, 10-4*$*1-)*!##!,! N!6%#)*-4- * N'!*/0!H<60%##:f 0!/-
7!O#!<6%> 1-OH!,!  h7*6%#6-. Q'* N'!0%H%#** 6-1!,! -#-4*/- 
7!O%6 h$$%16*0#! *<N!45/!0-65<+ !N%'-)*!##!% *,'!0!% <)%#-'-
#!% 7!H%4*'!0-#*% ([2,3] * H'.), '-/'-?!6-##!% -06!'-7* * -N'!-
?*'!0-##!% #- '%_%#** '+H- /-H-; 7*1'! * 7-1'! h1!#!7*;%<1!,! 
f-'-16%'-. 

jN%'-)*!##!% *,'!0!% <)%#-'#!% 7!H%4*'!0-#*%, 1-1 !'*-
,*#-45#:> N!Hf!H 1 !N*<-#*P _*'!1!,! 1'2,- <!)*-45#!-
h1!#!7*;%<1*f N'!)%<<!0, 0!/#*14! 0 '%/2456-6% 7-6%7-6*;%<1!,! 
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!<7:<4%#*+ ?-/!0:f N!#+6*>, *<N!45/2%7:f N'* 2;%6% '%/2456--
6!0, -#-4*/% * N4-#*'!0-#** N'!*/0!H<60%##!-h1!#!7*;%<1*f 
N'!)%<<!0: <;%6 ?2f,-46%'<1!,! 2;%6- (-16*0#:>, N-<<*0#:>, /-?--
4-#<!0:>, -#-4*6*;%<1*>), N'!0!H1-, f!/+><60%##-+ !N%'-)*+, 
!?+/-6%45<60!, <)%#-'*> (0-'*-#6) '%-4*/-)** 6!,! *4* *#!,! <!-
)*-45#!-h1!#!7*;%<1!,! N'!)%<<-, <)%#-'#!% 2<4!0*%, <)%#-'#:> 
N4-#. Q'* '%_%#** N'-16*;%<1*f /-H-; < *<N!45/!0-#*%7 !N%'--
)*!##!,! *,'!0!,! <)%#-'#!,! 7!H%4*'!0-#*+ '-<<7-6'*0-4*<5 
N'!*/0!H<60%##:%, *##!0-)*!##!-7!H%'#*/-)*!##:%, 1'%H*6#:%, 
*#0%<6*)*!##:%, #-4!,!0:% * H'2,*% !N%'-)**, - *#6%'%<: *,'!-
1!0 !N*<:0-4*<5 *f *6!,!0:7* !?!?M%##:7* ;*<6:7* -16*0-7* 
(jxE), 014P;-PM*7* #-'+H2 < ;*<6:7* -16*0-7* 1-1 6-1!0:7* 
1!''%16#:% !)%#1* #-f!H+M%,!<+ 0 *f '-<N!'+O%#** 10-4*$*1--
)*!##!,! N!6%#)*-4-, N'*'!H#:f '%<2'<!0, -16*0!0 '%N26-)*!#-
#!,! * *#!,! f-'-16%'-. 

8 '-?!6% [3] '-<<7-6'*0-%6<+ N'*7%' *<N!45/!0-#*+ !N%'--
)*!##!,! *,'!0!,! <)%#-'#!,! 7!H%4*'!0-#*+ H4+ '%_%#*+ /-H-;* 
<)%#-'#!,! N'!,#!/*'!0-#*+ !<#!0#:f N!1-/-6%4%> h1!#!7*;%-
<1!,! '-/0*6*+ N'!7:_4%##!,! 1!7N4%1<- ,. @!<10:. Q'* h6!7 
H*#-7*1- N!1-/-6%4%> N'!,#!/*'!0-4-<5 #- 0<%7 '-<<7-6'*0-%7!7 
!6'%/1% 0'%7%#* (2007-09 ,,., 0 N!<4%H2PM*f '-?!6-f - 2008-25 
,,.). I-<<7-6'*0-4*<5 !N6*7*<6*;%<1*> (#-*42;_*>) * N%<<*7*-
<6*;%<1*> (#-*f2H_*>) <)%#-'**. 8N!4#% -#-4!,*;#! 7!O#! N'!-
0!H*65 *#6%'0-45#:% !)%#1* H*#-7*1* jxE h7*6%#6!0 )%##:f 
?27-, * *<N!45/!0-65 *f H4+ !)%#1* !O*H-%7!> H*#-7*1* ':#!;-
#!> <6!*7!<6* '-<<7-6'*0-%7:f N'* 2N'-04%#** N!'6$%4%7 )%#-
#:f ?27-,.  

K-4*;*% *#6%'0-45#:f !)%#!1 <6!*7!<6* ?27-, N!/0!4*4! 
?: 0:'-?-6:0-65 '-)*!#-45#:% <6'-6%,** 2N'-04%#*+ N!'6$%4%7 
< *<N!45/!0-#*%7 N'*#)*N- ,-'-#6*'!0-##!,! '%/2456-6- (*<f!H+ 
*/ N%<<*7*<6*;%<1*f !)%#!1), 2<6-#-04*0-+ h1<N%'6#! 0%'!+6#!-
<6#:% '-<N'%H%4%#*+ 0#26'* !O*H-%7:f *#6%'0-4!0 H4+ 1-OH!,! 
h7*6%#6-, < *<N!45/!0-#*%7 *#:f N'*#)*N!0 !N6*7-45#!<6*. 

Z7<,3(<03( 
1. @-'_-44 GO., d-#<-4 8. Z*#-#<!0-+ *#O%#%'*+. @.: X#$'--@, 

1998. 784 <.  
2.  !#!#%#1! E.Z., b%0;%#1! 8.8. e-H-;* 2N'-04%#*+ N'!*/0!H<6-

0%##:7* 1!'N!'-)*+7* * !N%'-)*!##:% *,':. @.: 8c IEK, 2004. 42 <. 
3.  !#!#%#1! E.Z., b%0;%#1! 8.8. X<N!45/!0-#*% *,'!0!,! * <)%#-'-

#!,! 7!H%4*'!0-#*+ 0 '%_%#** /-H-; 2N'-04%#*+ N'!7:_4%##:7 1!7-
N4%1<!7 '%,*!#-. @.: 8c IEK, 2007. 48 <. 
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K2/7'7/0(9?2", (97E2",) 572(2$"'",  
89(273"'(27, &(& 72$<30+,2< X55,&<7'2"D" 
083('9,27* 572(2$(+7 /"+(]27V V"U*;$<'. 

E.8.  !;%61!0 
"48=1)467)4f  6=-4 )'&49=?=]Qg i=)4)?19Qg ?19'T)=319 

S4!O#!<65 7#!,*f <!0'%7%##:f '!/#*;#:f $*#-#<!0:f 2<-
42,, #%!?f!H*7!<65 2;*6:0-65 ?!45_!% 1!4*;%<60! h1!#!7*;%-
<1*f $-16!'!0 N'* 2N'-04%#** $*#-#<-7* H!7-_#*f f!/+><60 
N'*0!H*6 1 N!0:_%#*P '!4* 2N'-04%#*+ $*#-#<-7* H4+ 20%4*;%-
#*+ ?4-,!<!<6!+#*+ H!7-_#*f f!/+><60. jH#*7 */ 0-O#%>_*f *#-
<6'27%#6!0 2N'-04%#*+ $*#-#<-7* H!7-_#*f f!/+><60 +04+%6<+ 
*#H*0*H2-45#!% (4*;#!%) $*#-#<!0!% N4-#*'!0-#*%. e-N-H#:> 
6%'7*# personal financial planning (4*;#!% $*#-#<!0!% N4-#*'!0--
#*%) !N'%H%4+P6 1-1 «N'!)%<<, N'* N!7!M* 1!6!'!,! *#H*0*H: * 
<%75* '%-4*/2P6 <0!* O%4-#*+ 0 H!<6*O%#** $*#-#<!0:f )%4%>, 
6.%. )%4%>, 1!6!':% 6'%?2P6 H%#%O#:f <'%H<60 H4+ *f H!<6*O%#*+ 
(#-N'*7%', N!42;%#*% -H%10-6#!,! N%#<*!##!,! H!f!H-». X#H*0*-
H2-45#!% (4*;#!%) $*#-#<!0!% N4-#*'!0-#*% – N'!)%<< !N'%H%4%-
#*+ *#H*0*H2-45#:f *4* <%7%>#:f )%4%> H!7-_#%,! f!/+><60- 
(014P;-+ N!6'%?#!<6* 0 <6'-f!0!> /-M*6%), <?!'- *#$!'7-)** * 
-#-4*/- 6%12M%,! $*#-#<!0!,! <!<6!+#*+ * $*#-#<!0!> N!4*6*1* 
H!7-_#%,! f!/+><60- < 6!;1* /'%#*+ H!<6*O%#*+ )%4%>, 0:?!'- 
#-*?!4%% h$$%16*0#:f H!<6*O%#*+ )%4%> < *<N!45/!0-#*%7 N'*-
7%#*7:f $*#-#<!0:f *#<6'27%#6!0, < 2;%6!7 6%12M%> <*62-)** 0 
h1!#!7*1% * N'%HN!4!O%#*> ! ?2H2M*f 6%#H%#)*+f '-/0*6*+ h1!-
#!7*1* (2'!0#% *#$4+)**, *#0%<6*)*!##!> H!f!H#!<6* * N'). X#-
H*0*H2-45#:% (4*;#:%) $*#-#<!0:% N4-#: ($*#-#<!0:% N4-#:) 
7!,26 ?:65 H!4,!<'!;#:%, <'%H#% – * 1'-61!<'!;#:%. G!4,!<'!;-
#:% $*#-#<!0:% N4-#: H!7-_#*f f!/+><60 7!,26 '-/'-?-6:0-65<+ 
< 2;%6!7 <'!1!0 N'%HN!4-,-%7!,! H!O*6*+ * $*#-#<!0:f )%4%> 
#%<1!451*f N!1!4%#*>, ;6! <6-#!0*6<+ ?!4%% -162-45#! N! 7%'% 
2<4!O#%#*+ #-4!,!!?4!O%#*+ N'* N%'%H-;% *72M%<60- N! #-<4%H-
<602 * N! /-0%M-#*P. S'%H#%<'!;#:% $*#-#<!0:% N4-#: H!7-_-
#%,! f!/+><60- '-/'-?-6:0-P6<+ #- #%<1!451! 4%6 H4+ H!<6*O%#*+ 
!H#!> - H02f /#-;*7:f )%4%>, *4* H4+ )%4%> 2N'-04%#*+ /-H!4-
O%##!<6+7* 2 H!7-_#*f f!/+><60 < 0:<!1!> H!4,!0!> #-,'2/1!>. 
 '-61!<'!;#:% $*#-#<!0:% N4-#: *7%P6 7#!,! !?M%,! < ?PHO%-
6!7 H!7-_#%,! f!/+><60-, H%4-P6<+ #- <'!1 !H*# ,!H, *4* #%-
<1!451! 4%6, *#$4+)*+ N'* <!<6-04%#** 1'-61!<'!;#!,! $*#-#<!-
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0!,! N4-#- (?PHO%6-) 0 '-<;%6 #% N'*#*7-%6<+, 0 !64*;*% !6 H!4-
,!<'!;#!,! N4-#*'!0-#*+.  '-61!<'!;#:% N4-#: (?PHO%6:) 7!,26 
*<N!45/!0-65<+ 1-1 *#<6'27%#6 !6<4%O*0-#*+ *<N!4#%#*+ H!4,!- * 
<'%H#%<'!;#:f N4-#!0, 1-1 *#<6'27%#6 1!#6'!4+ #-H $*#-#<!0!> 
N!4*6*1!>, H4+ 2N'-04%#*+ /-H!4O%##!<65P 0 2<4!0*+f 0:<!1!> 
H!4,!0!> #-,'2/1*. Z*#-#<!0:% N4-#: (H!4,!, <'%H#% * 1'-61!-
<'!;#:%) 7!,26 H4+ 2H!?<60- N4-#*'!0-#*+ * *<N!4#%#*+ '-/?*-
0-65<+ #- *#0%<6*)*!##:> N4-# (0 1!6!'!7 !6'-O-P6<+ 04!O%#*+ 
0 '-/4*;#:% *#0%<6*)*!##:% *#<6'27%#6:, N'%HN!4-,-%7:% H!-
f!H: !6 h6*f 04!O%#*> < 2;%6!7 #-4!,!!?4!O%#*+), $*#-#<!0:> 
N4-# (0 1!6!'!7 !6'-O-P6<+ N!42;%#*% * 0!/0'-6 1'%H*6!0 * *#:f 
/-%7#:f <'%H<60), N4-# <6'-f!0!> /-M*6: (2N'-04%#*+ '*<1-7*), 
«N4-# 6%12M%> H%+6%45#!<6*», * H'. G!4,!<'!;#!% $*#-#<!0!% 
N4-#*'!0-#*% – #-*?!4%% 0-O#-+ * <4!O#-+ ;-<65 N'!)%<<- $*#-#-
<!0!,! N4-#*'!0-#*+ H!7-_#%,! f!/+><60-. Q'!)%<< $*#-#<!0!,! 
N4-#*'!0-#*+ H!7-_#%,! f!/+><60- 7!O%6 ?:65 2<4!0#! '-/?*6 #- 
#%<1!451! <6-H*>: <?!' *#$!'7-)**, * N!H,!6!01- $*#-#<!0:f 
!6;%6!0, !N'%H%4%#*% (0:+04%#*% * $*1<*'!0-#*%) )%4%>, -#-4*/ 
$*#-#<!0!,! <!<6!+#*+ * $*#-#<!0!> N!4*6*1* H!7-_#%,! f!/+>-
<60- * H!<6*O*7!<6* )%4%>, '-/'-?!61- * *<N!4#%#*% N4-#-, N%-
'*!H*;%<1*> !?/!' * N%'%<7!6' N4-#-. G4+ $*#-#<!0!,! N4-#*'!-
0-#*+ H!7-_#%,! f!/+><60- !?:;#! 6'%?2%6<+ 7#!,! '-/4*;#!> 
*#$!'7-)**, 0 6!7 ;*<4% *#$!'7-)*+ !? *#0%<6*)*+f * <?%'%O%-
#*+f, *7%PM*f<+ /-H!4O%##!<6+f, *7%PM*f<+ <6'-f!0:f N!4*<-f 
* *f 2<4!0*+f, <!<6!+#** #-1!N*6%45#!,! ;-<6* 6'2H!0!> N%#<**, 
/-0%M-#*+f, *OH*0%#)-f, <!<6!+#** /H!'!05+ * N'. S!<6-04%#*% 
$*#-#<!0:f N4-#!0 * <4%H!0-#*% 0:'-?!6-##!> $*#-#<!0!> N!-
4*6*1% +04+%6<+ 0-O#:7 <'%H<60!7 7-1<*7*/-)** ?4-,!<!<6!+#*+ 
* 20%4*;%#*+ 0%'!+6#!<6* H!<6*O%#*+ )%4%> H!7-_#*f f!/+><60. 
8 <!0'%7%##:f 2<4!0*+f 0 I!<<**, 1!,H- 2'!0%#5 $*#-#<!0!> 
,'-7!6#!<6* * 124562'- 2N'-04%#*+ 4*;#:7* $*#-#<-7* 1'->#% 
#*/1*, !<!?2P -162-45#!<65 N'*!?'%6-%6 '-/0*6*% *#<6*626- N'!-
$%<<*!#-45#:f 1!#<2456-#6!0, 04-H%PM*f 7%6!H*1!> $*#-#<!0!-
,! N4-#*'!0-#*+ – #%/-0*<*7:f $*#-#<!0:f <!0%6#*1!0. 
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>3(&<7E,$&7, 837+,3L 7$8"9?U"'(27*  
+(<,+(<7E,$&7V +"/,9,; /9* 3L2&( /,37'(<7'"' 

[.8. D!/!0-+ 
EGAR Technology 

G!14-H N'%H<6-04+%6 !?/!' N'!,'-77 #- <'!;#!7 /-N-H#!7 * 
0!<6!;#!7 ':#1-f (]0'!N-, E7%'*1, E/*+), 0 1!6!':f *<N!45/2-
P6<+ '-/4*;#:% 7-6%7-6*;%<1*% 7!H%4* * '%_-P6<+ 6% *4* *#:% 
4!,*;%<1*% /-H-;*. @!O#! 20*H%65 '-/#!!?'-/*% N'*7%#%#*+ 7--
6%7-6*1* * 4!,*1* 0 h6!> $*#-#<!0!> !?4-<6* – !6 N'!<6:f, #! 
!;%#5 0-O#:f, $!'724 H! 10-#6-6*0#!> 7-6%7-6*1*, 6'%?2PM%> 
*<<4%H!0-#*> * N!<6'!%#*+ #!0:f 7!H%4%>.    

8 H!14-H% ?2H26 !<0%M%#: 0!N'!<:, <0+/-##:% < #-1!N4%#*-
%7 *<6!'*;%<1*f H-##:f N! !N)*!#-7, N'*7%#%#*% <N%)*$*;%-
<1!> 4!,*1* H4+ <?!'- #2O#!> *#$!'7-)**, $*456'-)** H-##:f 
N%'%H '-<;%6-7*. G-4%% ?2H26 '-<<7-6'*0-65<+ '-<;%6#:% H-##:% 
* 7!H%4*, 1!6!':% 014P;-P6 0 <%?+ Implied Volatility, Greeks, 3f 
7%'#:% Implied Volatility Surfaces * 7#!,*% H'2,*% -#-4*6*;%<1*% 
H-##:%, '-<<;*6:0-%7:% H4+ !N)*!#!0.  

j6H%45#!% 0#*7-#*% 2H%4%#! ?*?4*!6%1% $*#-#<!0:f 7!H%-
4%>, 1!6!'-+ !f0-6:0-%6 '-/4*;#:% $*#-#<!0:% *#<6'27%#6: * 
N!/0!4+%6 N'!0!H*65 #%!?f!H*7:% '-<;%6: < N!7!M5P 0<6'!%#-
#:f $2#1)*>. l6! * h1/!6*;%<1*% !N)*!#:, * !?4*,-)**, 0-4P6-
#:% ':#1* * 6.H... 

 '!7% h6!,!, ?2H26 N'*0!H*65<+ N'*7%': N'!,'-77, *<N!45-
/2%7:f N'!$%<<*!#-4-7* <'!;#!,! ':#1- (7-'1%6 7%>1%'-7*, 
'*<1 7%#%HO%'-7*, ?'!1%'-7* * 6.H..), ,H% '%_-P6<+ 6% *4* *#:% 
7-6%7-6*;%<1*% /-H-;*, N!7!,-PM*% *7 0 '-?!6%. K-N'*7%', ?'!-
1%'2 0-O#!, ;6!?: !?u%7 <!0%'_-%7:f <H%4!1 ?:4 #-*?!45_*7, * 
/-H-;- <!<6!*6 0 <?!'% /-+0!1 * #-f!OH%#** 0<6'%;#:f /-+0!1 < 
)%45P N!42;%#*+ 7-1<*7-45#!,! 1!4*;%<60- *<N!4#%##:f /-+0!1.  

[-1O% '-<<7!6'%# N'*7%' G*<N%'<*!##!> <6'-6%,**, ,H% 
<6'!*6<+ !;%#5 *#6%'%<#-+ <6'-6%,*+ #- !<#!0% <6-6*<6*;%<1!,! 
-'?*6'-O-. 

G!14-H '-<<;*6-# #- _*'!12P -2H*6!'*P.  
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 73"'(* 572(2$"'(* $7$<,+( 2020 – 2030  
`.@. @*'1*# 

$:k:` W ", S=)4)?194f 434O']=f [+= C+49=T'67?T9' WS  
d2H2M%% 7*'!0!> $*#-#<!0!> <*<6%7: ?2H%6 '-<<7!6'%#! 0 

'-71-f H02f 1'->#*f (9?<,32(<7'2LV $6,2(37,'.  
>,3'L; – !6<26<60*% ,4!?-45#:f 0!%##:f 1!#$4*16!0. 8 

h6!7 <)%#-'** ?2H%6 N'!H!4O%#- ,4!?-4*/-)*+ $*#-#<!0, <$!'-
7*'2%6<+ 72456*N!4+'#-+ $*#-#<!0-+ -'f*6%162'- N'* <!f'-#%-
#** H!7*#*'2PM%> '!4* -#,4!-<-1<!#<1!> 7!H%4*, 20%4*;-6<+ 
$*#-#<!0-+ ,42?*#- * <%15P'*6*/-)*+ 7*'!0!> h1!#!7*1*, ?2H%6 
'-/0*6- 7%OH2#-'!H#-+ <*<6%7- $*#-#<!0!,! '%,24*'!0-#*+. 

[<"3"; –,4!?-45#:% $*#-#<: N'*0!H+6<+ 1 $'-,7%#6-)**. 
8 h6!7 <)%#-'** !?M-+ <*62-)*+ <0%HU6<+ 1 «/-1':6*P» <6'-#, *f 
h1!#!7*1 * $*#-#<!0 (1-1 h6! ?:4! 0 N%'0!> N!4!0*#% XX 0%1-), 1 
'%/1!72 N-H%#*P $*#-#<!0!> ,42?*#: * 2'!0#+ /'%4!<6* $*#-#-
<!0:f  <*<6%7, 1 0<N:_1% *#$4+)**, - /-6%7 – 1 H4*6%45#!72 N%-
'*!H2 0:f!H- */ «0!%##:f $*#-#<!0», 1 ,42?!1!72 */7%#%#*P 
$*#-#<!0!> -'f*6%162': 7*'-, !6'-O-PM%72 #!02P '-<<6-#!012 
<*4 0 7*'!0!> h1!#!7*1% * N!4*6*1%. K- h6!> !<#!0% - 1 7%H4%#-
#!72 0!/!?#!04%#*P ,4!?-4*/-)** (1!#0%'6*'2%7!<65 0-4P6, !6-
1':6:% <;%6- 1-N*6-4!0, *#6%,'-)*+ $*#-#<!0:f ':#1!0).  

]M% !H#- «3(U'79&(» ' =0/0F,+ ,4!?-45#:f $*#-#<!0 !N-
'%H%4+%6<+ «X&"2"+7E,$&"; +"/,9?:» +73( 2020-2030 D. Q'%OH% 
0<%,!, <2H5?!>  SbE 1-1 <6'-#: – 4*H%'- 7*'!0!> h1!#!7*1*. 
CN'!;%#*% 0%H2M%> N!/*)** SbE, <4!O*0_%><+ 0 XX  0%1% (h1!-
#!7*1-, *##!0-)**, $*#-#<:, '!/#*;#!% N!6'%?4%#*%), <!f'-#*6 
!H#!N!4+'#2P $*#-#<!02P -'f*6%162'2. 

d 3($$+"<3,27: 83727+(,<$* (9?<,32(<7'2L; $6,2(37; 
- <!f'-#%#*% SbE 7*'!0!,! 4*H%'<60- N'* <#*O%#** H!4* SbE 
0 7*'!0!7 88Q * !N%'%O-PM%7 '!<6% H'2,*f h1!#!7*;%<1*f )%#-
6'!0 (N'!*/0!H<60!, 0#26'%##*> <N'!<, N!6'%?4%#*% #-<%4%#*+). 
SbE 0 <*<6%7% 7%OH2#-'!H#!,! '-/H%4%#*+ 6'2H- !<6-%6<+ )%#-
6'!7 *##!0-)*>, *H%!4!,**, *#6%44%162-45#!> <!?<60%##!<6*, 
$*#-#<!0:f 2<42,, 2N'-04%#*+ -16*0-7*, 1'2N#%>_*7 <!?<60%#-
#*1!7 -16*0!0. «@-<6%'<1*% 7*'-» - 0 «#!0:f *#H2<6'*-45#:f» * 
'-/0*0-PM*f<+ <6'-#-f, ]0'!N- – H*0%'<*$*)*'!0-##-+ h1!#!7*-
1-. 8 )%#6'% ,4!?-45#:f $*#-#<!0 ?2H%6 #-f!H*65<+, 1-1 * H! 2010 
,., -#,4!-<-1<!#<1-+ 7!H%45 $*#-#<*'!0-#*+, < +,./02(3"/2L+7 
572(2$"'L+7 6,2<3(+7 ' MoS 7 [,97&"=37<(277, N'* 1!#-
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)%#6'-)** /#-;*6%45#!,! !?u%7- H%#%O#:f N!6!1!0 * -16*0!0 $*-
#-#<!0:f *#<6*626!0 ' "55]"3(V (30 – 35% ,4!?-45#:f $*#-#-
<!0:f -16*0!0) 

K%<1!451! <,4-H*6<+ #%'-0%#<60! 0 N!6'%?4%#** #-<%4%#*+ 
SbE (*4* ?!4%% _*'!1! – «/!4!6!,! 7*44*-'H-») * !<6-45#!,! 
7*'-. Q'!*/!>H%6 !6#!<*6%45#!% 0:'-0#*0-#*% 6!',!0:f ?-4-#-
<!0. d!45_%% ;*<4! <6'-# ?2H%6 N'*H%'O*0-65<+ <!,4-<!0-##:f 
N'*#)*N!0 «$*#-#<!0!,! /H!'!05+». d!4%% <,4-O%##:7, ;%7 0 
N%'0!> H%1-H% XXI 0., <6-#%6 H%4%#*% 7*'- #- <6'-#: – H!#!': 
1-N*6-4- (1'%H*6!':, h1<N!'6%': $*#-#<!0:f '%<2'<!0) * <6'-#: 
– ;*<6:% *7N!'6%': 1-N*6-4- (/-%7M*1*, H%?*6!':). X 1-1 <4%H-
<60*% – +09?<78"9*32(* 572(2$"'(* (3V7<,&<03(.  

8 N'!,#!/ '-/0*6*+ ,4!?-45#:f $*#-#<!0 0<6'!%#- )*14*;%-
<1-+ 1!7N!#%#6- (H4*##:% )*14: 7*'!0!> h1!#!7*;%<1!> H*#--
7*1*). d2H26 !?<2OH%#:: N%'<N%16*0: h0!4P)** 7*'!0!> '%/%'0-
#!> <*<6%7:, $!'7*'!0-#*+ #!0!> 72456*N!4+'#!> -'f*6%162': 
$*#-#<!0!,! 7*'-, 0!/'-<6-#*% '!4* 7#!,!<6!'!##%,! '%,24*'!-
0-#*+ ,4!?-45#:f $*#-#<!0, 0!/H%><60*% #- $*#-#<: */7%#%#*> 0 
6%f#!4!,*+f * '%<2'<#!> ?-/%, #-'-M*0-#*%  <%15P'*6*/-)** 
(N'%0'-M%#*% 0<% ?!45_%> ;-<6* 6!0-'#:f * $*#-#<!0:f -16*0!0 
0 !?'-M-PM*%<+ $*#-#<!0:% *#<6'27%#6:).  

 -1 N'*7%' '-<<7!6'%#*+, N'*0%HU7 $'-,7%#6 H!14-H-, !6-
#!<+M*><+ 1 $*#-#<!0!> ,42?*#%. «Z*#-#<!0-+ ,42?*#-» h1!#!-
7*1* (financial depth) - «N'!#*/-##!<65» h1!#!7*1* $*#-#<!0:7* 
!6#!_%#*+7*, %% #-<:M%##!<65 H%#5,-7*, $*#-#<!0:7* *#<6'2-
7%#6-7* * $*#-#<!0:7* *#<6*626-7*, 0%4*;*#- $*#-#<!0!> <$%-
': (#-1!N4%#*+, *#0%<6*)**, N%'%'-<N'%H%4*6%45#:% !6#!_%#*+) 
0 <'-0#%#** < N'!*/0!H<60%##:7* !?u%7-7*.  !#)%N)*+ $*#-#<!-
0!> ,42?*#: 00%H%#- 0 1980-% ,,. 8<%7*'#:7 ?-#1!7 N'* *<<4%H!-
0-#** N'!?4%7 0/-*7!<0+/* h1!#!7*;%<1!,! '!<6- * $*#-#<!0!,! 
<%16!'-. Q'* -#-4*/% N'!_4!,! +0<60%##! N'!+04+%6<+ /-1!#!7%'-
#!<65 '!<6- $*#-#<!0!> ,42?*#: 7*'!0!> h1!#!7*1* (financial 
deepening, “financialization”) N! 7%'% N%'%f!H- 0<U ?!45_%> ,'2NN: 
<6'-# 1 <!<6!+#*P /'%4!<6*, N!H6+,*0-#*+ ;-<6* '-/0*0-PM*f<+ 
h1!#!7*1 1 2'!0#P «#!0:f *#H2<6'*-45#:f», 0!04%;%#*+ 0 $*-
#-#<!0:> !?!'!6 <6'-# < #*/1*7* H!f!H-7* #- H2_2 #-<%4%#*+. 
j6<PH-, 1-1 * 0 XX 0., 3"$< 572(2$"'"D" "="3"<( * 572(2$"'LV 
(&<7'"' =0/,< "8,3,.(<? /72(+7&0 3,(9?2"; X&"2"+7&7. C<*-
4*6<+ %% #-<:M%##!<65 H%#5,-7*, $*#-#<!0:7* *#<6'27%#6-7* * 
*#<6*626-7*. 
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@9"=(9?2L, 572(2$"'L, (&<7'L (0/+6:% 0 !6#!_%#** 1 
7*'!0!72 88Q) 20%4*;*0-4*<5 8" X&$8"2,2<, ' 1990 – 2000-V DD. 
S)%#-'*>, 0 1!6!'!7 $*#-#<!0-+ H*#-7*1- h6!,! N%'*!H- h1<6'--
N!4*'2%6<+ ?%/ */7%#%#*> 0 ?2H2M%%, N'*0!H*4 ?: 1 !,'!7#!72 
!6':02 $*#-#<!0:f -16*0!0 !6 '%-45#!> h1!#!7*1*. 

Z!#H!0:% 1'*/*<: 1997 – 98 ,,.,  2000 – 2002 ,,., 2007 – 
2008 ,,. «<?*0-4*» h1<N!#%#)*-45#:> '!<6, N'*0!H*4* %,! 1 H*-
#-7*1% $*#-#<!0:f -16*0!0, N'*?4*O%##!> 1 4*#%>#!> *4* S - 
!?'-/#!>, #- H*<6-#)*+f 0 #%<1!451! H%<+6*4%6*>. 
Q!H!?#:> <)%#-'*> (h1<N!#%#6- – 1'*/*< – /-7%H4%#*% H*#-7*1*) 
?2H%6 _*'!1! 0!<N'!*/0!H*65<+ 0 N!<4%H2PM*% H%<+6*4%6*+. 8 
H!14-H% N'*0!H*6<+ 0 6-?4*;#!> $!'7% N'!,#!/ $*#-#<!0!> ,42-
?*#: 7*'!0!> h1!#!7*1*, !<#!0-##:> #- h6!7 <)%#-'**. 

]<4* ?2H%6 N'!H!4O%# '+H 25 – 30-9,<27V 67&9"' h1!#!7*-
;%<1!> * $*#-#<!0!> H*#-7*1* (90-% ,,. XIX 0. - 10-% ,,. XX 0.,  
20-% – 40-% ,,., 50-% – 70-% ,,. XX 0., 80-%  ,,. XX 0. – N%'0!% H%<+-
6*4%6*% XXI 0.), 6! N'!,#!/*'2%6<+ N!0<%7%<6#:> h1!#!7*;%<1*> 
8"/p,+, '!<6 ,4!?-45#:f *#0%<6*)*> * 1-N*6-4*/-)** ':#1!0 ' 
2010-V – 2(E(9, 2020-V DD., < 2<*4%#*%7 0!4-6*45#!<6* * <*<6%7-
#:f '*<1!0 < <%'%H*#: <3,<?,; /,&(/L XXI '.  

C<*4%#*% '!4* ,!<2H-'<60- 0 ?4*O->_2P H%1-H2 <7%#*6<+ 
;%'%/ 8 - 10 4%6 2"'"; '"92"; 4*?%'-4*/7-, N'*0-6*/-)**, H%'%,2-
4*'!0-#*+, <6'2162'#:f '%$!'7, 0:<0!?!OH-PM*f ':#!;#:% <*-
4:. 

K- $!#% N!Hu%7- #%*/?%O#: 9"&(9?2L, 572(2$"'L, &37-
U7$L («'+?5 #- N!0%'f#!<6* H4*##!> 0!4#:»). 5 -  6 &37U7$"' ' 
/,$*<79,<7, #- 3(U'7'(:F7V$* 3L2&(V (-/*-6<1*% h1!#!7*1*, 
N!<6<!0%6<1!% N'!<6'-#<60!, D-6*#<1-+ E7%'*1-, *<4-7<1*% $*-
#-#<:), 0:/0-##:% *f H*<?-4-#<-7*, <N%124+6*0#:7* -6-1-7* * 
«$*#-#<!0:7* hN*H%7*+7*», *4* O% 0 722"'(67"22LV $,D+,2-
<(V 3(U'7<LV $<3(2 («7:45#:% N2/:'*» #!0!> h1!#!7*1* * $*-
#-#<!0:f *##!0-)*>). 

8:<!1- 0%'!+6#!<65 9"&(9?2LV &37U7$"' ' B"$$77 (!H*# 
*/ <-7:f '*<1!0-##:f '-/0*0-PM*f<+ ':#1!0), < N%'*!H*;#!<65P 
0 5 – 10 9,<. 

8 2009 ,. #-;-4!<5 '"U"=2"'9,27, 83,/&37U7$2"; +"/,97 
,4!?-45#!> $*#-#<!0!> <*<6%7:, !<#!0-##!> #- h1<N!#%#)*-45-
#!7 '!<6% $*#-#<!0:f -16*0!0. l6!6 <)%#-'*>, 1-1 N!1-/:0-%6 
N'-16*1- (H%7!,'-$*+, h1!#!7*;%<1*> '!<6, $*#-#<:) #%*/?%O#! 
#-6!41#%6<+ #- 1!#)%#6'-)** '*<1!0, /-6!'7-O*0-PM*% H*#-7*-



501 

12. [!;1- N%'%4!7- 7!O%6 ?:65 <0+/-#- 4*?! < #!0:7  1'*/*<!7 0 
2010 - 2015 ,,., 1!6!':> ?2H%6 7-<_6-?#%% 1'*/*<- 2007 – 2008 ,,.,  
«$*/*;%<1*» '-/'2_-+  h1<)%<<*0#:% $*#-#<!0:% -16*0:, 4*?! < 
,42?!1!> '%$!'7!> $*#-#<!0!,! '%,24*'!0-#*+, 1!6!'-+, <!f'--
#++ !N%'%O-PM*> '!<6 $*#-#<!0!> ,42?*#: 0 7*'!0!> h1!#!7*1% 
* %% <%15P'*6*/-)*P, <H%'O*6 #!0:> '-/!,'%0 «N! h1<N!#%#6%» 
$*#-#<!0!> <$%':, «21'!6*6» 0!4-6*45#!<65. 

>3"D2"U73"'(27, 572(2$"'LV &"99(8$"' 7  
"='(9"' +,<"/(+7 <,"377 &(<($<3"5 

I.@.K*O%,!'!H)%0, e.I.v-1*7!0 
$)?T=TFT [+1*6'] F[+496')=f W ",  
:1?319?3=% 49=48=1))Q% =)?T=TFT 

Q'* N'!,#!/*'!0-#** $*#-#<!0:f 1!44-N<!0 * !?0-4!0 !1--
/:0-%6<+ N!4%/%# -#-4*6*;%<1*> -NN-'-6 6%!'** 1-6-<6'!$, N!/0!-
4+PM*> #- !<#!0% -#-4*/- 0'%7%##:f '+H!0 !N'%H%4%##:f N-'--
7%6'!0 <N'!,#!/*'!0-65 7!7%#6 #-<62N4%#*+ 1!44-N<- *4* !?0-4- 
#- <!!60%6<602PM%7 4!1-45#!7 ':#1%. I-/0*6*% <4!O#:f H*#--
7*;%<1*f <*<6%7 f-'-16%'*/2%6<+ #-4*;*%7 #%!H#!'!H#!<6%> '-/-
4*;#!,! 6*N- * N%'*!H*;%<1*7 #-<62N4%#*%7 1-6-<6'!$*;%<1*f 
<!<6!+#*>, N'*0!H+M*f 1 1-;%<60%##:7 */7%#%#*+7 0 h6*f <*<6%-
7-f. Q'* h6!7 H*#-7*1- <4!O#:f <*<6%7 '-/4*;#!> N'*'!H: !N*-
<:0-%6<+ <f!H#:7* 1!4*;%<60%##:7* /-1!#!7%'#!<6+7*, #- !<#!-
0% 1!6!':f 7!,26 ?:65 <H%4-#: N'!,#!/: 0!/#*1#!0%#*+ 1-6-<6-
'!$.  

jH*# */ 0-O#:f h0'*<6*;%<1*f N'*#)*N!0 /-14P;-%6<+ 0 
6!7, ;6! 0 4P?!> <4!O#!> H*#-7*;%<1!> <*<6%7% 0'%7+ 6%;%6 #%-
4*#%>#!, !#! <N!<!?#! 2<1!'+65<+ * /-7%H4+65<+. K-1-#2#% 7!-
7%#6- 1-6-<6'!$: !#! 2<1!'+%6<+, 6-1 ;6! */7%#%#*+ 0 <*<6%7% 
N'!*<f!H+6 N'!N!')*!#-45#! #% 0'%7%#*, - 4!,-'*$72 0'%7%#* 
[1]. l6- *H%+, !?4%;%##-+ 0 -#-4*6*;%<12P $!'72 _0%>)-'<1*7 
,%!$*/*1!7 G*H5% S!'#%6!7, N!/0!4+%6 N'!,#!/*'!0-65 #-<62N4%-
#*% 4!1-45#:f N-H%#*> '-/4*;#:f ':#1!0. S6-6*<6*;%<1*> -#--
4*/ N!1-/:0-%6, ;6! N!0%H%#*% /#-;*7:f N-'-7%6'!0 <!<6!+#*+ 
7#!,*f <4!O#:f H*#-7*;%<1*f <*<6%7 #-1-#2#% 1-6-<6'!$: 0:-
'-O-%6<+ 2'-0#%#*%7 

[ ]))ln(cos(1)()( ϕωα −−+−+= ttCttBAtI CC ,                          (1) 
-O' t — T'3Ft'' 9+']f, tc — 9+']f )4?TF[6')=f 34T4?T+1iQ. 
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8 [2, 3] ?:4* N'%H4!O%#: 7%6!H: *H%#6*$*1-)** $2#1)** 
I(t) * N'*0%H%#: H*$$%'%#)*-45#:% 2'-0#%#*+, '%_%#*%7 1!6!-
':f +04+%6<+ $2#1)*+ 0*H- (1). 

K- !<#!0% N'*0%H%##:f h0'*<6*;%<1*f <!!?'-O%#*> ?:4* 
N'!0%H%#: '-<;%6: N! -NN'!1<*7-)** H-##:f 1!6*'!0!1 *#H%1<!0 
Standard&Poor’s, NASDAQ * @@8d /- N%'*!H < 7-'6- 2009 ,. N! 
N%'02P H%1-H2 -0,2<6- 2009 ,. Q! *#H%1<2 Standard&Poor’s 2'-0-
#%#*% -NN'!1<*7-)*!##!,! 6'%#H- 0:,4+H*6 6-1: 

I x( ) 1375 83 181 x−( )0.38⋅ 1 0.09 cos 7.2 ln 181 x−( )⋅( )⋅+( )⋅−:= . 
S!,4-<#! N'!0%H%##:7 '-<;%6-7, N'%HN!4-,-%7!% 0'%7+ !?-

0-4- $!#H!0!,! ':#1- N'*f!H*6<+ #- 10-20 !16+?'+ 2009 ,!H-. Q!-
42;%##:> '%/2456-6 0 */0%<6#!7 <7:<4% N!H60%'H*4<+, N!<1!4512 
0 h6! 0'%7+ (- *7%##!, 28 !16+?'+) N'!*/!_4* #-*?!4%% 1'2N#:% 
/- 2009 ,!H N-H%#*+ $!#H!0:f *#H%1<!0 [4, 5]. E#-4!,*;#: '%-
/2456-6: -NN'!1<*7-)**, N!42;%##:% N! H-##:7 *#H%1<!0 
NASDAQ * @@8d. e#-;%#*+ #%1!6!':f N-'-7%6'!0 #->H%##:f 
-NN'!1<*7-)*!##:f 6'%#H!0 0%<57- ?4*/1*, ;6! 21-/:0-%6 #- #%-
12P <!,4-<!0-##!<65 1!4%?-#*> !<#!0#:f *#H%1<!0 H%4!0!> -1-
6*0#!<6*. Q'* h6!7 N-'-7%6': 6'%#H-, N!42;%##:% N! H-##:7 
Standard&Poor’s, #-N!7*#-P6 N-'-7%6': -#-4!,*;#!,! 6'%#H-, 
'-<<;*6-##!,! G*H5% S!'#%6!7 N! H-##:7 *#H%1<!0 H%4!0!> -1-
6*0#!<6* /- N%'*!H, N'%H_%<60!0-0_*> «;%'#!72 N!#%H%45#*12» 
19 !16+?'+ 1987 ,!H-. 

K-N!7#*7, ;6! h6!6 !?0-4 1987 ,!H- 6-1 * #% N!42;*4 2?%H*-
6%45#:f N'*;*##!-<4%H<60%##:f !?u+<#%#*>. l6! <0+/-#! < 6%7, 
;6! 6'-16!01* 2;%#:f 0 !<#!0#!7 *<f!H*4* */ 7%6!H!4!,** #%-
!14-<<*;%<1!,! <*#6%/-, N!<624*'2PM%,! '-0#!0%<#:> f-'-16%' 
<!<6!+#*> * N'!)%<<!0, N'!6%1-PM*f 0 h1!#!7*;%<1*f <*<6%7-f. 

Z7<,3(<03( 
1. Sornette D. Prediction: The Future of the USA Stock Market 

[http://www.safehaven.com/showarticle.cfm?id=1250]. 
2. K*O%,!'!H)%0 I.@. E#-4*/ * N'!,#!/*'!0-#*% 1-6-<6'!$ 0 <4!O-

#:f H*#-7*;%<1*f <*<6%7-f //Q'!?4%7: 2N'-04%#*+ ?%/!N-<#!<65P 
<4!O#:f <*<6%7: @-6%'*-4: VII 7%OH2#-'!H#!> 1!#$%'%#)**. @., 1999. 
S. 18-20. 

3. K*O%,!'!H)%0 I.@. K%4*#%>#:% 7%6!H: N'!,#!/*'!0-#*+ 1-6-<6-
'!$ 0 <4!O#:f H*#-7*;%<1*f <*<6%7-f//[%!'*+ -16*0#:f <*<6%7: ['2H: 
7%OH2#-'!H#!> #-2;#!-N'-16*;%<1!> 1!#$%'%#)**/j?M. '%H. 
8.K.d2'1!0, G.E.K!0*1!0. [. 1. @.: XQC IEK, 2003. S. 118-120. 

4. http://news.yandex.ru/quotes/1013.html. 
5. http://news.yandex.ru/quotes/12.html. 
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M"$<"*27, 7 8,3$8,&<7'L 7$8"9?U"'(27*  
+(<,+(<7E,$&7V +"/,9,; '  
572(2$"'"; 72/0$<377 

G.E. Q%6'!0 
EGAR Technology Inc.  

«8<%4%##-+ '*<1!0», < 1!6!'!> <6-41*0-P6<+ 0 <0!%> H%+-
6%45#!<6*, 1-1 $*#-#<!0:% 1!7N-#**, 6-1 * 1!7N-#** '%-45#:f 
<%16!'!0 h1!#!7*1* N'-16*;%<1* ?%/,'-#*;#-. Q'*#+6! 0:H%4+65 
#%<1!451! !<#!0#:f !?4-<6%> '*<1!0, 6-1* 1-1: !N%'-)*!##:% 
'*<1*, ':#!;#:% '*<1*, 1'%H*6#:% '*<1*, '*<1* 4*10*H#!<6* * 
6.H. x-<6! h6! '-/H%4%#*% +04+%6<+ H!<6-6!;#! 2<4!0#:7. 8! 7#!-
,!7 <0+/-#! h6! < 6%7, ;6! <!/H-#*% !?M%> <*<6%7: 2N'-04%#*+ 
'*<1-7* #- 2'!0#% 0<%> !',-#*/-)** N'!*<f!H*6 N!h6-N#! * '%--
4*/2%6<+ '-/4*;#:7* N!H'-/H%4%#*+7. 8 h6!7 N4-#% 14-<<*;%<1*7 
N'*7%'!7 7!O%6 <42O*65 6-1!> $*#-#<!0:> *#<6'27%#6, 1-1 !?-
4*,-)*+, 1!6!'-+ < !H#!> <6!'!#:, +04+%6<+ <N!<!?!7 /-*7<60!0--
#*+, 6.%. <!H%'O*6 1'%H*6#:> '*<1, < H'2,!> <6!'!#:, 6!',2%6<+ #- 
$!#H!0!7 ':#1%, 6.%. <!H%'O-6 * ':#!;#:> '*<1. j?u%H*#%#*% 
'-/4*;#:f $-16!'!0 '*<1- H4+ !)%#1* !?M*f N!6%'5 (1-1 !O*H-%-
7:f, 6-1 * #%N'%H0*H%##:f), <0+/-##:f < <!0%'_%#*%7 !N%'-)** 
*4* /-14P;%#*%7 <H%41* N'%H<6-04+%6 <!?!> 1'->#% <4!O#2P /--
H-;2.  '!7% 6!,!, H-O% %<4* !?'-6*65<+ 1 !6H%45#!72 #-N'-04%-
#*P, #-N'*7%', 1 1'%H*6#:7 '*<1-7, 6! !1-/:0-%6<+, ;6! 1-OH:> 
*/ ?-/!0:f '*<1-N-'-7%6'!0, 6-1*f 1-1 0%'!+6#!<65 H%$!46- (Prob-
ability of default - PD), h1<N!/*)*+ N!H '*<1!7 (Exposure at Default 
–EAD), <'%H#%!O*H-%7:% N!6%'* 0 <42;-% H%$!46- (Loss Given 
Default - LGD), ,!'*/!#6 '*<1- (Time to Maturity - M) N'%H<6-04+-
P6 <!?!> <42;->#:% 0%4*;*#:. G4+ 1-OH!> */ #*f 6'%?2%6<+ '-/-
'-?!61- !6H%45#:f 7!H%4%>. X7%##! h6! * N!H'-/27%0-%6<+ 0 N'!-
H0*#26!7 N!Hf!H% Basel II, 0 <!!60%6<60** < 1!6!':7 $*#-#<!0:% 
!',-#*/-)** 7!,26 '-/'-?-6:0-65 <!?<60%##:% 7!H%4*. G4+ #*f 
N'%H2<7!6'%# H4*6%45#:> N'!)%<< N%'*!H*;%<1!> #-<6'!>1* N--
'-7%6'!0 * 0-4*H-)**.   <!O-4%#*P, '!45 <*<6%7#!,! N!Hf!H- 1 
!)%#1% 1'%H*6#:f '*<1!0 ;-<6! #%H!!)%#*0-%6<+ 0 '!<<*><1*f 
?-#1-f. e-H-;- N!<6'!%#*% -06!7-6*/*'!0-##!> <*<6%7: 2N'-04%-
#*+ 1!'N!'-6*0#:7* 1'%H*6#:7* '*<1-7* *H%6 H-4%1! #% #- N%'-
0!7 7%<6% <'%H* N'*!'*6%6#:f #-N'-04%#*> '-/0*6*+. 8! 7#!,!7 
h6! 7!O#! !?u+<#*65 #%H!<6-6!;#!<65P 7%6!H*;%<1!,! * N'-16*-
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;%<1!,! !N:6- 0 h6!> !?4-<6*, ! '-/0*6** 1!6!'!> 0 #-_%> <6'-#% 
7!O#! ,!0!'*65 6!451! < #-;-4- 1990-f ,!H!0. X<N!45/!0-#*+ 7%-
OH2#-'!H#:f N!Hf!H!0 * <6-#H-'6!0 N!/0!4+%6 0:0%<6* 1'%H*6-
#:> '*<1 7%#%HO7%#6 #- <!0%'_%##! #!0:> 2'!0%#5, <!/H-65 h$-
$%16*0#:> *#<6'27%#6, <N!<!?#:> '%-45#! !)%#*65 *7%PM*%<+ * 
N'*#*7-%7:% #- <%?+ '*<1*. jH#-1! <4%H2%6 N!#*7-65, ;6! 0 '%-
-45#!<6* N'*H%6<+ <6!41#265 < 7#!O%<60!7 <N%)*$*;%<1*f H4+ 
I!<<** N'!?4%7, 0 ;-<6!6#!<6* < #*/1*7 1-;%<60!7 *<f!H#:f H-#-
#:f. [-1*7 !?'-/!7, ;-<6! #- N%'0!% 7%<6! 0:f!H*6 /-H-;- N!-
<6'!%#*+ '%-45#! '-?!6-PM*f 7!H%4%> 0 2<4!0*+f #%H!<6-6!;#!-
<6* H-##:f.S4%H2PM*7 _-,!7 +04+%6<+ 0:?!' 7!H%4%> '-<;%6- 
N!6%'5, 1!6!':% 0 <0!P !;%'%H5 ?-/*'2P6<+ #- 7!H%4+f !)%#1* 
?-/!0:f N-'-7%6'!0 '*<1-. 8! 0<%f !?4-<6+f !?:;#! <2M%<602%6 
#-<1!451! -456%'#-6*0#:f N!Hf!H!0 * #% 0<%,H- <6!*6 !<6-#-04*-
0-65 <0!> 0:?!' #- !H#!7 */ #*f. K-N'*7%', Value at Risk (VaR) 
<6-4 _*'!1! N'*/#-##:7 7%6!H!7 !)%#1* ':#!;#:f '*<1!0 N!'6-
$%4+ < '-/4*;#:7* -16*0-7*. RiskMetrics +04+%6<+ H!7*#*'2PM%> 
7%6!H!4!,*%> H4+ 1-45124+)** '*<1!0, #! 2 N!45/!0-6%4%> 6-1O% 
H!4O#- ?:65 0!/7!O#!<65 0!<N!45/!0-65<+ -456%'#-6*0#:7* 7%-
6!H!4!,*+7*, ?-/*'2PM2P<+, #-N'*7%', #- 7!H%4*'!0-#** @!#-
6%- -'4! < *<N!45/!0-#*%7 !N'%H%4%##!,! ;*<4- *6%'-)*> N!0%-
H%#*+ ':#1- 0 N'!_4!7, ;6!?: N'!-#-4*/*'!0-65 N!6%#)*-45#!% 
0!/H%><60*% #%?4-,!N'*+6#!,! H0*O%#*+ ':#1- #- !)%#12 N!'6$%-
4+. Q!7*7! h6!,!, 7%#%HO%': N! '*<12 7!,26 *<N!45/!0-65 <)%-
#-'#:> -#-4*/ H4+ */2;%#*+ 0!/H%><60*+ 1!#uP#162': ':#1- #- 
<6!*7!<65 N!'6$%4+. Q-'-7%6': 00!H- 014P;-P6 */7%#%#*+ 0 )%-
#%, 0!4-6*45#!<65 * 0'%7+ H4+ <!/H-#*+ <N%)*-45#:f "E ;6! %<4*" 
<)%#-'*%0 * *f 0!/H%><60*% #- <6!*7!<65 N!'6$%4+. j)%#1- '-/-
#:f 6*N!0 '*<1!0 0 $*#-#<!0:f !',-#*/-)*+f !?:;#! N'!*/0!-
H*6<+ 0! 7#!O%<60% <*<6%7, N!h6!72 *f N!<4%H2PM%% !?u%H*#%#*% 
*4* 1!#0%',%#)*+ +04+%6<+ <%'5%/#:7 0:/!0!7, 1-1 0 6%f#*;%-
<1!7, 6-1 * 0 7%6!H!4!,*;%<1!7 N4-#%. jH#-1! '%_%#*% 6-1!> /--
H-;* N!/0!4+%6 !<2M%<60*65 '%-45#:> 1!#6'!45 #-H 0!/7!O#:7* 
N!6%'+7*. 8%H5 #%0!/7!O#! N!4#!<65P *<14P;*65 '*<1.  

 
 
 
 



505 

 
>3",&<73"'(27, 'LV"/( 7U 72$<7<067"2(9?2"; 
9"'0]&7 (2( 837+,3, 78"<,&7 ' B"$$77)  

8.@. Q!46%'!0*;, j.W. S6-'1!0  
mk:$ W ", Wkx, :1?394 

G!14-H H!N!4#+%6 -#-4*/ $!'7*'!0-#*+ * h0!4P)** '!<-
<*><1!> <*<6%7: O*4*M#!,! *N!6%;#!,! 1'%H*6!0-#*+, N'%H4!-
O%##:> 0  Q!46%'!0*;, S6-'1!0 (2007). j<#!0#!> 0:0!H <!<6!+4 0 
#%!?f!H*7!<6* <!/H-#*+ <6'!*6%45#!-<?%'%,-6%45#:f 1-<<.  [%7 
#% 7%#%%, 0!N'!< ! <!/H-#** SS  0 I!<<** !<6-%6<+ #%'%_%##:7. 
c%45 #-<6!+M%,! H!14-H- – !?u+<#*65, N!;%72 !?!<#!0-##:> #-7* 
N'!%16 '%$!'7*'!0-#*+ '!<<*><1!> *N!6%1* H! <*f N!' #% '%-4*-
/2%6<+,  * <$!'724*'!0-65 N'%H4!O%#*+ N! %,! N'!H0*O%#*P. 

Q'%OH%  0<%,!, 7: -#-4*/*'2%7 H-##:% ! '%-1)**  0!<6!;-
#!%0'!N%><1*f *N!6%;#:f <*<6%7 #- 7*'!0!> h1!#!7*;%<1*> 1'*-
/*<. G-##:% N!1-/:0-P6, ;6! *N!6%1- 0 x%f** * S4!0-1**, ,H% 0 
1992-1993 ,,. ?:4* <!/H-#: <6'!><?%'1-<<:, '-/0*0-4-<5 /#-;*-
6%45#! ?:<6'%% * N!<6'-H-4- !6 1'*/*<- <2M%<60%##! 7%#5_%, ;%7 
0 Q!45_% * I!<<**, 1!6!':% <  <-7!,! #-;-4- <H%4-4* <6-012 #- 
<!/H-#*% «N'!H0*#26:f» *N!6%;#:f *#<6*626!0. Q'* h6!7 */-
H%'O1* (0 H!4+f ?PHO%6-) #- N!HH%'O12 *N!6%1* 0 x%f** * S4!-
0-1** !1-/-4*<5 7%#5_%,  ;%7 0  Q!45_% *4* I!<<**.  

l6* $-16:, - 6-1O% -#-4*/ <!<6!+#*+ *N!6%;#!,! ':#1- 0 
I!<<** * '-<;%6: N!  7!H%4* SS  < *<N!45/!0-#*%7 !?#!04%##:f 
H-##:f  N!1-/:0-P6, ;6!  0#%H'%#*% SS  0 2009 ,., 1-1 * 0 N'%H-
_%<602PM*% H%<+65 4%6, 7!,4! ?: H-65 N!4!O*6%45#:> h$$%16.   

E#-4*/*'2+ !?u%16*0#:% N'*;*#: * <6'2162'2 *#6%'%<!0, 
!?2<4!04*0-PM*f <!N'!6*04%#*% N'!%162 <!/H-#*+ SS , 7: N'*-
f!H*7 1 0:0!H2 ! 6!7, ;6! 0 '%/2456-6% #%0%'#!,! 0:?!'- *N!6%;-
#-+ <*<6%7- 0 I!<<** !1-/-4-<5 0 *#<6*62)*!#-45#!> 4!02_1%. 
I-<<7!6'%#*%  <!!60%6<602PM*f 7%f-#*/7!0 1!!'H*#-)**, !?2;%-
#*+, <!N'+O%#*+ * 4!??*'!0-#*+, 2H%'O*0-PM*f <*<6%72 0 4!-
02_1%, N'*0!H*6 1 /-14P;%#*P, ;6! 0 H-##!7 <42;-%  N!<4%H#*> 
*/ #*f +04+%6<+ !<#!0#:7. 8 h6!7 <7:<4% */2;-%7-+ <*62-)*+ 
?4*/1- 1 4!02_1% ;-<6*;#!> '%$!'7: (<7. Hellman (1998)).  

8 !64*;*% !6 S4!0-1** * Q!45_* 1992-1993 ,,.,  0 <!0'%-
7%##!> I!<<** <$!'7*'!0-4*<5 ,'2NN: -,%#6!0, #% N!HH%'O*-
0-PM*f <!/H-#*% SS . I+H ?-#1!0 0*H+6 0 SS  N!6%#)*-45#:f 
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1!#12'%#6!0 * 0 N'*04%;%#** /-%7M*1!0, * 0 N!42;%#** H!6-)*> 
!6 N'-0*6%45<60-. I+H N'%H<6-0*6%4%> E,%#6<60- N! *N!6%;#!72 
1'%H*6!0-#*P 6-1O% 0*H+6 0 SS  1!#12'%#6-, #% O%4-+ N'*/#-65, 
;6! N'* <6!45 #%<!0%'_%##!7 N%'0*;#!7 ':#1% EXY  1-1  -,%#6 
06!'*;#!,! ':#1- #% 7!O%6 *,'-65 0%H2M%> '!4*.  K%1!6!':% '2-
1!0!H*6%4* ,!<2H-'<60%##:f 0%H!7<60 !N-<-P6<+ 1!#$4*16!0, 1!-
6!':% 7!,26 0!/#*1#265 N'* $!'7*'!0-#**  SS  * <!!60%6<6-
02PM%7 N%'%'-<N'%H%4%#** ,!<2H-'<60%##!> N!HH%'O1*. 8 <4!-
O*0_%><+ <*62-)** 7#!,*% <14!##: N%'%!)%#*0-65 '*<1*, <0+-
/-##:% < $!'7*'!0-#*%7 SS . 8 '%/2456-6% N'%OH%0'%7%##!> 
N!N:61* <!/H-#*+ ':#1- /-14-H#:f 0-O#%>_*> *#<6'27%#6  $!'-
7*'!0-#*+ N%'0*;#!,! ':#1-  1'%H*6!0 !1-/-4<+ #%0!<6'%?!0-#-
#:7, - <6-#!04%#*% *N!6%;#!> <*<6%7: - ;'%/0:;->#! /-6'-6#:7 * 
7%H4%##:7.  

 '*/*< 0:+0*4 #%h$$%16*0#!<65  N'*#+6!,! N4-#- $!'7*-
'!0-#*+ *N!6%1* * !<4-?*4 <!N'!6*04%#*% '%$!'7% (<'-0#* Q!4-
6%'!0*; (2007, <. 127-130)). Q!<6%N%##! '-<6%6 ;*<4! <6!'!##*1!0 
<!/H-#*+ SS  * 0 N'-0*6%45<60%##:f  1'2,-f, * 0 ?-#1!0<1!7 <!-
!?M%<60%,  *  <'%H* N!4*6*1!0. 

G4+ 0:f!H- */ 4!02_1*  N'%H4-,-%6<+ N4-# N!h6-N#!,! $!'-
7*'!0-#*+ <*<6%7: <6'!><?%'1-<< N26%7 <!/H-#*+ «'-<_*'+P-
M%><+» N!<4%H!0-6%45#!<6*  h1<N%'*7%#6-45#:f *N!6%;#:f <*<-
6%7 '%,*!#-45#!,! 2'!0#+. K- #-;-45#!7 h6-N% h1<N%'*7%#6 7!-
O%6 ?:65 N'!0%H%# 0 !H#!7 */ 1'2N#:f ,!'!H!0 < N!<4%H2PM*7  
'-<N'!<6'-#%#*%7 N!42;%##!,! !N:6- #- <!!60%6<602PM*> '%,*!# 
(*4* H-O% #- '+H '%,*!#!0), - /-6%7 * #- 0<P 6%''*6!'*P I!<<**. 
Q'* h6!7 N'%H4-,-%6<+ 0!<N'!*/0%<6* 7%f-#*/7 SS   0 '-71-f 
<N%)*-45#:f <<2H!-<?%'%,-6%45#:f ?-#1!0<1*f <;%6!0 4*?! 0 '-7-
1-f <N%)*-4*/*'!0-##!,! (<<2H!-<?%'%,-6%45#!,!) 1'%H*6#!,!  
1!!N%'-6*0-. 8 H!14-H% 7: '-<<7-6'*0-%7 N'%*72M%<60- * #%H!<-
6-61* !?%*f N!Hf!H!0, !N*'-+<5, 0 ;-<6#!<6*, #- !N:6 Z'-#)**.  
K- N'!7%O26!;#:f h6-N-f !?- N!Hf!H- #% 6'%?2P6 '-H*1-45#:f 
*/7%#%#*> 0 $%H%'-45#!> O*4*M#!> N!4*6*1% * /-1!#!H-6%45<60% 
* !N*'-P6<+ #- *7%PM2P<+ /-*#6%'%<!0-##!<65 ,2?%'#-6!'!0 0 
'-/0*6** *N!6%1*.  

8 #-<6!+M%% 0'%7+ )%#: #- O*45% #-<6!451! 0:<!1*, ;6! 
H-O% N'%H<6-0*6%4* 8-!> H!f!H#!>  ,'2NN:  #% 7!,26 '-<<;*6:-
0-65 #- N'*!?'%6%#*% #!0!> 10-'6*': H!<6-6!;#!> N4!M-H*. j6-
<26<60*% 7-<<!0!,! <N'!<- H%4-%6 '-<_*'%#*% <6'!*6%45<60- O*-
45+ h1!#!714-<<- *  <#*O%#*% )%# #- #%,! #%0:,!H#:7, - #*/1*> 
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2'!0%#5 N'%H4!O%#*+ N!HH%'O*0-%6 0:<!1*% )%#:.  l6- N!4!O*-
6%45#-+ !?'-6#-+ <0+/5 +04+%6<+ 0-O#:7 h4%7%#6!7 7%f-#*/7- 
1!!'H*#-)**, 1!6!':>  N!HH%'O*0-%6 4!02_12.  

G4+ 6!,! ;6!?: #%>6'-4*/!0-65 H%><60*% !N*<-##!,! 7%f--
#*/7-, 7: N'%H4-,-%7 !H#!0'%7%##! < <!/H-#*%7 SS  /-N2<6*65 
7-<_6-?#2P N'!,'-772 <6'!*6%45<60- H%_%0!,! O*45+.  

x6!?: <#*/*65 H4+ <6'!*6%45#:f $*'7 )%#2 /%74* * *#$'--
<6'2162':, - 6-1O% 2'!0%#5 !?'%7%#%#*>, 0!/#*1-PM*f 0 N'!)%<-
<% *f 0/-*7!H%><60*+ < 1!772#-45#:7* <42O?-7*, N'%H4-,-%6<+ 
$!'7*'!0-#*% N!<'%H#*;%<1*f (H%0%4!N%'<1*f) 1!7N-#*>, #-f!-
H+M*f<+ 0 <!?<60%##!<6* '%,*!#-45#:f -H7*#*<6'-)*>.  

G%0%4!N%' !',-#*/2%6 /%7%45#2P, <!,4-<!0-6%45#2P, $*-
#-#<!02P *  <?:6!02P H%+6%45#!<65, $-16*;%<1* #-#*7-+ <6'!*-
6%45#:% $*'7: H4+ 0!/0%H%#*+ O*45+. K-1!N4%#*% 7-<<!0!,! 
<N'!<- 0 SS  N!/0!4*6 <#*/*65 '*<1* <?:6- 10-'6*'. S H%0%4!N%-
'!7 '%,*!#-45#!% N'-0*6%45<60! /-14P;-%6 H!,!0!' ! <2?<*H*+f 
#- N'*!?'%6%#*% /%74* * *#$'-<6'2162': 0 !?7%# #- !?+/-6%45<6-
0! N'!H-0-65 O*45% 2;-<6#*1-7 <6'!><?%'1-<<: 0 N'*!'*6%6#!7 
N!'+H1% * N! )%#%, #% <0:_% !,!0!'%##!>. S2?<*H** N!/0!4+6 %72 
N'%H4!O*65 0:,!H#:% 1!#6'-16: /-<6'!>M*1-7 * /-N2<6*65 7-<-
_6-?#2P N'!,'-772 <6'!*6%45<60-. 

[-1-+ <*<6%7- #% *<14P;-%6 0!/7!O#!<6* /4!2N!6'%?4%#*>, 
!H#-1! <2M%<60%##! 2N'!M-%6 1!#6'!45 <! <6!'!#: ?-#1--
1'%H*6!'- * <6'!><?%'1-<<.  

j'*%#6*'!0!;#:% '-<;%6: #- N'*7%'%  '-<#!H-'<1!,! 1'-+  
N!1-/:0-P6, ;6! !<2M%<604%#*% '%,*!#-45#!> -H7*#*<6'-)*%> 
!N*<-##!,! h1<N%'*7%#6-  N'* <!f'-#%#** <!0!12N#!,! !?u%7- 
'%,*!#-45#!> $*#-#<!0!>  N!HH%'O1*  7!O%6 N'*0%<6* 1 '!<62 
;*<4- !?%<N%;%##:f O*45%7  <%7%> 0 2,5  '-/-.  

8 <42;-% 2<N%f- '%,*!#-45#:f h1<N%'*7%#6!0 SS  N!42;-6 
N!HH%'O12 #-<%4%#*+, 6-1 ;6! N!+0*6<+ #-H%OH- #- N'*#+6*% $%-
H%'-45#!,! /-1!#- ! <6'!><?%'1-<<-f (<7. S6-'1!0 (2009)).  Q'* 
h6!7 0!/7!O#! <!<2M%<60!0-#*% * 1!#12'%#)*+ H02f *4*  ?!4%% 
7%f-#*/7!0, '%-4*/2PM*f *H%P SS : <N%)<;%6!0, 1!!N%'-6*0!0 * 
!?:;#:f <6'!>?%'1-<<.  

l1<N%'*7%#6 N!/0!4*6 $%H%'-45#!72 N'-0*6%45<602 26!;-
#*65 $!'724*'!01* /-1!#- !? SS , -N'!?*'!0-65 7%6!H*1* N!H-
?!'- N-'-7%6'!0 <<2H!-<?%'%,-6%45#:f <f%7 0 '!<<*><1*f 2<4!0*-
+f * 6!;#%% !)%#*65 7-<_6-?: #%!?f!H*7!> N!HH%'O1* /- <;%6 
$%H%'-45#!,! * '%,*!#-45#:f ?PHO%6!0.   '!7% 6!,!, !#, <1!'%> 
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0<%,!, !1-O%6<+ 0:,!H#:7 * ?-#1-7. C;*6:0-+ h6* * '+H H'2,*f 
!?<6!+6%45<60, 7: N'*f!H*7 1 /-14P;%#*P, ;6! N'%H4-,-%7:> 
N'!%16 7!O%6 <6-65 '%-4*/2%7:7 1!7N'!7*<<!7 7%OH2 6%7*, 16! 
N!HH%'O*0-%6 '%$!'72 *N!6%1* * 6%7*, 16! N'!6*0!<6!*6 %>.  

Z7<,3(<03( 
1. Hellman, J.S. (1998). Winners Take All: The Politics of Partial Reform 

in Postcommunist Transitions. World Politics, January, v.50, 203-234. 
2. Q!46%'!0*; 8.@.(2007). l4%7%#6: 6%!'** '%$!'7. @.: l1!#!7*1-. 
3. Q!46%'!0*; 8.@., S6-'1!0 j.W. (2007). Z!'7*'!0-#*% *N!6%1* 0 

H!,!#+PM*f h1!#!7*1-f: N'!?4%7- 6'-#<N4-#6-)** *#<6*626!0. @.: 
K-21-. 

4. Q!46%'!0*; 8.@., S6-'1!0 j.W. (2009). Q!h6-N#!% $!'7*'!0-#*% 
7-<<!0!> *N!6%1*. Q'%N'*#6 # WP/2009/ 261.  @.: cl@X IEK. 

5. S6-'1!0 j.W. (2009).   N'!%162 /-1!#- ! «S6'!*6%45#:f <?%'%,--
6%45#:f 1-<<-f»./ Q'%N'*#6 # WP/2009/253. @.:cl@X IEK. 

 
>3(&<7E,$&7, +"/,97 &3,/7<2"D"  

37$&-+,2,/.+,2<(  
@.8.Q!7-/-#!0 
` ` E4)3 0')=T 

``` W=?3 W'%T=)- H+F[[ 
d2H26 N'%H<6-04%#: 1!77%#6-'** 1 <4%H2PM*7 6%7-7 * 

'-/'-?!61-7, *7%0_*7 '%-45#!% N'*4!O%#*% 0 N'-16*1% -06!'-. 
• j?u%16: 1'%H*6#!,! '*<1- 
• j<#!0#:% N-'-7%6': 1'%H*6#!,! '*<1- 
•  '*6%'*> h1!#!7*;%<1!> )%4%<!!?'-/#!<6* * )%#!!?'-/!-

0-#*% 
• l6-N: '-/0*6*+ 7%6!H!4!,** !)%#1* 1'%H*6#!,! '*<1- 0 

d-#1% e%#*6 
• Q%'%;%#5 N'*7%#+%7:f 7%6!H*1 
• Q'*7%#%#*%  IRB 0 1'%H*6#!7 '%_%#** 
• Sf%7- ?*/#%<-0/-*7!H%><60*+ N!H'-/H%4%#*> 
• Z2#H-7%#6-45#:> N!Hf!H 1 1-;%<602 0#26'%##*f '%>6*#-

,!0 
• [%f#!4!,*;%<1-+ <f%7- N!<6'!%#*+ '%>6*#,- 
• ]O%10-'6-45#:> * !N%'-6*0#:> 7!#*6!'*#, 1'%H*6#!,! 

'*<1- 
• @!#*6!'*#, <!0!12N#:f *#H*1-6!'!0 '*<1- 
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• 8%'*$*1-)*+ '%>6*#,!0!> <*<6%7: 
• jN6*7*/-)*+, 7!M#!<65 '%>6*#,!0!> <*<6%7: – h1!#!7*-

;%<1*> h$$%16 
•  -4*?'!01- <'%H#%> 0%'!+6#!<6* H%$!46- 
• j)%#1- N!/*)** N!H '*<1!7 * ,!'*/!#6- '*<1- 
• Q!6%'* 0 <42;-% H%$!46- 
• @!H%45 !)%#1* IRB-6'%?!0-#*> #- 1-N*6-4 
• Q'-16*;%<1*> N'*7%': c%#!!?'-/!0-#*% < 2;%6!7 '*<1- 

Z7<,3(<03( 
1. Q!7-/-#!0 @.8. Q'!H0*#26:> N!Hf!H 1 2N'-04%#*P 1'%H*6#:7  

'*<1!7 0 ?-#1%: @%6!H!4!,*+, N'-16*1-, '%1!7%#H-)**. X/H-6%45<60! 
«I%,4-7%#6», 2010 ,., 180 <6'. 

2. http//www.rrgr.ru 

 "/,97 $3"E2"; $<30&<03L 83"6,2<2LV $<('"&: 
$""<2"],27, =,U(3=7<3(.2"$<7 7  

3,(97$<7E2"$<7  
S.K. S7*'#!0, 8.E.D-N_*# 

H1?FO4+?T9'))Q% F)=9'+?=T'T - .Q?P4f P3164 ^31)1]=3= 
S'!;#-+ <6'2162'- N'!)%#6#:f <6-0!1, /-H-0-%7-+, #-N'*-

7%', N'* N!7!M* ?%<12N!##!> 1'*0!> H!f!H#!<6%>, 0 '-/0*6:f 
<6'-#-f '-<<7-6'*0-%6<+ 1-1 ,4-0#:> * #-*?!4%% *#$!'7-6*0#:> 
*#H*1-6!' <!<6!+#*+ $*#-#<!0!,! ':#1-, !H*# */ 0-O#%>_*f 
7-1'!h1!#!7*;%<1*f N-'-7%6'!0 * h6-4!# H4+ !)%#1* )%##:f ?2-
7-, 0 H'2,*f <%16!'-f ':#1- *#<6'27%#6!0 $*1<*'!0-##!> H!f!H-
#!<6*. j?M%N'*/#-##!> 7!H%4* N!<6'!%#*+ 1'*0!> ?%<12N!##!> 
H!f!H#!<6%> #% <2M%<602%6, 6-1*7 !?'-/!7, '-/'-?!61- 7!H%4%> 
<'!;#!> <6'2162': N'!)%#6#:f <6-0!1 +04+%6<+ -162-45#!> /-H--
;%>. 8 H!14-H% N'*0!H*6<+ !?/!' <!0'%7%##!,! <!<6!+#*+ *<<4%-
H!0-#*> 0 7*'% * $!'724*'2P6<+ #-N'-04%#*+ H-45#%>_*f '-/'--
?!6!1. j?:;#! *<N!45/2%7:% 7!H%4* !N'%H%4+P6 4*?! 0<P 1'*-
02P 0 !H*# 7!7%#6 0'%7%#*, 4*?! 0'%7%##2P <6!f-<6*;%<12P H*-
#-7*12 !H#!> – H02f 6!;%1 1'*0!> (!?:;#!—%U 4%0!,! 1!#)-, 1!-
6!':> *7%%6 !<!?:> h1!#!7*;%<1*> <7:<4). 8 '+H% '-?!6 N!1-/--
#!, ;6! #* !H#- */ *<N!45/2%7:f #- N'-16*1% N-'-7%6'*;%<1*f 
7!H%4%> 1'*0!> H!f!H#!<6%> #% 7!O%6 ?:65 <#-?O%#- #*1-1!> 
<6!f-<6*;%<1!> H*#-7*1!> N'* 2<4!0** !6<26<60*+ -'?*6'-O#:f 
0!/7!O#!<6%>. S H'2,!> <6!'!#:, 7!H%4*, /-H-PM*% <6!f-<6*;%-



510 

<12P H*#-7*12 4%0!,! 1!#)- 1'*0!> H!f!H#!<6%>, #-/:0-%7!,! 
6-1O% 1'-61!<'!;#!> (7,#!0%##!>) N'!)%#6#!> <6-01!>, !?:;#! 
#%+0#! N!H'-/27%0-P6 #%'%-4*<6*;#:% $!'7: 1'*0!> H!f!H#!-
<6%> (#-N'*7%', < !6'*)-6%45#:7* *4* <6'%7+M*7*<+ 1 ?%<1!#%;-
#!<6* N'!)%#6#:7* <6-01-7*). G4+ N'%!H!4%#*+ h6*f !,'-#*;%#*> 
-162-45#:7 * N%'<N%16*0#:7 +04+%6<+ *<N!45/!0-#*% #%N-'-7%6-
'*;%<1*f 7!H%4%>, H-PM*f H!<6-6!;#!% 1!4*;%<60! <6%N%#%> <0!-
?!H: 1-1 H4+ 2H!04%60!'%#*+ 2<4!0*P !6<26<60*+ -'?*6'-O#:f 
0!/7!O#!<6%>, 6-1 * H4+ !?%<N%;%#*+ ,*?1!,! !6'-O%#*+ <4!O#:f 
$!'7 1'*0!> H!f!H#!<6%>, #-?4PH-%7:f #- '%-45#:f $*#-#<!0:f 
H-##:f.  '!7% 6!,!, #%N-'-7%6'*;%<1*> N!Hf!H <#*7-%6 N'!?4%-
72, <0+/-##2P < 0:?!'!7 1!#1'%6#!> N-'-7%6'*/-)**, ?!45_*#-
<60! '%_%#*> 1!6!'!> !<#!0:0-%6<+ *<14P;*6%45#! #- <!!?'-O%-
#*+f 2H!?<60- N!42;%#*+ +0#:f -#-4*6*;%<1*f '%_%#*>, - #% #- 
$%#!7%#!4!,** N'%H7%6#!> !?4-<6*. K- '-/0*6:f ':#1-f 0 #!'-
7-45#:f 2<4!0*+f 6-1*% 6'2H#!<6*, 1-1 #*/1-+ 4*10*H#!<65 * <0+-
/-##:% < h6*7 #%N!4#!6- * #%H!<6!0%'#!<65 *<f!H#:f H-##:f 4*-
?! #% 0!/#*1-P6 0!!?M%, 4*?! *7%P6 N'%#%?'%O*7! 7-4:% h$-
$%16:.  

8 '-?!6% N'*0!H*6<+ !'*,*#-45#-+ 7!H%45 <6!f-<6*;%<1!> 
H*#-7*1* <'!;#!> <6'2162': N'!)%#6#:f <6-0!1 (7!H%4* )%4!> 
1'*0!> H!f!H#!<6%>), 1!6!'-+, 0!-N%'0:f, #% H!N2<1-%6 -'?*6'-O-
#:f 0!/7!O#!<6%>, 0!-06!':f, H-U6 '%-4*<6*;#:% 7,#!0%##:% 
$!'7: 1'*0:f H!f!H#!<6%> * <!07%<6*7- < #%1!6!':7 <6-6*;%-
<1*7 7%6!H!7, - 0-6'%65*f, 2;*6:0-%6 6!, 1-1-+ *7%##! *#$!'7--
)*+ '%-45#! H!<62N#- ()%#: 12N!##:f !?4*,-)*>), - 6-1O% 6-1*% 
1-;%<60%##:% !<!?%##!<6* ':#1-, 1-1 #%N!4#!62 #-?4PH-%7!> 
*#$!'7-)** * %U 0!/7!O#2P #%H!<6!0%'#!<65. jN*<:0-%6<+ N'*-
7%#%#*% 0:?'-##!,! 7%6!H-—7%6!H- @!#6%- -'4! H4+ 7-'1!0-
<1*f )%N%> 1 '-<;U6-7 N! '-/'-?!6-##!> 7!H%4*, 1'-61! !N*<:0--
%6<+ N'*7%#%#*% N'%H0-'*6%45#:f * N-'-44%45#:f 0:;*<4%#*> 
H4+ 2<1!'%#*+ '-<;U6!0. 8 H!14-H% N'*0!H*6<+ !N*<-#*% '-/'-?!-
6-##!,! 6'Uf2'!0#%0!,! N'!,'-77#!,! 1!7N4%1<-, 014P;-PM%,! 
<'%H<60- H4+: !)%#1* N-'-7%6'!0 *<N!45/2%7:f 7!H%4%>; !N%'--
6*0#!> 1-4*?'!01* N-'-7%6'!0 N! N!<62N-PM%> *#$!'7-)**;  
'-<;U6!0 N! 7!H%4*;  !N%'-6*0#:f N'*?4*OU##:f '-<;U6!0. S-7-+ 
0:;*<4*6%45#! U71-+ ;-<65—!)%#1- N-'-7%6'!0—'%-4*/!0-#- < 
*<N!45/!0-#*%7 6%f#!4!,*> N-'-44%45#!,! N'!,'-77*'!0-#*+ H4+ 
N!0:_%#*+ ?:<6'!H%><60*+. I-?!6!<N!<!?#!<65 7!H%4* * N'!-
,'-77#!,! 1!7N4%1<- 0 )%4!7 N'!H%7!#<6'*'!0-#- N26U7 N'!0%-
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H%#*+ 7-<<!0:f '-<;U6!0 #- '%-45#:f H-##:f ! 6!',-f #- @!<1!0-
<1!> 7%O?-#1!0<1!> 0-4P6#!> ?*'O% (@@8d). 

Z7<,3(<03( 
1. D. Heath, R. Jarrow, A. Morton. Bond pricing and the term structure of in-
terest rates: A new methodology for contingent claims valuation // Economet-
rica.—1992.— Vol. 16, no. 1.— Pp. 77–105.  

f83('9,27, 97E2L+7 572(2$(+7  
' 8"$<&37U7$2L; 8,37"/ 

K.W. S7*'#!0- 
<1)?46T=)-194f 31][4)=f «C'+?1)467)Q% ?19'T)=3» 
CN'-04%#*% 4*;#:7* $*#-#<-7* 0 I!<<** * /- '2?%O!7 

N'%HN!4-,-%6 <!<6-04%#*% 4*;#:f $*#-#<!0:f N4-#!0 14*%#6-7, * 
h6* N4-#: 7!,26 <6'!*65<+ #- 20,30 * ?!4%% 4%6. K-<1!451! 0!/-
7!O#! '-/'-?-6:0-65 <6'-6%,*P 2N'-04%#*+ 4*;#:7* $*#-#<-7* 
* $*#-#<!0!,! N!0%H%#*+ <%75* 0 2<4!0*+f #%!N'%H%4%##!<6* $*-
#-#<!0:f ':#1!0, * 7#!,*f H'2,*f 0#%_#*f * 0#26'%##*f $-16!-
'!0? Q!<4%H#*> $*#-#<!0:> 1'*/*< N!1-/-4, ;6! <'!1 0 10 4%6 #% 
0<%,H- H!<6-6!;%# H4+ ?%/2?:6!;#:f *#0%<6*)*> 0 -1)**.  '*/*< 
6-1O% */7%#*4 '!45 $*#-#<!0:f <!0%6#*1!0 – 6%N%'5 !#* ?!45_% 
0!<N'*#*7-P6<+ #% $*#-#<!0:7* -#-4*6*1-7*, <N!<!?#:7* 
<N'!,#!/*'!0-65 N!0%H%#*% ':#1!0, -, <1!'%%, 0:N!4#+P6 '!45 
$*#-#<!0!,! 1!2;- <%75* (#-<6-0#*1-) [1,2]. X#:7* <4!0-7*, 4*;-
#!% $*#-#<!0!% N4-#*'!0-#*% ?%/ N4-#*'!0-#*+ O*/#%##:f <!?:-
6*> <%75* ?%<N!4%/#!, 6.1. -?<!4P6#! #%N!H1!#6'!45#! -#-4*/2 * 
N'!,#!/*'!0-#*P. 8%H2M*% /-'2?%O#:% $*#-#<!0:% <!0%6#*1* 
N!<6%N%##! N%'%f!H+6 1 $*#-#<!0!72 * *#0%<6*)*!##!72 N4-#*-
'!0-#*+ N! O*/#%##:7 )*14-7 <%75* [3-5]. e- '2?%O!7 H-O% N!+-
0*4<+ #!0:> $*#-#<!0:> *#<6'27%#6 – *#0%<6*)*!##:% $!#H: 
O*/#%##!,! )*14- (life-cycle funds *4* target-date funds). l6- O% 
1!#)%N)*+ 0N!4#% N'*7%#*7- * 1 I!<<**. CN'-04%#*% 4*;#:7* 
$*#-#<-7* H!4O#! 2;*6:0-65 #% 6!451! <'!1 $*#-#<!0!> )%4* * 
<14!##!<65 1 '*<12 – 6'%?2%6<+ ?!4%% 1!7N4%1<#:> N!Hf!H 1 '-/-
'-?!61% <6'-6%,** h$$%16*0#!,! 2N'-04%#*+ 4*;#:7* $*#-#<-7* 
<%75*, 1!6!'-+ #% H-4- ?: <?!> H-O% 0 N%'*!H 1'*/*<-. G-O% %<4* 
2 H02f 4PH%> $*#-#<!0-+ <*62-)*+ 1-O%6<+ -?<!4P6#! *H%#6*;-
#!>, '-/4*;*% 0 h6-N% O*/#%##!,! )*14-, #- 1!6!'!7 H-##:> ;%4!-
0%1 #-f!H*6<+, 1-'H*#-45#! 7%#+%6 '%1!7%#H2%72P <6'-6%,*P N!-
0%H%#*+. [-1, #- 1-OH!7 O*/#%##!7 h6-N% 2 ;%4!0%1- * <%75* – 
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<0!* '%<2'<:, <0!* $*#-#<!0:% )%4* * <0!* '*<1*, 1!6!':% 04*+-
P6 #- H!<6*O%#*% H-##:f )%4%>: $!'7*'!0-#*% – H! '!OH%#*+ 
'%?%#1-; '-/0*6*% – !6 '!OH%#*+ '%?%#1- * H! %,! N!<62N4%#*+ 0 
8Ce; /'%4!<65 – !6 N!<62N4%#*+ '%?%#1- 0 8Ce * H! 0:f!H- !H#!,! 
*/ %,! '!H*6%4%> #- N%#<*P; <6-'%#*% – !6 0:f!H- !H#!,! */ ;4%-
#!0 <%75* #- N%#<*P * H! 2f!H- */ O*/#* !?!*f ;4%#!0 <%75*. 8 
H!14-H% '-<<7!6'%#: h6-N: O*/#%##:f )*14!0 <%75* < !<#!0#:-
7* $*#-#<!0:7* )%4+7*, 1!6!':%, 1-1 N'-0*4!, N'*f!H+6<+ #- 
1-OH:> */ h6-N!0, < !<!?%##!<6+7*, '*<1-7* * 6*N*;#:7* !_*?-
1-7* 2N'-04%#*+ $*#-#<-7* #- 1-OH!> <6-H**.  

Z7<,3(<03( 
1. D. Dubofsky and L. Sussman. The changing role of financial planner 

Part 1: from financial analytics to coaching and life planning 
http://www.fpanet.org  

2. D. Dubofsky and L. Sussman. The changing role of financial planner 
Part 2: Prescriptions for coaching and life planning http://www.fpanet.org 

3. Zvi Bodie. Life cycle investing in theory and practice. 
http://fmg.lse.ac.uk/upload_file/253_z_bodie_paper.PDF  

4. K. Hickman, H. Hunter, J. Byrd Life cycle investing, holding periods, 
and risk.  http://elibrary.ru/item.asp?id=4117633  

5. Jonathan Chevreau Play it safe with life-cycle investing. 
http://www.financialpost.com/story.html?id=1713553 

 
>3"=9,+L "8,3(<7'2"D" 083('9,27*  

&"(9767,; U(q+F7&"' 
E.K. S:6!0 

.QV=?6=T'67)Q% 8')T+ =].  . . b1+1O)=8Q)4 W " 
8 '%-45#:f 2<4!0*+f N'* $!'7*'!0-#** 1!-4*)** 0 H*#--

7*1% -N'*!'* #%*/0%<6#! 1!4*;%<60! 2;-<6#*1!0 * *f #-?!' $*-
#-#<!0:f N!1-/-6%4%>. Q!h6!72 N'*#)*N*-45#! 0-O#!> <6-#!0*6-
<+ N'!?4%7- N! 0:?!'2 '-)*!#-45#!> <6'-6%,** N!0%H%#*+ 1!-4*-
)** N! $!'7*'!0-#*P !;%'%H* /-U7M*1!0 * -N'*!'#!,! 0:?!'- 
2<4!0*> !?u%H*#%#*+, N'*04%1-6%45#:f H4+ /-U7M*1!0. 8:?!' 
0#26'%##%> <6-01* 1'%H*6!0-#*+ N'%H<6-04+%6 <!?!> N!*<1 !N6*-
7-45#!,! <*#6%/- 2N'-04%#*+ 0 H*#-7*;%<1!> <*<6%7% N'* N!_--
,!0!7 N!<62N4%#** *#$!'7-)** ! #%!N'%H%4U##:f $-16!'-f (0 
H-##!7 <42;-%, N'*f!H!0 * 0:?:6*> 2;-<6#*1!0 1!-4*)**).  '*-
6%'*%7 /-H-;* 0:<62N-%6 1-;%<60%##:> N!1-/-6%45 !?%<N%;%#*+ 
<-7!$*#-#<*'!0-#*+ 1!-4*)** /-U7M*1!0: !?%<N%;%#*% 0 N!<4%H-
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#*> 7!7%#6 '-0%#<60- #24P <!?<60%##!,! 1-N*6-4- 1!-4*)**. G4+ 
'-<;U6!0 ?:4 N'*#+6 N!Hf!H, N'* 1!6!'!7 N'!*/0!H*6<+ ,%#%'-)*+ 
1!#%;#!> <%'** '-)*!#-45#:f <6'-6%,*> 0:?!'- <6-0!1 N! 0#26-
'%##*7 1'%H*6-7 < N!<4%H2PM%> <6-6*<6*;%<1!> !)%#1!> 2<6!>-
;*0!<6* 1!-4*)** N'* '-/4*;#:f <)%#-'#:f '%-4*/-)*+f #%!N'%-
H%4U##:f $-16!'!0. Q%'%7%##:7* 7!H%4* +04+P6<+ -16*0:, !?+-
/-6%45<60- * <!?<60%##:> 1-N*6-4 1!-4*)**, $!'7*'2%7:% */ -1-
6*0!0 * !?+/-6%45<60 2;-<6#*1!0. Q'%H2<7-6'*0-%6<+ 0!/7!O#!<65 
N!42;%#*+ 1!-4*)*%> 0#%_#*f 1'%H*6!0 * '-/7%M%#*+ 0'%7%##! 
<0!?!H#:f <'%H<60 1!-4*)** #- 0#%_#*f H%N!/*6-f. Q2<65 tC  – 
)%#- O*45+ 0 7!7%#6 0'%7%#* t , - 0

kt  – 7!7%#6 0<62N4%#*+ 2;-<6-
#*1- k  0 1!-4*)*P. j?!/#-;*7 ;%'%/ kU  #-1!N*6%45#:% N4-6%O* 
2;-<6#*1-, ku  N'!)%#6#-+ <6-01- N! 0#26'%##*7 H%N!/*6-7, d  
N!'!, #-1!N4%#*+. K-1!N4%#*+ 2;-<6#*1- 07%<6% < #-;*<4%##:7* 
N'!)%#6-7* 

( ) k
D

tkk
D

tk UGuG +⋅+=+ ,1, 1 , ,...1, 00 += kk ttt , ( ) kk
D
k UtG =0 . 

@!7%#6 0'%7%#*, 1!,H- 2;-<6#*1 N!42;-%6 1'%H*6 
( )t

D
tkk CdGtt ⋅≥= ,

1 :min . 
 '%H*6#:> N4-6%O 2;-<6#*1- k  0 7!7%#6 0'%7%#* t  !?!/#-;-%6<+ 
1-1 ( )vV tk , , ,H% v  <!!60%6<602PM-+ N'!)%#6#-+ <6-01-, N! 1!6!'!> 
2;-<6#*1 N!42;-%6 1'%H*6. e-H!4O%##!<65 2;-<6#*1- N! 1'%H*62:  

( ) ( ) ( ) ( )vVvGvvG tk
C

tk
C

tk 1,,1, 1 ++ −⋅+= , ,...1, 11 += kk ttt , 

( ) ( ) ( )111, k
D
kkk

C
k tGtCtvG −= . 

@!7%#6 N!4#!,! N!,-_%#*+ /-H!4O%##!<6* N! 1'%H*62 
( ) ( )( )0:min ,

2 ≤= vGtvt C
tkk . 

Q!6!1* #-1!N*6%45#:f * 1'%H*6#:f N4-6%O%>, */u+6*> * 0:H-#-
#:f 1'%H*6!0  

k
D

tk UP =, , 10,..., kk ttt = ; ( ) ( )vVvP tk
C

tk ,, = , ( )vttt kk
21 ,...,1+= . 

D
tk

D
tk GR ,, = , D

tkt
C

tk GCR ,, −= , 1
ktt = . 

Q'!)%#6#:% <6-01* N! 0#%_#*7 04!O%#*+ * /-*7<60!0-#*+7 1!--
4*)** !?!/#-;-P6<+, 1-1  ζ  *  γ , <!!60%6<60%##!. d-4-#< H%#%O-
#:f <'%H<60 1!-4*)** 

( ) ( )( ) ( ) ( ) ( )ττττλτ 111 ,,,1, +++ −+⋅+= ttttt RvPvHvvH , ( ) 1,,...,0 −= vTt τ , 
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( ) ( ) ( )0,0,,0,, τττ RvPvH −= , ,H% ( ) ( )vtvT kKk

2max,
τ

τ
∈

= , - ( ) ζτλ =vt , , 

%<4* ( ) 0, ≥vHt τ  * ( ) γτλ =vt , , %<4*  ( ) 0, <vHt τ .  
Q%'0:> ?4!1 '-<;%6!0 #!<*6 (8"$<,37"32L; f-'-16%'.  

( ) ( )( )( )0,;,:min ≥= vTvHvv τττ . 
8! 06!'!7 ?4!1% '-<;%6!0 '-<<7-6'*0-%6<+ (/(8<73"'(22L; 8"/-
V"/ 1 0<62N4%#*P 2;-<6#*1!0 0  !-4*)*P. 

( ) ( )( )( )0,;,:min ≥= vTvHvv τττ , ( )0
kk tvv =∗ . 

8 6'%65%7 ?4!1% '-<;%6!0 '-<<7-6'*0-%6<+ D(3(2<730:F7; 7%6!H 
2N'-04%#*+ N'!)%#6#:7* <6-01-7*  

( ) ( )( )( )0,;,:min ≥= vTvHvv τττ , ( )1
kk tvv =∗ . 

Z7<,3(<03( 
1. B-<-#!0 X.X. j',-#*/-)*+ <<2H#!-<?%'%,-6%45#!> 1-<<: N! N'*#-

)*N2 !;%'%H*. – @.: 8c IEK, 2006. 45<. 
2. d->'-7!0 j.d., S:6!0 E.K. E#-4*/ $*#-#<!0:f f-'-16%'*<6*1 1!--

4*)** /-U7M*1!0 0 H*#-7*1% / @-6%'*-4: VIII @%OH2#-'!H#!> #-2;#!-
N'-16*;%<1!> 1!#$%'%#)** SSSC`2008. [0%'5: [B[C, 2008 

 
>37+,2,27, (/(8<7'2LV +"/,9,; /9*  

83"D2"U73"'(27* '3,+,22LV 3*/"' 572(2$"'LV 
72$<30+,2<"' 
X.8. ['%,2? 

S=)4)?194f 434O']=f [+= C+49=T'67?T9' WS 
Q'* N'!,#!/*'!0-#** h1!#!7*;%<1*f *4* $*#-#<!0:f N!1--

/-6%4%>, 7!H%4*'!0-#** 0'%7%##:f '+H!0 $*#-#<!0:f *#<6'27%#-
6!0 !?:;#! 0:H0*,-%6<+ ,*N!6%/- !? *#%')*!##!<6* <*<6%7:, 6.%. 
N'*#*7-P6<+ N'%HN!4!O%#*+ ! 6!7, ;6! !<#!0#:% 0/-*7!<0+/* * 
6%#H%#)** !<6-P6<+ 0 <*4% #- N'!6+O%#** 0<%,! N'!,#!/*'2%7!,! 
N%'*!H-. S H'2,!> <6!'!#:, 0 <!0'%7%##!> h1!#!7*1% N'!)%<<:, 
<0+/-##:% < <2M#!<6#:7 */7%#%#*%7 <*<6%7, 0/-*7!H%><60*> * 
<6'2162': N'*!?'%6-P6 0<U 0!/'-<6-PM*% <1!'!<6*, - $!#H!0:> 
':#!1 7,#!0%##! !6'-O-%6 /#-;*7:% */7%#%#*+ #- h1!#!7*;%-
<1!7, <!)*-45#!7 * N!4*6*;%<1!7 N!4% [1,2]. 8 <0+/* < h6*7 0!/-
#*1-%6 !<6'-+ #%!?f!H*7!<65 0 #-f!OH%#** !N'%H%4%##!,! 1!7-
N'!7*<<- 7%OH2 14-<<*;%<1*7* N'%HN!<:41-7* * <!0'%7%##:7* 
2<4!0*+7*. 

jH#*7 */ N26%> H!<6*O%#*+ 6-1!,! 1!7N'!7*<<- +04+%6<+ 
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N'*7%#%#*% -H-N6*0#:f 7!H%4%>. 8 1-;%<60% N'*7%'- -H-N6*0#!> 
7!H%4*, '-<<7-6'*0-%6<+ <6!f-<6*;%<1*> N'!)%<< [%>4- * 8%>HO-, 
1!6!':> N'*7%#+%6<+ H4+ N'!,#!/*'!0-#*+ #%1!6!'!,! 0%'!+6#!-
<6#!,! N'!)%<<-, f-'-16%'*/2PM%,!<+ <6!f-<6*;%<1*7 6'%#H!7. 
Q'!)%<< [%>4--8%>HO- -#-4*6*;%<1* /-N*<:0-%6<+ 6-1: 

1, ;t t tx a ε= +  1, 1, 1 2,t t ta a a−= + ; 2, 2, 1 ,t t ta a ν−= +  
,H% ta ,1 - /#-;%#*% 2'!0#+ *<<4%H2%7!,! 0'%7%##!,! '+H- tx  0 7!-
7%#6 t; ta ,2 - N'*'!<6 2'!0#+ !6 7!7%#6- t-1 1 7!7%#62 t; tε , tν - 
0'%7%##:% N!<4%H!0-6%45#!<6* < #24%0:7 7-6%7-6*;%<1*7 !O*-
H-#*%7, N!<6!+##:7* H*<N%'<*+7* * !6<26<60*%7 1!0-'*-)**. 

8:_%N'*0%H%##:% 0:'-O%#*+ 7*#*7*/*'2P6 <'%H#*> 
10-H'-6 !_*?1* N'!,#!/*'!0-#*+. G4+ #-f!OH%#*+ ta ,1  * ta ,2  '%-
1!7%#H2%6<+ N'*7%#+65 N'%H*16!' v!456-: 

1, 1 1 1, 1 2, 1ˆ ˆ ˆ(1 )( );t t t ta x a aα α − −= + − + 2, 2 1, 1, 2ˆ ˆ ˆ ˆ( ) (1 )t t ta a a aα α= − + −  
,H% 1α  * 2α  - N-'-7%6': h1<N!#%#)*-45#!,! <,4-O*0-#*+. 8 '%-
/2456-6% 7*#*7*/-)** H*<N%'<** !_*?1* N'!,#!/- #- 1 _-, 0N%-
'%H )1(eD  N!42;*7 <4%H2PM*% '%/2456-6:: 

2 2
1 2

2
2 2

2

2 1 1 1; ;  1 ;
1 8 2 16

1;  (1)
1e

h h h g g g
h

hg D
h

ν
ε

ε

α α

σ σ
σ

⎛ ⎞
= = = − + +⎜ ⎟⎜ ⎟+ ⎝ ⎠

+= =
−

 

I%-4*/2+ -4,!'*67, */4!O%##:> 0:_%, N!<6'!*7 -HH*6*0-
#2P 7!H%45 H4+ N'!,#!/*'!0-#*+ 12'<- -1)*> 1!7N-#** @[S. 
Q!42;-%7 <4%H2PM%%.  !h$$*)*%#6: -H-N6-)**: 

.144,0;307,0;469,0;307,0,039,0 21
2 ===== γααhg  

I%-4*/-)*+ 7!H%4*: ;26,194ˆ 1,1 =a ;81,1ˆ 1,2 −=a ;45,192)1(ˆ1 =x  
.98,547,18645,192)1( =−=e  

Q'!,#!/#-+ 7!H%45 #- 121 H%#5: 
ττ ⋅+= 78,012,233)121(x̂                                                (1) 

S'%H#%% /#-;%#*% !_*?1* '-0#! 0,27%, ;6! <!!60%6<602%6 
0,27 '2?. 8 1-;%<60% N%'*!H- N'!,#!/*'!0-#*+ 0:?%'%7 N%'02P 
'-?!;2P #%H%4P 7-'6- 2010 ,!H-, 6! %<65 < N%'0!,! N! N+6!% 7-'6-. 
S!<6-0*7 N'!,#!/ N! <f%7%, <!,4-<#! !1!#;-6%45#!> !)%#U##!> 
7!H%4* (1) N'* ]5;1[∈τ . I%/2456-6: N'!,#!/*'!0-#*+ 12'<- -1)*> 
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1!7N-#** @[S N'%H<6-04%#: 0 6-?4*)%.  
G-6- T ta ,1ˆ  ta ,2ˆ  tx̂  xt -  !_*?1-, % 

01.03.10 122 235,05 1,13 236,18 235,29 0,38 
02.03.10 123 235,11 0,81 235,92 237,37 0,61 
03.03.10 124 236,04 0,84 236,89 237,01 0,05 
04.03.10 125 236,43 0,71 237,14 234,92 0,94 
05.03.10 126 237,02 0,67 237,69 239,23 0,64 

S!,4-<#! N'!,#!/2 ?2H%6 #-?4PH-65<+ '-<62M-+ H*#-7*1- 
12'<- -1)*> 1!7N-#** @[S. 

Z7<,3(<03( 
1. ['%,2? X.8. @-6%7-6*;%<1*% 7!H%4* H*#-7*1* h1!#!7*;%<1*f 

<*<6%7. – @.: Z*#-1-H%7*+ – 2009 ,.  
2. ['%,2? X.8. Q'!,#!/*'!0-#*% h1!#!7*;%<1*f N!1-/-6%4%> – @.: 

X/H-0! QS[@ – 2009 ,.  
 "/,973"'(27, /72(+7&7  

<,9,&"++027&(67"22"D" 3L2&( ' 6,9*V  
8"'L],27* 0$<";E7'"$<7 X&"2"+7&7 B"$$77 

X.8. ['%,2? 
S=)4)?194f 434O']=f [+= C+49=T'67?T9' WS 

G4+ N'!,#!/*'!0-#*+ !?u%7- ':#1- '-/'-?!6-#- h1!#!7%6-
'*;%<1-+ 7!H%45, 1!6!'-+, < !H#!> <6!'!#:, N!/0!4+%6 !6'-/*65 
!<!?%##!<6* !6%;%<60%##!,! ':#1-, - < H'2,!> 7!O%6 ?:65 !)%#%-
#- '%,'%<<*!##:7* 7%6!H-7* #- !<#!0% H-##:f '!<<*><1!> <6-6*-
<6*1*.  

G4+ !6?!'- #-*?!4%% <2M%<60%##:f '%,'%<<!'!0 * H4+ 2<6-
'-#%#*+ 0!/7!O#!> 72456*1!44*#%-'#!<6* ?:4- N'*7%#%#- N'!-
)%H2'- N!_-,!0!,! 014P;%#*+ !?u+<#+PM*f N%'%7%##:f 0 7!-
H%45 #- !<#!0% 0:;*<4%#*+ 7-6'*): N-'#:f 1!h$$*)*%#6!0 1!'-
'%4+)**. 8 1-;%<60% 1'*6%'*+ !6?!'- ?:4* *<N!45/!0-#: <1!''%1-
6*'!0-##:> 1!h$$*)*%#6 H%6%'7*#-)**.  '!7% 6!,!, ?:4! 2;6%-
#!, ;6! 0 #%1!6!':f *<f!H#:f H-##:f N'*<26<602%6 <%/!##!<65 * 
<6'2162'#:> <H0*,, <!!60%6<602PM*> 1'*/*<#:7 <!?:6*+7 -0,2-
<6- 2005,. * <%#6+?'+-#!+?'+ 2009,. l6! !?2<4!0*4! #%!?f!H*-
7!<65 014P;%#*+ 0 7!H%45 $*16*0#:f N%'%7%##:f H4+ 2;%6- <%-
/!##!<6* * <6'2162'#:f <H0*,!0 '%,'%<<!'!0 0 6!;1-f N%'%4!7-.  

 c4*6.1. W'-+'??1+Q ]1O'6= 
I X#0%<6*)** 0 !6'-<45, 74'H.'2?.  
Ip X#H%1< N!6'%?*6%45<1*f )%# #- N4-6#:% 2<42,* #-<%4%#*P, % 
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1 N'%H. 7%<.  
N x*<4%##!<65 h1!#!7*;%<1* -16*0#!,! #-<%4%#*+, 74#. ;%4.  
W K!7*#-45#-+ #-;*<4%##-+ <'%H#++ /-'-?!6#-+ N4-6- !H#!,! 

'-?!6#*1-, '2?.  
Po Q4!6#!<65 <!6!0!> <0+/*, % 1 ;*<4%#. #-<%4%#*+ 
Dep S277-'#:> !?u%7 N'*04%;%##:f H%N!/*6!0 * 014-H!0 $*/. 

4*), 74#. '2?.   
Sd Z*16*0#-+ N%'%7%##-+ <6'2162'#!,! <H0*,-, ?%/'-/7%'#. 
D12 Z*16*0#-+ N%'%7%##-+ <%/!##-+, ?%/'-/7%'#. 

 
8:?!' -NN'!1<*7*'2PM%> $2#1)** N'!*/0!H*4<+ #- !<#!0% 

N!<6'!%#*+ H*-,'-77: '-<<%+#*+. 8 '%/2456-6% N'!0%H%##:f *<-
<4%H!0-#*> ?:4* 2<6-#!04%#: 0*H: /-0*<*7!<6%> H4+ 0<%f '+H!0 
H-##:f. Q'*;%7 H4+ 1-OH!,! '+H- ?:4! '-<<7!6'%#! #%<1!451! 
$2#1)*> < ?4*/1*7* 1!h$$*)*%#6-7* H%6%'7*#-)**. X<<4%H!0--
#*% '+H!0 *<f!H#:f H-##:f #- <6-)*!#-'#!<65 N'* N!7!M* 6%<6- 
G*11*-Z244%'- #- #-4*;*% %H*#*;#!,! 1!'#+ * 6%<6- Q%''!#- #- 
%H*#*;#:> 1!'%#5 0 N'*<26<60** <6'2162'#!,! <1-;1- ?:4! 0:+0-
4%#!, ;6! 0<% '+H: +04+P6<+ *#6%,'*'!0-##:7* N%'0!,! N!'+H1-.  

E#-4*/ <2M%<60!0-#*+ 1!*#6%,'-)*!##!,! 0%16!'- N'!*/0!-
H*4<+ N'* N!7!M* 6%<6- �!f-#<%#- 0 N'!,'-77#!> <'%H% EViews6. 
Q'!0%H%##:> -#-4*/ N!1-/-4, ;6! ,*N!6%/- ! <2M%<60!0-#** 1!*#-
6%,'-)*!##!,! 0%16!'- (N'*;%7 6!451! !H#!,!) N'*#*7-%6<+ H4+ 
2'!0#+ /#-;*7!<6* r=0,05. 8 h6!7 <42;-% N'!<6%>_*7 <6-)*!#-'-
#-+ 4*#%>#-+ 1!7?*#-)*+ !6:<1*0-%6<+ N26%7 N!<6'!%#*+ 7!H%4* 
0%16!'#!> -06!'%,'%<<**. Q'!)%H2'- !6:<1-#*+ 1!*#6%,'*'2PM%-
,! 0%16!'- !<2M%<604+4-<5 0 N-1%6% EViews6 H4+ 0<%f 1!7?*#-)*> 
-#-4*6*;%<1*f /-0*<*7!<6%> *<f!H#:f '+H!0 H-##:f. 8:?!' #-*-
42;_%> 7!H%4* !<2M%<604+4<+ #- !<#!0% *#$!'7-)*!##:f 1'*6%-
'*%0 E1-*1% * b0-')-. 8 '%/2456-6%, <N%)*$*1-)*+ !)%#%##!> 
7!H%4* *7%%6 0*H  

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

+⋅+⋅−⋅−⋅⋅−

−⋅+⋅−⋅+⋅−⋅=

−⋅

−

−

34.309.002.1219.21049.0

97.552.202.047.021.2

5

35.085.7169.41076.2

ln07.4714.504.089.1ln69.10

05.0812
5

2
1

ttt

tttttt?9

PoSdDDep

WNNIpIY

ε

 K- !<#!0% 7!H%4* ?:4* N'!-#-4*/*'!0-#: #%<1!451! 0-'*-#6!0 
'-/0*6*+ !6'-<4* <0+/*, '%/2456-6: N'%H<6-04%#: 0 6-?4.3. Y[ – 
N%<<*7*<6*;%<1*>, Y1 – !N6*7*<6*;%<1*> N'!,#!/ '-/0*6*+ 6%4%-
1!772#*1-)*!##!,! ':#1-.  
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c4*6.3. W'&F67T4TQ [+1-)1&4  

@%<+) / Q%-
'%7%##-+ 

Y - 
$-16 

Y - N'!-
,#!/ 

`P=*34  Y[ - N'!-
,#!/ 

Y1 - N'!-
,#!/ 

IV 10.09 331,7 312,6 5,8% 292,6 357,8 
E#-4*/ 7!H%4* '!<6- !?u%7- !1-/-##:f 2<42, #- '!<<*><1!7 

':#1% <0+/* N!1-/-4, ;6! <2M%<60%##!% 04*+#*% #- %,! 0%4*;*#2 
!1-/:0-P6 *#0%<6*)**, ;*<4%##!<65 h1!#!7*;%<1* -16*0#!,! #--
<%4%#*+ * %,! H!f!H:, 0:'-O%#*% 1-1 <'%H#%> /-'-?!6#!> N4-6!>, 
6-1 * <?%'%O%#*+7*, #-f!H+M*7*<+ #- H%N!/*6-f 1!77%';%<1*f 
?-#1!0, - 6-1O% N4!6#!<65 <!6!0!> <0+/* 0 '%,*!#-f.  

c72(2$"'L, 3L2&7 &(& 72$<30+,2<  
3($83,/,9,27* &(87<(9(  

K.K. ['%#%0 
$)?T=TFT [+1*6'] F[+496')=f W " 

C<6!>;*0!% '-/0*6*% <6'-#: 6'%?2%6 <6'-6%,** '-/0*6*+ * 
'-<N'%H%4%#*+ 1-N*6-4- 0 <!!60%6<60** < h6!> <6'-6%,*%> [1]. 8 
'-<N'%H%4%#** 1-N*6-4- ?!4%% N'*!'*6%6#:% #-N'-04%#*+ H!4O#: 
/-7%M-65 7%#%% N'*!'*6%6#:%. 8!/#*1-P6 N'!?4%7:: 1-1 <$!'7*-
'!0-65 <6'-6%,*P * N'*!'*6%6: '-/0*6*+.  -1 !)%#*65 N%'<N%1-
6*0#!<65 !6'-<4%> * N'%HN'*+6*>.  -1 !',-#*/!0-65 N%'%6!1 1-N*-
6-4- < 7%#%% N'*!'*6%6#:f #-N'-04%#*> 0 ?!4%% N'*!'*6%6#:%. 

@%f-#*/7: $!'7*'!0-#*+ <6'-6%,** * N%'%'-<N'%H%4%#*+ 
1-N*6-4- H!4O#: ?:65 /-M*M%#: !6 7-#*N24*'!0-#*+. 8 6!7 
;*<4% 6-1*% 7%f-#*/7: H!4O#: ?:65 /-M*M%#: !6 7-#*N24*'!-
0-#*+ 1!''2N)*!##:7* <f%7-7*. 8 N'!6*0#!7 <42;-% 1-N*6-4 
7!O%6 #-;-65 N%'%6%1-65 < ?!4%% N'*!'*6%6#:f #-N'-04%#*> 0 7%-
#%% N'*!'*6%6#:% #-N'-04%#*+, ;6! #%*/?%O#! 0%H%6 1 <#*O%#*P 
1!44%16*0#!,! ?4-,!<!<6!+#*> * 2f2H_%#*+ N%'<N%16*0 '-/0*6*+ 
<6'-#:. 

8 SSSI H4+ $!'7*'!0-#*+ * '%-4*/-)** <6'-6%,**, H4+ !'-
,-#*/-)** N%'%4*0- 1-N*6-4- 0 6!;1* '!<6- *<N!45/!0-4*<5 )%#-
6'-4*/!0-##:% 7%f-#*/7: 2N'-04%#*+. ]<6%<60%##:% N'!?4%7: 
6-1*f 7%f-#*/7!0 /-14P;-4*<5 0 6!7, ;6! !#* 7!,4* 0 2<4!0*+f 
<6-?*45#!> N'%H<1-/2%7!> <'%H: 7*#*7*/*'!0-65 */H%'O1*. @*-
#*7*/*'!0-65 2N2M%##2P 0:,!H2 6-1*% 7%f-#*/7: N'*#)*N*-45-
#! #% 0 <!<6!+#**. 

Q!6'%?#!<65 0 7*#*7*/-)** 2N2M%##!> 0:,!H: 0!/#*1-%6 0 
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H*#-7*;#!>, 62'?24%#6#!>, <4-?!<6'2162'*'!0-##!> <'%H% [2-3]. 
Q%'%f!H 1 6-1!> <'%H% !?2<4!04%# ?!'5?!> /- 0:<!12P H!?-04%#-
#2P <6!*7!<65: 1!#12'%#)*+ )%#!> /-7%M-%6<+ 1!#12'%#)*%> 1--
;%<60!7 * <%'0*<!7. 

c%#6'-4*/!0-##:% 7%f-#*/7: #% 0 <!<6!+#** $!'7*'!0-65 
1!#12'%#6#2P <6'-6%,*P '-/0*6*+ * !',-#*/!0:0-65 N%'%6!1* 1--
N*6-4-,h$$%16*0#!  <!/H-PM*% <6!*7!<65 0 H!4,!<'!;#!> N%'-
<N%16*0%. 8!/#*1-%6 N!6'%?#!<65 0 H%)%#6'-4*/!0-##:f 7%f-#*/-
7-f $!'7*'!0-#*+ <6'-6%,** * h$$%16*0#:f N%'%6!1-f 1-N*6-4-. 

S*62-)*+ !<4!O#+%6<+ #-<:M%#*%7 1-N*6-4- #%7-6%'*-45-
#:7* <!<6-04+PM*7*: /#-#*+7*, 27%#*+7*, 6%f#!4!,*+7*, know-
how. x*<6:> ':#!1 #% 0 <!<6!+#** -H%10-6#! !)%#*0-65 !?M%<6-
0%##:% ?4-,- (public good), ;6! 0%H%6 1 *f <2M%<60%##!72 #%H!-
N!6'%?4%#*P !?M%<60!7. 

Q'!?4%72 #%H!N!6'%?4%#*+ !?M%<60%##:f ?4-, '%_-P6 7%-
f-#*/7: !?M%<60%##!,! 0:?!'-, 0!N4!M-%7:% 0 H%7!1'-6*;%<1*% 
*#<6*626:. I-/0*6:> $!#H!0:> ':#!1 <!0%<6#! < N'*<26<602P-
M*7* #- #%7 *#<6*62)*!#-45#:7* *,'!1-7* 0 <!<6!+#** 0:N!4-
#+65 $2#1)*P 7%f-#*/7!0 !?M%<60%##!,! 0:?!'-. 

G4+ '%-4*/-)** <0!*f $2#1)*> ':#!1 H!4O%# 27%65 -H%1-
0-6#! !)%#*0-65 [4, 5]: 6%12M2P N'*?:45 1!7N-#*>, N%'<N%16*0: 
'!<6-  N'*?:45, #-4*;*% 1-;%<60%##!> H!4,!<'!;#!> <6'-6%,** 
'-/0*6*+, N'*0%'O%##!<65 1!7N-#** <6-#H-'6-7 1!'N!'-6*0#!,! 
2N'-04%#*+. 

Q'* !N'%H%4%##:f 2<4!0*+f $!#H!0:> ':#!1 * %,! *,'!1* 0 
<!<6!+#** 0:N!4#+65 $2#1)** 7%f-#*/7!0 !?M%<60%##!,! 0:?!-
'-, <6*724*'2PM*f N%'%6!1 1-N*6-4- 0 #-*?!4%% h$$%16*0#:% 
!6'-<4* * N'%HN'*+6*+. Q'-0*6%45<60! IZ H!4O#! $!'7*'!0-65 
6-12P 7-1'!h1!#!7*;%<12P <*62-)*P, 0 1!6!'!> $!#H!0:> ':#!1 
'-?!6-%6 #-*?!4%% h$$%16*0#!. [-1 1-1 0 h6!7 <42;-% 1-N*6-4 #--
N'-04+%6<+ 62H-, ,H% !# 0 <!<6!+#** H-0-65 7-1<*7-45#2P H!4,!-
<'!;#2P N'*?:45.  

Z7<,3(<03( 
1.['%#%0 K.K. @-1'!h1!#!7*1-. @!<10-: QIXjI, 2001. – 353 <.  
2. ['%#%0 K.K. S6'-6%,*;%<1!% 2N'-04%#*%. @.: QIXjI, 2000. – 288 <.  
3.['%#%0 K.K. Q'%HN'*+6*% * %,! <6'2162'-. @.: QIXjI, 2000. 240 <. 
4.['%#%0 K.K. CN'-04%#*% $*#-#<-7*. @.: Z*#-#<: * <6-6*<6*1-, 

1999. – 496 <. 
5. G-7!H-'-# E<0-6. X#0%<6*)*!##-+ !)%#1-. X#<6'27%#6: * 7%6!H: 

!)%#1* 4P?:f -16*0!0. @.: E45N*#- d*/#%< d21, 2007. – 1340 <.  
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M<3(<,D77 8"3<5,9?2"D" 72',$<73"'(27*  
$ 0E,<"+ 72',$<767"22"D" D"37U"2<( 7  
$<,8,27 0&9"2,27* "< 37$&( 72',$<"3( 

`#!0<1*> D.Q., 84-H:1*# S.K. 
.1+1)'j?3=% =)?T=TFT ]')'Oj]')T4, ]4+3'T=)-4 = 

i=)4)?19 
G!14-H N!<0+M%# '-/'-?!61% N!Hf!H- 1 2N'-04%#*P N!'6$%-

4%7 )%##:f ?27-, < #!0:7* 1'*6%'*+7* H!f!H#!<65-2<6!>;*0!<65 
* < 0:?!'!7 *#0%<6*)*!##!,! ,!'*/!#6- * <6'-6%,** '%*#0%<6*'!-
0-#*+, /-0*<+M%> !6 !6#!_%#*+ *#0%<6!'- 1 '*<12. Q'%HN!4-,-%6-
<+, ;6! !6#!_%#*% *#0%<6!'- 1 '*<12 /-0*<*6 !6 0!/7!O#!<6* '%-
*#0%<6*'!0-65, 0!<<6-#-04*0-65 1-N*6-4 N!'6$%4+ 0#26'* *#0%-
<6*)*!##!,! ,!'*/!#6-. 8 N'!<6%>_%7 <42;-% <6'-6%,** <6'-6%,** 
«12N*4 * H%'O*» N'%H4-,-%7:> -06!'-7* 1'*6%'*> /-14P;-%6<+ 0 
7-1<*7*/-)** 6%7N- '!<6- H!f!H#!<6* N!'6$%4+ (- #% 7-1<*7*/--
)** <'%H#%> H!f!H#!<6*), - 2<6!>;*0!<65 */7%'+%6<+ N'* N!7!M* 
'-<f!OH%#*+ 7%OH2 <'%H#%> -'*$7%6*;%<1!> H!f!H#!<65P * 
<'%H#%> ,%!7%6'*;%<1!> H!f!H#!<65P (<'%H#*7 6%7N!7 '!<6- 1--
N*6-4-).  

S6%N%#5 214!#%#*+ '-)*!#-45#!,! *#0%<6!'- /-0*<*6 !6 0%-
4*;*#: 1-N*6-4- N!H0%'O%##!,! '*<12 * !6 N'!)%#6#!,! <!!6#!-
_%#*+ 0!/7!O#:f H!f!H!0 1 0!/7!O#:7 2?:61-7.  

8 '-?!6% 0:?'-#- !H#- */ 0!/7!O#:f <6'-6%,*> '%*#0%<6*-
'!0-#*+, 1!,H- #- N'!6+O%#** !H#!,! H4*6%45#!,! N'!7%O261- 
0'%7%#* *#0%<6!' N'*0!H*6 1-N*6-4 N!'6$%4+ H! N%'0!#-;-45#!,! 
2'!0#+ k '-/ (/-?*'-+ #-1!N4%##:> */4*_%1 0 <42;-% 2H-;* *4* 
H!N!4#++ 1-N*6-4 0 <42;-% #%2H-;#!> 6!',!04*). ]M% !H#- !<!-
?%##!<65 #-_%,! N!Hf!H- <!<6!*6 0 6!7, ;6! H4+ !)%#1* 2<6!>;*-
0!<6* N!'6$%4+ 2;*6:0-%6<+ N'%H<6-04%#*% !? *H%-45#!7 N!'6$%-
4% *#0%<6!'-.. jH*# *#0%<6!' <;*6-%6 *H%-45#:7 N!<6!+##:> 6%7N 
'!<6- 1-N*6-4- 0#26'* N'!7%O261- '%*#0%<6*'!0-#*+ * #- '-/#:f 
N'!7%O261-f '%*#0%<6*'!0-#*+ h6!6 N!<6!+##:> 6%7N '!<6- 1-N*-
6-4- !H*#-1!0.  G'2,-+ 6!;1- /'%#*+ <!<6!*6 0 6!7, ;6! <;*6-%6<+ 
*H%-45#!> N!<6!+##-+ #- N'!7%O261% '%*#0%<6*'!0-#*+ #!'7- 
!6H-;* N'*'!<6- 1-N*6-4- N!'6$%4+ #- N%'0!#-;-45#! 04!O%##:> 
1-N*6-4.  

j67%6*7, ;6! N!*<1 0%<!0 !N6*7-45#:f N!'6$%4%> !<2M%<6-
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04+4<+ < N!7!M5P -4,!'*67- "<6!f-<6*;%<1!,! 42;%0!,! N!*<1-", 
1!6!':> !<#!0-# #- h0'*<6*1% " h724+)** !6O*,-", -H-N6*'!0-#-
#!,! H4+ #-_%> /-H-;*.  

I-<;%6 !N6*7-45#!,! N!'6$%4+ 0:N!4#+4<+ H4+ -1)*> h7*-
6%#6!0 @@8d < N!42,!H!0:7 *#0%<6*)*!##:7 ,!'*/!#6!7 #- 
N%'02P N!4!0*#2 2008 ,!H- < -6!7-'#:7 N%'*!H!7 0 !H#2 #%H%4P:  

j?!/#-;*7 id - 6%12M2P <6!*7!<65 N!'6$%4+ 0 7!7%#6 0'%-
7%#* i.. x6!?: <!<6-0*65 #-*42;_*> N!'6$%45 < 6!;1* /'%#*+ 6%7-
N- '!<6- 1-N*6-4- < 2;%6!7 !,'-#*;%#*+ N! 1!4%?4%7!<6* */ 10--
/*N!'6$%4%> *#<6'27%#6!0, #%!?f!H*7! '%_*65 /-H-;2 !N6*7*/--
)** < )%4%0!> $2#1)*%>:  

{ max)();()( VVQf ≤= λλλ ; −= λλλ ),(maxarg f 0%16!' 
0%<!0 !?!?M%##!,! N!'6$%4+, Q2<65 L - 1!4*;%<60! 0-'*-#6!0 #--
62'-45#:f ;*<%4 n * m 6-1*f, ;6! n*m = N, - C – H!4+ 1-N*6-4-, 
*#0%<6*'2%7-+ 0 1-OH2P <6'-6%,*P 2N'-04%#*+ H-##:7 *#<6'2-
7%#6!7 * H-##:7 N%'*!H!7 '%*#0%<6*'!0-#*+, N!4!O*7  

;/ 1−= jjj ddx ;

./))1((/)))1(( ∑∑ ∑ ∏∑ ∑ ∑ ∏ −=−=
k

i

L

l

n

s

m

j
sijil

k

i

L

l

n

s

m

j
sijili

l ll l

NxNxQ ηαλ  G4+ 0<%f 

i, ∑αi=1..  !4%?4%7!<65 N!'6$%4+ 0:;*<4+4-<5 N! $!'724% : 

0

10

d
dddy ii

j
−−+= ; T= N y

N

=i
i∏

1

; ∑⋅−= jyTnV /1 . Q'*7%'. V = 

0.0003, #%H%45#:> 6%7N '!<6- 1-N*6-4- Q = 0.0067.  
q h7*6%#6 '%*#0%<6*'!0-#*>  H!4+ 1-N*6-4- 
1 AFLT 1 0,13 
2 AFLT 2 0,001 
3 GMKN 3 0,001 
4 GMKN 4 0,006 
5 GAZP 24 0,028 
6 LKOH 6 0,003 
7 LKOH 12 0,23 
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^"3D"'(* $<3(<,D7* 2( 3L2&, FORTS $ "6,2&"; 
',3"*<2"$<7 $"$<"*27; $&3L<LV  (3&"'$&7V 

6,8,; 
`#!0<1*> D.Q., 84-H:1*# S.K. 

.1+1)'j?3=% =)?T=TFT ]')'Oj]')T4, ]4+3'T=)-4 
 = i=)4)?19 

G4+ ;-<6*;#! H%6%'7*#*'!0-##:f '+H!0 #%N!<'%H<60%##:> 
N'!,#!/ H0*O%#*+ '+H- 0!/7!O%# 6!451! #- !N'%H%4%##:f !6'%/-
1-f %,! *<6!'**.. G4+ !)%#1* '-/4*;#:f <!<6!+#*> ':#1- * <42-
O*6 7%6!H*1- 1'-61!<'!;#!,! N'!,#!/- ':#1- #- !<#!0% N!*<1- 
2<6!>;*0:f <!<6!+#*> <1':6:f @-'1!0<1*f )%N%> < f!'!_*7* 
N'!,#!/*'2PM*7* <0!><60-7*. S1':6-+ @-'1!0<1-+ )%N5 (S@@) 
N'%H<6-04+%6 <!?!> N!<4%H!0-6%45#!<65 <!<6!+#*> 0 1-OH:> H*<-
1'%6#:> 7!7%#6 0'%7%#* t. Q%'%f!H */ <!<6!+#*+ Si 0 <!<6!+#*% Sj 
!<2M%<604+%6<+ <42;->#:7 !?'-/!7 < 0%'!+6#!<65P aij. 8 1-OH:> 
H*<1'%6#:> 7!7%#6 0'%7%#* 7!H%45 f-'-16%'*/2%6<+ 0%16!'!7 
#-?4PH%#*> ta < 0%'!+6#!<65P ( )j tb a . X<<4%H!0-4<+ 0'%7%##!> 
'+H *#H%1<- I[S /- N%'*!H < +#0-'+ 2003 ,!H- H! *P#+ 2008 ,!H- < 
_-,!7 0 5 7*#26. S!<6!+#*+ 7!H%4* qt 0 1-OH:> 7!7%#6 0'%7%#* 
t  f-'-16%'*/!0-4*<5 *#6%'0-4-7* N!N-H-#*+ 1!h$$*)*%#6- '-#-
,!0!> 1!''%4+)** SN*'7%#- 7%OH2 N!<4%H!0-6%45#!<65P /#-;%-
#*> '+H- H4+ 6'%f '-/4*;#:f N'!7%O261!0 0'%7%#* [ ];t t − Δ , ,H% 

Δ=− ktt , * #-62'-45#:7 '+H!7 ;*<%4 1,2,3,..k . S!!60%6<60%##!, 
0 '%/2456-6% N!42;*4* 6'%f7%'#!% #%N'%':0#!% N'!<6'-#<60! <!-
<6!+#*> 0%16!'!0 <! /#-;%#*+7* !6 -1 H! 1 N! 1-OH!> !<*, '-/?*-
6!% #- 8000 '-0#:f <%16!'!0 (12?!0), 1-OH:> */ 1!6!':f * N'%H-
<6-04+%6 <!?!> !H#! H*<1'%6#!% <!<6!+#*% 0 6%'7*#-f S@@. d:4- 
N'!0%H%#- 14-<<*$*1-)*+ <!<6!+#*> N! <4%H2PM%72 N'-0*42: 
«f!'!_*7» <!<6!+#*%7 #-/:0-4!<5 <!<6!+#*%, H4+ 1!6!'!,!, 0!-
N%'0:f, 1!4*;%<60! 0f!OH%#*> 0 #%,! 0'%7%##!,! '+H- /- 0%<5 N%-
'*!H #% 7%#%% 40 '-/  *, 0!-06!':f, h7N*'*;%<1-+ 0%'!+6#!<65 
N!Hu%7- *4* <N-H- 0 ?2H2M*% 30 7*#26 #% 7%#%% 0,66. d:4* *<<4%-
H!0-#: '-/4*;#:% 1!7?*#-)** N%'*!H!0 '-<;%6!0 N! 1-OH!> */ 
!<%>, 0:H%4%#: #-*42;_*% < 6!;1* /'%#*+ ;-<6!6: 0f!OH%#*+ 
0'%7%##!,! '+H- 0 «f!'!_*%» <!<6!+#*+. j#* N'*0%H%#: 0 [-?4*-
)% 0 N!'+H1% 2?:0-#*+. 8<%,! O% 0 h6!7 N%'*!H% ?:4! 106026 N+-
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6*7*#26!1. j1-/-4!<5, ;6! 0f!OH%#*> '+H- *#H%1<- I[S 0 «f!'!-
_*%» <!<6!+#*+ ?!4%% N!4!0*#:. I-<;%6: 6-1O% N!1-/-4* 0:<!-
12P <6-?*45#!<65 0 1-OH!7 ,!H2 #-?4PH%#*> 0%'!+6#!<6%> N!Hu-
%7- *4* <N-H- 0 ?4*O->_*% 30 7*#26 -6 ;-<!0  H4+ )%4!,! #-?!'- 
«f!'!_*f» <!<6!+#*>, f!6+ H4+ #%1!6!':f <!<6!+#*> <6-6*<6*1- 
/-7%6#! */7%#+4-<5 <! 0'%7%#%7. l6! H!1-/:0-%6 <2M%<60!0-#*% 
2<6!>;*0:f N-66%'#!0 0 N!0%H%#** 0'%7%##!,! '+H- *#H%1<- I[S. 
8 [-?4*)% H-#- !)%#1- 1-;%<60- <!<6!+#*> N'* '-/4*;#!> ,42?*#% 
N-7+6* '+H- < N'!,#!/!7 #- 307*#26. 

j<5 1 j<5 2 j<5 3 8<%,! 
<!<6. 

v!'. 
<!<6. 

8f!OH%#*> 
0 f!'. <!<6. 

57*#.  
4 N%'*!H- 

2;. 
4 N%'*!H- 

4;. 
4 N%'*!H- 

1573 218 64623 

57*#.  
4 N%'*!H- 

907*#. 
5 N%'*!H!0 

3;. 
4 N%'*!H- 

1810 247 64087 

57*#.  
4 N%'*!H- 

907*#. 
4 N%'*!H- 

2;. 
4 N%'*!H- 

1523 172 63961 

57*#. 
4 N%'*!H- 

3;. 
5 N%'*!H!0 

4;. 
4 N%'*!H- 

1488 186 63884 

 
I*<. 1. I%/2456-6:  '%6'!<N%16*0#!,! N'*7%#%#*+ -4,!'*67- 

S@@ H4+ $5P;%'<- #- *#H%1< I[S (N'* 2<4!0** '%*#0%<6*'!0--
#*+ 1-N*6-4- * '!<6- !?u%7- /-+01* H! 20 $5P;%'<!0.) 


